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1. Introduction

As is known, homogeneous hypersurfaces in a space form are isoparametric
(for instance, see [2], [4], [5], [6] and [7]), but there are many non-homogeneous
isoparametric hypersurfaces ([3] and [8]). On the other hand, T. Tricerri and
L. Vanhecke ([9]) have introduced the notion of a homogeneous Riemannian
structure on a Riemannian manifold, following the homogeneous results which
were given by W. Ambrose and I. M. Singer ([1]).

The main purpose of this paper is to study the existence of a metric
connection on hypersurfaces in a space form such that this connection
determines the hypersurfaces to be isoparametric, and to investigate some
properties of isoparametric hypersurface with the connection. This metric
connection makes the shape operator of the hypersurfaces parallel and the
torsion tensor of this connection gives rise to a homogeneous Riemannian
structure under a certain conditions. In fact, after a brief survey of a
hypersurface in a space of constant curvature in section 2, we give the above
mentioned connection (see Theorem 3.1), and investigate properties of iso-
parametric hypersurfaces in a space form in section 3. In section 4 we study
hypersurface with a homogeneous Riemannian structure in a space of constant
curvature. We show that a connection defined by the homogeneous Riemannian
structure and the Levi-Civita connection makes the shape operator parallel, and
some properties concerned with isoparametric ones are obtained.

2. Preliminaries

Let (M +1(c),gA) be an (n+ 1)-dimensional space of constant curvature c,
that is, a Riemannian manifold with the curvature form R defined by
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R(X’, f’) = [ﬁf,ﬁy] - v[x};] = CX’/\ f’,
where V is its Levi-Civita connection and X A Y is given by
(XAY)Z=4(Y,2)X — §(X,2)Y

for any vector fields X, ¥ and Z on M. If M +l(c) is simply connected and
complete, then it is called a space form.

Let M" be an n-dimensional Riemannian manifold, and 1: M" — M +1(c)
be an isometric immersion of M into a space M of constant curvature. The
Riemannian metric of M is the induced one g =1*g§, and the Levi-Civita
connection on M with respect to the metric g is denoted by V. Then the Gauss
and Weingarten formulas are given by

VxY =VyxY +g(4X,Y)N
and

VyN = —A4X

for any vector fields X and Y on M and normal vector field N to M respectively,
where A is the shape operator of :. The principal curvatures of the hypersurface
M are the eigenvalues of the shape operator 4 of 1, and the type number t(p) of
M at p e M is defined by the rank of 4 at p, that is, the number of non-zero
principal curvatures of M at p. If the principal curvatures of M are constant,
then M is said to be an isoparametric hypersurface of M +1(c). Let R be the
curvature form with respect to the Levi-Civita connection V on M. Then the
equations of Gauss and Codazzi are given by

(2.1) RX,Y)=cXAY +AX AAY
and
(2.2) (VxA)Y = (VyA)X

for any vector fields X and Y on M respectively. It follows from that
(2.3) (VxR)(Y,Z) = (VxA)Y NAZ + AY A (VxA)Z

for any vector fields X, Y and Z on M. If VxR = 0 identically, then M is said to
be locally symmetric.
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On the other hand, if a Riemannian manifold (M, g) admits the tensor field
T of type (1,2) such that

(2.4) 9(TxY,Z)+g(Y,TxZ) =0,
(2.5) (VxR)(Y,Z) = [Tx,R(Y,Z)] — R(Tx Y, Z) — R(Y, TxZ),
(2.6) (VxT)y = [Tx, Ty] — Tryy

for any vector fields X, Y and Z on M, then T is said to be a homogeneous
Riemannian structure (see [9]). It is known ([1], [9] that a connected, complete
and simply connected Riemannian manifold M is homogeneous if and only if M
admits a homogeneous Riemannian structure.

3. Isoparametric hypersurfaces

. . ~ nt1 . .
In this section we assume that M (c) is a space form and M”" is a
. oantl
hypersurface in A" " (c). Then we first prove

THEOREM 3.1. M is an isoparametric hypersurface in a space form M(c) if
and only if there exists a metric connection D on M so that the shape operator A

is parallel.

PrROOF. Assume that M is isoparametric. Let
O(M) = {u = (p;ela" ~,en)|p EM’ g(eiaej) = 51]}

be an orthonormal frame bundle over M, where and in the sequal the indices
i,j,k,... run over the range 1,2,...,n. Then O(N) is a principal fibre bundle with
structure group O(n). Let

(31) Apej = Z Aji(u)ei.

