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REALIZATIONS OF INVOLUTIVE AUTOMORPHISMS
¢ AND G’ OF EXCEPTIONAL LINEAR
LIE GROUPS G, PART II, G=FE,

By

Ichiro YokoTA

M. Berger [1] classified involutive automorphisms ¢ of simple Lie algebras
g and determined the type of the subalgebras g’ of fixed points. In the preced-
ing paper [Y], we found involutive automorphisms ¢ and realized the subgroups
G’ of fixed points explicity for the connected exceptional universal linear Lie
groups G of type G,, F, and E.. In this paper we consider the case of type
E,. Our results are as follows.
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This paper is a continuation of and we use the same notations as [Y].
So the numbering of sections and theorems starts from 4.1 and 4.1.1, respectively.

Group E,
4.1. The Freudenthal vector space and the complex Lie group E.°
We define a C-vector space B¢, called the Freudenthal C-vector space, by

BC=J°DI°DCBC.

of PBC is often denoted by (X, Y, &, 5), sometimes X+Y+é+1_).

X
An element )5/

Ui
In P°, the inner products (P, Q) {P, Q} are defined by
(P, Q)=(X, Z)+ , W)+&{+yw,

respectively, where P=(X, Y, &, 7), Q=(Z, W, {, o)=B°.
For ¢=e’, A, B3, veC, we definea C-linear transformation (¢, A, B, v)
of B¢ by

1
—=y 2B 0 A
X 93 X
¢(¢’ A’ B) y) )g = 2A ~z¢+%” B 0 g
7 0 A v 0 Ui
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¢X——é—vX+ZB><Y+ nA

= 2A><X~‘¢Y+%vY+EB .

(A; Y)+V§
(B, X)—vy

For P=(X,Y, &, n), Q=(Z, W, , o)=P°, wedefinea C-linear transformation
PxQ of B by

¢=—%(X\/W+Z\/Y),
A:—i—(ZYxW——SZ——CX),

PxQ=9(¢, A, B, v), 1
B=Z(2X><Z——77W—wY),

1 .
v=2 (X, W)HZ, ¥)=3(Ew+Ln)
where XVvY eel, X, Y=3° is defined by

(XVY)Zz—;-(Y, Z)X—l——els-(X, Y)Z-2Y X(XXZ), ASN S

LEMMmA 4.1.1. (PXQ)P——(PXP)Q—!—%{P, Q}P=0, P, QeRpC.
ProoOF. It is obtained by the straight calculations.

The simply connected complex Lie group E.° of type E, is obtained ([10],
[1I1]) as

E.f={aclso(B°) | a(PXQ)a'=aPxaQ}.

LEMMA 4.1.2. {aP, aQ}={P, Q} for asE.°, P, Q=RC.
PROOF. {aP, aQ}aPr—‘%((anaP)aQ——(aPXaQ)aP) (Lemma 4.1.1)

:—g—(a(PxP)Q*a(Px Q)P)={P, Q}aP.
Hence we have {aP, aQ}={P, Q}.

The Lie algebra e, of the group E,° is given as follows.
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PROPOSITION 4.1.3 ([9]).
e.C={D(p, A, B, v)} €Hom(B°, BO)|p<e’, A, BEIC, v=C}.
The Lie brabket [@,, @,] in e,° is given by
[D(4:, Ai, By, vy), D(Ps, Az, By, v,)]=D(¢, A, B, v),
¢=1[¢:, ¢.1+2A4,VB;—2A4,V B,,

A‘—‘—’(¢1+—§~D1)A2—‘ (¢2+%XJ2)A1 ’

B= _(:¢1+_§_y1)32+<t¢2+_§_y2)31 ,

v =(A;, By)—(B,, A»).

