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ANALYSIS OF THE ACTION OF A PSEUDODIFFERENTIAL
OPERATOR OVER (Cox)rtx

By

Andrea D’AGNOLO and Giuseppe ZAMPIERI

Abstract. Let M be a real analytic manifold, 2CM an open set,
X a complexification of M, P a pseudodifferential operator on X.

Using the action of P over holomorphic functions on suitable
domains of X, by [B-S], and the theory of representation of micro-
functions at the boundary (Cg, ) x, by [S-Z], [Z], we show that
P defines in a natural manner a sheaf morphism of (Cg, xrtx. Let
us note that the hypotheses on 9f2 are here weaker than in [K 2]
where 0f2 is supposed to be analytic.

We also easily prove that P is an isomorphism of (Coix)rtyx out
of T%Xchar (P) (both by composition rule and by non-characteristic
deformation). k

We shall apply the method of this paper in our forthcoming
work on regularity at the boundary for solutions of P (cf. [D’A-Z]).

0. Preliminaries.

Let M be a C®-manifold, X a complexification of M. We denote by
T*M, T*X the cotangent bundles to M, X, and by T%X the conormal bundle
to M in X;in particular we denote by T%X the zero section of T*X., We set
T*X=T*X\T%X.

For subsets S, VC X one denotes by C(S, V) the normal cone to S along
V and by N(S) the normal cone to S in X ; these are objects of TX (cf. [K-S7]).

We will denote by By (resp. Cy x) the sheaf of hyperfunctions on A (resp.
of microfunctions).

Let 2 be an open subset of M and let Co x be the complex of sheaves
defined in [S] (cf. also [K 17). In this paper we shall assume that:

(1) £ is C-convex.

(2) HCoix)=(Caix)r%x.
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(One can prove that if £ has a C%-boundary then (1) and (2) are satisfied.)
Let 7 be an open subset of @Xx,T X with convex conic fibers; a domain

UcX is said to be an Q-tuboid with profile 7 iff C(X\U, 2)"y,=@ for some

open set 7,CTX with convex conic fibers such that 7,Da(N(2)), p(r)Dr. Here

TuX (p_ MxxTX (_a_ ™
are the canonical maps.
If one chooses coordinates x&M, z=x-~+v—I1y=X then U is an Q-tuboid
with profile 7 iff for every y'&r there exists e=e, such that

UD{(x, y)=2Xur"; |yl <edist(x, 02)A1}.

(Here we identify T4 X=X in local coordinates.)
For example if 2={x,>0} and y=2X{y,>0}, the set

U={(x, NeX; 22, y,x,>y"%}

is an £-tuboid with profile 7.

We now recall how sections of (Coix)r%,x can be represented as boundary
values of holomorphic functions (cf. [S-Z], [Z]).

Take fEJ‘L'*FTw((Cg|X)T’;lx)(S), S a ball in a local chart M=R", 7: T%X
—M the projection, 7C 2 X »T »X open with convex conic fibers over S and with
z(r)=SN2. Then one can write f as the boundary value b(F), Feox(U), U
being both an f2-tuboid with profile y and a domain of holomorphy. At this
subject we refer the reader to [Z]. Note here that the results of [S-Z], [Z]
concerning the representation of the stalks (E*Frca((Cm rpxz, xEx(7),
easily extend to global sections over vectors spaces.

For fe Il By): <08, one denotes by SSo(f) the support of f identified
to a section of (Coix)rlyx in #7(£). On account of the above characterization
one proves that given (%, v—1$)&T%X one has (£, vV—1#)&SSo(f) iff f=
2Ib(F;) with F; holomorphic in Uj U; 2-tuboid whose profile r; verifies v/ —1%
E(T D)

One also gets the following decomposition of microsupport.

Let f& I'o(B4x)(S) and decompose 7 Y(S)NSSo(f)T\U7%2, (7%*), closed pro-
per convex Vxen(rj)———SF\!?). Then one can write f=3b(F;), F;c0x(U,), U;
£-tuboid (of holomorphy) with profile 7.

Let P=&x, .+ be a pseudodifferential operator of order m defined in a neigh-
borhood of a point t*=T%X. Fix a system of coordinates near *: x=(x,, -+, X»)
EM=R", z=x+v—1yeX=C", (z; )ET*X=C"XC", {=E+~v—19,(x ; vV—17%)
eTEX=R*"X~V—1IR", t*=(%; v—1%), 7=(0, ---, 0, 1).

One can write the symbol of P as
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ipl(zy Q: PlEOT*X(ﬁXW))

U xW open subset of T*X, WD{: &1 <kollnl, i=1, -, n—1}, U=%, P, homo-
geneous in { of degree [,

up I Pz, DI <ML

. S
(z€U, 18315k 01Cp 13

In [B-S] Bony and Schapira have shown that, under these conditions, if one
fixes a complex hyperplane Y={z: <z, #)=4%,++—1e} it is possible to define
an “action” for P over holomorphic functions on suitable domains.

