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EIGENFUNCTION EXPANSIONS FOR ELASTIC WAVE
PROPAGATION PROBLEMS IN STRATIFIED MEDIA R’
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By
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Abstract. This paper provides eigenfunction expansions associated
with the stationary problems for elastic wave propagation in stra-
tified media R®. The eigenfunction expansion is given in terms of
generalized eigenfunctions corresponding to incident, reflected, re-

fracted and Stoneley waves.
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§ 0. Introduction

This paper provides eigenfunction expansions associated with the stationary
problems for elastic wave propagation in stratified media R®. The eigenfunc-
tion expansion is given in terms of a family of generalized eigenfunctions cor-
responding to incident, reflected, refracted and Stoneley waves.

The eigenfunction expansion theory for wave propagation problems has
been studied by several authors (for example, K. Mochizuki [8], J. R. Schulen-
berger and C.H. Wilcox [1I], C.H. Wilcox [18]). S. Wakabayashi provided
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eigenfunction expansions associated with the stationary problems in the half-
space R® for symmetric hyperbolic systems with constant coefficients. Such
systems were first studied in R? by M. Matsumura [7]. The eigenfunction
expansion is given in terms of a family of generalized or improper eigenfunc-
tions corresponding to incident, reflected and surface or boundary waves.

For elastic wave propagation, J. R. Schulenberger [9], gave eigenfunc-
tion expansions in the half-space R} (n=2, 3), using the method developed by
S. Wakabayashi. He transformed the 2X2 second order system of linear ela-
sticity into a 5X5 first order system. But the defect of this approach is to
introduce static solutions corresponding to a zero propagation speed which do
not appear in the elastic wave propagation. The treatment (for example the
definition domain) for the self-adjoint operator associated with non elliptic spatial
part is somewhat complicated (see [16, Section 7]). Moreover the relations
between the displacement vector solutions of the original system and solutions
of the transformed system are complicated.

Y. Dermenjian and J.C. Guillot studied scattering theory for elastic wave
propagation starting with the basic elastic operators (symmetric systems of sec-
ond order). J.C. Guillot proved the existence and uniqueness of a Rayleigh
surface wave propagation along the free boundary of a transversely isotropic
elastic half space, by reducing the basic operator to a family of operators
which is easier to study. Concerning stratified media, there is an interesting
work by C.H. Wilcox on eigenfunction expansions for the Pekeris dif-
ferential operator in terms of free wave eigenfunctions and guided wave eigen-
functions.

In this paper we shall derive eigenfunction expansions associated with the
stationary problems for elastic wave propagation in plane-stratified media R®
using the methods due to S. Wakabayashi [16], and also J.C. Guillot [5].
Schulenberger’s works [9], are useful references in our study.

We consider the plane stratified medium R*={x=(x,, x,, x;); x;€R} with
the planar interface x,=0, which is defined by

(211 #1’ pl)’ x3<0)

(A(xs), p(xs), (xs)):{
# ? (42, Uz, 02), x3>0.

Here 4,, 4,, p;, p» are certain quantities called the Lamé constants and p,, 0,>0
are the densities.

For simplicity, we shall denote the lower half-space R:={xeR®; x,<0} by
medium I and the upper half-space Ri={x=R*®; x,>0} by medium II, as in
Figure 1.
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The equations describing the propagation of elastic waves in the stratified

medium are given by

0.1) U s L 99Uy, =1, 2,3,

where u(x, )="u(x, t), u,(x, t), us(x, t)) is the displacement vector, and the a;;
are the symmetric stress tensors defined by

. 1 aui auj
0= T- W+ 2uxew), =5 (G +5.0)-

Here ‘M denotes the transpose of a matrix M.
The ¢y, cili;G, 7, k, I=1, 2, 3) are the stress-strain tensors given by

Chit;=A108:0,;+1£1(0£10;;+0,;0:1),

0.2) .
CHi1;=2204:0,;+ (0410154 0£;0:1),

with the properties

ST SRy SR (
Chitj=Cir1j=Criji=Cljki>
70 ] SN ) SRS §
Criti=—Cirlj = Criji=Cljki,

and d,; is the Kronecker delta. We assume that the constants c};;;, cii;; satisfy
the following stability conditions

21+#1>0) /11>O;
(0.3)
22+ﬂ2>0, ‘Uz>0,

which are equivalent to the conditions

!Skilzy 51>0;

3 J—
,2. Ciizjszjskizaax
R, 1,1, j=1 1

kS
(0.3") .

11 —
2 ChuiS1iSki= 30,
k.4, 1, j=1

Mo Mo

Iseil?, 0.0,

k,i=1

)
Il



286 Senjo SHIMIZU

for all complex symmetric 3X3 matrices (sz;), Sr;=s::=C (cf. [6]).

The wave equations should be supplemented by interface conditions
at the interface x,=0 of the medium. We now impose on u the following
conditions at the interface x;=0:

0.4) u1|x3=o:ulllxs=o,
(0.5) Gis(ul)leo:o’is(u”)l13=o,

where u=u’ for x&R?3, and u=u’! for xR}.
The equations may be written in the following form:

o0%u

(0.6) ~a-tT+Mu=0,
(0.7)
Mu=— ﬁ_—ﬁV(V-u)—ﬁAu
© o
0* 0* 0? o
(A4+2p) 5T +p(*a;g‘+ m‘) (A4p) FrRTR
1 & Y.
o e, G2 gz + (5 +om1)
A o A >
( +ﬂ) 0%,0%; ( +ﬂ) 0%,0%,
(2+/’£)~axlax3 "
(A1) 52
H 5x,0xs U s
az az az Us
G2 5z (G T am)

where A=4(x;), p=p(xs), p=p(xs).
We interpret 0.4), and as an abstract wave equation
d’u
~d—t2—+Au=0.
As we shall show later, A is a non-negative self-adjoint operator associated

with [0.1), and in the Hilbert space

ﬂ:Lz(Ray C3y P(x:s)dx)»
with inner product

(u, v):gksu ‘vp(xz)dx,
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where u-v denotes the usual scalar product in C®: u-v=23%_, u0,.
Let »’=(n,, n.)=R? be the dual variables of x'=(x,, x,) and let F,, denote
the partial Fourier transformation with respect to x’:

it(n’ ’ H 1 -i(x z ’
u(17 , xs):(Fx,u)(ﬂ , Xg)=1. }@T'TZ}?SW'@RQ (Fini+Tenad y(x)dx

for u in 4. Let .
D(A)=Fo D(A)={a; us DA},

Aa=F, AF;'a, a<D).
For every ’+0, let

N —7N: O 1 00
U-——‘—“—]l-,-l— N, M 0 C=0 0 1],
0 0 Iy 010

where U and C are unitary matrices and |5’|=(»i{+%%"% Then we have
Au=F;'UC(A,(n")DA:(p')UC) 'Fru for ueD(A),
where A,(»’) and A,(n’) are non-negative self-adjoint operators (see
1.7).
We can get an explicit representation of the Green function G.(x;, vs, 7" ; %)

for the operator A,(y’)—{I{{&R) from the expression of the solution for the
following problem:

0.8 (Aily’, D)=Dv(n’, x)=F(n’, x4,
0.9) (R, X8| 2g=-0=0(", X8)|zy=s0,
(0.10) Bi(p")v(n’, x| zy=0=Bi()0(n’, X5)|z4=40-

Here [0.9) and [0.10) are the interface conditions for A,(y’, D) corresponding
to and [0.5). A.(n’, D) (D=(1/i)(d/dxs)) is the differential operators cor-
responding to the self-adjoint operator A,(y’). Since the solution v of
should satisfy the interface conditions and [0.10), the denominator of v has
the Lopatinski determinant A(y’, {) as follows:

Aln’, O=I17"1°D(z),

D()=(2m—p)— £

S

+ ﬁéz—)2+4(1u1 — 112)°@1Q40,b;

—aib, <2(‘a1_*a2)+ﬂ22 )2_azb2 (2(!«‘1“‘!12)“— b )2

2 2
Cs, Cs,

— e (a1b;4azb,)2%,

2 A2
Cs,Csy
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where

g

Z:W"7

z z z z
= /1— =, /1— bi= | 1——2, b= [1——.
a; \/1 C%I , Q2 \/1 C?), s 1 \/ C%l 2 \/ C§2

The squares of propagation speeds of shear (S) and pressure (P) waves are

given by

=i pp ATy )
O: O:

respectively. From the conditions (0.3), the minimum speed of {c;, ¢,,, ¢s,, €p,}

is either ¢, or c;,.

We can see that D(z) has the only one real zero when D(z) has zeros.
Denote by c%, its real zero. Then the zero of A(y’, {) is c%.|%’|* and is the
origin of the Stoneley wave propagating along the interface x;=0 in the elastic
space R3?, and cs, is its speed.

By virtue of principle of the argument, the conditions for the existence of
zeros of the Lopatinski determinant A(y’, {)=1|%’1°D(z) (the existence of the
Stoneley waves) are given as follows:

If ¢, <cy,, then
(i) D(c3)>0=3 The zero {=c&.In’|* of A(p’, {) in { exists in [0, ¢z, In'1®
with order 1. More precisely, we shall prove in the proof
of that cs,#0.

(ii) D(c3)=0= c¢s;=c;, and we shall consider this case under some res-

tricted conditions (cf. Lemma 6.4).

(iii) D(c3,)<0= A(yn’, {) has no zero.

If ¢,,<cs,, then we must replace D(c3) by D(c3,).

We also obtain an explicit representation of the Green function G,(xs, s,
n’; L) for the operator A.(7n’)—{I({¢ R) by the same method as Gi(xs, 3, 7" Q).
The Lopatinski determinant corresponding to the operator A,(n’)—{I({& R) has
no zero. By using the Green functions G,(x;, ys, ’; ) and Gi(xs, ys, 7" ; &),

we define
(%3, 5 O=F7Gi(xs, ys, 7" 5 DIENA())—LPi(p)p(x3)7", jeM,
A Sz LM : :
¢lsjt(x3y ‘0 ’ C)'— C—RJ(")) (pl](xih 7] ’ C)y JEM)
Dor(xs, 3 O=F5 [Gao(xs, ys, 375 DIE Ar(n)—0)p(x5)7", keN.

Here n=(7., 1., §)=(’, &), 4,(n)=cjIn|* are the eigenvalues of A.("), P{(xn) are
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mutually orthogonal projections for A,(n’), A:(y)=ci|n|® are the eigenvalues of
Ax(n’), M={s, p1, Sz, po} and N={sy, s;}. When {— 25(n)£i0, {—ck|n’|? and
{—Ax(n)+10, the limits @i(x,, 5), ¢5f(x,, 3), and @a(xs, ) exist and these limit
functions are generalized eigenfunctions for A,(y’), A.(n’), respectively.

Using these generalized eigenfunctions for A,(y’), A.(n’), we define gene-
ralized eigenfunctions for A as follows:

1. .
Gis(x, P=5 e T1mrrrUC(Piy(xs, 7P0..), JEM,

1. .
G5H(x, )= IO UCPH (x5, PBO1),  JEM,

1,
iz, =5 TUCOsa®Pilxs 1), kEN,

where O,., denotes the nXn zero matrix.
Now we define the Fourier transform of fe4 with respect to these gene-

ralized eigenfunctions: f—(fi, F3, Fa),

R-sc0

fim=tim{ g prfweeds,  jeM,

fop=tim| g, Prfopteads, M,

.i.m.
Rooc 1

Fap=Lim{  du(x, pyf(opxdds,  keN.

Our main results are the following three theorems. corresponds
to the Parseval and Plancherel formulas.

THEOREM 0.1. We assume that D(c;)>0 if c¢;,<cs, and that D(c3,)>0 if
€, <cs,. Let f, geH and 0<a<b<oo. Then we have

o, &= Z({ . F50- gitman -+, F5n)- £%rdn)

+ 2 | i) guiman.

The first half of Theorem 0.2 expresses the Fourier inversion formula with
respect to generalized eigenfunctions. The latter half gives the canonical form
for A.

THEOREM 0.2. We assume the same assumption as Theorem 0.1.
(1) For fe4,
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fo= g Lim @i s+, nfF ey

171sR

+k2 L. i.m.gmlskgbik(x, ) fa(n)dy .

EN R-x

(2) For feD(A),
Af(x)zig]Ml-Iiz;{_p-Slmsk(lj(n)sbfj(x, D)+ g 125K x, 9)fEHn)dy

+ 3 Lim|  aogac miamadn,

kEN

and

A=, f5m,  jeM,
(ADSH=ct |9’ P /50, jeM,
(A=) fan), keN.

Theorem 0.3 gives an explicit expression of the ranges R(®*).

THEOREM 0.3. Assume the same assumption as Theorem 0.1. We define the
mapping by

D3 HDf —> fi(pe LRy, CHE>0) € LARE, CH(E<0), jeM,

Off: A>f—> fHpe AR, C°), jeM,

D5 HDf—> fa(n)e LX(RE, CH)E>0) = LARE, C)(E<0), keN,
and put for feH

0:f=(Z 041, T0%f, X 04f).
Then we have
R(@“)=LYR2, COBLAR, CHYBLAR, €.

This implies that @* are unitary operators in I, and that the systems of genera-

lized eigenfunctions {{f;, ¢7f, Pt jen. rey and {1y, OF, On)jen. ren are complete.

The remainder of this paper consists of seven sections. In Section 1, we
prove the selfadjointness of the operator A governing the wave propagation of
the elastic waves in plane-stratified media R®. In Section 2, we give a con-
struction and an explicit representation of the Green function G.(xs, ys;, %’; &)
for the operator A,(y")—CI{{&R). In Section 3, the number and nature of the
zeros of the Lopatinski determinant of A,(y’) are studied by using Cagniard’s
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method. In Section 4, we define a family of generalized eigenfunctions for
A,(n’) by using the Green function G(xs, ys, "; ). In Section 5, we give an
explicit representation of the Green function G(xs, ys, %"; £) for the operator
Ay(n")—CI{£R) and a family of generalized eigenfunctions for A(y’). In
Section 6, we construct the spectral family of A by means of the generalized
eigenfunctions of A,(y’) and A,(»’). We also prove the Parseval formula
(Theorem 0.1). Finally in Section 7, we prove the eigenfunction expansion
theorems (Theorem 0.2 and 0.3).

§1. The Self-adjoint Operator A

In this section, we shall prove the self-adjointness of the operator A along
standard results in the theory of linear operators in Hilbert space.
Let us describe the operator A more carefully. We have

1 3 ou

Mu=- oy 3 Mo axan,
with
Axo)+2u(xs) O 0 0 Axy) O
M, =— 0 p(xs) 0 , Mpu=—| p(xs) 0 01},
0 0 p(xs) 0 0 0
0 0 A(xs) p(xs) 0 0
Muy=—| 0 0 0 |, Mp=—| 0 Ax)+2u(xs) 0 |,
ulxs) 00 0 0 pu(x3)
0 0 0 plxy) 0 0
Mp=—{ 0 0 Axs) |, Myu=—| 0  p(xs) 0 ,
0 u(xy) O 0 0 A(xs)+2p(xs)

M21=tM12, M31:tM13, Msz:ths .

We represent M and M;;(1<7, 1<3) as follows:

M {M’, %5<0, {Mé,-, x:<0,
B MIT x>0, " M4, x,>0.
The interface condition can be written as follows:
5o out _ g 0
(1.1> EIMSJ axj $3=0—j=1M3j axj 13=0.

The Sobolev spaces on an open subset 2 of R® are defined by
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H™(Q, CH={ucsC?®; Ducs L¥2, C*), for |a|<m}.