4.2. Involutions of Lie group E.°

We arrange here main involutions used in this chapter E,. We define C-
linear transformations 7, o, ¢, 4, of PC by

"X, Y, & nN=0X,1Y,§ 1),
G(X: Y} Sy ﬂ):(aX) O'Y, 5: 77))
respectively, where 7, ¢ of the right sides are the same ones as yG,“CF.°CE,°,
o=F,°CE°,
‘(Xy Y: &x 17)'—_—(—’ZX, ZY, —'ZE) Zﬂ),
lJ(X; }"’ &7 n):(Y) _X) n; _5)-
Then 7, o, ¢, 2;=E,° and 7*=0¢*=1, *=21,°=—1. The complex conjugation in
B¢ is denoted by 7:
(X, Y, & =X, 7Y, 7§, t7).
These linear transformations 7, @, ¢, 4;, T of P° induce involutive automorphisms
?, 6; ?v 2.], T Of E’TC:

Ha)=rar, &(a)y=cac, r(a)=tac™,
_ asE.°.
Afa)=2;al;"t, Fa)=rtar,

We define one more involutive automorphism A of E,° by
Ala)=ta™?t, acsE,°

where ‘a is the transpose of a with respect to the inner product (P, Q):
(*faP, Q)=(P, aQ). A is surely an automorphism of E.° (see [Proposition 4.2.1)).




Realizations of involutive automorphisms 383
PROOSITION 4.2.1. Aa)=A,al;™}, acsE,°.

PRrROOF. The inner products (P, Q), {P, @} in R are related with
{P, Q}=(P, ,Q)=—(4,P, Q).
Now (P, 2;,Q)={P, Q}={aP, aQ} (Lemma 4.1.2)=(aP, 2;,aQ)=(P, ‘al;aQ) for

P, QE%C. Hence RJ—-—“aZJa, that iS, ‘a"——‘l,,al,;‘l.

REMARK. The group E,° has a subgroup E¢ (see Proposition 4.4.1) and
the restriction of A to E.° is the outer automorphism 2 of E.° (Theorem
3.3.1.(1)). Since E,° has no outer automorphism, 4 should be inner. Proposition
4.2.1 shows that 2 is realized by A,: A=41,. After this, we denote A; by 2 in
the sense of Proposition 4.2.1:

A=2;.

LEMMA 4.2.2. The involutive automorphisms of e,° induced by 7,0,¢ A, T
are, respectively, as follows.

10(p, A, B, v)r=0(rér, 1A, 1B, v),

a®(p, A, B, v)a=0(a¢a,cA, aB,v),
(D(p, A, B, v)'=0(p, —A, —B, v),
A0(¢, A, B, V)A'=0(—'¢, —B, — A, —v),
t@(¢. A, B, v)r=0(r¢r, TA, B, 7v).

4.3. Lie groups of type E;

We define R-vector spaces P, P’, called the Freudenthal R-vector spaces,
by .
P=I3(3, C)YDIA, OYXDRODR,

B'=I3, €")DIS, ¢ )YDRDOR.
The universal linear connected Lie groups of type E, are obtained as
E.°={a<ls0«(P°) | a(PXQ)a~'=aPxaQ},
E.={a<lso¢(BC) | a(PXQ)a " '=aPxaQ, {aP, aQ>=<P, Q> },
E:n={a<lsox(P") | a(PXQ)a'=aPXaQ},
Ei-pn={a<Isoc(B°) | a(PXQ)a'=aPxaQ, {aP, aQ>,=<{P, Q>,},
Ercon={a<Isor(P) | a(PXQ)a'=aPXaQ}
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where <P, Q>=(tP, Q)=—{7iP, Q}, <P, Q>,=(zrP, Q)=—{rirP, Q}, P, Q$°.
E.°, E, are simply connected (see Appendix). Note that each group of them
has the center {1, —1}.

LamMmaA 4.3.1. (BO),=P, B, =P’.
THEOREM 4.3.2. (E.S)y2=E,, (E,°)2=E,, (E°)*=E s, (E:C)y=Ec-25-

PROOF. As for E;«», Eqc-25, these are direct results of Lemma 4.3.1. E,,
E,; are nothing but their definitons (Lemm 4.1.2).