DEFINITION 0.1. Let £>0. An open convex subset U of C™" is said to be
k—2-plat if:
VzeU, V22 such that |z,—2.|=k|z:—%:],

i=1, -, n—1 we have 2€UN2Y.

We refer the reader to [B-S] for the definition of the operator Ps over
holomorphic functions defined in domains k,—2X —plat with diameter <1/M,.

1. Definition of the action.

Let P=&x(V) be a pseudodifferential operator on an open set VCT5X.
Our aim is to define an action for P over sections of (Co x)rt,x. More
precisely, if a is the map

a: 7w (Lo By) —> (Coix)ryx,

we will show how P operates on a(z (I o(Bx))|v.

To this end we will proceed in several steps.

First we will make the operator act on cohomology classes of holomorphic
functions defined on £-tuboids with prescribed profile. Since each germ of
a(n Y Io(By))) is represented as boundary value of a holomorphic function de-
fined on a domain as above we can interpret the previous action as an action
over (a(z (L' o(B )z, v=1p> for every (x, v—In)=V.

Finally we will show how P operates on a(z (I o(Bxy))|v glueing up the
actions over each fiber.

Let (%, v—1))eV with #0Q.

We fix a system of local coordinates so that $=(0, ---, 0, 1), 2={x; p(x)>0}
(where p(x)=x,—¢(x,, -+, x,) for a convex function ¢), and the symbol of P
is defined on a set <V as in the previous section.

Let
S={x; |x—2|<r},
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with r<1/M, such that Sl and let I” be an open proper convex cone of R*
such that

r=cin; |n| <kyn, i=1, -, n—1}, k<%.

For 6>0 let

(1.1 U=Ur ,=(SN)+~v—=1N{z; | y|<bp(x)}.

Let Feox(U); we shall now define how P operates cn f=a(b(F)).
For £=0QnNS, nel'**, |5|=1, v&N,, let

Z:Z’f_”,,;{z; {z—X, 77>:\/:I%} ,

95=f+{x; x1>%1x’l};

let p; be the function defined by 2:={x; p;>0}. Observe that 2NS=U2;NS
for £ small.
Consider

Us=Us ry=(SNQ:)+~v—IN{z; |y <bpz(x)},
U.E,:zz{z; Izn_gn‘ =k |Zi_§il, gezi.fj,v :EEUmZiﬁv}:

a k-2; 5 ,-plat set.

One can rewrite

T J— ! — . = \/_il H [ \/—_1 N

Df,y—{z——(z , Zn)eEX; zn—xn—-Tl <k dlst(<z , Xt ” >,25,W\U)}‘,
and hence deduce at once the convexity of Uj ,.

REMARK 1.2, Us;, is (1/2ke—k)—|9—%1)-2z 5..-plat (due to |n—nl<k,

k<ky/5) thus Uz, is (ky—Fk)-2;, ,,.-plat and moreover it contains the largest
1/2(ko—Fk)-2z, . »-plat set V such that

Vf-\zi, n,y:Uz,wp\Zz':, ..
One has

LEMMA 1.3. For every S'ES there exists b'=bs <b and for every I'&l’
there exists b”=>b} so that for every X:
D) UUz,,NU)D(2z +vV—11N{z; y.<b'ps(x)}NB’,

@) UUznfz: ya<l/vhDiz; x€Q5, yE—b"ps(x))+ 17, yu < ps(x)} "B,

where B'=S'4+~—1R".
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ProOF. (1) can be easily proved by taking b’ such that \U(Uz . ,NUz)N
{z; €57, y.<b'pz(x)} is a convex set. As for (2) one sees that for some b”
one has that for every z in the right hand side of (2) there exists v such that:

lwn——znl >k I w’——z'I, U)EZ& $.v :> WEUEAZE‘;]_,,:UEJ .
To this end 5” has to be chosen small with respect to ¢ where ¢ is such that

I'*ec{p; |9'| <(k—e)n.}. =

In particular J(Uz,NUjz) iS a fz-tuboid with profile 2;++/=1I" and
Uz, {z: ¥.<1/v)} is a Qz-tuboid with profile 2;4++—1R™

REMARK 1.4, We also observe that (Us,,..NUs,,) is k-2, ,-plat and
Uz vNUs )Nz, 500=UsNUz )N 22 5041 -
Set
ﬁi,v:Ui,vm{Z; yE=b"0x(x)H+T", y.<b ps(x)},
and note that, by a suitable choice of ', b”, Uz ,NB’ and \UU; ,\UB’ are Stein

domains (cf. the statement before Remark 1.2). ng_i'yFeOX(Uz_pﬂUj) as de-
fined in [B-S]. By [B-S, Théoréme 2.5.1], and by Remark 1.4, we get

(1.5) Ps, , ,F—Ps, , JFEOxUs, \Us,).