Here m is a non-negative integer and the multi-index notation is used for
derivatives. Thus a=(a,, a,, as) where each «; is a non-negative integer, D*=
D1D%2D$s, D;=(d/0x;)(j=1, 2, 3) and |a|=a,+a,+a,. H™(R, C*) is a Hilbert
space with inner product

(1.2) (u, v)m=§gmng“u(x)-D“v(x)dx.

DEFINITION 1.1. uceH'(R? CHYN\{Mucs 4} is said to satisfy the generalized
free interface condition on x;=0 if one has

$ du Ov
(1.3) [puMu-vp(radst 33§ My gt Tl dx=0

for all ve HY(R?, C?).

Let D(A) denote the set of functions ue H'(R?, C*)N\ {Mu< 4} which satisfy
the generalized free interface condition (1.3). We then have the following
theorem:

THEOREM 1.2. The following operator A with domain D(A):
Au=Mu, ueD(A),

1s a non-negative self-adjoint operator in the Hilbert space H = L*R? C?, p(x)dx).
And u belongs to D(A) if and only if u belongs to H*R:, C*)PHR3, C?)
and satisfies the interface conditions (0.4) and (0.5) in the sense of trace on x3=0.

In order to prove Theorem 1.2, we prepare some Lemmas.

LEMMA 1.3. The operator A is symmetric; that is,
(1.4) ACA*.
PrOOF. To prove (1.4), note that the set
Dy(R?, CH=D(R?, C*)\{u ; u(x)=0 in a neighborhood of x,=0}

is a subset of D(A). And 9,(R? C?) is dense in 4. Hence D(A) is dense in
4, so the adjoint operator A* is uniquely defined. If » and v are both in
D(A), then we have by using interface condition (1.3)

(1.5) (Au, v)=WMu, v)
=SR3Mu-vp(x3)dx

:SREMIuI'vlpldx+SRJ§M”u”'v”‘ozdx
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IR P
WF=1)rs™ Y Ox,0x; 1521 )re T Y 9x,0x;
3 , oul ov! 8 ,out
—'—mZ:xSni i 0%, 0x; dx+J§1SaR3 Yo%, ¥ ax
3 ,,au” o't 2 ou'’ oIl dx!
B MO G dx B e MB G

:SR3 u’-M’v’pldx+SR3u”-M”v”pzdx
z +

:Smu -Mvp(x3)dx
=(u, Av),

which is equivalent to (1.4). O

LEMMA 1.4. The symmetric operator A is non-negative ; that is
(1.6) A=0.

PrROOF. Putting u=ve D(A) in the first half of the formula (1.5), we have

(Au, u):SRsM’u’-u’pldx+SR3M”u11.u1’p2dx

ég ; ou! au da ég ”au” out? dx
52 Z 0x; Tox. 721 )RS Yox;  0xq
Furthermore, we have
oul oul
C{ilj . C{m;’ 726— ax'
ou’ au ’ :
”8 . ]
x; 0x;
I ¢ o o ou} 8u§
8i1j 3187 axj axi
#55 FY 9x; ox,
_ é l(c’ oul oul el oul oul >
kT 2 \TRY 0x; 0x; kU ox, 0x; 0xy

3 oul —_
=— Ciuj_ &hs
= 0x;

s 1 ouj — ou}
- 21 (ckll] a ‘e 5kz+ckul au )

3 —
— 17T
=— ? Cfeujezj €ris

and also
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aull a'L’II 3
M —— Z] il elbell,

Y 8 ax, k.l=1

From the conditions (0.3) and Korn’s inequality (cf. [6], [12]), we obtain
3 3
llvullliuniéckalgnglsii!ZdX, HVu”Hizmgéck?:xgnileii *dx,

thus

II Ir
(Au, u)=— .é S Mm% ou’ au é S MUz ou au
i,j=1 i.j=1

Yox; 6%1 Yox;  0xy ax

8 —_— —_—
— I I I
=3 <Snackiljsll$£i dx+SR3C£uje{§ eiidx)
- +

3 3
gg ERDS |sii|2dx+g 3 3 leld|%dx
R3 k=1 R} "RiT=1

Z¢0lVull Z2rs),

which implies (1.6). O

LLEMMA 1.5. The range of I+ A is 4 :
(L.7) RUI+A)=u

Proor. If feR(I+ A), there exists an element us D(A) such that u+Au
=f. Then we have for any ve H'(R?, C?)
(1.8) (f, v=(Au, v)+(u, v)

3 ou ov
_SRM.;E=1M”37,- ox, dx+S u-vp(xy)dx.
Now we can define by using the right-hand side of (1.8) an inner product on

H'(R?, C?)

3 ou ov
Skai.j2=1Mij5X ax

for Vu, veH'(R: C?).

{u, v} = — dx—}-g u-vp(x3)dx

It follows from Korn’s inequality as in the proof of Lemma 1.4 that
{u, ubzcol|Vulfersn +llully  for YueH' (R, C%).

This implies that the norm {u, u}!/? is equivalent to the norm |j«|, defined by
(1.2), and that HY(R®, C?) is also an Hilbert space (denoted by H'(R? C?) with
the inner product {u, v}.

For any fe 4, we consider the linear form on ﬁ‘(Ra, C*:

H(@®R, C)30— (f, v)EC.
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Since
[ D=0 lelvla =0 fllac{v, vY2,

this linear form on ﬁ‘(R'“‘, C*) is bounded. So by the Riesz representation
theorem, there exists a ueﬁ’(R", C?®) such that for all veﬁ‘(Rs, C3)
(1.9) (f, v)={u, v}.

Next, we shall show u=D(A). By taking ve 9(R? C?), the equality can
be written as follows:

Pledf =, == 5 Mg, Z0N=( 3 Mo T80,
where (-, -> denotes the duality between 9’ and 9. This duality means
f—u=Mu=Aucs 4
in the distribution sense. Furthermore from

ou_ v ):O for YveHY(R? C?).

1
(Mu, v>+(—“‘*,,<x3> Mg Bay
This means that u satisfies [1.3). Hence usD(A). O

LEMMA 1.6. A function u belongs to D(A) if and only if it belongs to the
space H*(R?, C*YDH*(R3, C®) and satisfies the interface conditions (0.4) and (0.5)
in the sence of trace on x,=0.

PrOOF. The implication (&) is trivial.
(=) Since
H\(R:, C)CHY(R:, C*DH'(R3, C*),
every u&D(A) has a unique decomposition
u=ul+ul?, ul'eH\(R3, C?), u'TeHY (R}, C?),
where u’ and u’7 satisfy [1.3). We have the bilinear forms:

1 2 .., 0ul o
pli,‘?—aM“ 0x;’ 0x;
1 3, ., 0u’l ovl?!
(p2i,j2=1M1'j 0x; ° 0x;

J=—M"ut, 07,

):—(M”u” pI7y,
where v'eH'(R2, C*), v!'eH' (R}, C*. Since we have by regularity theorem
(see for example [1, Theorem 9.67), if

—M*ule LR, C°, p,dx),

~M""y" e LYR, C*, p,dx),
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then it follows that
ufe HYR:, C?), ul’Te HYR:, C?).

Note that for all @ C3(OR?®, C*), there exist ve CF(R?, C°) such that v|z-o=w.
From with this veC3(R?, C*), it follows that

3 ou’ 3 ou'’!
ML s oMy w>=0.
t,‘?";l S 0x; i.;2=1 ¥ 9x;
Since w is arbitrary,
5 Mi ou'’ -3 g oul!
i.j=1 3 ax,- .7.'3=0_i.j=1 3 ax,- x3=o'

is equivalent to [0.5), so this means that u’ and u’’ satisfy [0.5). O

PROOF OF THEOREM 1.2. The fact that A is self-adjoint is a direct con-
sequence of Lemmas [.3 and and standard results in the theory of linear
operators in Hilbert space as follows:

AC A*
R(I+A)=4

A ; selfadjoint in 4

(see, for example, [13, Section 187, Theorem 2]). shows that A is
non-negative. The latter claim is a direct consequence of Lemma 1.6. [

As shown in Section 0, we transform A into a self-adjoint operator A(r;’)
depending on a parameter 7’ and moreover we decompose A(ry’) as a direct
sum of the simple self-adjoint operators A,(y’) and Ax(n’) which is much easier

to study (cf. and [5]).
By a direct computation, we can easily prove the following proposition.
PROPOSITION 1.7. We have
A=A(p")=UCA(n")DALy'NUC)  for 73'#0,
and
(1.10) Au=F;*UC(A\(7")BAp')UC)*Feru  for usD(A),

where A\(n’) and Ay(y’) are non-negative self-adjoint operators in L*(R, C?,
p(x5)dxs) and LAR, C, p(x5)dxs) defined respectively as follows:
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DA ={()eH R_, CHDHR., C*;
Uy
U o= | agm, B U | 2y =B |y},

d? , o, d
—#RHH?#)I?? |® —ilp f(ﬂ‘f‘#)-d‘g

. d d?
——2|7}’l(2+p)3}—3 ~(1+2ﬂ)dx§+ﬂ|77'12

o Mg il
Biy )<u§>: d
i17]’|21 (214‘2#1)"_1}:

&
ut/’

d .
Ue 2| | e
N2 dxs uf!
B (p)=| , 2 G
i1’ A (12‘*‘2#2) dxs

D(Ay(p'))={ucsH R_YDH*R.);

ul| x3=0:u11 1 z4=0) é(ﬂ’>u1 I x3=0=Bél(77’)u T 13=0} ’

,d N, op(xs) dPu | op(xs) |,
A2<77 ’ dx3)u- p(xs) dxi = p(xs) 7]

, d , d
Bi(pu'=p, a0 u!,  BE@pHu'l=p, dx.

u,

uII

Since A.(n’) is an operator corresponding to the usual wave operator, from
now on, we shall mainly treat the operator A,(%’).

§2. The Green Function G.,(x;, y,, 7’; {) of A(n’)—CI

In this section, we give an explicit representation of the Green function
Gi(xs, ¥, 3" ; ) for the operator A,(y")—LI({&R) by using a standard technique
(cf. [7], [9], [10], [16]) in order to define generalized eigenfunctions for the
operator A,(n’) in Section 4 below.

Denote by R({; T) the resolvent (T —{)™! of an operator T. The resolvent
of the selfadjoint operator A,(y’) has the kernel representation; that is, there
exists the Green function G.(xs, ys, 9’; ) and for f(-, x;)€CF(R\{0}, C?) we

have

R@&; A’ f(y’, xa)=SRGx(xs, yu "5 Of(n', y9)dys.
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From the self-adjointness of A,(’), it follows that the resolvent kernel has the

symmetry property
Gi(xs, ¥, 7' ; O*=Gi(ys, x5, 75 O).
In order to find the Green function, we consider the following problem:

(Al(y’, D)= (x5, 775 O=S(n", x5),  x,<0,

2.1

(All(y’, D)0 (xs, 9”5 D=Sf(n’, x5), x>0,
(2.2) vi(x,, 7 ; C)|x3=0:7}”(x3, 7]’; C)|13=o;
(2.3) Bip" W (x5, 9”5 Oley=e=BU ("W (x5, 9" 5 Olzg=0,

where D=(1/:)(d/d x;).
Let us seek solutions v/(x;, %’; §) and v'’(x,, %’; {) in the form

vi(xs, 9" Q=EN (x5, " ; O—K' (x5, " L),

vll(xih v,; C):Ell(xfiy v,; C)_Kll(xfb 7)’; C)'
Let

&1xs= s, 7', D= FE AN, =0 1o 05],

(2.4) )
e (x3— s, 7', D= 72——;1751[(1411(77', &) -0 letvsé],

where & is the dual variable of x; and Fz' denotes the inverse or conjugate

Fourier transformation with respect to §:

(Fe' )y, x3):l.}‘;“rp.—\/%~—s et f(&)dé for fe«.

1§I1sR

e! and €?7 are fundamental solutions of Ai{(»’)—{ and A{’(»’)—C, respectively,

that is, €7 and &'’ are distribution solutions of the equations
(Aly’, DY=O)e (xs—ys, 7/, =0(x3—y)I, x3<0,
(Af(y’, D)= (x5— s, 1/, D)=0(xs—yo)], x3>0.

Then we have in the sense of distributions

Ef(xs, 9" ; =\ 1 (xa—ys, 7" ODf(n’, y)dys,
R

EX(x, 75 0= "5, 775 O, 39ds.

Ki(xs, ' ; Q=HXR_, C*) and K'/(x,, ’; O)eH*R,, C*) are solutions of
equations

the
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(‘4{(77,; D>4§)K I(xib 77,y C)IO) x3<07

(2.5)
(Al'(n", D)—DK (x5, 7', =0, x>0,
and
(2.6) E*(xs, 7 C)ng,:o_‘EII(xs, 7 C)lx3=o
=K' (x3, 7" Ol ay=o— K" (x5, 9" Ol zg=0»
(2.7) Bip"E (x5, 9”5 Ol zy=o—BYE (x5, "3 Ol 24=0

=Bi"K (x5, 7" 5 Ol ag=o— B )K (x5, 95 Ol zy=0-

First, we find an explicit representation of the fundamental solution &7.
The characteristic matrix Ai(y’, &) of Ai(y’, D) is a 2X2 Hermitian matrix with
characteristic polynomial

det(Al(y’, &)— cn—(c 1) e —LJCZ”I 1),

where n=(y’, §)=(9,, 5., § and !77[2=|7;’l +&2. (;ul/pl)”2 and ((4,4+2p,)/p))'?
are the propagation speeds of shear and pressure waves, usually called S wave
and P wave respectively by physicists and engineers. Thus, from now on, we
use the following notation

’ A +2ﬂ1
2.8 2 — M S
( ) Cs, ‘01 Cp1 01

The distinct eigenvalues of Al(y’, &) are

(2.9) e m=ci|nl% A (p=cjInl®.
Introducing the set of indices

(2.10) M,={s,, p.},

the resolution of the identity for Ai(yn’, &) is given by

I'— J(ﬂ)

Here the P,(%) (j€M,) are mutually orthogonal projections defined by

Pi)= 517

A7 -1 .
27t S"zj(v)-CI=5(£I Al(ﬂ)) dc: ]EMU

where the integration goes over a small circle in the complex plane enclosing
only the eigenvalue 2,(y) (jEM,) in the positive direction.
Since Py(n) (jM,) satisfy the following properties:

P}(:Pj, 5jkPj:Pij »
Ai(y’, EP()=2,(n)P(n),
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we have

(2.11) (Al(y’, §)—CI)'= Pi(n).

My A (77) C
P, (%) and P, (n) have more explicit representations. In fact, the 2;,(n) G€M,)
are simple poles of ({I—Ai(n)™*

@.12)  Py(p)=_ lim (€ —As,(MXEI—Al(n)™

_ 1 L—(c3,8+cs, in' 1% I’ 1(cp,—c3)E
—cﬁlin;l,,lz {— cpllvilz( I’ |(c},—c3)é C—(C§l€2+c,%llvy’|2))
—&ly’l
Inlz( Elnl 7)I2)
and similarly,
n'? E|77|
(2.13) P, (p)= 17}|2 (el )-
From (2.4) and [2.11), we have
1
(2.14) &'(x3—y,, 7 C):—QESRe“Ia vaé - 31E7]) Ec) dé
R TR S AC N )
+ anne( va) 1@ —C dé, x3>0.

Now, we calculate the two integrals on the right-hand side of (2.14). To do
so, we change the real variable & to the complex variable r=£§+:ix and define

(2.15) _\/———m , Imz, =0, r,,lz\/?i——m'v, Im 7, 20.