Then Aj(u) are differentiable functions on O(M). If we put
(3:2) # = {ue O(M)|4;(u) = 4;(u)d;i},

where A; are the principal curvatures of M, then # is a subbundle of (M) and
the structure group G of # is closed since A; are constant. It is easily seen from
(3.1) and [3.2) that a connection on # induces a metric connection D on M so
that DA = 0.

Conversely, if there exists a metric connection D on M so that DA = 0, then
it is easily seen that the principal curvatures are constant. n
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From now on, we assume that M is an isoparametric hypersurface in
M +1(c) and the shape operator 4 of M is parallel by the metric connection D,
Then it follows from [2.1) that

(3.3) DxR=0

for any vector field X on M. Let S be the torsion tensor of D. Then we see that
D — (1/2)S is a torsion-free connection on M, and it is equal to the Levi-Civita
connection V on M if and only if the torsion tensor S satisfies

for any vector fields X, Y and Z on M.
We also asumme that the connection D — (1/2)S is the Levi-Civita con-
nection, that is,

(3.5) v=D-ls.

Since DyA = 0 by Theorem 3.1, it follows from that

(36) VXA ='21'[A,SX]a
and from and that
(3.7) 24ASxY = SyAY — SyAX.

Let cy,...,cm(m < n) be mutually distinct principal curvatures of M, and V,
be the eigenspace of A4 relative to the eigenvalue c,(x = 1,...,m). We choose a
local orthonormal frame field {e;,...,e,} of M such that Ae; = A;e;. Then we
have

LemMMA 3.2. Assume that D — (1/2)S is the Levi-Civita connection V on M.
Then we have '

(3.8) [4,Sx] =0
for any vector field X on M.

PROOF. Let a # B. Substituting X =e, € V, and Y = eg € V} into (3.7), we
obtain '

(3.9) 248, e = (cy + cp)Se,ep.
If we multiply (3.9) by e; € V,, then we get
(3.10) 9(Se,ep,eq) = 0
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because c, # cg. For the vector e, e V, (y # «, ), we also get
(3.11) (ca +cg —2¢,)g(Se,e8,€y) = 0.

On the other hand, if we substitute X =e, € ¥V, and Y = ¢, € V, into and
multlply it by eg e V3, we find

(3.12) (ca + ¢y — 2¢8)g(Se,ey,e8) = 0.
Therefore it follows from [3.4), and that
(3.13) ~ 9g(Se,ep,ey) =0.

Thus, for e, € V, and ege V3 (x # B), (3.10) and show that
(3.14) v Se,ep = 0.

Let e,, e, € V,,. Then, by putting X = e, and Y = ¢, into [3.7), we easily see
that

(3.15) ASe,eq = cuSe,eq
The relation [3.8) follows from [3.14) and [3.15) |

REMARK 3.3. As seen in the proof of Lemma 3.2, if all the multiplicities of
the principal curvatures of M are not greater than 3, then D is torsion-free, that
is, $=0.

From and Lemma 3.2, we can state

THEOREM 3.4. Let M be an isoparametric hypersurface in a space form
M +1(c), D a metric connection on M so that the shape operator A is parallel and
S' the torsion tensor of D. If D — (1/2)S is the Levi-Civita connection on M, then
M is locally symmetric.

In this case, M has at most two distinct principal curvatures.

Proor. If M has more than two distinct principal curvatures, then we have
[4,Sx] =0 by Lemma 3.2. If M is totally umbilical (included totally geodesic),
then it is clear that [4, Sx] = 0. Therefore it follows from (2.3) and (3.6) that M
is locally symmetric. Since we have Vy4 =0 from (3.6) and hence

R(X,Y)AZ = AR(X,Y)Z,
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we obtain from the equation [2.1) of Gauss
(3.16) Ag(Y,AZ)X — g(X,AZ)Y} + g(AY ,AZ)AX — g(AX,AZ)AY
=c{g(Y,Z)AX — g(X,Z)AY} + g(AY,Z)A*X — g(AX,Z)A*Y

for any vector fields (X, Y and Z on M. With respect to the orthonormal frame
field {e),...,e,} of M which diagonalize A4, if we substitute X=e,Y=¢ and
Z = ¢, into (3.16), we have

(/1,' — ﬂ.j)(C + ii/lj) = 0,

where 4; are principal curvatures of M. This implies that the number of the
distinct principal curvatures is at most two. |

Let K be the curvature tensor of M with respect to the connection D. Then
it follows from (3.5) that

(317)  K(X,Y)=R(X,Y)+1{(DxS)y — (D¥S)x} — §[Sx,Sy] + 3 Ss,¥
for any vector fields X and Y on M. We put
Ty = —3Sx.
Then, since Sy Y is skew-symmetric for X and Y, we have
SxY=-TxY+TyX.