<, H.v
Put
HV,V':PZZ'ﬁ'yF—PEE,ﬁ‘yIF;
these functions satisfy
Hv.y' "I‘H»',»:O
Hv,y’ +Hy’ ,v"+Hu",v:0 .

Since H'(\UU;,NB’, ©x)=0 then there exists G,=0x(;,NB’) such that
Gv_Gy':Hy,v' in ﬁi,yl’\ﬁi,u'mB,-
Summarizing up, to every F=Ox(U), we can associate a function

(1.6) sz’5F€Ox(b'yﬁz,yf\UzﬂB/)

setting
P2‘5, 6FII[75' wNU zNB' :‘PZ@, 77_,,F—Gv][7_f. wNUzNB" -
This function satisfies

r(ﬁi.me.’EF\B” OX)
f(ﬁz,J\B', OX)

Py, JF=Ps, , F in Hiy,(Us,nB', 0x) =

7
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REMARK 1.7.
(i) Let {g}, #\0, be another sequence and let P’zf‘aF be a function de-
fined as in (1.6) (with 1/y replaced by g,). Similarly as before we get
P%jﬁF_PZ,f,,}FEOX(UV(UEy\-/lUiy,,)) -
On the other hand, since
N 2.y DS N2 )X uTM)Z B .

then a(b(Pzi‘5F))=a(b(P;’5,77F)) in 77Y(2:NS").

(ii) In the same way one proves that a(b(Ps; ﬁF Nz-12zns> does not depend
neither on the choice of the constant b nor on the sets I, S (as long
as the conditions of Remark 1.2 are satisfied).

And now we consider £ instead of 2;.
Due to the convexity of £ we observe that

0= U YWs.nB

v, T€02n8

is still a Stein domain.
Reasoning as before we get

PROPOSITION 1.8. To any F=Ox(U) we can associate a holomorphic function

Py ,Feox0ND),
such that
Pg,F=Ps, ,F in Hiow(\Usl; ,NB', Ox).

Note that, on the same line as Lemma 1.3, one proves that UNU is a 9-
tuboid with profile @+~—1T1.

REMARK 1.9. By its very definition it is clear that a(b(Ps,F))|z-1ar> (for
Wc ) equals PE;}Q(b(F))]E—l(W) defined in [B-S].
The compatibility with the action of P on Cy x is thus assured.

Letf ca(r ' To(Bu)) W), W=S-+~—1int I'**; on account of the first sec-
tion we can write f=dF), FcOx(U), U being an Q-tuboid with profile (SN\2)
++/=17, i.e. VS'&S, YI"&1", 3b so that UDU’ where
(1.10) U'=((S'NQ)+~v—1I"N\{z: |y <bp(x)},

According to Proposition 1.8 we can define an holomorphic function ngy(F|U,)
and by Remark 1.7 P):ﬁ(F 1o/ ) s+v=Tint r+a does not depend on U’.



Analysis of the action of a pseudodifferential operatol 181

It does not depend on the choice of the representative F neither. In fact
if b(F—F)lw=0 then b(F—F)=3)(F;), F;=0xU)), Ui=(S'"ND)+~v=1T")N
{z: 1y1<b;p(x)} where I'j€l'; with I'Nint IM'*=@.

Reasoning as in the proof of Proposition 1.8 we get

P;ﬁF,-eOX(Ujm{z: [y <bio()}N{S”+~v—=1IR™))
and thus

b(Ps, F—Ps , F")| sriv=icrnvcu;ryte» =0
for 8”4+~ —1L(R*\(\J,I"{**)) /W we have thus given an action of P over f.
REMARK 1.11. By similar arguments as before one gets:
SSQb(PEﬁF)CSS_Qb(F) .

And now we have to define an action over generic sections.

Given an open subset V'CVN#~"Y(2) and fea(z ' T'o(Bx))XV'), we can find
an open covering {Viu}uer:, Vie=Su+v—1int (I.)** so that f|y,=b(F,.) with
Fue0xUiy) (Ui as in (1.1) with S, I" replaced by Si., I'f. respectively). Let
t*=(x?, v/—19% i=1, 2; then

PROPOSITION 1.12. a(b(PgﬂlFz*l)—b(szng*z)):O in ViaNVise.

PrOOF. Let t*<=V, NV then it is enough to show that
(1.13) a(b(PZ,ylFt*l))t*3=a(b(PszFt*a»tﬂ .

First notice that it is possible to take F,..=F;«; due to Remark 1.7.

If »'=7%® (1.13) is then obvious.

