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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF
WEAK SOLUTIONS TO SEMILINEAR
HYPERBOLIC SYSTEMS WITH DAMPING TERMS

By

Takeyuki NAGASAWA' and Atsushi TACHIKAWA?

1. Introduction
Let Q be a bounded domain of R* with Lipschitz boundary 9 Q. We consider
the following system of hyperbolic equations for a map u: Qx(0,%0) = R":
a; (x)D}u’ (x,1) = Dy (bP (x)Dyu' (x, 1))+ ¢; () Nu(x, ) 11272 ' (x, 1)
(1.1) _ ' '
+a;(X)D,u'(x,1)=0 in Qx(0,%), j=1....¢

where D, = d/ot, D, = d/ox“,|lu(x,1)||, = (c;(x)u' (x,0)u’ (x,1))'"* and m>1. Here and
in the following, summation over repeated indices is understood, the greek indices
run from 1 to k, and the latin ones from 1 to ¢. We assume that the coefficients
a; (x), bgﬁ(x) and c;(x) are bounded functions defined on € and satisfy the
conditions

a; ()& 22, 1EP forall E€R',
(1.2) b ()men} 2 A, Inli® forall ne R,
c; (N)EE 2A,1EF forall R,

(1.3) a;(x)=a;(x), b (x)=bF (x), ¢;(x)=c¢;(x),

for some positive constants A,,4,and A,. The initial and boundary conditions are
(1.4) u(x,0)=u,(x), Du(x,0)=v,(x) in £,
(1.5) u(x,t)=w(x) on dQx(0,),
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where u,(x),v,(x) and w(x) are given maps such that u,(x)=w(x) on JQ.

In §2 we shall construct global weak solutions to (1.1), (1.4) and [(1.5) by the
semi-discretization in time variable combining the variational method (Theoreml
2.1). This construction was employed to hyperbolic equations without damping

term by Tachikawa [15]. It is very powerful tool to construct global weak
solutions, because we need not distinguish technically between single-valued

equations and systems of equations. It applied to other various evolution equations
in [10,11,12,5,1,7, 8].

The method of semi-discretization in time variable, so-called Rothe’s method,
has been used to construct solutions of parabolic equations since about 60 years
ago (see Rothe [13]). Moreover, by Rektorys [12] and Kalur[3], Rothe’s method
was applied to hyperbolic equations also.

Though the Faedo-Galerkin method is very common to construct weak
solutions, it would be fruitful to consider various constructions, since weak
solutions of hyperbolic systems are not uniquely determined in general.

In §3 we shall investigate the exponential decay property of solutions in case
of w=0 and m=>2 (Theorem 3.1). For the case that 2<m<2(k-1)/(k-2),
Zuazua [18, Example 2.6] shows that any weak solution has the exponential decay
property. Moreover, it is known that the weak solutions which are given as limit
functions of smooth approximate solutions satisfy the exponential decay property
(see [9]). For example, the Faedo-Galerkin method gives us the weak solutions
satisfying the exponential decay property. On the other hand, the weak solutions
constructed in §2 are not given as limits of smooth approximate solutions.
Therefore, it is not trivial that they have exponential decay property even if
m>2(k—1)/(k—-2). We shall utilize the discrete energy method to approximate
solutions, and pass to the limit. In the time-discretized form we can employ
various test functions and easily derive discrete energy method.

Other results on hyperbolic equation with damping term can be seen in [14, 6,
17,19,20,4].In [6, 17, 4] authors investigated global smooth or strong solutions
and their asymptotic behavior. Zuazua [19, 20] dealt with equations with
localized damping term. See also references cited therein.