631 Py
Then the determinant det(Ai(»’, 7)—{I) is equal to:
det(A{(r;’, T)—CI)—:C%lC;}X(T'f‘TxI)(T_ Tx))(f+7pl)(7“fpl)-

Let us consider the first term in the right-hand side of (2.14). In the case
where x,—y;>0, we may deform the path of integration into the z upper half
plane as indicated in Figure 2.

CR+ I_t_

X T‘l

Y

—R R

Figure 2. A path of integration
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We obtain
: Py (p', ©) SR S zaeyee Pi(p’, T)
1(3: Yyt " 51 — W(r3-yY3t 17
2mi E—?i( v As,(p’, ©)— C) ( —R+ og)e n As, (', T)—C

On the half-circle Cj, r=Re*?(0<6<r), we have as R—

(z - P (9, ©) Sn o~ (%3~ Vg Rsind
i(rg—ys3)? 1 ’ < e s T -
Sc}ée e w_——lsl(v’, O—C dr‘zconst. , o dg — 0,

and so

® g- P (n’, §) . (2gm P (', 1)
i(rg~-yzé 1 — t(X3-Y3)T 1
et g de=tmiRes(e s ),

—y3>0.

In the case where x,—y,<0, we may deform the path of integration into the
7 lower half plane, and so we have in a similar way

2 eg-ype Ln(f &) : Py (n’, 7)
etFsmypt LA 2f _ Je= —2ni Res (e!Fsm¥ar Ao
S*w Zsl(ﬂ , §)—C ’="sl( 251(77 7)— C>

—5<0.

The second term in the right-hand side of (2.14) is also calculated similarly.

Summing up, we have
ENxs—ys, "5 &)

(2am P (n', ©) (qm Py (q’, 1)
R i(Tg-yz)t 1 n R t(rg-yg)t 1
,,?SSI ¢ As(n’, ©—C )+f=ffl(e Ap (7, 1)—@)

P (q’, ©) (2am P, (n', 1)
. R (T3-Y3)T _ 1 R (T3~ Y3)T _ ) D R AN
es (e Ao, D—C ,=3§‘,1(e Ao (0, f)_q)

et (F3-va)Ts, ¥ T3~V Tp,

. 2 Psl(v’, Tsl)+ 2 Ppl(v,) Tpl), xa—y3>0,
1 Cs,Ts,y €p,Tp,
- 2 e.-q;(ar;3—'_l/3)13l e—t(.z‘3 yg)‘:pl ,
——— P, (!, =t )+ — P (9, —7), x3—3<0.
Cs,Tsy CP1TP1

So we have for x,<0
(2.16) Ef (x5, 7" O

] z, i(xg-yg)ts (Z3-ygtp
= 4 X[S 3(@ 1 Psl(ﬂ,, Ts‘)—}- 2 _ 1 Ppl(Yj’, Tpl))f(ﬂ’; ys)dya

5} 2
2 —oo Cslfsl Cplrpl
o e—i(x;;-yg)rsl , e-i(xg;-ys)rpl , ,
[T (R, —r)+ S P =) 303 ).
z3 Cslz.sl CPITpl

As to the €11, let
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2 A, +2
(2.17) ¢4, = ‘;2 cgzz-z_mﬂ_z,
As,(M=ch % Ap(p)=chelnl®,
Mz— {2, D2},

—~\/———I7)|2 Im 7,,=20 z',,z—\/ —I9’1?, Imz,,=0.

Csz

2 | 71l
Pa= 5 (e ke ) P=w(el R

Using these notations and taking the same procedure as &7, we have for x;>0

(2.18) ET (x4, 9" ©)

Inl®

. r 1(23—113)13‘ i(-l'3—]l3)r
:—z— X[S ’ (e 2 : ‘sz(v,’ T82)+ ’e—cz—’—_pz‘sz(ﬂ,, Tp2)>f(77,, yd)dya

2 T 082732 pzfpz
o e—i(a:s'll:;)ts2 e—l(.ts 113)71;2
p— P d ]
+Sx3< ¢, sz(n ’ T.xz)+ szfpz pz(ﬂ , sz))f(?? ya) Y3

From the equation (2.5), we may suppose that
K'(xs, 7" ; =Cie7r1"34Coe**r1 "84 Cye " 761734 C o', %8, x3<0,

where C,, ---, C, are 2Xx1 matrices. Since x;<0 and (2.15), the hypothesis
that K¥(x;, n’; )eH*R_, C? implies C,=C,=0. Moreover, since K’ is a
solution of (2.5), K? can be represented as follows:

@19 Ko '3 D=a( [T )emmpan( S e, <o,
1

where a;, a,€C. As for K'!(x,, 5’ ;{), we have the following representation:

(2.20)  K'(x5, 7’5 Q= /9,("’") “ratet (| ’,’Iz e¥ts®s,  x%,>0,

where B,, B.€C.
Let us determine the constants a,, a,, 8, and B, so that K and K!? satisfy

(2.6) and [(2.7). Note that

, AR A P , __Ci( T, —fs,ln’l
Pm(’? ’ TP1>_ C (Tpllyil] z.1271 ); Pn("] ’ 131)_ C (___,)._‘gll77 Ilz )

’ __212{2 I’],]z sz|77'| — Csz Tsz —Ts |77/|
sz(ﬂ ’ sz>— C‘(szl 77’[ 1.12)2 >’ P’z(” Tsz) C _T'sz“] | |7]2,|2 )

Then, if we multiply the both sides of by 1/4, then the equations on a,,
a,, B: and B, can be written in the matrix form as follows:
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(2.21)
tn’l Ts, —{9 Ts, a,
—7Tp, I’ ~Tp, — 5’| a;
—20:¢5,Tp || —pick (T, = 17717 —2p0:65,Tp, 101 aci(Th,— 9/ 1®) |\ Bs
0165, (75, — 9% =201k, 75, || —pacd, (8, — 19/ |%)  —2p:¢5,7s, 17| [ \Be
k74 —15,
— Tp], ’ I’?ll ’
291042:17111‘7],] g1<7] » C)+ _plcgl(l_gl__ i 77/|2) g2(ﬂ ’ C)
o1¢5, (75, —n’1?) 20:¢3,7s, 17’ |
— |9’ Tsy
-7 — 9’|
+ p2 ,’ 4 ,,
—20562,7p, |7’ | &:(n’, O+ 23, (t8,— 17" 1?) &dn’s &)
—p265,(tt,— 9" 1%) —20:¢3,75, 17" |
lv’l Ts,
—11’1 1ot I”,l 10 an?
* —20.¢%,7p, 17| gy’ O+ — o3z — 9’1 &', O
pic3, (T8, — 7" |%) —20,¢8,75, 17’
— 5’| — Ty
sz 1t - I 7]l ] 10t
+ 2P2€§27p2|7]'{ g3(7] ’ C)+ ‘02632(7%2—‘ I 77/ I z) g4(7] ’ C) »
—p:265,(73,— I’ 1?) 20:¢5,7s, |7’ |
where
a0, O=g— 5 |1, 2,000, 39,
» 2 Tplc » D1 ’ ’
’ z 1 0 -i7 ’ 4
giln’, D=5 —|"_eers(—e, 19’ DI(r', 30ds,
2 75,0 J-=
g7, O=5— | _e (il £ ', 39dy
» 2 szc e ’ Dg ’ 3

~
—

o0

e“m“(ln’l, —Tpl)f(ﬂ’, y9)dys,

1
g, D=

eﬁpzy"(“]/}, _sz)f(,’]/’ y3)dy87

1! ___z_ 1
g4(v y C)-' 2 Tszc

|
|
g4, 0= [T nnnten, 1 DS, 30ds,
|
|

“etnti(zy,, |0 DAY, 39ds.
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Put

(2.22) Ay, D)=

9’| Ts, — |9’ Ts,
—Tp, In’| —Tp, — 7'l
—20:63,7p, 101 —0uch, (73— 1017 —20:C5, T, || paci(Ti,— 77 [?)

et (t5,—19'1®»)  —2pici 75,17’ —0263,(T5,— 191D —202¢5,75, |7’ |

A(y’, Q) is called the Lopatinski determinant. A} (%, {), Al (y’, 0), As,(n’, O),
and Al (y’, O) ({=1, 2, 3, 4) denote the determinants respectively obtained from
A(n’, ) by replacing the /th column by

a'l, T, 20icTp 7, euci (Ti =19 1P),

=15, 17|, —pici(z5,—9"1%),  2p.c5,75, 19" 1),

—1In'l,  Tpp 205,75, 17 1, —p:05,(t5,— (9" 1®),
and by

=15, =191, 0, (Th,— 1 9'1%),  2p265,76, 19 1)

If A(»’, {)+#0, then (2.21) has a unique solutions (a,, a,, 8,, 8.) which are
given in the following form:

a= B0 gy, O+ G0 S, Ogr', O
B0 i, 4 B0 g
A( 7 C) 8( <)+ A( 7 C) g4(771 C))
pzoy 2 i, 0+ 5B gy,
B.i= Agl(? c) gy, O+ Ag‘(y]l > &) &:(n", D)+8s(n", O
Ay, Q) Aly’, ©
B0 g, o+ ST D gy
B e O ccj) feln's O Er Y
08 i, 0+ S i, 0.

Thus we have for x,<0
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(2.23)
vi(xy, 9’5 O
=EX(xs, 9" ; O—K(xs, 9'; O)

zg i(xg—yYg)t 1 i(xg— 8)7s,
=é‘(§-m(’e‘”z:§,,—)p—f’m<’7 et P 7)) 99
oo —i(rg-Y3)t 1 —-1,(3:3 1/3)1‘(,-1 , ,
Al 7 Aé /’ , , ,
~(Z S e, O+ -Z-Eif’,-glgm  Otgitn’, ©)
85,0, &) 0, A5, Q) s 191\ —ie, 24
Aty T8, O el N T e
~ (2R e, c>+——————A‘;(’Z D g, et O
Azz(ﬂ C) , (7] C) / —ws g

and for x,>0

(2.24)
vH(x;5, 0" O
=EM (x5, 9" ; O—K (x5, 7"; Q)

Z; t(xs Y3)Ts ez(xs Y3)Ts , ,
2 (S 8( : sz(n Tp2)+ —————ip'?z("? ’ TSg))f("? , ¥3)dys

N N
+S:3(e——2——é§ipif’p2(n , rp2)+£%£ﬁ Py, (7, _Tsz)>f(ﬂl’ ys)dya)
~ (S iy, 0+ BB w48, O
EROL S iy, O+ S i, D)1 et
—(EHE gy, 0+ TR s, O+, O
+ SRS iy, O IS g, O)(([ )

In summary, the Green functions Gi(x;, v, ”; §) and G{/(xs, ys, "; ) for x,
<0 and x,>0 are given respectively in the following form:

(2.25)
G{('x& y8’ 7}’; C)

_._Z__ . . Abl("] C> —zz Tg,-itp Vs 1 |7]
- 2 [ H( y3>{ A( ’ C) pi*3e P ——*“Tplc ( ——Tp1

|

Xin'125)
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+A§,(77 L) pmivp,zagmivs, ysr ( 17’ )(—rslln’l)}

A(7] C) —Tpy
_H(ya){e—irplx;;eitplyg%g( I_ZI )(lﬂll '—71)1)
1 Py
B0, Q) vy zggicp s L (17 :
+——E(2—,—C) P, %3pp,V ( . )(‘77 | —7p,)
A} (7] C_) -ity Tg,itg 3_1__ 1” I ’
+~—2——C) e™itp T3gtts,Y Tszc( —, )(Taz|7] l)}
Azl(n C) —us Ty,—it 3 1 131 ’/
—HEI g et (i 0 e
Aglgﬂ“ Cz —1.13 Z3,-itg Yg - 1 131 _ ’
M Ry O St )
_H(y3>{ RATIETPLLI 1C(]Tsi|)(f81|77/])
AIZJ (7] C) e 15 T3plt 3 - Tsy ’
7{(21'; T CeT ( ) =2
+ C) —irs x3eiz Vs

R rszc<w3}|><’“*"7")}

ity (T3-Y, 1 I ,! 4
+He =y fenisw e (T )11

Tpl

NIPUINEISTY Thc(l T’1>( Tslln")}

+H<ya—x3){e‘“1’x"3“”-‘”—T——( 7 )(Iv’l—rpl)

_.__Tpl

R (i) DT | B

(2.26)
Gi(xs, ¥3, 7"5 O
—_l._. —— — Agl(v C) tr Tg,—it 377__1_“ |77,1 y)
—2[ H( 3’3){ A( ,’ 0 pyT3g™p Y Tplc(fpz >(|77 ITpl)
Agl(n C) u T3,—its Yz __ 1 ’

—}-ei’pzrse'i’pzyslec(l 7'l )( 17| z',,z)}

Tpg

2(7) C> zr Tg,tt 3 1 [ ,l —
~Ho {2 e G (L A
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L8050 zgeizszyslc(lf |)(r32|77 I)}

A, Q) Tsy
. . A})I(nﬁi C> ‘ng ZTg,—ity 7/37,4..;, Tsl
H( ){ A(r/, C) 27 3e plc | )(Iﬂ lTpl
Aﬁl(ﬂ C) ”s Tg,—iTg yg__mw 182
Falrg g ()i
+ette 37 s,V rlc ( I_z;s|2>(_732]77/l>}

—H(ys){Aiz(n, é) 75, 3p1Tp,¥s " <| 1‘32>(|77 | —7p,)

Ay, g ¢ e %£(|T”Xnﬂvﬁ%
(TN e

itg (T3—Y3) Tsz - ’
ettt ’u;(l (=7l D}

(T 1=

sz ’_sz

(’7 C) 113 xgeiu Y3

+H(x3—y,) {8”7‘2“”3"7*)

Tpy Tpg

+H<y3—xs){e‘i’p2<1s~y3)

Fomits, (T3 ua) ‘z‘sZC(ITSZ )(1‘32(7] |)H x5>0.

Here H(y,) denotes the Heaviside function.

§3. Zeros of the Lopatinski Determinant of A,(7’)

In this section, we investigate the number and nature of the zeros of the
Lopatinski determinant defined in Section 2 in order to obtain the speed of the
Stoneley wave. Our Lopatinski determinant seems to be equivalent to Cagniard’s
one. But Cagniard expressed the solutions of the elastic equation in cylindrical
coordinates by using the Bessel transformation, and investigated the existence
of the Stoneley wave. So our parameters are different from Cagniard’s one.
For the sake of completeness, we present the proof by a method due to L.
Cagniard [2, Section 4].

Put

a1=\/1— Zz ’ 02:\/1—‘ 22 ’ bl—‘\/ ’ b2:\/
Cp,

then
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o, =9 lay, Tp,=iln @, T =il9'|b, 7,=2|7'|b;.

With this notation, the Lopatinski determinant (2.22) is rewritten as follows:

1 ib, -1 by

._z'al 1 —iaz -1
Aln’ — |6 ] .
(77 , ©) |77 | 21#101 -—”l(bf-‘}—l) Zlﬂzbz ﬂ2(bg+l)
#l(b%_*_l) 2;',11[;1 —p,(b%-i-l) Ziﬂzbz
=|n'|°D(z),
where
(3.2) D(z):(Z(ﬂl—ﬂz)— ;:212 + l::Z )2+4(ﬂ1—'#2)zaxazb1bz
$) 89

—aub, (2 —p)+ ‘“:Z )2—azbz(2(m—#e>“ & )2

s ¢,

— B2 (a,by+asbi)2t.
8182

By and (2.17), the propagation speeds of shear and pressure waves
should satisfy

€s,<Cp,y» €23, <Cpq»
so there are six cases
€5, <Cp, S€3,<Cpy,
€5, SCs,=Cp, SCpy,
€5, S5, <Cp,=Cp, s
C5,<Cpy,=€5,<Cp,,
C3,=C5,SCppy=Cp,,
Coy =€, <Cp,SCpy,
to consider. From now on, we have only to consider the standard case:
(3-3) Ch<cm<c’2<cm’

since the other cases can be treated similarly.