Remark that 7, ¢, ¢, A=E,. The Lie algebras of these groups are given as

follows.

PROPOSITION 4.3.3.
1) e;={P=e,° | 7AP=D7A}

={0(¢, A, —tA, v)Ee,° | p=(e°)?, A=, v=—1v}.
2) erm={Pce,C|trP=Drr}

={D(p, A, B, v)=e,® | g=(e°)7, A=I(3, €'), veR}.
B) ewenr={P<=e,’ | TAyP=0D7Air}

={D(p, A, —t7A, v)=e,C | p= (&), A=Y, yv=—1v}.
4) ey-ay={P<=e,l | D=7}

={0(g, A, B,v)Ee,° | dg=(e°), A, B€IG, €), veR}.

PrOOF. These follow from [Lemma 4.2.2.

LEMMA 4.3.4. For 0#+a<C, the mapping ai(a) : B¢ — P, /=1, 2, 3,

14(cos|a|—1)p; —2ra S‘T‘lf‘ E. 0 asﬂf‘ ;
2a S‘T‘('Z‘I” E. 14(cos|al—1)p; S‘TJ?' E, 0
ai(a):—‘ .
0 sinja] g cos|a| 0
lal
—ra S‘]";f' E, 0 0 cos|a|

belongs to E,, where |a|=+/(ra)a and p;: B¢ —>BC is defined by p(X)=(X,
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ENE;+H4E, X(E; X X). ai(a), ay(b), asc) (a, b, c=C) commute mutually.

Proor. For @,(a)=9(0, aE;, —taE,, 0)<e,, we have a;(a)=exp @;(a). Hence
a @)= E,. Since [D;(a), D;(b)]=0, a;(a) and a,(b) are commutative.

PROPOSITION 4.3.5. (1) ¢ and A are conjugate in E,: 0t=210, moreover under
ocE, such that éy=yd, 66=00.

(2) ¢ and —to are conjugate in E,: d¢=—t60, moreover under 0SE, such
that 0A=20, 0t=70, 0y=70, 66 =00.
(3) 7 and —o are conjugate in E,: 0y=—ad, 0= E,.

PrROOF. (1) d=exp Q(O, ~i475—E, —%—T—E, O) is the required one (6-—-a1( ZZ )

%:(lzg—)as(iz—) (Lemma 4.3.4)). The explicit form of 0 is

X —(r(X)E—2X)+it1(Y)E—-2Y)—EE+inE
P Y 1 itr(X)E—2X)—(tr(Y)E—-2Y)+iE—nE
g | V8 —tr(X)+itr(Y)+E—iyp
i itr(X)—tr(Y)—ié+9

= ip _T ; i = (X
(2) o0=exp @(O, 5 E,, 5 E,, O> is the required one (6—a1( 2) (Lemma 4.3.4)).
(3) The proof will be given in 4.5.6.
4.4. Subgroups of type CHE,; of Lie groups of type E,
We consider a subgroup (E;%);,;={¢<E,°| ol=1, al=1} of E,C.

PROPOSITION 4.4.1. (E.%)i,=E°.

PROOF. ([10]). For B=E.° we correspond acE,°,
X, Y, & =X, '87Y, & n)

for (X, Y, §, n)ePC. (It is easy to verify a=(E.%;i ;). Conversely let ac
(E:%)i,1. By the condition @l=I, al=1, @ has the form

B ¢ 0 0

a= o800 , B, B’, 8, ecHom¢(P°, P°).
0 0 1 0
0 0 0 1

In fact, the fact that the left bottom parts are 0 follows from {aX, I}={aX, al}
={X, 1}=0, {aX, I}={aX, al}={X,1}=0 and {aY,1}={a¥,1}=0 for all
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X, YeQXC., To prove d=¢=0, define a space M by
MC={ P=R° | PXP=0, P+0}
XVvY=0, XX X=£Y, }