2. Construction of weak solutions

In this article we denote R'-valued Sobolev and Lebesgue spaces
H'(Q;R'), L”(Q;R") etc. simply by H'*(Q), L’(Q) etc. We define a weak
solution of (1.1) satisfying the initial and boundary conditions [(1.4) and [(1.5) as
follows.
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DEFINITION. Let y,, and y,_, denote the trace operators to JQ and Qx {0}
respectively. For u,,w € H”(Q)N L"(Q) and v, € [’ (Q) satisfying Y040 =YoqW
a map u:Qx[0,T)— R’ is called a weak solution of (1.1) on [0, T) with the
initial and boundary conditions (1.4)-(1.5), if the following conditions are
satisfied:

(1) uel”0,T;L"(Q)NL"(0,T; H"”*(Q))with Due L”(0,T; L’ (Q))
(i1) ¥,ou(x,t) =u,(x) and vy, u(x,t)=7y,,w(x) for 0<t<T
(iii) For any y(x,1) € Co([0,T); Co () N C([0,T); C' (Q)),

f; _[Q (—a;(x)Du' (x,t)Dy’ (x,1) + b;"’(x)Dau"(x,t)Dﬂyﬂ(x,t)

¢

2.1) e, Ol DI u (DY (x, 1)+ a, (x) D’ (x, Y (x, 1))dxds
= L a; (x)vy ()Y’ (x,0)dx.

We say u is a global weak solution if ulg,, ;, is a weak solution on [0, T) for any
T>0.

REMARK. It follows from (i) that u € C([0,T];L?(Q)) (see [1.6, Chapter III,
Lemma 1.1]).

To construct a weak solution of (1.1), we proceed as in [15]. We determine a
family {u,} as follows:
(I) (n = 1). Let vy(x)=(vy(x),---,vi(x)) be a given map of class L*(Q) as in the
above definition. Take v(x,t) € L”(R; H'?(Q)) N L™ (R; L" (Q)) such that
22) {v(x,O) =0, Dv(x,0)=v,(x) in Q, v(x,1)=0 on JQXR,

D,v(-,1)is a weakly continuous map of ¢ with values in L*(Q).

Let us define u,(x) =u,(x)+v(x,h).

REMARK. To get a map v(x,t) satisfying (2.2), for example, we solve the
initial-boundary value problems
DV (x,t) = AV (x, ) +| V' "2V (x,t)=0 on QXR,
(2.3) v'(x,0)=0, DV'(x,0)=vi(x) in Q,
vi(x,t)=0 on JQXR

[14, Theorem 2] guarantees the existence of weak solutions {v'(x,?)} of (2.3) in
the class L°(R;HZ(Q)NL(R;L"(Q)) with the weak continuous time
derivatives {D,v'(x,t)}. Moreover, they satisfy the energy estimates
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_l— Ri 2 l P2 L (m J. l i2
(2.4) J(Ziow e diov e e Ly Jacs [ Ly pa

for all r, where ||-|| denotes the Euclidean norm,and D=(D,,...,D,).

(I) (n=2). Given u,,, u,, € H*(Q)NL"(Q) and h>0, we consider the
functional

- D=2, +u, ol 1 R S o | R e
’7 —_ - n n—c a +_ D +_ +__ n a dx
) jﬂ(z 2, S Dully + Ly + 22

for ue H?*(Q)NL"(Q) with u=won dQ. Here |ul}=a,(x)u'v’, |||, =
b? (x)n,n; For n=2, let u,(x) be a minimizer of % in the class
e H*(Q)NL"(Q):u=wondQ}.

The Euler-Lagrange equation of .7, (u) is

0—— T (U + EP)| o
2.5 = L{ L, O =200 +u)07 + b (D Dy 4, (Ol ')

zlh a; (x)(u' —u,_,)e’ } for all o€ H2(Q)NL"(Q)

The lower semicontinuity of L”-norms guarantees the existence of a minimizer of
.#,. Moreover one can see that a minimizer satisfies (2.5) by means of
differentiability of the integrand of .7, with respect to Du and u. About general
theory of the direct method of calculus of variations see [2, Chapter I].

Thus u,(n>2) satisfies (2.5) and we get the following lemma.