Now, we examine the zeros of D(z). For a, (resp. a,, b, b,), we make a
branch cut on the real axis of the z-plane between the point ¢}, and oo (resp.
c3, and oo, ¢f and oo, ¢i, and o) as in Figure 3. To determine the number
of roots of D(z)=0, we make the path y in the z-plane as in Figure 4. We let
A=c}, B=c},, C=ci,, D=c}, and take four points A’, B, C’, D’ on the path
7 to be near A, B, C, D, respectively. Moreover we take a real number R to



Eigenfunction Expansions for Elastic Wave Propagation Problems 309

be large enough, and a point R’ on the path y to be near R.

Imz /F I_z_

3, Rez

Figure 3. Branch cut between branch points ¢},
and oo in the z-plane

A

=

AI BI CI; D/ Rl

Y

iR
iR

2 2 2 2 —_
C"l CPI 632 sz

Figure 4. Path 7 in the z plane

We discuss the image of D(z)/z® when z goes on the path above. When
we change z to the complex conjugate of z, D(z) changes to its complex con-
jugate ; that is D(Z)=D(z). Therefore we can only consider the contour of
the upper half plane. D(A) denotes the image of A by D(z).

1. If z is on A’, we may consider that the sign of D(A’) is the same as
that of D(A), so b,=0, and a,, a,, b,<0, then we have
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D(A)=Re D(A)= (ﬂ1—2p2+—ﬁ2)—azbz<pl 2010 — @bopppe gt 0.

2 \
If z goes from A’ to B/,

we may examine that z goes from A to B,
so b, is pure imaginary such that Im b,>0, and a,, a,, b.<0, then Re D(z) and
Im D(z) may take positive and negative values or zero

5, >
2.

In fact, we have

2

Re D(z)= (2(;11—#2)—“ _”“T; + Jl‘:?z'z‘)
1 $2

2
"azbz(z(#l ﬂ2)_ 2 >_ Lafts
S1
Im D(z)

__(4(#1 ﬂz) alazb bz (Zlb (2(”1 #2)+ l‘tﬁ ) J23y22

2 Cs,
We shall show that there is no z&(c},, c3,) such that

Re D(z)=0 and

Im D(z2)=0,
more precisely, we shall show that

Re D(z2)=0 and Im D(2)=0== z>c},+c},

For this purpose we consider D(z)=D(a,, a,) as a function of a, and a, by
regarding a, and a, as parameters

As in Figure 5, the equation Im D(a,, a,)

papta2’ Gz
\ 4([11 us)? Ccl(—':,bz

2777,
l\‘@

———Im D<O——\

2(#1-{12)"'#22/0:,
4(#1"’[1:)%2

@\\\\

(g1 —pe) —paz/ €3, +pez/ c3,)*
(2(pt1—p2)— 112/ ¢3,)%bs

AN

Figure 5. Behavior of Re D(z) and Im D(z) for
variations of the parameters a, and a,

|~
-
..-._L--—-L‘"
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=0 represents an equilateral hyperbola passing through the origin and with
asymptotes parallel to the axes, intersecting in the third quadrant. And the
equation Re D(a,, a,)=0 represents a tangent to one of the branches of the
hyperbola at the point (a,, a,) where

2y —pe)—(pz/c})+(pez/c3,)

(3.4) “= 2(#1'—/12)bz ’
' o 2 — )= (n2/€d)+(paz/chy) | 2p—p)+(praz/cl,)
? 2(/11_#2)172 2(#1_/!2)_(1112/(3?1) )

In fact, we have in the second of (3.4)

2pa— o) —(prz/ i)+ (pa2/c3,)  2(pti—pro)+(pa2/c3,) >1
2(p1—po)—(p12/ ¢, 2(pt1— pts) ’

V4 V-4
azbz—\/l— c%z \/1_ C?z >17

from this inequality and z>0, we get

(3.5) azbgz

SO

z>ch+cg,.

If we go back to the situation that a,, a,, b,, and b, are functions of z, there
is no solution z (¢}, <z<c%,) which satisfies (3.4). Since Im D(a,, a,) is negative
in the lower region of the branch of the curve Im D(a,, a.)=0 which does not
pass the origin, and Re D(a,, a,) is negative in the upper region of the line
Re D(a,, a,)=0, D(a,(z), ax(z)) never goes into the third quadrant.

3. If z is on B’, we may consider that the sign of D(B’) is the same as
that of D(B), so b, is pure imaginary such that Im b,>0, a,=0, and a,, b,<0,
then we have

Re D(B)= (2 — )~ L1550 +-H280 Y o, (20pts— ) ”‘C“) 20

$1 32

Im D(B):T — I't”uz azblcpl>>0

31 32
4. If z goes from B’ to C’, we may examine that z goes from B to C,
S0 a,, b, are pure imaginary such that Im a,, Im ,>0 and a,, b.<0, then we
have

Re D(z)=(2(t1—pa)— £ + ”22) 4 — ) a,asbib,

1

2
—alb1(2(y1~”2)—}—f;—?—> — as3b, (2(#1"‘[12)“ ;Zl;> %0,
89 L

Im D(z)—— — ”‘fz (@ by+a,b, )z)

c“l Sg
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5. If z is on C’, we may consider that the sign of D(C’) is the same as
that of D(C), so a,, b, are pure imaginary such that Im a,, Im b,>0, b,=0 and
a,<0, then we have

2 2
Re D(C)= (2 — £17%% — 1) —a1bu(2p—p1)*>0,
3

Im D(C)= zl(— ﬁc‘—fi”—agb,ciz)>0.
5

6. If z goes from C’ to D’, we may examine that z goes from C to D,
so a,, by, b, are pure imaginary such that Im a,, Imb,, Im b,>0, and a,<0, then
we have

Re D(2)=(2pn—p)—£35+ ”22) —aby (2 —p)+ £

UeZ

)>0

2
Im D(z)——(4(;;1 1120, 2.b, bg—-azbz(Z(pl ) — L = )— £t a2b122)>0.

1 Cs,Csy
7. 1f z is on D’, we may consider that the sign of D(D’) is the same as
that of D(D), so a,, b, b, are pure imaginary such that Im a,, Im b, Im b,>0,
and a,=0, then we have

D(D> Re D(D) (2(#1 #2) #10112 + ﬂch2>

632

'—axbx(z(#x [12)+ #Z pz) - 111#22 axbch2>0

2 c*xc-"z
8. If z goes from D’ to R’, we may examine that z goes from D to R,
S0 a,, as,, b, and b, are all pure imaginary such that Im a,, Ima,, Imb,, Im b,
>0, then we have
V4
D)= (2 —p)— i+ £ ) = asaibid

S2

—ab, (20— )+ —)—azbz(zml m)—»‘f—

— e (g byt a,b,)2>0.

8% 82
9. If z goes from R’ to —R’, along the contour which the radius R is
very large, then we have

s s :
D&= (cﬂlchc’z * cl’zcszc:x * c%lciec,,l * c31¢’chz)z 0@,
and so
2 2
D(f)___ 4 _ 4 O Y. S Y. )+0(—1—>, o
z Cp,Cs,Chy  CpygCs,Ch  €3,C3,Cp,  C3,C5,Cp, z
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where

is real positive.

3

S

HUitls

313

Uitls

4
€p,Cs,Cs,

4
CpyCs,yCs,

2 .3
Cs,C3,Cp,

2
€3,€5,C pg

As mentioned above, there are two qualitatively different cases to be con-
sidered; in the first case D(A) is negative, and in the second case D(A) is

positive.

/

D(B)

8
. Cn

D(A) \
¢,

l D(2) Do) ! D(z)
4 8 4
-—;r A cP; _;8—-
D(C) D(C)
\ ng c=8
D(D) D(D)
Cg’z cspi
D(z) 0 D) D(z)
o+ (z|=R) cs, 7 (zI=R)
D(A)<0 D(A)>0

Figure 6. Path of the image point in the D(z)/z%-plane

Now, we have the following asymptotic expansions for sufficiently small z:

(3.6)

3.7

(3.8)

(3.9)

z
al—\/l—— ez =1

V-4 r4

2

a,= \/1— ‘=1
sz

V4 V-4

- 2 4
2c¢p, 8¢y,

2

<
bl—-\/l““ c?l —1

- 2 Q.4
2¢;, 8¢,

2

z
bg—\/l—‘ o =1

z z
2c3, 8¢t
z z?

2¢3, 8¢,

+0(z%),

+0(=%),

+0(z%),

+0(2%).

By the asymptotic expansions (3.6)-(3.9), it follows that

— 2 2___,,2 2__,2 2
(3.10) D(z)zzz[(#l g | pi—pd  pi—pd ()

2 a2 2 .2 2 .2 2 .2
Cp,Cpy Cp,Cs, CpyCsy Cs,Csq

+O(z)], z— +0.

Since the quantity in brackets in (3.10) is equal to
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wi(r 082)”*‘2? (N

cl’l Cp, 1 sz 2

—2111/"2( 212 + 212 )’

Cp,Cpy Cs,Csy

it is always negative and never zero. So the order of pole of D(z)/z* at zero
is one. Therefore, from principle of the argument:

N—P=C(0),

it follows that if D(A) is negative, then the zeros of D(z) do not exist, and if
D(A) is positive, there exists only one real zero with order 1 of D(z) on [0, 3]l
Indeed, there is no zeC such that

Re D(z)=0, Im D(z)=0

outside the interval [0, ¢} ]. Here N, P denote, respectively, the number of
zeros and the number of poles of D(z)/z* in the complex plane being countered
with their proper multiplicities, and C(0) the quotient by 2z of the variation
of the argument of D(z)/z*® when z described the closed path 7.

Hereafter we denote the real zero of D(z) by c%.. Then the zero of A(%’, {)
is c%.1n’|? and is the origin of the Stoneley wave propagating along the interface
%,=0 in the elastic space R® and cs, is its speed.

In conclusion, the conditions for the existence of zeros of the Lopatinski
determinant A(%’, {) defined in (2.22) (the existence of the Stoneley waves) are
given as follows: Let D(z) be the polynomial of z defined by [3.2). Then
D(z)=A(y’, zI9’1*/|n’|® is independent of »”+#0. For

2 2 2 2
BAD  Dlet)=( 2t S pra) +\/ 4 —1\/ S 1 —2pm)
32

Cp, 82

2

+\/ 4 L,L_I##Q ci,

we obtain
(i) D(c2)>0== The zero {=cé.|n’|® of A(»’, ) in { exists in [0, ¢ 1n’ 1%
with order 1. More precisely, we shall prove in the
proof of that cs,#0.
(ii) D(c})=0== cst=¢s, and we shall consider this case under some res-
tricted conditions (cf. Lemma 6.4).
(i) D(c:)<0=—= A(y’, §) has no zero.

REMARK. The minimum speed is either c,, or c;,, as is seen from the six
cases mentioned above. If ¢,,<c,, then we must replace D(c3) by D(c3,).
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§4. Generalized Eigenfunctions of A,(y")

In this section, we give a family of generalized eigenfunctions for A,(%n’)
by using the Green function G,(x,; s %’; {) given in Section 2.
We define ¢,;(xs, 5 ; {) GEM =M,\UM,={s,, pi, S», P.}) as follows:

‘b{j(x& 7]; C): x3<0,

4.1 (Xs, M3 C):{
g 7 Pilxs, p; O, x>0,

where
. Pii(xs, ;5 O=F i [Gi(xs, ¥s, 7" ;5 DIEA()—L)Pi(n)p7', x3<0,
. Pili(xs, ;5 O=F3i[G (x5, s, 7" 5 OIEA()—OPnpz's x>0,

and
1 . .
FIGM(%s, ys, 9 C)]-——vz;??—-ge‘thi“(xs, vs, '3 Odys (m=1, II).

Here A,(») are the eigenvalues of A,(y»’) given by and (2.17), and Pj(y) are
the mutually orthogonal projections of A,(y’) given by (2.12), (2.13) and (2.17).
The motivation for these particular definitions and (4.2) is shown in

Section 6 (Lemma 6.1) below.

LEMMA 4.1. Let { be non-real. Then we have for jeM

4.3) (A~ 75 D= 5~ O,
4d) (A — LD xe, 73 O)= \/—é-;e"”?’f(lj(n)—C)Pj(n),
(4.5) Gixe, 75 Ol esca= il 7 Ol rymos

(4.6) Bt )li(xs, 15 Oryms=BU W xe, 73 Ol £ge0-

Proor. Let ¢=CH(R_, C?) and ¢=CF(R, C*). Then
(AN ) —CDFAIGHxs, ¥s, 775 O, $(xIPYED 2y.¢
—(FGHxs ¥o, 73 DO, (AN ~EDPEIHED 2y ¢
—(Gi(xs, 35, 75 O, (A )—EDSEIFELEN)> 240,
=G, ¥5, 773 D), AN)—EDGED e FELHI 30,
— (AL =LK, 33, 75 O, $E> ey FELFIDy,
=0(xs—=y), (%)) 2, FF'[PI( 330y,
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=|, $xOFE [PlxpT dxs

:Sn_(\/%?Se”‘%(xs)sb(f)de)dxa

=( gL, G IHE)

3 €

where, for example,

S, 8e=\, frgpudr,  f-g=3fit.

In view of (4.2), the last equality implies the formula [(4.3).

The formula can be proved in the same way. The interface conditions
[4.5) and [(4.6) are obvious because Gi(xs, y;, ' ;&) and G{/(x,, y, %’ ; {) satisfy
the interface conditions. [

Now we shall introduce the generalized or improper eigenfunctions ¢, ;(x;, 7)
(jeM) of A(y’), making use of the expressions (2.23) and (2.24) of the Green
functions G{ and G#.