={P=(X,7Y, ¢, »), P#0
(e v em el rrmsen

Obviously the group E.° acts on MC. Since (X, —:]—XXX, %-det X, n)eimc,

(BX+(XX X), 3K+ (XX X), - det X, 7)<
Hence by the second condition in M€,
1 1 1 ’
(ﬁX—i——v—e(XxX))x(,BX—I—;;S(X XX ))—n(6X+—77-.3 (X% X))

holds for all 0#=np=C. Compare the coefficients of 7, then we have §=0.
Similarly, by (-%(YXY), Y, $,—§2—detY)e?mC, we have e=0. Next, by the
condition a(X, XX X, det X, 1)=(BX, B'(XX X), det X, 1)eMC,

BXXBX=B(XxX), (BX,B(XXX)=3detX.

Hence 3det BX=(B8X, BXXBX)=(BX, B'(XxX))=3detX. Therefore S=EC.
Furthermore, in B/(XXX)=BXXBX='"(XXX), put XXX instead of X, then
(det X)B’' X=(det X)'B-'X, hence we have B’ X=!B-'X, X=J° (even if det X=0,
because { X=J°|detX+0} is dense in J°). Therefore B’=*‘8-'. Thus the
proof of [Proposition 4.4.1 is completed.

PROPOSITION 4.4.2. (E.°)* has a subgroup @(C*)={¢(0)| 0=C*} which is
isomorphic to the group C*=C—{0}. Where ¢(8), 0= C*, is the C-linear trans-
formation of BC defined by

@0XX, Y, & n=00"'X, 0Y, 6%, 6-°y).
PROOF. It is easy to verify that ¢(0)=(E,°)-.
LEMMA 4.4.3. ¢ : C*—(E;°) of Proposition 4.4.2 satisfies

t@¢(O)r=¢(r0), A$()A'=¢(07"), 1d(O)r=0¢(0)o=¢(0).

THEOREM 4.4.4. (E7C)‘§(C* >< Esc)/ZSJ Z3: { (ly l)) (¢((D), ¢((02)), (¢(0)2), ¢(w))},
weC, 0’=1, w+1.

PrROOF. We define a mapping ¢ : C*X E¢ — (E,°)* by
&8, B)=¢(0)B.
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Obviously ¢(8, B)=(E:°)’. Since ¢(0)=¢(C*) and B=E, are commutative, ¢
is a homomorphism. Ker¢={(1, 1), (¢(w), ¢(@?)), (¢(@?), ¢p())}=Z, is easily
obtained. (E,°) is connected (Lemma 0.7) and dim¢(c*PeC)=1+78=dim¢(e;°)"
(because (e,°)={®(g, 0,0, v)| p=e,’, v=C} (Lemma 4.2.2)), hence ¢ is onto.
Thus we have the required isomorphism.

THEOREM 4.4.5. (1) (E)'=(UM)XE)/Z=(tA)'~(E 1¢-25))".
2) (Ew-)'=2UQ)XEgw)/ Zs=(tAer) ~(Eqn))’.
(B) (Er-5)'~(tAo)=(UA)YX Egc-10)/ Zs=(tAt0) ~(Eqc-25)".

PrROOF. (1) Let a=(E,)=(E.°)y*)=(rd)‘. By [Theorem 4.4.4, there exist
0= C*, B E° such that a=¢(8)8. From the condition ria=ari, we have
() B=a=t2al 't=1A(0)A 'rtABA 't =¢(r0 ")rABi 't (Lemma 4.4.3). Hence

{ Pzl )=¢(8) { &(r0-1)=6(0)d(w) { #(T0~)=¢(0)p(w?)
or
TABA 't=4, TABA 't=¢(w*)B TABA ' r=¢(w)B .