LEMMA 2.1. Let {u,} be as above. Then we have the energy estimates

1 |‘ n - n ||ll
(2.6) _Z_[J‘Q _—h-z—-'——dx +E(u,) +Eu,_ ,)J <K,

for some positive constant K, depending on u, and v,, where

e =], (310wl + Lirup Jas

PROOF. Since u, and u,_, coincide on d, u, —u, ,(n=2) is an admissible

n—2z n

test function for (2.5). Thus using Young’s inequality, we get
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d —_
O - EE "/n (un + 8(1/!” - un—2 ))| =0

| i i i j j i j j
= J.Q {;’l_l al:i (un - 2un—l + u, » )(ulf - MI{—Z ) + b[?lﬂD(xun (Dﬁul: - Dﬁ r{—'l)

m-2 i j j H un —un—?_ ”Z
2.7 +cllu, Il; u, (u —u )+ — dx

|| u —u_ |3 1 1 Nu, —u_, |

U, — un_ a 1 1 "
_(H__.__2L+§|| Du, s lly +—-Il 4,2 Il ]}dx

h2
Now, let
2
a =I ” U" I'ztn—l Hu dx’
n Q h
_ l 2 _1_ m
b = jﬂ (2 I D, 1+, ! )dx
Then implies

a,+b,+b_<a, +b,_,+b,_,<--<a +b +b,

n-1 n—i n-2 —

On the other hand, the definition of «, and imply that
a =L [ vemEars < | n " Dy P ax
1 hZ Q ‘ ’ a - h2 Q 0 t ’

SEIhJ I VO(X)szxdtSC’J. hl| vo (x) |I* dx,
hlola @

where ¢ and ¢’ are constants depending only on (a,). From the above estimates,

remarking again, we get [(2.6).

Now, using {u,(x)}, we construct two maps u, and u, which approximate to
a weak solution of (1.1). Let us define

( u, (x) for t=0,
u(x,t)= 0
P (%) for (n—Dh<t<nh, n21,
; 1y () + v(x,1) for _1<t<h,
u,(x,t)= — —_ —
p (0D t——(llh——l—)ﬁu"(x)+nhh tu,,_,(x) for (n—-1)h<t<nh, n=2
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Then, we can proceed as in [15, §3] and see that &, and u, converge to a weak
solution of the equation (1.1) which satisfies the conditions [(1.4) and [1.5).

From (2.5), we can see that

L I { a,; (x)( Dy (x,0) = Dy (x,1 = b))’ (x)

+b% (x) D, (x,1) Dy’ (x) + c; COllE, (X, DI, (x, 1) (x)
+%a,.j(x)(D,u;, (x,0)+ Dl (x,1 — h))(p"(x% n(t)dxd
(2.8) _[ j {—a (x)(D,u; (x,) = Duy (x,1 = h))@’ (x)
+b% (x) D, (x,0) Dy’ (x) + c; (|| &, (x, ) |72, (x, 1)’ (x)
+2a,(0( Dty (5,00 + Dt (x,1 = ) (pj(x% n(t)dxdt = 0

forany T>0 and ne C;[0,7T).
On the other hand, from , we get the estimates

(2.9) esssupj | Du, |2dx < 2K,,
—l<t<T
(2.10) ITI L | Du, |2dxdt < 2K, (T +1),
2.11) J‘TI €(u,)dt <2K, (T +1),
T
(2.12) fo £, )dr <2K,T

Using the Banach-Alaoglu theorem, from [(2.9), and (2.11) we can deduce
that

(2.13) Du, — Du, D,u, — D,u weaklyin L’*(Qx(~1,T)),
(2.14) u, — u weakly in L"'(Qx (-1,T)),
(2.15) Du, — u’ weakly starin L~ (=1, T; L*(Q))

for some ue L"(Qx(-1,T))NH"?(Qx(=1,T)) and u’ € L (-1,T;L*(Q)) as hd0
taking a subsequence if necessary. Here m’=max{2,m}. In what follows A {0
means always a limit along a suitable subsequence. Since [(2.13) and [2.15) imply
that Du =u’ almost everywhere on Qx(-1,T), we can see that Due L”(-1,T;
L’ (Q)). Moreover, using Rellich’s compactness theorem, from [2.13) and [(2.14),
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we get