From the elementary formulas:

-1 — ~ityg __1__ 0 i(€-t)ys —-_1____1___
F[H(—ys)e ”](5)—-\/%&“3 o dys—\/zr— iE—1)’

1 1

SALH(y,)e"1a)(8) = \/ S A v, sy

for r=C, Im =0, it follows that
1

(4.7) [Gl(x:h Y, n C)](é) 2\/2”
A; 1(77 9 e itp, 3 1 7] ’
X[ {“z”G'cT e g (L, JOT 1)
800D iepay 1 7’
+— A(ﬂ o " 5 Ts, Tsl ( )( Tsllﬂ !)}

+{e-i2p‘zs §+15, 0,8 ( 'I'ﬂ‘fplx )(Wi I

Al ,y ~itp & 1 1 ’ ’
B g I (CUE

Ay, Q) E+17p, —Tp,
(7] 9] LI 1 1 | v/ I )
R Ry d QR (CRL V)

A1211(7) C) e~ its, %3 1 1 Tsy ’
B R = (VLN
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Agl(v_f_Q ~itg z3n}_ 1 Tsy _ ’
+ A( / C) e 51 E Tsl T51C<‘77,|>( 131]7] !)}

Hemragn "El_c(r?’t)(’“ K

AIZ’z(n C) -itg Xg_ T 1 z'31 ’
= S ) (LR

e 1”3e-:n;ril;c?(@"l)(“z‘”")}

+ i€ 1 (| 1:T)( rsllv'l)}

_ {eifxs $+1‘;;-z%é( ]771_17(1 )(I 7’| ’“Tpl)

1
2v2n

A e (1)

Ail(yi C) zr xg 1 1 I’?' — 4
+ Alp’, ©) & E s, 75, ( )( w7’

ettrs ("’ ')(ln prz}

5 Tpe Tl’z

A2, Q) ez 1 In _
+{=2 RS H% e (sz)(ml Tpy)

(4.8)  F G (xs, vs, n'; DIE=

Tps

( C) ity X 1 | ,
-+ A(7777 C) eitn, 35‘*“532 Tsz (sz >(Tsz|7? [)}
At o
1% Ap(liz77 C? e g lr,,l e (| ) 1w

Aél(ﬂ C) u:s zg 1 1 132 __ ’
A0 ¢ s T Tl 17 '|)< Tl

-+

A42( §> 0i7s,73 1 S2 ry_
+{=2 Ap(? e H% szc(I P PUESS
( ) ity = 32 ’
+ ( ﬂ; ch §,8 $+132 Tszc( l ‘ >(Tsz‘ 7] l)}
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iz, 4 ,
e esé e 4 S AL
§— ?’2 782C<| 732)( Tse 7’ D}’

S Gt d QD (LAEE

“imemg mc(f” JelnD}], >0,

Let us take the limits of the expressions for {—4,(p)+70. First, we note
the following formulas as {—4,,(5)*:0:

+ei5$3

lim ‘Z'pl: lim \/ Cz —Ir]’[zzilfl,

:_./z,,l(r;)tto 7;-.1,,1(y7)xio Cp,

2 7|2 2
im  7y,=6,(7', Ap)=+ \/M_|n,|2

S=dp tpxio 2 ’
2 712 2
i\/c_’ﬂg_%%_‘_i_s_)._lﬂllz (612)117]|2>c§2|77/12)
lim Tp2=$p2(7)/) 2171): :
;—‘2 . vio 2 712 2
11(7]) z\/“]qz__i@iz,zl___—té_) (C§1|UIZ<C§z|ﬂ'|2),
141
2
+\/&Qlc|__+_5_) 9”12 (ch,In1*>cd,In'1®)
; lim Ts ——'53 (7]” A )= sz 7
I+dp (meio * 77 " i\/lv'lz—-fﬁl_(ﬁmlz_i_&z) GAVIRCALMD)
2 1 82 :
P2
Moreover, we have for £>0
m=C _ ca(ln/I*+6)—C

lim 22 > — m I\
{=2p (prxio $+TP1(7]” 0 c_.zpl(,,)uoé—i— \/(C/sz;l)— UHE

(cp(In"1® +€2) D€V E/cr)— 19T
L~2p (rxio §—(&/ez)—1n'1*

YO

c..lpl(rl)uo

=2¢5,§,

and also for £<0

. 2p,()—¢ : (3,7 1*+€)—0EF VT cr)— 17 I?
1 P1 — 1 Py
a0 Bty (7, O et yan E—(/ci)— 17"




Eigenfunction Expansions for Elastic Wave Propagation Problems 319

, s (e | &
— 2 S e
o Cell,lf{};)imcm(EJ‘-\/ (,‘12,1 177 | )
=2c3,§.
If £>0, then we have
{ ‘/’lpl(xs; ;L) —> ¢’1+p1(x3, 7) as {—> 21?1(7])'*'"0’
D1, (X3, 95 §) —> x1p,(%s, ) as {—> 4,,(9)—10.

Here the limit functions ¢i, (xs, ) are given respectively by the following:

¢f}gl(x3; 7])’ x3<0:

ip,(%s, )={
Sblpl o7 be”(xa, ) x3>0,

4.9) ¢ff (x5, 7)
L 1 1 A Ae) ey 1 12 Ely’
[ Ay, i(p:’) ¢ ( —52)

~V2r 91® o
AIZM(’? ’2171) ~1lés (7' Rp)xa(ssx(ﬂ 21’1)!0’1 fﬁ(’? '11’1)5)
Ay, Ap) [n’|® Ely’|
eay( 1012 sm'l
et (ol )

(4.10) ¢'1 ”(xa,

—_-~¢1—_-—__1_____1_|: Als’x(v 'IPI) et p, 1’ Ap)x3( 1v/’l2 5[77,| )
Vir Inl® p. L Ay, Ap,) Es(0’s Ao Il Eny(n’, Ap)E

8507 i) oo eszoyl', ,zr;)m'u —eszg',,fpl>s)]’
Ui Ui

A(v 21’1)

4.11) Sbfzgl(xs, )= Sblp (x5, 7)=02x2,

where O;., denotes the 2X2 zero matrix.
Next, we note the following formulas as {—4,(n)+:0 (jE {s1, P2, S2}).

3 712 2
i\/wc_zi_tél_mr;z CAVI LA
P,

lim 7, =&, (y, 4:,)=
Lakg (pyxio 1 1 1 ] 2 AW
1 Z\/‘ﬂilz_c_lg_zi_zL__‘__E_)_ '<C?1'77I2<61211177’!2)!

Cp,

lim 7,,=+
el T 18,
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2 7|2 2
N e VUL AT AL AR

i = ' A )=
caz,llr&uofm IRE/ ) \/| B Cn(|77 | +$2)

2

(ci Inl*<c,In'1®),

. \/ (I TFE

912 (c5 In1*>ct,In'1®)

$2

b "\/ PURICIULE s LRy e NPT AILS
89

c*xli?muo?”lzepx(ﬂ'» Apy)=+ \/C”z(_‘ll_pl!.i'_@ 19712,

;Q;Liﬂ,iiof’lz‘?‘l(’/’ Ap,)=+ \/C_‘Z’;gﬁ:g_t@_mflg’

Al =18

c~zl,iz<m,,)mfsz=$sz(77', )=+ \/6—12’2(_@.:3_'23:_51)__ 1912,

:ﬂzli‘(r,}mofm=6pl(n’, A)=+ \/ C‘z"’i’p[ 8 12,

2 7|2 3
llm .Tsl‘:esl(’),' zsz):i\/_c_%ﬂp&;_ig_)_lﬂllz,
£

:azsz(ﬂ)ilo
2 2 .
+\/c’=“’7 i 3 B PN

. cl’z
lim 2 =80,(N, Asy) =
C—-lsz(v)”o \/ < (|7] | +£%) ,re
9/ |°— 2" (ci,(In*I<ci,In’1®),
2 LE] 12
C~ls;r<2)tiot82=i]€l‘

If £>0, then we have
Dis,(x3, 5 §) — s, (x5, ) as §— A5, (9)+70,
{ Dis, (x5, 5 O — Pisy(xs, ) as {— As,(9)—i0
Dipy(xs, N5 Q) = Pipy(xs, ) as T— Ap,()+i0,
{ Dipg(Xs, N5 §) = Pipy(Xs, ) a8 §— Ap,(7)—i0
Doy (X3, 5 ) = Pley(xs, 1) as T — A5, () +40,
{ Drsy(xs, 95 ©) = Pisy(x3, ) as T— As,(9)—i0

Here the limit functions ¢f(xs, %), < {si, b., S:}, are given respectively by the
following :



Eigenfunction Expansions for Elastic Wave Propagation Problems 321

&t (xs, ), x3<0,

Pixs, >={
o ﬂ lijII(xE»; 1])) x3>0, ]e {51, pZ, 52}’

(4.12)
¢r811(x3’ 7])
= 1__ 1 _1_.[ A, Asy) e tp, (1" iuxs( —§ly’l In’|® )
V2m 91t p, A(y’, A5) Eo, (0, 4§ —&5,(0’, A7’ |
_ AW Ay ey —E €l
A(n’, Asy) —=&lp’l In'l®
—&ln’|
txg
e (ema 71 )
(4.13)
Ot (xs, 1
1 __1_._%_[_ A0, As) ey cr, upes( —&ly’| 19’1 )
~V2z 11° o A(n’, Asy) —&5,(1", A5 ) &0, As) 17|

Atx(ﬂ As ) 0i€s, (1" 4s )x3($"9(77,’ '281)5 _682(77,’ x’l)mli)]
A7’ Asy) —§&ln’| 7 ’

4.149)  Pti,(xs, P=¢iFi(xs, PN=02x2,
(4.15) Sbuz(xs, n)= ¢fs’21(x3, 7])::02)(2:
(4.16) be (xs, n)= ¢1 [(xs, 7))“"02x2y

(4.17)
Piog(xs, 1)
:,_l_z____ 1 __l_.[ Azl’s(ﬂ 1?2) —zep (', lp )13( Iﬂ,kz El’]’]
V2r |nl® e A(n’, Ap,) E0, (0, Apd |01 —&0, (%', 25,6
A%z(Y] 11’2) e s, (0" p )za(&l(y] '21’2)“7/[ 631(77 '21’:)$>]
A, 2p,) §ln’| ’
(4.18)
¢,111(x3’
_ 1_ 1 _1_[ AL, Apy) e 12 &y’
V2n n1® p, A(n’, Ap,) —&lp’'l =&
Azbg(ﬂ 'ng) iés ', 1p)x3( 532(7],: sz)lﬂll “—5327] ng)f)
An’, Apy) (9] Eln’l

s (1715 El']
T ey e ]
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4.19)
Sbl_slz(xs, 7)
1 1 _L[_ﬁl(’] 232) —zEp (n7'2g )3:3( _élﬂll 17]’12 )
~Vx g 01 A(n’, 4s,) §0:(m's A6 —E&p (0, As)) I’
— (7} '232) —zésl<v"1s2)x3(—$sl(n,’ 1"2)5 531(77/’ 232)'77’|)],
A(n’, 4s,) —&ln’| I’ 1®
(4.20)
‘,bl“(xa,
:-1,__,*1,___1-[_ (77 232) e¥p, (1 s )Is( —£|77’1 |1]’|2 )
Ver |9l® p. Ay, As,) —&0,(0, As)6 €0, (M, Asp) "]
R N
A A ¢ (—|r;'1 m'\z)

- & —&in’| ]
—ptézg .
(gl 1yl )
If £<0, then the eigenfunctions {¢7;(xs, )} jen and {¢i;(xs, 9)}jen coincide with

the eigenfunctions {¢7j(xs, 9)}ex and {Pfj(x;, P)}jex in the case £>0, respec-

tively.
From Lemma 4.1, we get for j€M,

"t/ (x5, M=2;00)if (x5, 1), %:<0,
A" if! (s, m)=4,()if (x5, ), %:>0,
Dif (x5, N zg=0=if (X3, ) 24=0,
Bi(p" i (x5, D) z4=0=BI (" )if (x5, 9)| z4=0
This shows that ¢i(x,;, ) (€M) are generalized eigenfunctions for A,(").
Next we define ¢if(xs, n; ) (€M) as follows:
gt (xs, 95 Q) %<0,

igjt( 3, H )=
Sb X3, N C {¢s;11(x3’ 7; C)’ x3>0,

931 73 0=t LGl 13 0, 3<0,

SV
G, O=F A g, 73 D, >0,

From the expression of ¢,;(x;, ; {) (€M), we see that the limits
bej”(xa, n)= lim ¢'S”(x3, 7; &)
C"cst"] 12

Aﬁbiqj‘”(xs, )= llm ¢St11(x3’7] 9

"-’CSC“} |
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exist. Moreover, by Lemma 4.1, ¢$}7(x,, ) and ¢5f71(x,, ) satisfy for jeM
Al )it (x5, m)=ckel ' 1’3 (x5, ), %:<0,
AP (xs, p)=ckel ' 1P (s, ), %520,
SH(xg, D) zgmo=@ (%3, 9| z4=0,
Bi(n")H (xs, 9| zg=0= B (9" )i (xs, 7| 240

This shows that ¢5/(x,, ) (j€M) are generalized eigenfunctions for A.(y)
corresponding to the Stoneley wave. Let us give an expression of Pif(xs, 7))
for each jeM. If suffices to consider the case where the Lopatinski deter-

minant A(yn’, {) has real zero. If the Lopatinski determinant has no zero, we
consider ¢if(x;, 9)=0 (jeM). Put

Ay, D=EC—c:In'[DA(y’, ),

and noting that cszgcsl<cpl<c32<cp2, we have

/
m rp= lm = |y 2= P ot

—— 17 | "‘pr

C*cgzl’?' 12 ! C"cStW' 12 CIZ’ Cp1 v

. . ) ck

lim 7, = lim > —|77’12:z\/177’l2 Stlﬁ'|2=2531,
C—’L‘gtl)}’[z C—»c%thy’(z Csl

. c

lim 7,,= lim \/—~—ln’lz—z\/l1) |2— Stln’lz_lépz,
C-»cgtm'ﬂ Zockyin1? cpz

. . 2 Csz

Iim 7,= lim —'ﬁ—l‘lj |2=i,/In"|* |* =&},
C—)cglm’lz (—)Cgtlﬁ' 12 CSZ

where &3¢, &30, £3¢, and &} are all real. So we have for x,<0

(4.21)
1 1 11
O UL
X[A};l(n chelp') esep, 11 o Ayl Z'E%ilri’l)
Ay, c&ln’1®) &5t §—ibpi \—iéailn’| B1
A (n’, c&elp'1® eegizgwl_‘_ﬁl_w (-iéffln’l Pk >
Ay(n’, cdeln’1® &L g\ —&aies,  —i&3ily’|
O AL AL I W S —#5i17)y
Ay(n’, cieln’I?) 5. E—i&pi\—i3t Iyl —&5i65,
AL ekl g, 1L @Rl
Ay(n’, ckeln’1®) oL E—igSEN\ &3iEY —i&stly’|
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‘|

A%;(ﬂ ("3“7/

) gesine L1 (ié‘ffin’l —5.335)

A(n’, cEln’1®) ¢ SUEESI\ |y |2 zeggm |
A2 (n', cklp’l?® oS0 ( gt &ty I)
INCAGALHE —ze —ig '11;1 Pak
_ AL b1 e, 11 gy ef:e )
INCACALEE SUEESI | p7)2 St g’ |

_ A%z(n ’ CSt|7]’|2) 5 24 1 1 ft 38‘2: ’58H0 ‘
Ay(n’, céeln’|®) e f;gz‘ S—iffz ($ 4 |9’ |® )]Pj(ﬂ),

and for x,>0
4.22)

1 1 1 11
Str1 — i
$if T (%s, )= 2 V2r ¢k lp’|? oo ¢

A3 (', c&In'1®) _ese 1 1 Ip’l®  i&xtlp’|
x[ & g 78 .

A(n’, céln’|® ¢ pe o &E—igy! (262;17)’1 53‘ s‘)
A3 (', célp’|? o652y 1 1 —i&3i iy’ |77 |2 )
Ao(n’, ckeln’|?) E3F E—iESI\ ESiEst Slp’

Ay, ckedp’l® €Stz 1 1 ( Ip’|® !n l)
Ay(n’, c:lp'|® &3 E—ig3t \i&3tin’| gait

ALy, ek’ I 1 1 (‘Eﬁz‘ln’l |77 |2 )
A(n’, c&ln’1? A e T A Sln’l
AL (o', cBel 91D s, 1 1 —z'ff;lr;l gsigs:
“A';'Gf?smy B 53‘ E—iESI\ |p’|? |n |
As(n’, & In’1®)  _.s E3iest  —igst |
A‘o)(;?’, C§S:IZ’1”) evtiy s S‘ ff<—-z ‘In’l |’ I1Z )

A kD) e, L1 iy —E5es
INCAIAL AR SUE—GESEN  |pflr —igS In’l
A5, (n', 8l |®) _est,, 1 1 N —i&st p’ | ]

— s % P,
A et R m i sty PALIALEAA

where jeM ={p,, si, ps, S2}.