The second and the third cases are impossible, because (70)0=w?, w are false.
In the first case, (v0)@=1, that is, 0cU1)={0<C | (z0)0=1} and B=(E )"*
=E¢ (Theorem 3.2.2). Thus (E)'=¢UQ)XE)=U1)XE,)/Z,.

E?(—zs) :(E7C)Tg(E7C)Th .

In fact, since ¢~A under 0= E, : 6:=A40, dtrA=7A0 (Proposition 4.3.5), (E.°)}=>
a—0'ad=(E,°)* gives an isomorphism. Now (E;-:5)'~(td)'=(zA).

(2) Let ac(Eq . -»)=(A1), a=¢(0)B, 6=C*, =EL. As similar to (1),
0cU(1), BE(EY "=Eqq (Theorem 3.2.2). Thus (Eq-2s) = U)X Eg))/Zs.

E.x» :(E7C)Tr§ (E"lc)”I T,

In fact, since ¢~2 under 0€E, : 6¢=20, 6tA=tid, dr=70 (Proposition 4.3.5),
(E:Sy"2a—0"'ad=(E,°)* gives an isomorphism. Now (E;x) ~(7aer) =(zAr)".

(3> E7<—5):(E7C)TME(E7C)”G

because y~—¢ under O0<E,;:dr=—0ad, 0tA=7ti0 (Proposition 4.3.5). Let
as(E.,fy*)=(tdo)', a=¢(0)B, 0=C*, BeE,. As similar to (1), 6<UQ),
‘BE(EGC)TZGZEG(_M) (Theorem 32.2). Thus (E7(-25))‘~(TZO‘)‘E(U(1)XEG(_“))/Z;;.

Eqcoan=(E,°)7* (result of (1)=(E,°)"*?

because ¢~—¢c under O0<E,: dc=—ta0, 0tAi=ti0 (Proposition 4.3.5). Now
(Erc-20) ~(tAea) =(tda)‘.

THEOREM 4.4.6. (1) (E;q»)'=Z(R*X Eg ) X2.
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(2) (Eqem) =(RYX E6<_26>)><2.

PROOF. (1) Let a&(Eqrn) =(z7), a=¢(8)B, 6= C*, BeE,* (Theorem 4.4.4).
From tra=ary, we have ¢(r0)ryfrr=¢(0)8 (Lemma 4.4.3). Hence

{¢(Tﬁ)=¢(0) {¢(Tﬁ)=¢(0)¢(w) o {¢(10)=¢(0)¢(w2)
rBrr=4, TrBre=¢(w’)B T7Brr=¢(w)8.
In the first case 70=40, that is, R and B=(E,)"=EFEq, (Theorem 3.2.2).
In the second case, we can put §=0'w, 'R, B=¢(@*)B’, B’=(E)7. Hence
#(0)=¢(0")B' =¢(R*X Eq). The third case is similar to the second case.
Thus (E;q)'=¢(R*X Eqs). The kernal of the restriction ¢ to R*X Eg, is
{1}. Thus (E;n)' 2 R*X Eqoy=R*X E¢e\J(—1)R*X Eq,, (exactly—1 (which is
element of the center of E;) exists in E;q)=(R*X Ege)X2.

(2) Since we know (E°)=FEg-2» (Theorem 3.2.2), as similar to (1),
(Er¢-25)' =)' =(F Z R*X Eg(-26)=(R* X E(-26y) X 2. ‘

4.5. Subgroups of type A, of Lie groups of type E,
LEMMA 4.5.1. Any element Ds8u(8, C°) is uniquely expressed by
D=Pk(S)+ik(T), Seapd, HC), T34, HS),.