(2.16) u, > u stronglyin I>(Qx(~1,T)) as hl0

Using the Banach-Alaoglu theorem again, by (2.12) we obtain that
{Daﬁh — D weaklyin [*(Qx(0,T)),
i, =~ u weaklyin L" (Qx (0,T))

as hl0 for some iel"(Qx(0,T)) with D,ue L*(Qx(0,T)) taking a
subsequence if necessary.
Moreover, by the definition of u, and u, and [2.9), we have

(2.17) I: _[Q 1@, —u, ||2dxdt < ch*K,T -0 as hl0

for some constant ¢ depending only on the matrix (a;). Hence, using and
(2.17), we see that u, »u in I*(Q2x(0,T)). This implies that &#=u almost
everywhere and therefore D, u = D,u almost everywhere on Qx(0,T). Thus we
obtain

i, = u weakly in L (Qx(0,T)),
(2.18) A @, — u strongly in L*(Q x(0,T)),
Dyii = Du weaklyin L[> (Qx(0,T))

as hi0.
For any n(t) e C;’[0,T), if h is small so that spt n<[0,T —h), then

f L %a () Dy (x,1) = D (x,t = )’ (x)(e)dxde

(2.19) - jO’ J'Q 0, ()Du. (x, )9 (x) n(t)—Z(H m g

0 . .
—-H_h L a,; (x)D,V' (x,1)" (x)T(t + h)dxd
The weak continuity of D,v implies that
1}° i j i j
(2.20) ZJ-—h jﬂ a; (x)Dv' (x,0)@’ (x)n(t + h)dxdt — L a; (x)vy (x)@’ (x)n(0)dx
as hl 0. From and (2.20), we obtain

221 JZ Jg %a"f(x)(Dr”;:(x”) — D, (x,t — 1))@’ (x)n(t)dxdt

- -ﬂ fg a; () D' (x, )¢ () D,1(1)dxdt ~ L a; (x)vh ()@’ (x)N(0)dx
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as hl0.
Because of (2.18), by means of Egoroff’s theorem, we get

(2.22)

_[’j ol @, |12 ’a,;cp‘ndxd:-j';j el ull"u'pndxdr| -0 as h L0,
0 Q

taking a subsequence if necessary.
Next, let us see the convergence of the damping term. Using [(2.13), we have

J.: Lz a; (x)(Duy (x,1 = h) =D’ (x,1))@’ (x)n(t)dxdt

. . T . .
< J-Q a,j(x)D,u;,(,\c,t)(p’(x)r](t)dxdt—J‘0 J;) a; (x)Du' (x,t)p’ (x)n(t)dxdt

", @ (0D, (x, 097 (XN + h) = 1))l

4 () D, (x,1) = D' (x,1))” (xX)1(t)dixdit

0

" J‘?h J.u a'7(x)D’u/i'(x’t)(pj(x)rI(f)dxdt

+ .[:_,, J.Q a; (x)D,u, (x,1)@’ (x)1(t)dxdt

+ j Thh J.Q a; (x)D,u}, (x,1)’ (x)(1(t + h) — 1(t))dxdt

- 0

as hl 0. Therefore, we get

J: J;; %aij(x)(Dlulil (x’t)+ D,u,i,(x,t - h))(PI(X)TI(t)dxdt
(2.23)

- j: L a; (x)Du' (x,0)¢’ (x)n(t)dxdt as h 10
Using (2.20) again, we can see that

joJ. —a; (x) DuL(x,t)—D,u;,(x,t—h))(p"(x)n(t)dxdt
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2.24) = j _[ 74y (DY (2,0 = Dy (x, t—h))e’ (x)n(t)dxdr

> [ a,(0v 00! O [ a0 0)e’ (On(0)dx =0
as h4 0. Moreover, it is easy to see that

JI bZ (x) Dyt (x.1) Dy’ (x) + ¢, (o)l &, (x,1) 11, (x,1)p” (x)
(2.25)

+1 >4 , (0Dt (x,1) + Dty (x,t = )@’ (1)} m(1)dxdt — 0 as h L0

Now, letting A1 0 in and using [(2.13), [2.18), (2.21), (2.22), (2.23),
(2.24) and (2.25) we obtain

[T ] (-a,0Du (5,00 ()D(1) + b (0) Dt (x.)Dy9 Y1K0)
(226)  +e,; (Ol uCx, DU (x, Q! (X)) + a, (x) D' e’ ()M(E)(D))dxdt

= [, 00 om0y,

for all ¢ € C;(2), and for all ne C;'[0,T). Since functions of the form @(x)n()
are total in the space C'([O,T);CO(Q))mC([O,T);C'(Q)), (2.26) means that u
satisfies (2.1).