The relation is equivalent to
(3.18) 9g(TxY,Z)+g(Y,TxZ) =0.

If the torsion tensor S is parallel by D, that is,
(3.19) DxS =0,
then we see from and (3.17) that
(3.20) DxK = 0.

It is easily seen that the conditions |(3.18), and (3.20) are equivalent to that
of [2.4), [2.5) and [2.6) (see [9])). Thus we can state

THEOREM 3.5. Let M be an isoparametric hypersurface in a space form
~n+l . . .
M (C), D a metric connection on M so that the shape operator is parallel, and
S the torsion tensor of D. Assume that D — (1/2)S is the Levi-Civita connection



Isoparametric hypersurfaces in a space 21

on M. Then the torsion tensor S defines a homogeneous Riemannian structure on
M if and only if it is parallel by D.

4. Homogeneous Riemannian structures

. . . . skl
In this section we assume that the ambient manifold M (c) is a space of
~n+1 ) . o .
constant curvature ¢, 1: M" — M (¢) is an isometric immersion of an n-
. . ) i : . ~ n+1 ~ .
dimensional Riemannian manifold M into M (c), and M admits a homo-
geneous Riemannian structure 7. Then it follows from [2.1) and [2.5) that

4.1) (VxR)(Y,Z) = (TxA— ATx)Y NAZ + AY A (TxA — ATx)Z
for any vector fields X, Y and Z on M. Comparing with (4.1), we have
(4.2) {A(VxY —TxY) —VxAY + TYAY}ANAZ
={A(VxZ — TxZ) —VxAZ + TxAZ} A AY.

Now we prove

THEOREM 4.1. Let 1: M" — M~ +1(c) be an isometric immersion of an n-
dimensional Riemannian manifold M into an (n + 1)-dimensional space M" " (c)
of constant curvature and V be the Levi-Civita connection on M. Assume that M
admits a homogeneous Riemannian structure T and the type number of 1 is not

equal to 1 and 2. Then D =V — T is a metric connection on M so that the shape
~ nt1
operator A of 1 is parallel and M is an isoparametric hypersurface in M (c).

ProoF. At first, we see easily from (2.4) that D is a metric connection. It
follows from (4.2) that
(4.3) (ADyY — DyAY)ANAZ = (ADxZ — DyAZ) A AY.

Let {e1,...,e,} be the local orthonormal frame field of M such that Ae; = Ae;.
Substituting ¥ =e; and Z = ¢; into (4.3), we obtain’

(4.4)  Ai(ADye; — A;Dxe; — X1; - e;) nej = Ai(ADxe; — A;Dxe; — X1; - €;) A e;.
If we multiply (4.4) by ¢;, then we get

(4.5) Aj(ADxe; — AiDxe;) = X (4:i4j) - ei + Aj(4; — Ai)g(Dxei, €;)e;

for i #j. Multiplying (4.5) by e;, we find

(4.6) X(4i4)) =0
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for i # j, that is, 4;4; is a constant on M. If we compare with [4.6), then we
have

(4.7) 4j(ADxe; — 2iDxe;) = Xj(4 — 4i)g(Dxei, €))e;

for any i( #Jj). .

If the type number of : is greater than 2, then for any index i there exist two
indices j( # i) and k( # i) such that j # k, 4; =0 and 4; # 0. Then from
we have

/1?,1]?,1,2( = (4i4;)(4jAk)(AxA;) = constant
And also we have
AjA = constant # 0

So we can conclude that J; is constant and M is isoparametric.
If we compare with [4.6), then we have

ADye; — AiDye; = (A — Xi)g(Dxei, ¢j)e;.
Changing the index j to £k we have also

ADye; — AiDye; = (Ax — Ai)g(Dxe;, ek )ex.
Since e; and e, are linearly independent, we have
(4.8) ADye; — AiDye; =0
Then we have

ADye; — DyAe; = ADye; — AiDxye; — X A; - e; = 0.

Hence it follows that
(4.9) ADxY = DxAY

for any vector fields X and Y on M, which shows that A4 is parallel with respect
to D.

If the type number is equal to zero, then M is isoparametric and it is clear
that (4.9) is satisfied.