1
2

k-D—JD]), T:—l—k"(D+jﬁj) are the

PrROOF. For De3gu(8, C°), S= 5

required ones.
Recall the C-linear isomorphism g : I°=3J(3, HO)YPH)?, gM+a)=

-]—'-tr(M ) ‘a
2 1 which is used to define the homomorphism ¢ :
ia* M——2—tr(M)E

Sp4, HO) — (E°)*7, g(A)X=g " (A(gX)A*), X=3J° (Theorem 3.4.2). The differ-
ential of ¢ is denoted by ¢y : 8p(4, H®)—(e,°)%7, Ppx(S)X=g""(S(gX)+(gX)S*),
Xegye.
PROPOSITION 4.5.2. (e, ={@ce,C | AyP=Dir}
={D(p, A, —7A, 0)=e,° | p=(e9)"7, A=}
={0(P«(S), g (T), —rg X (T), 0)=e,° | S=8p4, H®), T=I4, HC), }
We define a C-vector space &(8, C) by
&8, C)={ReMB,C)|'Q=—0Q}
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and consider its complexification &(8, C). Now define a C-linear isomorphism
X: PCo&(8, C)° by

X, Y, & D=k(gX~SE)) +i(k(eaV)—2E))J.

THEOREM 4.5.3 (E,°)*"=SL(, C)/Z,, Z,={E, —E}.

PrROOF. We define ¢ : SU(8, C°) —(E:°)* by
P(A)P=A"'(AQAP)}A), P=spe.

First we have to prove ¢(A)=(E.°)*". To prove this, for the differential
d¢ : 80(8, C) —(e,9)*7 of ¢, dp(D)P=X""(DXP)+XP)'D), P=P°, it suffices to
show d¢(D)s(e,°)* (Lemma 0.6).

(1) For D=k(S), S=sp4, H®), (P=(X,Y, &, B

(dPp(R(S)HP)=k(S)AP)+@AP) k(S)
—(s(ex- B+ k(s(ar - 2B+ (ex-$ )

+ik((g<rY)—gE)s*) J
=k(S(gX)+(gX)S*)J+ik(S(g(rY N+(g(rY )S*)]
=k(g(x(S)X )] +ik(g(P«(SYqY ] =XUPx(S)X, 7¢x(SN'Y, 0, 0))
=XUP(Px(S), 0, 0, 0)X, Y, &, 7).

Hence d¢(S)=P(«(S), 0, 0, 0)=(e,%)*".
©2) For D=ik(T), T3, HO),, (Put A=g (T)&(3°)z,)

UdGR(T)PY=ik(TXEP)+XP) K(T)
is(o (- ) s(r s~ (e 27
7
—k((g0V)—4E)T)J
= k(= T@Y )= @Y T +7T)] +ik(T@X)+E@X)T—~ET)]
=k(—28A°g(Y)+1gA)J+ik2gA-gX—§gA)]
=k~ 28 AXY )~ (A, VIE+7g A)] +ik@E(TAXTX)+5 (A, X)E

—£gA)] (Lemma 3.4.1)
=X(—2YAXY+9A,2AXX—-8rA,(A,7), (—TA4, X))
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ZX(¢(O, A’ _TA) O))(X, Y’ 5’ 7])'

Hence d¢(ik(T)=®(0, A, —1A, 0)=(e,°)*7.
Thus we see that the mapping ¢ : SU(8, C°)—(E,°)* is well-defined. Since
(E.©)*1 is connected (Lemma 0.7) and dim¢(e,®)*”=36+27 (Proposition 4.5.2)=63
=dim¢(8u(8, C°)), ¢ is onto. Ker¢={E, —E}=Z,. Thus we have the isomor-
phism (E.,©)*=SU(8, C°)/Z,=SL(8, C)/Z,.

LEMMA 4.54. ¢ : SU8, C°) — E.° satisfies

Q) r=¢h), Te=¢()), Ta=¢GEI), o=¢(1)), —o=¢(L).

@) trp(Are=P(rA), 1P(Ar=APAA =YL, AL), adp(A)a=¢(LAlL),
Tep(Are=P(JAT), (A *=¢(JA]).