In conclusion, {¢fj(x,s, 7)}en are generalized eigenfunctions corresponding
to the roots of the characteristic equation of A,(y’). {¢i/(xs, n)};en are gener-
alized eigenfunctions corresponding to the zero of the Lopatinski determinant
of Ai(n’). (4.9-(4.20) and (4.21)-(4.22) are explicit formulas of these generalized
eigenfunctions for A,(yn’).
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§5. Generalized Eigenfunctions of A,(%’)

In this section, we give an explicit representation of the Green function
Go(xs, ¥, 9" ; ) for the operator A,(y')—CI({&R) by the same method as get-
ting G,(xs, s, 3”; {), in order to define generalized eigenfunctions for the
operator A.(n’).

Consider the following interface problem:

(Al(y’, D)=QDw'(xs, p'; D=1y, %),  %:<0,

(5.1)

(Aél(nly D)_C)wll(xfh 77’; C):f(ﬂ/: xS); x3>0:
(5.2) wi(xs, 975 Olzgmo=w (xs, 95 Olzg=0,
(5.3) Bl w!(xs, 7”5 Ol zgmo=B¥ ) w! (xs, 7" Olzy=0,

where f(-, x,)=C3(R\{0}). Let us seek the solutions w’(x;, 7’;{) and w’(x,,
7’; §) in the form
w!(xs, n'; O=E{(xs, " ; O—Ki(xs, 9"; O,
wil(xy, 77 ; O=E¥ (x5, 7 ; O—Ki(xs, p"; 0).
The expressions of E} and EY corresponding to (2.16) and (2.18) in Section 2
are given in the following form:
zg @t (F3-VaTs,

Eixy 75 0= ([ St rar, y0dys

Cs,Tsy

o g~ i(T3-VYs)Tys
+§ “e—'T—_—lf(’V/, y3>dy3)’ x5<0,

z3 Cs,Tsy
rg @t (¥3-V3)Ts,

o, 775 0= ([ S far, yodys

s Cs,Ts,

" oy, yod >0
+S-23 6321‘32 7] ) ys) ya), X3 ’
where
Ty, = CC —Iy’'1%,  Imz, =0, Ty, = CC —|p’l? Im 7,,=0.
31 89

On the other hand, put
Ki(xs, 75 D=ae 5%,  x,<0,
Ki(x,, 775 D=PBe'"s:"s, x>0,

where @ and f are determined so that w’ and w’’ satisfy the interface condi-
tions [(5.2) and [5.3). Then the equations on a and B can be written in the
matrix form as follows:
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hy(n’, )
(plc-ﬁtﬁ 92632732)(13) 2(h2(z C))
where
mtr', 0={" S f, yodyet (5 Gy, yady
318 5,78y
-{*_ e” 707, 30dy={ S22 1y, yady,

', O=pi(={"_emunssay, yodyt emnssay, yodys)

+p2(giwe Ys¥sf(n, y)dys— S AT ¢/ ys)dys)

The Lopatinski determinant for the problem (5.1), (5.2), and
A'(n’, D) =p163,7s,+ 025,75,
has no zero with respect to { for |9’|#0. Therefore

(5.4) wi(xs, 3 ; D=ENxs, 3"; Y —Ki(xs, 7"; {)

Z. zg ez(.‘ra Y3t '8y e-—i(:cg—ys)rsl ,
:7<S "“f(’? V)dys+ 513—2‘—“f(77 R ys)dys)

T ("31731 Cs,Ts,

R S
A’(n/r C) 2

<[ pcten ([0 g, yodyet |

cslfsl "1131

‘1'7311'3

f(7} ys)dys)
+p1<—gow isyaf(‘r] ys)dys-i—g e'ts ysf(ﬂ ya)dya)

_ng uszysf(ﬂ y3)dy3], x3<0,

(5.5) w!i(xs, p"; O=Et(xs, 9"; OD—Ki(xy, 5 )

. 7 z3 ot (T3~¥3)Ts, o g (T3~ V3)ts, ,

’—E(S—m_cszfsz f(n yS)dys S T3 Cszszz f(ﬂ ’ ys)dy3>
1 )

— T 5 e
A(y, Q) 2

itg &
8,73

e 1ts,Vs

<ot ([T S rorts w0yt [T557 s, y0d)

c*z Sat 89

+,02(S0_me Vs f(n’, yo)dys— S et Vs f (7’ ya)dya>
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0 .
—Z‘OIS_ e_”.sly3f<7]/, yg)dys], x«;>0.

So, the Green function of A,(»’)—{ is given by the following form
Gé(xay Vs, 77/; C)) x3<0y

Go(xs, s, 7 ; C)Z{
h Gél(x% Vs, n’; g)r x3>0’
where
Gé(xs, yB) 7],; C)
z' H 1,(1'3 y:.,)-tS H e—'l-(l:g yS)Tsl
——‘2—[ (X3—y8)— Eg};‘“%— (ys— xs)——z“?
1 —itg _‘__L 7 05, Vs
A'(ﬂr-é)we 1 3{{72632?32<H( Ys) Cslfsl + (ya) 81?81 )
~+0:(—H( ys)e“’sl”3+H(y3)e“81”3)—2.02H(ys)e"32”3}] x3<0,
GH(xs, ¥, 7" 0)
. 7 l(J:g ya)‘l's2 e"i(xs"y@rsz
———z—[H(xs y3)__c:;—zT+H(ys_xs)_—T§;r—3;“
1 ity X 2 — _ .T o eifsz‘lls
— w0 St " FH(y) )
+ 02(H( ya)e‘“%“——H(er"sz?’3)—2p1H(——ys)e‘“sl“}] x>0,
Now we define ¢4(xs, 7; ) (REN =/{s,, s5}) by
(5.6) Gur(Xe, 73 C)—{ Palin 750 <0,
. 2k 3y > -
di(xs, ;5 0, x>0,
and
Pia(xs, ;5 O=F3LGi(xs, s, 75 DIEAe())—Dp71", %<0,
.?C3>O,

Pi(xs, 15 O=F3;[GH (x5, s, 7" ; OIEAr(n)—0)p3",
where 4.(p) (k&N ={s,, s,}) are the eigenvalues of A,(»’) which have concrete
expressions 4y (n) (=ci,171%), 4s,(n) (=c3,1n1?

The motivation for these particular definitions and (5.7) is shown in

Section 6 below. Then we can see that the limit
lim  ya(x,, U/ O

¢2k(x3’ 77)_._ A p(y)xi0
exist. Moreover applying Lemma 4.1 to Ax(%’), P4.(xs, 7) and Pii(xs, 5) satisfy

the equations

6.7
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Al (xs, M)=Ar(n)P3i (x5, 1), x,<0,

A ()3t (s, D)=A:(P3 (x5, 1), x>0,

b3l (x, 77) | zs—o—-sz w1 (xs, 77) | 23=0>
Bi(n )5l (xs, 7)) zg=e=BF 1" )3 (x5, D) z4=0,

where keN ={s,, s,}.
We note the following relations:

Iim 7,=+
Cetppsio 5y &1,

+\/Csx(l7] | +§2) l77,|2

C,z

52

Tsz———'fsz(??,, 231)2

m
C..l,l(r]):io

’

L2 712 2
ﬁz(lﬂcz' +$)_I77/|2

$1

lim 7, =& (y’, d)=1 \/

{25, (mto

T‘Sz:i |$!'

lim
C—-zsz(ﬂ)ﬂ:to

We have for £€>0

lk(ﬂ)—c
S/ B P
t=axpeto EFT(n’, §) e
and also for £<0,
Rk(ﬂ)_c 9.2
t=apprio ExTe(n’, D) =2k
where c,(k=N) are defined by
==L a=1tr
and 7x(n’, {) are defined by
T, = L—!n l2 Imz,, =0, 7,,= —§~—|1) 1?,
csl 682

If £>0, then we have the following expressions:

1

(5.8)  ¢Ptf(xs, ”)_T/ﬁ - [ gy

0165, 86— 02¢5,8:,(1’, As,)
A'(n’, As)

CALII AL/ B

(3,11 <cqIn'1®),

Im Tse=0.

-1613] ,
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1 1 20.Ck
5.9 g, D= i ‘f> R,
$1

(5.10) ¢ (xs, M=¢tf (x5, 7)=0,

(G.11)  ¢ed (x5, P=03{ (x5, 9)=0,

3 1 1 2003 .. o,
5.12 sI y _ -y 153 ( ’23 ).2:3’
( ) ¢2 2<x3 n) ’\/27: pl A/(y]/’ 232) e 1 2
1 1 ; 01€5,s (n’, Asy)t+ 25,8 ]
—1I T | pibx, 1°>°1 2 ‘23 ,-ifx
(6.13) ¢3fi(xs, 7 =27 pn [e 8 — Ay, 23D et |,

If £<0, then the eigenfunctions {¢3:(xs, )} ey and {Qdz(xs, )} ren coincide
with the eigenfunctions {¢an(xs, N)}rey and {P#(xs, )} ren in the case >0,
respectively.

In conclusion, {¢#(xs, 1)} ren are generalized eigenfunctions corresponding
to the roots of the characteristic equation of A,(y’). (5.8)-(5.13) are the explicit
formulas of these generalized eigenfunctions for A,(y»’). Since the Lopatinski
determinant of A,(»’) has no zero, we need not consider other eigenfunctions.

§ 6. Construction of the Spectral Family of A

In this section, we construct the spectral family of A by means of the
generalized eigenfunctions of A,(y’) and A,(y’) defined in Section 4 and Section
5, respectively. Then we define the Fourier transforms of f=4 with respect
to these generalized eigenfunctions of A and we prove the corresponding
Parseval formula (Theorem 6.5). The key lemma is below, which
justifies to pass to the limit under the integral sign over R®.

Using ¢i;(xs, 9 ; §) J=M) defined in Section 4, we define ¢,;(x, 5 ; )(jeM)

by
¢{('x; 77; C)) XERE;
6.1) dis(x, 7 c>={ ’
i(x, 95 O, rER3,
where

1 . .
(%, /R C)Zfz;;ezuml Isz)UC(Qb{j(xs; I/ OP0:1x1),

Pz, n; C)——~e““’71+”3’72’UC(¢{5-(xs, 7; OB01x1).



330 Senjo SHIMIZU

Here O,.. denotes the nXn zero matrix, and n=(%’, §)=(,, 1. §). Using
Par(x5, m; ) (ReN) defined in Section 5, we define ¢,.(x, n; {) (ReN) by

gbék(x, 7]; C)) XERE,

#w(x, 7; Q), reR:,

(6.2) Ger(x, 7 ; C)={
where

1
Pia(x, 75 D=5 'R UC(000DPis(xs, 75 0),

1
w(x, ;5 0= —2}-ei""7”’””UC(OzszBsbéé(xs, 7;0).

Further we define for feC%3(R? C?)

6.3) Fulns 0=\ 9ux, n; O Dp(xadz,  jeM,

6.4 For(n; O=\ gus(x, 15 O*f(Dp(xdz,  kEN.
Next lemma shows the motivation of definitions [4.1), (4.2), and (5.7).
LEMMA 6.1. Let feCY(RS, C®). Then we have

69 CORIRON= B AT

in the distribution sense.

PrROOF. Let ¢=C3(R? C*°). We denote by <, >,  ,,¢ the duality between
S and S’ where & is the space of rapidly decreasing C> functions and S’ the
space of temperate distributions. F, denotes the Fourier transformation with
respect to x=(x,, x,, x;). Then from the Parseval equality

CUCY  (Faetyr.es9)®), (UO) (Foeaiyr,es [RO D@0 91 ng0¢
={(x), ROF(X)Dzy. 2. 2,
=(RQOP(x), f(X)Dz,. 2524
={A=L7P(x), f(X) 2 2q. 24" (%)
From [1.10), it follows that
(6.6) (A—0)'¢(x)
=F ;4L [UC((A(n")— O DB(A:(n) =0 HUC) H(F oy P)(n’, x5)](x)
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=F ;40 [UC((A(")—8) B0 1 )(UC) " (Far .y D)7, x5)1(x)
+F L2 [UC(O:2eB(Ae(n) =) HUC) W (For .y P)(1’, x5)1(x),
so that from [4.1), “4.2), [5.6), (5.7), (6.1)-(6.4) and the Parseval equality
(1) =CF7[UC(A:(n") =0 D(A:(n") =0 HUC) (For 9)I(%), f(X)2, 24, 2,
=<UC(A(n") =0 DO 1 )UC)  (Fo P)(n’, x3), (Far ), )91, 95,24
+<UC(02x2B(A2() =) HNUC)  (Fo ) (n’, x5), Far S)’, X6)D3,. 24 24
=UC(Gi(%5, ¥, "5 DDBO L IUC) (Forh)(n’, ¥s),
(Far )Xy X8) 41,1 250 vy
+<UC(02x:BGo(x5, 3, 7”5 OIUC) (Forh)(n’, ¥a),
(Far X0, X091 9. 25 v5
=UCG(%5, 35, 7”5 DBOLNUC)T,
Fo D), ¥8)0ys Far 1), XDy 5. 2,
+LUC(O:2x2BGo(x5, 5, 375 OHUC)™,
(Fa )’y 38)0yy Far SIM', Xa)D g4 0p. 25
=UCEF LG (x5, ¥5, 775 DBO0:NEUC)™,
(FyFor)(n)e, (Far f)0', %8)2 91,74, 24
+UCEF33L02x2DGo(%5, ¥, 7”5 HNEUO)™,
(Fy Fe))es (Far 1), X6)Dqy 09 24
=CUC(F3LGi(xs, ¥5, 7”5 DO 1 IEWUC)H(Fy Farp)(n)
(Far 1)) X300 54 9906, 24
+CUCEF 33L02:DGo(xs, 5, 7”5 ODNEUC) (FyeFard)(n),
(Far 1)’y X8)291 np.e. 24
=]§M<UC(F§§[G1(JC3, Y3, 75 D01 NEAi(n)—OPsPO0 1<) p(x5) ™"
o(x)(UC) M (Fy ,Forh)(m), As(n) =0 Far /)0, XD 9y ng.t 2
+ 2, SUCEFGL0:0BG(xs, 35, 75 ODEAa(n)—E)o(x) ™ 0(x5)

(UC) (Fy Fard)m), Aa() =D Far ', 50301 1.8.24
= 33 CUCWus(xs, 73 DB011)p(x)

331
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(UC)U(Fy F o)), AP —0) Far 1), 2> 9, 7.6, 2
+ 3, UCOwa®us(ss 75 Do)
(UO) By Fard)), Ga(p) =D Far ', %) .yt
= (U0 (Fy Ferd)), @is(xs, 75 O*BO01)p(x)UC)™

X ()= o femteimmamn £y dx’)

n1-72.6 23

+k§M<(UC)_1(F 2o P )@, (01a®Pa(xs, 73 OF)p(x)(UC)™

XAl =Dt (et f(x)d )

N1 7. & Ty

= 3 ((UC)"(F, Fo ), (z,-<n>—z:>-1§¢,,-<x, % C)*f(x)p(xa)dX>
jeM 71 72§

+ 3, (VO F, Faod)), Aap)~D s, 75 O*f()p(x)dx)
IS 712§

_ Fiin; © For(n; O
=((UC) (F,,eFsry ), 3 L35 4 51 el 5)
<( )" Fyeg 7)) qu A5(n)—0) +k§” Ae()—0) /nrm2 8

_ o S5 % Jfer(n; O
=0 PPy o) 3 A0 e @b -
This completes the proof of [6.5). O

The self-adjoint operator A admits a uniquely determined spectral resolution :
A=S°° Adrz(A)

where {7(4)} _ci<. denotes the right-continuous spectral family of A. The
representation of m(1) is based on the well-known theorem of Stone (see, e.g.,
[14]:

n(b)+=n(b—) =w(a)+=n(a—)
6.7 5 — 5

1 o . .
—-s——lelflolfgzrga[R(X—I—zs)—R(l—ze)]dl, a<b.