This completes the proof. [

REMARK 4.2. Under the assumptions of Theorem 4.1, if the type number
of 1 is equal to 2 and the non-zero principal curvatures are equal to each other,
then we also see from (4.6) that M is an isoparametric hypersurface in M +1(c).
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Since the shape operator A4 is parallel by the connection D=V — T by
Theorem 4.1, we have

(4.10) VxA = [Ty, A]
for any vector field X on M. It follows from the equation of Codazzi and

that
(4.11) TxAY — TyAX = A(TxY — TyX).

Differentiating covariantly with respect to the Levi-Civita connection V on
M and using (2.4), (2.6), (4.10) and {4.11), we have

(4.12) (R(X, Y)A)Z = [[Tx, Ty|, A|Z — [Tz, A(Tx Y — Ty X).

Since it is easily seen that (R(X, Y)4) = R(X,Y)4 — AR(X,Y) on M, it follows
from [2.1) and [4.12) that
(4.13) |[[Tx,Ty),A)Z — [Tz,A](TxY — TyX)
=c{g(Y,AZ)X —g(X,AZ)Y — g(Y,Z)AX + g(X,Z)AY}
+g(AY,AZ)AX — g(AX,AZ)AY — g(AY,Z)A*X + g(AX,Z)A*Y

for any vector fields X, ¥ and Z on M. Now we state

- THeOReM 4.3. Let 1: M" — M +l(c) be an isometric immersion of an n-
dimensional Riemannian manifold M into an (n+ 1)-dimensional space M +1(c)
of constant curvature and A be the shape operator of 1. Assume that M admits a
homogeneous Riemannian structure T and the type number of 1 is not equal to 1
and 2. Then the followings are mutually equivalent:

(1) M is locally symmetric;

(2) [Tx,A] =0 for any vector field X on M,

(3) M has at most two distinct principal curvatures.

Proor. If M is locally symmetric, then it follows from (2.3) that
(4.14) (AVxY —VxAY)ANAZ = (AVxZ —VNxAZ)ANAY

for any vector fields X, Y and Z on M. As a similar argument as the proof of
parallelism of 4 by D in Theorem 4.1, we can verify from (4.14) that
(VxA)Y =0, and hence (2) follows from (3.10).

Assume that (2) holds on M. Since it is easily seen that

[[TXyTY]aA] + [[TY,A],TX] + [[A’TX]aTY] =0
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on M, we see that the left hand side of (4.13) vanishes identically, and hence we
have

(4.15)  {g(AY,AZ)AX — g(AX,AZ)AY — g(AY,Z)A*X + g(AX,Z)A*Y
+c{g(Y,AZ)X — g(X,AZ)Y — g(Y,Z)AX +g(X,Z)AY} = 0.

Let {ei1,...,e,} be the local orthonormal frame field of M suc;h that Ade; = Ase;.
Then, substituting ¥ = Z = ¢; into (4.15), we have

(4.16) LA+ (c = 12)A — chil =0,
where 7 is the identity transformation on M. Applying e; to (4.16), we obtain
(/1,' - Aj)(c + lilj) = 0,

which shows that M has at most two distinct principal curvatures. Thus (3) is
proved.

Now we assume that M has at most two distinct principal curvatures. If M
is totally umbilical (included totally geodesic), then M is locally symmetric.
Therefore to show (1), we only consider that M has just two principal cur-
vatures A and u. Since the type number is not equal to 1 at each point of M, we
see from Theorem 4.1 and Remark 4.2 that 4 and u are constant. By arranging
the orthonormal frame field if necessary, we put Ae, = Ae, and Ae, = ue,, where

and in the sequal the indices p, ¢, r and a, B, y run over the ranges 1,...,/ and
£+ 1,...,n respectively. Since it is easily seen that
(VxA)ep = (A— 1) Y _ 9(Vxep, ep)ep,
B

(VxA)es = (u— 1) D _ g(Vxew, €g)eq
q
for any vector field X on M, then we have
(4.17) g(Ve,ex,5) =0, 9(Ve,ep,8) =0
from the equation of Codazzi, Using [4.17), we see that
(Ve,A)e; =0, (V,,A)eg=0, (Ve,A)eg=0, (V,A)eg=0

identically. This shows that Vx4 = 0 for any vector field X on M, and hence (1)
follows from [2.3). u

Let V = T,(M), T,(M) being the tangent space of M at pe M, and let
C(V) be the set of all homogeneous Riemannian structures on M. Then it is
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known ([9]) that C(¥) is a Euclidean space and the orthogonal direct sum of
the following subspace;

(4.18) Q) ={TeCM|TxY =9(X,Y){-g({, Y)X,{ eV},
(4.19) CGV)={TeC(V)|®g(TxY,Z),0,trace T = 0},