PrROOF. We shall give the proof only the last formula of (2). Since k(x)=
—j/e—(x—)j, xeH, we have X(:P):z‘]X(—P)j, P=ge, Now  X(ep(A)~'P)=
iJUG(AYTP) ] =i JAX(— P AJ=—iJAiJX(P) J* AJ=JAJUP) J* AJ=U( JA])P).

THEOREM 4.5.5. (1) (E,;:)"=SU(8)/Z,=(E)*".
(2) (Eqrcc2)7=2SU(2, 6)/ Z,=(Ec-5))*.

PrROOF. (1) Let as(E,qm)* "=, a=¢(A), A=SU(8, C°) (Theorem 4.5.3).
From tra=ary, we have ¢(tA)=¢(A) (Lemma 4.5.4). Hence A=A or A=
—A. The latter case is impossible. In fact, put A=:B, then B*B=—F,
B=M(8, C), a contradiction. Therefore A=SU(8). Thus (E)*"=SU(8)/Z,.
(E) T =(z )T =(z1)*".

(2) Define ¢ : SU?2, 6, C°)—(E)Y by A= ,AI.™"). Let acs
(Eq(-25)T=(0)Y, a=¢(A), A=SU(2, 6, C°). From ra=ar, we have ¢(rA)=¢(A).
Thus (E,c-25)7=SU 2, 6)/Z, (cf. Theorem 3.4.5.(3)). (Ec_s)*T=(zAr)*r=()?".

4.5.6. PropPosITION 4.3.5.(3). 7y~—o.

PRrRoOOF. Since j~il, in SU(8), 7c=¢(J)~¢(il,)=—0c (Lemma 4.5.4) in ¢(SU(8))
=(E,"* (Theorem 4.5.5.(1)) €E,. Furthermore y~7¢ in G, (Proposition 1.2.3)
CF.,CcE,CE, Consequently y~—¢ in E,.

THEOREM 4.5.7. (E.;)*~(t7o)*"=SU@, 4)/Z,X2=(1A6) "~ (E;c_5)*.

PROOF. E y=(E,C)yT=(EC)y7°

because y~7o under dc F,.CE,CE,: 0r=r00, 0r=10 (Proposition 2.2.3). Define
¢ : SU®4,4, C%—(E°)* by ¢(A)=¢"AI',""). From ryca=arye, we have
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HeA=g(A).  Hence (ErolT~(ero)t =(SUM, YUik(), {)SUM, 4)/Z:=

SU(4, 4)/Z,x2 (cf. Theorem 3.4.5.(4)). (¢(z‘k(]0, {)I)):peEEBCE7 (Theorem
3.4.5.(4)). (Ercs) T =(cA1)7~(cA0)?" (Theorem 4.4.5.(3)=(r70)?.

THEOREM 4.5.8. (1) (Eq¢cesy) T ~(TA) 7= SU*(8)/ Z, X 2=(te7) T ~(E 1) 7.
2) (Eq)?T~(tacre)7=SL@8, R)/Z,X2.

PrROOF. (1) h: SU*8, C°)—SU@8, C°, h(A)y=eA—&J*A"'] where e=
—%—(l—l—ii), is an isomorphism, which satisfies h(zrA)=—Jrh(A)J. Define ¢ :

SU*@8, C°) —(E,0)* by ¢(A)=¢(h(A)). NowW (E-25)*T=(7)*"~(z2)*" (Theorem
4.4.5.(1)). Let as(ti)*, a=¢(A), AcSU*@, C°). From tica=ari, we have
(T A)=¢(A). Thus Eq-25) 7 ~(zA) 7 =(SU*B)\IN(—#il)SU*(8))/ Z,=SU*(8)/ Z> X 2.
(¢(—iil)=7g).
E7(7>:(E70)TTE(E7C)“T-

In fact, define ¢ : P°— PC by
144
J— -1 3 -3 J—

5(X: Y7 6: 77)_(8 X’ SY’ € 5, € v>, E— \/—2‘
(see Proposition 4.4.2), which satisfies 6*°=¢, d¢c=¢0, 0r=70"*, 0y=70, 0 E,, then
(E.SY"sa—8'ad=(E,°)* is an isomorphism. Now (E;w)*~(ter)*T=(zAe)*7.