On the other hand, since u,(x,0)=u,(x), ;0 1.,=w and u, =u in
H"?(Qx(-1,T)) as hd 0, we can see that u satisfies the initial condition
u(x,0)=u,(x) and the boundary condition ul,q, .., =w also. Using diagonal
argument, we get a global weak solution.

THEOREM 2.1. Let Q be a bounded domain of R* with Lipschitz boundary
dQ. Suppose that (1.2) and (1.3) are satisfied. For any v, € L*(Q) and
uy,w € H?(Q) N L"(Q) with ¥ quy =YW, there exists a global weak solution of
(1.1) which satisfies the initial and boundary conditions (1.4) and (1.5).

3. Asymptotic behavior

In this section we show the exponential decay property for the weak solution
of (1.1) which is constructed in the previous section. In the following we treat
only the case that m > 2 and the boundary conditions are

(3.1) u(x,t)=0 on dQx(0,)
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We test (2.5) by ¢ =u, —u,_, to get

d —~
0 = _‘E ')‘u (un + 8(un - u”‘l ))L':O

= J;) l:hlz a,-,-{(u,i. —u )= —ul )W —ul)

+bP D, (Dgu) — Dgu_ )+ cllu, 77w, () —
(3.2) +—21—ha,-,-(u,", —uy, )] —u,f_.)]dx

1 ; ; . .
= J‘Q [7’17{“ un - un—l ”¢2: - aij (un—l - un—Z )(uijl - u;:—l )}

2 . . 2 L
+ ” Dun ”b - b;ﬂDau::Dﬂu:l—l +|| u, H:" _” u, ”(m Cijullruljl-l

1 2o b i N — g
+ _“ u" - un—l “u + E aij (u:l - ulll—l )(ulll - uljl—Z ) dx

Thus dividing (3.2) by 4 and using Young’s inequality, we get

0> { LMty =ty g Nty =,
“Jalh 2h? 2h?

11 1 1(1 m 1 m
(3 (0w, 1= 2 ou )+ 2 (L, 1 - Ly, 1)
2
un-un— a 1 i i j j
el ol Lo, -l -l b

Since we are posing the homogeneous boundary condition, u, is an admissible
test function for (2.5) too. Therefore we can see that

d -
0 =g 7nu, +eu)
_ 1 i _nyl i j Du IP m 1 i i il
- Q h_Za,'j(un - un—l +un—2 )un +” un “h +“ un ”( +Eaij (un - un—Z )un

. . . j
1 Py U I 1 P j j
= a.u —a.u ——=a. (u —u_Yu_ —ul_)
J‘Q {h iy%n h §%n-1 h h2 ij\%n n-1 n-1 n-2

R 1 o . 1 . . . .
HI Du, |l +lu, |l + -h_aijulll (u; —u, )= ﬁ_aij (w4, = 2u,_, +u,_,)u, }dx

Thus we get

JQ ZIT a; (u, — “;ix—l )(u,{_, - u,{_z Ydx
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J j j J J J
1 i W, U, i Uy U i Uy — U
(3.4) = L {E a;u, - a;u,_ e +au, B

2 1 j ;
+| Du, ||, +| u, ||” —=a; (u, —2u/

2h n—1 + uiir-2 )uljz }dx

, implies the estimates

&=

On the other hand, 0 = ng F(u,+€ u)

1 i i i j m H un - un— ”121 “ un ”(21
|IQ Fa,.j(u,, —2u_, +u"_2)u,’,dx|s_[9 (HDun 12+, | + o 2l A |

Remarking that with the help of Poincaré’s inequality the right-hand side of the
above inequality is estimated by the energy estimate [(2.6), we obtain

n—1

3.5) H'Q %a,j (u,i, —2u_ +u_, )u,’,dx | <hK,,

where K, is a constant depending only on K, and Q.