(4.20) C(V)={T e CV)|TxY + TyX = 0},

where. @ denotes the cyclic sum for X, Y and Z. These subspaces Ci(V), C2(V)
and C3(V) are invariant and irreducible under the action of the orthogonal group
O(V) on C(V) ([9). Finally we prove

THEOREM 4.4. Let 1: M" — M"+1(c) be an isometric immersion of an n-
dimensional Riemannian manifold M into an (n+ 1)-dimensional space M of
constant curvature. Assume that the type number of 1 is not equal to 1 and 2. If M
admits a homogenous Riemannian structure T belonging to each subspace
Ci.(a=1,2,3), then M is locally symmetric.

Proor. By Theorem 4.1, D=V — T is a metric connection on M and
DyA =0 for any vector field X on M. Let {e;,...,e,} be the orthonormal
frame field of M such that Ae; = A;e;. Then, putting X =e; and Y = ¢; into
(4.11) and multiplying it by ex, we obtain

(4.21) (4 — 4) Ty = (Ai — i) T,
where we have put
Tije = g(Te.ej, €x)-

Let T € C,. Then, substituting (4.18) into (4.13), we have

(422) {n(Y)n(4Z) - |&Pg(Y,AZ)}X — {n(X)n(4Z) - |&*9(X, AZ)} Y
+ {(n(XM(AY) = n(Y)n(AX)}Z — {n(Y)n(Z) — |&1’9(Y, Z)}AX
+{n(X)n(Z) - |EPg(X, Z)}AY
=c{g(Y,AZ)X — g(X,AZ)Y — g(Y,Z)AX +g(X,Z)AY}
+g(AY,AZ)AX — g(AX,AZ)AY — g(AY,Z)A’X + g(AX,Z)A*Y,

where 7 is the dual 1-form of the vector field £ on M and |& |2 is the square length
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of £. Putting Y = Z =e; into (4.22), we obtain
(4.23) {n(e:)? — |EPHAX — 4 X) — n(e){n(4X) — An(X)}e;
= LA*X + (c — 22)AX — cAiX.

If We multiply by e;, then we find
(4.24) n(e){n(4X) — An(X)} =0,
and hence is reduced to

Mid® + (c = 22+ (& — n(e))) A — di(c + |&* = n(ex))I =0,
where I is the identity transformation. Appying e; to the above equation, we have
(4.25) (4 — M) (c + Aidj + &> — n(e)?) = 0.

It follows from [4.24) and [4.25) that M is totally umbilical. In fact, if there are
two distinct principal curvatures 4; and 4;, we obtain n(e;)* = n(e;)? from
by exchanging i and j. Comparing this fact with [4.24), we see that n(e;) = 0 for
any i, that is, T =0, and T ¢ C;. Therefore M is locally symmetric.

If the homogeneous Riemannian structure 7T satisfies ®@g(TxY,Z) =0, or
equivalently,

(4.26) Tijx + Tixi + Tyij = 0,

then, by comparing with [4.26), we have

(4.27) (4 — &) Tk = (A — Ai) Tigi.
Multiplying by A — 4; and using [4.21), we obtain
(4.28) {4 — 1)+ (4 — M)? + (A — 4)*} Ty = 0.

Moreover, substituting X =e; and ¥ = Z =¢; into (4.13), we find
(429) > {(h — W) Ty — Ti) — (ot — M) T Tyater = (b — Ai)(c + Aidy)es
k1l

for i #j. Since it is easily seen from [4.21) and [4.27) that

(4 —4)Tw =0 and (Ax — &) TwiTjwi = (4 — Ai) Tyjac Tk
respectively, then we obtain

(4.30) (3= w)(c+ 4k =2 > TTjw) = 0
k
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by multiplying (4.29) by e;. We see from [4.28) and [4.30) that M has at most
two distinct principal curvatures. Therefore, by Theorem 4.3, M is locally
symmetric if 7 € C,.

Let T € C3. Then it follows from and that

(4.31) (Ai+ 4 —24) Ty = 0.

Substituting X =e; and Y = Z = ¢; into (4.13) and using [4.20), and
(4.31), we have

(4.32) Z(ll — ) Ty Tiier = (A5 — Ai)(c + Aidj)e;
%l

for i #j. If we multiply by e;, then we obtain

(4.33) (3 = ) (e + Ak + > T3) =0,
k
It is easily seen from [4.31) and [4.33] that M has at most two distinct principal
curvatures, and hence M is locally symmetric by Theorem 4.3. [
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