From [6.5) and [6.7), we obtain the following.

LEMMA 6.2. Let feCHR? C®% and 0<a<b<co. Then we have
6.8) ((n(b)+27r(b—) _ x(a)+27r(a—))f, f)
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_lslflolﬁ(je Sa SR3 (,2](0) 1)2—{—6 |f1](77 A+ie)|*dy

b

digm (Zk(‘)?) ,{)2_|_ 2 ‘fzk(‘l]; Ziis)lzd‘,})

2.
=lim— (

celo T \jEM S S (,2 (7]) 2)2_{_ 3 ]fu’(ﬂ; A+ie)|2dA

+ 2]

b & ) ‘ .
keNSdeﬂga'(ik(})jif)z'_}j’sz‘ [ for(n; Axie)] dl).

PrROOF. From (6.5) and the resolvent identity

RQ—RECH=C—L)RORECH=CEC-CIRECIRQ),

we have
- ([R@+ie)—R(A—ie)lf, f)
=(2eR(A+ie)R(AF1ie)f, f)
=2ie(R(AF1e)f, R(AFie)f)
=2ie((UC)'F[R(AFie)f], (UC)'F[R(AFie)f])

o Fis(e; Axie) flj(- ; Atie)
"2“(%{("1,(;7)—(2;“2'5)’ Zj(r))—(2$z'e)>
4oy (Lol Axie)  fa( s Aie) ))

ken \Ax(n)—(AFie)” Au(n)—(AFi¢)

. g " . . .
:22<,~§[Sm () — A2 +-e* | f1i(n 5 Axie)|*dy

£ . Ny
+k§NSR3 (Ax(p)—A)+¢ | fer(n; Atie)] d77>,

and hence by (6.7) for any interval (a, b)C R,

(( ﬂ(b)+27r(b—) _ ir(a)+27r(a—),)f, f>
1

~hg;—2——g ([RQA-+ie)—R(A—ie)1f, f)dA

il 2 (oo fa) |2
i, (5 S e s 2y

€ . .
+k§1vgadlg“3 (lk(ﬂ)—l)z‘—{-az | for(y; Axie)] dy])

| fri(n ; A=+ie)|®dA

.1 b
:1515?-7?(15{5 d S (A(n)— Z)‘“’—{—e



334 Senjo SHIMIZU

b . .
+]§[S d S (As (n)— 2) +’é"|f2k(7], At-1€)] dl),

since from (6.5) Sjen(f1(n; O/ —D+Dien(For(n; O/A:(p)—E) is a con-
tinuous L2-valued function of { for Im{+0. O

Using the generalized eigenfunctions ¢i(xs, 7) (given by (4.9)-(4.20)) and
&if (x5, 1) (given by (4.21)-(4.22)) (j€M) for Ai(np’) and ¢35(xs, n) (given by
(5.8)-(5.13)) (k=N) for A,(y’), we define the generalized eigenfunctions ¢(x,
n), ¢if(x, p) GEM) and ¢si(x, ) (keN) for A by

o (x, n), xER3,
6.9) iz, 77)={ T

where

if(x, n), xeRE,
1 .

Oif(x, p)=—m—e 1z UC(PEf (x5, 9)PO141), xERE,
o2r

o (x, 77)__1_ vtz UC(Pif (x5, )P0 1x1), xeER},

O (x, ), xeER3,
(x, p)= {

(6.10) of
Sbigjt“(x, 7])) X ER-‘?- ’

where

i (x, p= Le“""“”‘z’”’UC‘»(tﬁ“S”(xa, NPB0.x),  xERE,

¢,St11(x n)= _Lelwmﬁzzvz)UC((/) Fl(xq, 77)@0“1) xeR;3,

and
Gt (x, n), reR:,
(6.11) Da(x, 0):{
$4(x, ),  x=RY,
where

5, = L im0 UC(0,..@d8 (xs, 7)),  xRE,
n Yj

Pt (x, 77)___1_et(z1m+xzvz)UC(02x2@¢2”(xs, 7)), xeER:.

Here we consider the case where the Stoneley wave exists, i.e., D(c3,)>0 if
cs,<cs, and that D(c})>0 if ¢,,<c,, as shown in Section 3. Note that there
is no term ¢if(x, p) (€M), if Stoneley wave does not exist.

Then we easily have the following proposition.

PROPOSITION 6.3. Let x=R® and neR® (#0). Then we have:
D dix(x, p) GEeM) belong to Hioc=Lioc(R?, C*, p(x5)dx) and



=
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Adis(x, p=24;(nis(x, 1),

O (x, D)l zym0=PiF (X, D) 24=0,

Tis(Pif (%, PN 23=0=0 5P (xX, PN zy=0 -
(2) ¢ (x, ) (jeM) belong to Ii1oc and

APif(x, p)=ckiin' I*¢T (x, 1),

G, M 2gmo=P (%, 9)| 24=0,

TP (%, M) 2gme=01s(PPF (%, 7)) ] 2= -
3) ¢alx, p) (R=N) belong to I and

Adi(x, n)=2a:(n¢a(x, 1),

D3 (%, M| 2g=0=P5"(x, Nl 24=0,

T i5(P3 (X, 9| 2g=0=013(P3 (X, 9| z4=0 -

Proposition 6.3 means that {{f(x, 5), ¢ (%, 1), ¢&(x, 7)}seum rev and
{ri(x, n), P (x, ), Pa(x, N} jem. ren) are two families of generalized eigen-
functions for the operator A. One is a family of outgoing eigenfunctions, and
the other is a family of incoming eigenfunctions. We shall show later the com-
pleteness of each family.

In order to obtain the desired representation of the spectral family, it
remains to pass to the limit under the integral sign over R® in (6.8) and evaluate
the limit of the integral over (a, b). For f&J4, we define the Fourier com-
ponents with respect to the generalized eigenfunctions ¢i(x, 7), ¢ (x, PGEeM)
and ¢z(x, n)(keN) for A by

6.12) Fam=Lim| gt prf@ptdz,  jeM,
(6.13) Frm=lim| ¥ prrweteads,  jeM,
(6.14) Fam=tim|  gatx, prfetds,  keN.

Then the mapping f — (f§, f$, f4) may be considered as the generalized
Fourier transform of f.

The following lemma gives the representation of the spectral family of A
by means of the generalized eigenfunctions of A.

LEMMA 6.4. We assume that D(c})>0 if ¢;,<cs, and that D(c3,)>0 if c,,<
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¢s,. Let feCTR, C°) and 0<a<b<oo. Then we have
(6.15) ((%%(b:) &H'ZE(‘P ,>_>f f>
ZJGEM(Saslj(ﬂ)sb S 77)|2d77+g scy 17712 blf (ﬁ)]2d7]>

+k§NSasjk(n)sb|fzjl;!(n)lzd‘f] .

REMARK. Under the following two conditions (i.e., Stoneley wave does
not exist), the formula (6.15) holds without the second terms on the right hand
side :

(i) If ¢,,<cs,, then either D(c;)<0 or D(ci,)=0 and the expression (6.23)
below does not vanish.

(ii) If ¢,,<cs,, then either D(c},)<0 or D(c3,)=0 and the expression (6.23),
exchanged with ¢;, and c,,, does not vanish.

PrROOF. The essential part of the proof of this lemma is to justify the
passage to the limit under the integral sign over R® in [6.8).
First of all, from the definition of ¢, ;(x, ; ) M)

6.16)  fisn; O={ _dux, 15 O*f(Dp(x)dx

1 .
:é?{&kse-t(zm”m)(‘b{"(“’ 7 ; O*PO,)UC) ' f(x)p,dx
1 :
+7271'&33e—l(xmﬁxwz)(ﬁb{é(xs, 7 ; O*DPO 1. )UC) f(x)p.d x
+

=SR_(¢{j(xs, 75 O*DB01x)UC)(Far )9/, X2)01dXs

+,, @l 75 O*BOLUC)T (Fa ), 902 %s

By the expressions (4.2), (4.7), and (4.8), the integrands in the last two integrals
of the right-hand side of (6.16) are summable with respect to x;. Furthermore,
using the inequality |a/| lﬁlg(lalz—{—iﬂl"’)/.?, we have

6.17) | fuln; C>|2<CE,FM(1 T e”‘(l’i<£

Agn(ﬂ , &) 1 - An(n)—C |2 ne
AGY, O en)C E—tn(n) pIECRIE

where C is a positive constant and g(»’) is a rapidly decreasing function with

+|
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respect to %’.
Next, we consider justifying the passage to the limit under the integral
sign over R®. We separate the integral as follows:

g <Sb (,Q'JG")W{J?U(W; liz'a)l"'d])dyi

= [ dady+| [ aady+| [ dady
(inI<3RINUIEI> )a {17 I<3RINT1§1<OY ) a {171>3R}
=L hy(&)+ T+ A,(e).
We divide the proof into three steps. Without loss of generality, we can
assume that ¢;,<c,,, replacing c;, by ¢, when ¢;,<c;,.
Step 1. First we consider I}gj(s). Since
ckeln’ 1P<ci(In'12+E)=4s(n)
for [£]>d, the limits f,;(; A+40) exist when A=4;() and are continuous in
7. So, for any e such that 0<e<e,

Sl F(n)+6, IA ( '2’*‘.)\2(12
A5¢1)=0y (2](7]) ,2)2+ 2 S N Axe
() +8,
= A
=a SZ i(9)-01 (,2 (77) /2)2—"‘8 —d

- S&lls 1 d
<c —dx
="t -0 x24+1

=cn,

where ¢, is a positive constant and independent of ¢ and 7. Since
it 0=, 95 0 O prd

_C—ckly'l® ;
C 2() .fl](”l7 C))

the limits f$ #(n; A+40) exists when A=c5%.|7’|* and are continuous in 7. So

St 11249 ) ey
S“sz 17"12-32 (,2 i(n)— 2)2_,_5 | f15(n ; Axie)]
cs;‘v'|2+52 c s
:S°§z'n'lz-azh("ggcl1;’|2._,z)2+€z | fif(p; ALtie)|?dA

2
€S, 1112405 &
< St

=0z SS tne12-35 (Che|p’ |2—A)2+ &

=c.m,

da
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where ¢, is a positive constant and independent of ¢ and 7. It follows from
the well-known formula of Cauchy (see, e.g., [15]) that

. Lo €
. ;Saa; i er SR () (),
that
. 1o ¢ . L
‘E‘E‘J;Saui(n):@z—;e@ | f15(y ; A+ie)|?dA

24y a
1g s*on ¢ | Fofn s Arie)|da

“Lan@OUmIy © A(n)— A+ er

ed0 TT
. 1 cgtlrj’12+52 5
+Xca.5r(c3e] '12)1xm~g T

@ K ¢3y 177125 (3|’ |2 —A)i4-e

elo T
:x(a.b)(lj(ﬂ)ﬂij(?? ; Ai(n)+i0)]?
+Xia,0A;(m)lim max | fisy s Aie)— fiy(n ; Axi0)|®

€40 2&€(4 () =81, () +0))
+Xca0n(chel ' 1D fEH(m 5 ckel g’ |2£d0) |2
+Xa,ny(ce |’ )lim max | F5(p 5 Axie)— i (n; Axi0)|°

E40 deed, 1y 12-8g, ¢k 1y 1240

:x(a.b)(xj("))) | flij(ﬂ) [24+-Xca, 5y (cEel 77’ (91 fisjt(ﬁ) I%.

By the Lebesgue bounded convergence theorem, we have

o 54 Atie)|dA

m- Sb e Fuln; Aie)|d2) dy

3 1 J— i e ———
lel?;llkj(e)_Sur;t<3mm|c’|>z3)<elw TJa (zj(v)_z)z_h‘;z

| Fi(p) | 2dy

Sum<3Rm(|€|>5)maslj(r;>gb)

| fEH ) 2dy.

S(I7)|<3R)r\(lfl>5)r\msc§-¢Ir]’lzsb}
Step 2. Next we consider the I%,(¢). The principal difficulty in interchanging
limit and integration occurs when the zeros of the denominators of ¢/[{—24,(n)|*
and the zero of the Lopatinski determinant A(xn’, {) nearly coincide, that is,
when cs,=c,,. This is the case where D(c$)=0.
1) Consider the first term of the right-hand side of (6.17). If sign & is
the same as sign 7,,, then

1 _ 2 o4 1
75, (6—1s) (E—Te)E+T,) T (EtTs) ]

so0 we have
1 2 1
TelE—nl = RG—Cl T
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hence
b € 1 ,28 (77) C ,
1 1 242
. e RO EN S-S e
li > 1 ¢ ) N2
=ciim S a 2 (A, () —AP+e* lg(n")1*da

b 1 c .
+S72 AL T 42)
<csr.

If sign ¢ is different from sign Ts,, then
S S
‘TIHE—Tsl ITsll
hence

Sb € 1 23,(77) £ |2
a [§—A,(I? 17,0 &—
Here c;, ¢, are positive constants and 1ndependent of ¢ and 7.
2) Consider the second term of the right-hand side of (6.17). By the change
of variable z={/|75’|2?, we have
A5(n, 0 _ Di(2)
Ay, Q) D( )’
since A(y’, O=17’1°D(z) and Al (y’, {)=17’|*Di,(2), where

lim
el0

lg(p)12dAZcun .

[=1,2,3 4,

(6.18) D},(z)=2ib, [2(p1~ 1) asbe (2 — ) — 57

31

(= G G )]

(6.19) D3, @)= (20— ) —E5 2N 4~ o) asaabidy

Csy 682

+aib, (2(‘“1 ‘u2)+£~‘) _azbZ(z(ﬂl M) — #12)

Csy

— ”’”2 (@b bz,

. V4
(6.20) D3,(2)=2ib, [2a1b2p1(,,2- ) (a— E?;>

/“12 (2({11 #2)__/112 +- ﬂzz )]

6'32

(6.21) D3 (2)=—2b, ;szii (a,+ay) <2(,L¢1 H2)— ‘Zf') .

8y s
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We have the following asymptotic formulas for a,, b,, a, and b, as functions

of t=+/z—c},, respectively,

. et —c? t2
=1 vTEra e =V (o b o) (¢t —0),
o=, Fepa =" (1-4 s gr) O )) (¢—0)
bo=-1 it (t—0),
Cs,
— ,,#}m_ YIS RS \/cpﬁ ,f"l t2 4
2= Cpy v e = Cpy (1 2(sz 31) +0¢ )> =0,
R e W A 1 £ 9) (¢ —
b= BT e (1- aa ey TO¢ )) (€= 0).

We consider D(z) as a function of {. Then we obtain the expansion of ﬁ(t):
D(z()) in powers of t. By assumption cs,=c,,, we have that D(c;,), defined by
(3.11), is equal to zero. This means the constant term in D) is equal to zero:
that is,

6.22)  (m—2m+,

c? 2 +/c2 ——cs x/cs —c?
#2)— :, e 81(#1 2p10)°

2 S2

’\/Cpl"—'C;l '\/Csz_csl Csl .
— s =0.

Cp, Cs,  CE,

The coefficient of ¢ in D(¢) is given in the form

vy, —eh, Ve ,—Ch VR, — ¢
(6-23) 4(#1 ﬂz)z Cpl i C 1 cp2 —C 1 632 C 1
Pl Cpe 682
x/c,,l , ci Vep,—di, cfy
— (2(‘111 ;12)+ 2 ﬂz) — Uil 'E'}: ng .
From now on, we shall consider only the case where this coefficient of ¢ in
D,@) is not equal to 0.