If x'=x* (1.13) follows from Remark 1.2, [B-S, Remarque 2.5.3] and from
an analogous of Lemma 1.3. &

We have then shown that the sections {b(Pzr/Ft*)}t* define a section of
(Corx)ryx(V’) which, of course, will be denoted by Pf.

Let V be an open set of T%X with proper convex hull, and let fc<
r'wv', a@x(I'eBw), V'CV.

Then we can represent f=a(b(F))|y, FEOx(U’) where U’ is a £-tuboid
with profile int(V‘#*%) (in fact one can find Ffe 3y such that SSFcV’ and
a(fl)ly—f=0.)

Summarizing up the above results one gets:
THEOREM 1.14. Let P& x(V)then Pis a sheaf endomorphism of a(n"'ToB )| y.

COROLLARY 1.15. Let 082 be analytic; then P is a sheaf endomorphism of
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(Caoix)tiyx|ye

PROOF. Since (Cg, x)riyx is conically flabby (cf. [S-Z]), then a: z ' By—
(Caix)rlyx is surjective. =

REMARK 1.16. In describing the action of P over C,x one can replace the
language of Ps by the language of the 7-topology (cf. [K-S]).

Thus let X, be the space X endowed with the y-topology and 9, X—X,
the canonical map. Let £,08, be two 7-open sets and set V=int (2, \2,)X
int7**, We have:

(1) O0x=¢7'RIg,\0,R$,;,0x in D'(X;V);

(2) ¢7'RI0n\oR$..Ox is a I'(DXintr*®, &x)-module (DCX a 7-round set).
By applying whom(Zy, -)Qaw x[n] to both sides of (1) one gets the conclusion.

According to a private communication by P. Schapira the same procedure
could be applied for Zj replaced by Zj.

2. Elliptic regularity at the boundary.

Let P, Q be pseudodifferential operators in an open set VCT%X and let
P-(@) denote their formal composition (cf. [B-S]).
If Q has negative order we have by [B-S, Proposition 2.1.2] that

Pz’jyﬁ.yanx';/jl’],y:(P.Q)Ef‘ﬁ‘y in OX
and hence

2.0 P-Q=P-Q, in (Coix)riyx.

In particular if P is a pseudodifferential operator of positive order whose prin-
cipal symbol p never vanishes on V, we get:

(2.2) P is an isomorphism of a(x™'I'o(Bx))y.

To this end one only needs to write 1=P-P~! at any {*=V and use (2.1) which
is valid since P! is of negative order.
We remark that it would have been possible to get (2.2) without using (2.1).
Assume p+#0 in {z: |z—x|<r}X{L: |{;|<k,1L, ). Take k<int {k,/3, k;}
and let S, I, Uz, Uz, be defined as in section 1. Recall in particular that Uz,
and Uz ,NU are k—3; ;,—plat, and recall that N(U,Us . )No((S'/N2)X T M)
=@.
(i) For every Feox(U) there exists Gz ,=0x(UzNUs.,)so that Pgivam
=F. In fact this solution exists in a neighborhood of Z’E'ﬁ,,,f\Uz by
Cauchy-Kovalevsky’s theorem and then it extends to Uz N\Usz,, by [B-S,
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Théoréme 2.5.4].
(it) By a similar argument

Ps

~2.ﬁ,vG5,V—P25_;],yGf.v’:0 1rnphes Ga":.u_Gf.u’E@X(UE,yF\U:Z,y'J'-\B/)
Reasoning as in the first section we can find a function GeOx(UNB MN{z: |y|

<b’'p(x)}) such that G—G;.,=0x(Uz.,MB’). In particular

Pff.5G—FG@X((UJ75,»)P\B') R

with U; , defined as in Remark 1.4.

(i) If GeoxU), Pr, ,GeoxU), U DS N+ v—1I"{z: [yI<
b'p(x)} with DT, then Geox(U’). (Once more U’ is chosen, with-
out loss of generality, so that U'N\Uj;,, is k—2z ; ,—plat.)

Collecting these results (for different S, '), one gets (2.2).

In fact let g€ Isv=ri(SXuTHX, (Coix)r?,x), I=int I'** (with S, I"as above)

and let Pg=0.

Hence g=b(G), Geox(U’) (U’ as in (1.12) for S'&S, I"€l"), Pg=3;b(F)),

Feox(U}) (Uj as in (1.12) with S'&S, el 'i*ni=9g).

One solves

PgﬁGj:Fj, GyeoxUiNn{z: |y <bjo(x)}NB")

by (i)-@ii). This gives b(Pgﬁ(G—E,-Gj)):O; hence by (iii) (applied with I
=R™) we get:
WG—>G,)=0
J

thus (2.2) is injective.
By (i)-(ii) the surjectivity follows at once.
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