Now, inserting [(3.4) into [(3.3) and using [3.5), we obtain

N, = 12 Nty =t 12 Ny =, 112
2 2 n n a_ n +
O J.Q{h( 2h2 2h2 2h2

1(1 1 !
+3( Ly D, 1 - L0 Du 1)+ 21, 1

1(1,, qm_ 1 ATRE -
(3.6) e C L et [ P P
(1 cwptun, 1 Mgyt ) 1 u, +u,,
+ h (2 aijun h 2 aijun—l h + 2 aijun h d'x
— hK,

Let u, and u, as in the previous section and put

-—1 j — 1 — m
61 wo=[ (210w 12+ Lagpu + Lo, i+ Lig, i Jax

Then from we can deduce that

W, ()=, (t—-h)
h

+ ¥, (t) < hK,|,

because m>2. For any t€(0,%0), putting n=[7/h7 (| ] denotes the ceiling i.e.,
[ x7is the smallest integer greater than or equal to x), the above difference

inequality implies that
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B 1 n n 1 A 2
(3.8) ‘*’n(’>—‘l’,,(”h’s(1+h) l*'"“o”g.(nh) K

1 n
< | ———
_(Hh) ¥, (+0) + hK,

Remark that ¥, (+0) is dominated by a constant K,(u,,v,) which is independent
of h. Since we are assuming that Q is bounded, we can use Poincaré’s inequality.
Therefore it follows from (3.8) that

1 _i ; — 02 -
3.9) _Z—J.Q a;u, Du; (x,t)dx + C, J‘Q &, |I,(x,t)dx <(1+h)™" K, + hK,

where C,depends only on (a,.j),(bgﬁ) and . Multiplying the both side of (3.9) by
ne C;[0,%0) with n(¢) 20, and integrating them from 0 to © we get

* 1 —i i — 2
Jo J-Q (Eaijuthuljt(’x’t) + Gl &, ||:,(xat))77(’)dth
(3.10)

< I: [+ )" K, + hK, Yn()dr

Remark that i,,u,—>u and Du, - Du in L’(Qx(0,T)) for any T €(0,00)
taking subsequence if necessary (see [15]) and that

(I+h)"<{(1+m)"""}y" =€ as hl0
Hence letting £ 1 0 in (3.10) and taking subsequence if necessary, we obtain

3.11) J.: J.n (%aljuiD,uf(x,t) + Cyll u ||f,(x,t))n(t)dxdt < _[0 K,e 'n(t)dt,

for all ne C;[0,00) with n(r)=0. We recall that 4 belongs to C(0, T}, 2 ()
and Du to L”(0,T;L*(Q)). Therefore implies that

(3.12) D, IQ || u ||f,(x,t)dx +C, J.Q || u ||5(x,t)dx < K,e™" almost every t € (0, o),

where K; =K,((q;),K,). It is easy to see that the estimate (3.12) implies
2 -Ct
(3.13) NuC Ol o, < Ke

where K is a positive constant depending only on coefficients of the equation, the
initial data and Q, and C, is a positive constant depending only on coefficients of
the equation and Q.

From (3.7) and (3.8) we have
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,[Q ill Dy, |5 (x,0)dx + €@, (- 0) < (1+ k)" K, + hK, + C, J’Q Il %, 11 (x, £)dx

Using the lower semicontinuity of the left-hand side, (2.13), (2.18) and [3.13)], we
get the exponential decay property of || D,u||‘zz(m and the energy &u)byh—0.

Thus we obtain the following theorem.

THEOREM 3.1. Let m=2 and u(x,t) be the weak solution of (1.1) with
conditions (1.4) and (3.1) which is constructed in the previous section. Then
u(x,t) enjoys the following exponential decay property

(3.14) | u(-,v) “iam +|| Du(-,t) ”iz(m +E(u(-,1)) S K . for almost everyr=0

where K is a positive constant depending only on coefficients of the equation, the
initial data and €, and C is a positive constant depending only on coefficients of
the equation and ) .
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