On the other hand, we can see that for (6.18)-(6.21)
(6.24) Dt (t)=D} (z(t)=const.xt+0(*» as t—0 (=1,2,34),

hence the functions Dél(z)/D(z) are bounded when z varies near c¢§,. Thus

Sb € (77 C)» 1 '231(7]) C
a [C—2(m)[* A(77 0 7.8 &—7y

where ¢; is a positive constant and independent of ¢ and 7. This means that

lim
€0

lg(p)|?dAscsm,

in the case where D(c;)=0, the Lopatinski determinant has no zeros under the
condition that the expression does not equal 0. Therefore, by the Le-
besgue bounded convergence theorem, we have

11m I (&)=

€0 S(Inl(SRH\(lfl<5)

clg(n’)|?dy
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<

4 2 ’
[, cancd @017
— 0 as 0—0.

Step 3. Finally we consider [ %y e). Divide the domain of integration as

follows:
(6.25) ao=| S" dadn+| Sb dady.
(I I1>8RIn{In' 1>2R) Ja {II>3RINLIY K2R} a

1) Let us consider the first term of the right-hand side of [6.25). Take
R such that R>max{1/3c}, 1/4c%,;}. Since R>(1/3c%, we have

and

1 1 2 1 1 e 1 b 1
’ = . <=
‘ b €T =‘ Ra V&+R*| =R &+FR* (Ra <k).
Since g(»’) is a rapidly decreasing function of y’, it follows that

1 21(77)—5 2 ne
r | Istr)rdady

lg(n")|*dAdy

4 €

S{m I>3R) (17" 1>2R)Sa 1C=2,0p)1®

g S ek
U 1>3R AL 1 >2R) Ja R(E2+ R?)

k
=e],an g 48) 201
Ce
R
where ¢, is a positive constant and independent of ¢ and 7. Since R>(1/4c}.),
the zero of A(y’, {) does not exist in 0<A<R({{=A4+7¢).

2) Consider the second term of the right-hand side of [6.25). Since |&|>R
and we have, taking R>(3/c?),
. *—(§°/2)
’5_”"2($+5<2/c§>—17/|2
it follows that

=

=e T,

£/2

2| g ver | 248

b € I 1 A(n—¢

2
; N2
S(m|>9mmm’|<2m§a [E—2;(p)? ] 7,6 &—1; 1 18(n7)|*dady

¢ 1 /(o e

< ,_ . = nie
:S(1171>3R)m|77'|<2R) c&? a? (ga A—c}ln’|? d2> |8(n")1*d

4 1 / 2 4
b1y can'® R OB R 2001

where ¢, is a positive constant and independent of ¢ and 7. The terms having
A(n’, {) as the denominator may be estimated in the same way as in [ £ ,(e).
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Thus we have

liml,%j(s)—»o as R ——> o,

The second term in the right hand side of (6.15) can be handled in the
same way. The proof of is now complete. [

We can easily extend the equation for all fe 4 and obtain w(a)=
n(a—), a+0.

THEOREM 6.5. We assume that D(c})>0 if ¢,,<cs, and that D(c3)>0 if
€3, <Csy. Let f, g€ and 0<a<b<oo. Then we have

6.26) ((x(b)—=(a)f, &)

ascd, 17123

Fa0p-ga(pdy,

keNSaslk(ry)sb

and the Parseval formula

6.27) ¢, &= 3, ({,..f 50 - & dn+{ 7 8- 25 pdn)

+ 3, J a0 gatmady.

RRrROOF. It suffices to prove that 0#¢,(A4), where ¢,(A) denotes the point
spectrum of A. As to A,(»’) the characteristic polynomials associated with
Al(n’, D) and Ai!(y’, D)are cj c},(§— 19" D*E+ 17" 1)? and cj,c5,(E— | p"N*E+ 17" )3,
respectively, so we have

a
1)1:( Cfl )x3e"7"x3+ c2 +622 e'n'1%s x,<0,
—ia, e 2 ‘81"““0'1 i,
(61271_C§1>|7]/|
v”=(.a3 )xse_"’"x?’-f- .2 +c?4 e~'n'1%s x>0,
iy ] —-*2*12“2—‘*2-‘,—'&3 + z'ou
(sz—c"z)‘n |

Since u? and u?’ should satisfy the interface conditions, we have

0 1 0 —1
¢t +c3, ) CogTChy 1
(cp,—ci)ln’| (c3,—C3) | m’| a,
4 A,
plcé ‘02032 :0.
B AP < SR ALY P
cpl_csl cpz_csz
2 .2 o ¢t ck ay
01€5,Cp 2CsyCpy
s o131’ — —pacd, 1’|

2 2 2 __p2
Cpl'—csl CP2 632
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The determinant of the 4Xx4 matrix above
A=(p,c§,)*(c5,+ci,) +(025,)%(ch, +c3)(cs,—c},)
—Zplc§1p2632(c]2716%2+6§1("§2)

is negative, so (a,, as, a,;, a,) have only the trivial solution (0, 0, 0, 0). As to
As(n”), 0#0,(As(n")), because the Lopatinski determinant for the problem (5.1),
(5.2) and [5.3)] has no zero with respect to £ for 7’1 +#0 as showed in Section 5.

§7. Eigenfunction Expansions for A

In this section, we prove the eigenfunction expansion theorem for A. To
this end, we use the representation of the spectral family of A developed in
Section 6. Throughout this section, we assume that D(c%)>0 if ¢;,<c,, and
that D(c},)>0 if ¢,,<<c,;,. Note that, under the following two conditions (i.e.,
Stoneley wave does not exist), the theorems in this section hold without the
terms corresponding to the Stoneley waves:

(1) If ¢s,<cs,, then either D(c?)<0 or D(c})=0 and the expression
does not vanish.

(ii) If ¢s,<cs,, then either D(c3,)<<0 or D(c3,)=0 and the expression [6.23),
exchanged with ¢,, and c¢,,, does not vanish.

Let us begin with definition of mappings needed to formulate and prove
the expansion theorem.

LEMMA 7.1. We define the mappings by
i1 ADf—> fime LR, CHE>0) eL(RE, C)E<0), jeM,
O%: Hf—> [FePeL'®, CY), jeM,
Ps: ADf —> fa(peL¥(RE, C)E>0) eL¥R®, C*)(E<0), keN,
and put for feH
0:f=( 3,06/, Z[0%f, 3 0u61).
Then there exist a family of operators Q(xn), Q74 (%), Qi(m), and we have

(7.1 QiMPH=0%, JjEM,
(7.2) P0u=0, if j#i,

(7.3) FmeY=03, jeEM,
(7.4) OS*OSE=0,  if je#l,

(7.5) Q;(n)@é:k:@zik; keN,
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(7.6) DixQ:=0, if k+#1,
where XjenQi())=2,enQ3 ()= renQi(n)=1.

Moreover @* is an isometry ; that is,
(7.7 O *Q*=1y, Q*Q**=P*,
where P* is the orthogonal projection in L*R:, CH»PLYR®, CYPLAR:E, C*).

PrOOF. The formulas (7.1)-(7.6) follow immediately from the definition of
@3, O5F and @3, while the formula follows from [Theorem 6.5. [J

The first half of next theorem expresses the Fourier inversion formula
with respect to generalized eigenfunctions. The latter half gives the canonical
form for A.

THEOREM 7.2. Let feJdl.
(1) The following expansion formula holds:

(7.8) f(x>=j§Ml. i.m.SmsR(sbfj(x, i +SHx, ) f $Hn)dy

Roo

+ 2 Li m.gmsﬁk(x, ) fan)dy .

.
(2) feD(A) if and only if we have
A Fis), €Qi(LARE, €Y,  jEM,
kel 12 f SHpe QS () LARY, €,  jeM,
A fE(nEQE(mLURE, C),  keN.

Moreover, in this case, we have the following formulas:

@9 Afn=FLim| Az Dism+ekly 195, Df Hady

+3tim| e, piamdy,

2
and

(7.10) ADam=r,Fim), <M,
(7.11) ADsHp=cn’ P75,  jeM,
(7.12) ADam=A()fat),  keN.

PROOF. Let f=4 have a compact support, and g C7(RE, C*). We have
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(f, Oifg)sa=(DH ], )23, o3
:(beiy*(x, ﬂ)f(x), g(ﬁ))ﬂ{xmmg,m)
=(f(x), oii(x, n)g(n))ﬂ(xLZ(Ri,CS)

=/ @-(1,, o105, memdn) p(xodz,

and so
(7.13) a)%,-*g<X>=Sm¢%j(x, 7)8()dy.

By virtue of the boundedness of @f; and @i, we find that holds for all
g€ L*(R:, C?), where the integrals are taken in the sense of the limit in the
mean.

Similarly, we can verify that

DO5*g(x)=1. i;m.Slvlngbfj‘(x, ng(ndny, for g=L¥R? C?),

Rooo

Girg(=Lim|  guCx netdy, for geL¥RY, C°).

Thus follows from (7.2), (7.4), (7.6), and [7.7).
Next we prove the diagonal representation of A. From we
have

«@f =31, . Som-gamdn+|, | F0-25mdn)

Ay %
+k§N§zk(v)gfzi(n)'é%k(n)dn
for f, g=d4l. It is well known that f=D(A) if and only if
|" zaa@r, n<e,

(e.g., [4]). Thus it is easy to see that f=D(A) if and only if
FE(), () f5(mEQi(n) LA(RE, C?, JEM,
F&tn), C%zln'szﬁ‘(n)EQf‘(ﬂ)Lz(Ra, Cc?), JEM,
i), A fameQi(mLiRE, C),  keN.

Let a,(x) be a C> real valued function such that a.(x)=1 for |x|<r, =0 for
lx|>r+1. For feD(A),

Ansm=Lim.| g, Praean@exdx
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:l'rilgLSm[A’(ar(x)sb'ff(x, ) I*¥f(x)p.d x
i LA gt x, 1S (Dpad
=Li.m. (475, Pira0f()edx

[(ATa, (x)Pif (x, p)I*f(x)pdx

T oo S(.z:eni.rs|.r|sr+1)

(A”sb*”(x ) *a(x)f(x)p.d x

[(AM a ()i (x, n)I*f(x)p:d x

. (zeR3 reizisT+1)

=Li.m.{ (Agitx, Mrran f(Dpx)dx

=Lim.[ 4m¢nx, pramseds

T 00

=A;(n) Fii(n),
where

Alu(x)=M"u(x), x3<0,
AT u(x)=M*Tu(x), x>0,

for ueD(A). This proves [(7.10).

Similarly we can show and [7.12), and thereby (7.9) follows. The
proof of is now complete. [

Au(x):{

The following theorem gives an explicit expression of the ranges R(®*),
R(®%), R(®i}) and R(D3).

THEOREM 7.3. (1) For R(®*), we have
(7.14)  R@H=3 BQ3(n) L*RL, CHYD 3 GRS () LAR:, C*)
EBkE Qi(p)L¥ RS, C*)
EN
=L*R:, COXPLAR:, CHYPL¥RS, C*).
(2) For R(Di), R(D5f) and R(DE), we have

(7.15) R(@ip=0Q3i(nL¥R:, C*,  OHOHF=0, j+i,
(7.16) R@IH=QF' (M LXR®, C*),  OPi*=0, j=+I,

(7.17) R(@i)=Qi(n)LXR:, C°),  @5P5*=0, k+i,
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that is, the mappings @3, O3} and @3, are partial isometries.
This implies that @* are unitary operators in 9, and that the systems of

generalized eigenfunctions {5, QF, P&t jem. ven and {15, O, P} jem, ey are
complete, respectively.

PRrRoOF. It suffices to prove that:

gEN@HN( TS LYRE, €

® 3} QS LE, CHB 3 BQi(n LR, C)

= g=0.
Let
g(n)=gis,(n)D---Dgip,(n) D, () D Pgit,n)Dgs: () Dgs,(n)

=N@*9N( 5 SQ3(n) LARE, C*)

@jg{@@?‘(v)LZ(Rs, C 3)@k§N€BQ§(v)LZ(Ri, C ”))-
Then it follows that

0=0**g=L1m. 3| iz, Peutnidy

-0 fe&

+1im. 3 | o8, megamdy

Nooo jeE

+Lim 3 SRssl'é—'k(x, 7)&r(n)dy

+

where g.(9)=g(y) for |n|<L, =0 for |y|>L. Hence, for non-real {, we have
(7.18) UC) ' Fa(A-=0'@**g, — 0 in L¥R? C®) as L —oo.
Let feL*R®, C®) such that F'feC7WR? C*. By (7.18) and (6.6), we have
(f, (UC>"1Fx'(A—C)"<Di*gL)=EM(/‘, (A(p") =071 D01 )(UC) ' Fo i g 1)
+ I, () =0 D0 1(UC) Fr O *g.)
+ 2, O2e®(As(n) =0 )UC) " Fo i 1)
= 3 (O5F7UCH (A~ @010, g0)
+ B (OHFFUC(Ain) =D ®0u)f, g0)
+ 2, (@5F 7 (UC) Oz B(As(n)—O ™) f, g0)
ngl((lj(n)—f)“‘foF&’(UC)f, g1
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+EM((C§¢ 9" =)@ FNUC), g1)

+ng((Xk(n)—C_)"kaF;,‘(UC)f, gL)

-0 as L — oo,

Thus
0= nggRs x](m C_% Z(UC)f-gdy
__l____ Stp-1 .
+jeMSR3 kol 1—C O FUC)f-gdy

1 =1
+ e T F PO gd,

and hence we obtain that

0= 350y 2 (L s o OHF PO 542) dy

€ ] 1 St
+je2MSR37T‘(Sa (ngh)'!z—l)z—}—sz @ljtFn’l(Uc)f'gdl)dﬂ

+k§NSRs (Sb el — l,z)z+ 5 @fkoy_'l(UC)f-gdl)dﬂ

= -t . StF-1 .
_,§,<Sasz,-<msb¢“F”' UC)f -gdn+| OSIFFHUC)S -gdy)

asck, 17'12sb

O35 F;(UC)f-gdy

keNSasxk(n)gb
=j§!(((l) 1 FAUC)f, g5 A)+H(@FFFMUC)f, gif(4))
+ 3 @uFUO), gild)
=§M((f, (UC) ' F @i g (AN +(f, (UC) ' F, T *gTf(A)))
+ 2 (f, UC)'F . D33 g5(D)) ,
where
g5 Q)=g(x) for a<2;(n)<b, =0 otherwise.
gif(d)=g(n) for a<ci|y’l?<b, =0 otherwise.

ga(d)=g(n) for a<A:(9)=<b, =0 otherwise.

So we have
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0=]§u (UC) ' Fa @i g (A +(UC) ' F @3 *g 1 (D))

+ 2 (UC)™F, @3 gi(4)
ke N

1,
= 5 U0 Fu| [, ot UCWis(xs, 1) BOs g7 |

1,
+ 5 U0 [ gets im0 UCsf(ra, @00gSf B |

1
+ B, U0 P [ [, o et 59 UC(0ss@is(xs, m)EEA)d7

= 51, @irs, DBOLIEHWIAEH G5(xs, DBOIEHB)E)

jeM

+ 2 [, Ouadpnte, Deudde

KENJR.

jex SRtr\a sdj(n)sd

(P15(x5, PNDO1x)& () dE

($3(xe, DBO1BAE)

ngagcgt 1n’125b

(O2 2Dz, ﬂ))g(ﬁ)dé .

kENSRtnaglk(n)sb

It follows that

gn)=0 in jg{@Q?(v)Lz(Ri, Cg)EBjEEMGBQjS‘(n)Lz(Ri Cc?
B3 B LARE, €,
since @ and b are arbitrary, and ¢i(xs, ), ¢iF(xs, ) (M) and ¢5(xs, 3)

(ke N) are linear independent.
This completes the proof of [Theorem 7.3 O
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