2) E.»=(E,°)y*7 (Theorem 4.4.5.(2))=(E,°)*7c

because y~7¢ under 0 G,CF.CE,CE,;: 07==7c0, 6c=¢0, 0tA=tA0 (Proposition
1.2.3). Note that ¢ defined in (1) satisfies 7c¢@(B)re=¢(JBJ), BESU*(, Cco.
In fact, since hB=—J(hB)J and B=—JB], 1¢d(B)rc=7cp(hB)rc=¢(J(hB)])=
¢(h1§)=¢(1§)=¢(]B]). Define ¢ : SL(8, C)—(E,%)" by ¢(A)=¢(fA) where

f: SL8, C)—SU*@8, C°), f(A)=eA—&JA] wheae e-—:%(l—kz'i) (Lemma 0.3).

Now let as(tire)?, a=¢(A), A=SL(8, C). From tityca=atiyc, we have
o(tA)=@(A). Thus (E;q) 7~ (tArc)"=(SL(8, R)JGI)SLS, R))/Z,=SL(8, R)/
ZyX2. (¢(eI)=7g).

4.6. Subgroups of tppe A.PD, of Lie groups of type E..

We define C-linear transformations «, ¢ of B¢ by

X ‘—/le
Ig: ”_‘12 . BX=(Ey, X)E;—4E:X(E:XX),
N Ui

K
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X X\ [2E,XY+pE,
Y Y 2E, XY +EE,
=@, E,, E,, = ,
H g [FOO Ey B O (E, Y)
, ” (E., X)

respectively. Their explicit forms are
§i % X\ (M Vs T
KX, Y, 6= % & x| Fs 7 0|60
x2 E &/ \y: T s
—& 0 0 N 0 0
=1 0 & x| 0 = =), =&,
0 & & 0 =5 —

i 0 0 & 0 0
e X, Y, =0 » —»[{0 & —xi|,n,&).
0 —5 % 0 —% &
KG=0K Kc=¢(K
LEMMA 4.6.1. rpu=—px, { { {
po=oyu, pA=—2u, pe=—cp.

We define subgroups (E;°)?-*#, ((E.°)"*#)g, of (E:°)’ by
(E.C)rt=(a, k, p)y={acs(E°)’ | ka=ak, pa=ap},
(E0) =)z, =(0, &, W,
={as(E,°)"**]| a0, E,, 0, 1)=(0, E,,0, 1) }.

Their Lie algebras are given as follows.

PROPOSITION 4.6.2. (1) (e,5)’={P<e,C | cDP=¢a}
={D(gp, A, B,v)=e,® | g=(e°)’, A, BE(X )y, v&C}.
2) (e0)mr={D(e,0)° | kP=Pk, pP=Dp}
o<=(ef)?, A, B€(J°)?, (E,, A)=(E,, B)=0
v=—%(¢E,, E)) ’

={@(¢, A, B,v)ee,°

(3 (&) =)y, ={DE(e,0)7=# | (0, Ey, 0, 1))=0}
:{ ¢(¢; ‘41 _ZEIXA; O)Ee’lc I ¢Ee601 ¢E1:0y AE(30>0; (EI, A)—__‘O} .
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PROOF. (1) is easy and (3) is also easy under (2).
(2) Let @=0(¢, A, B, v)=e,° satisfy k@=0«x, u®=@Pp. Compare the 7z-
term of k®@P=@kP, P=(X, 7Y, § n)=PR, then
—(A, V=(4, vY), (B,X)=—(B,rX), X, Ye°. _
In particular, (4, E,)=(B, E;)=0. Next compare the 7-term of p@P=@uP, then

(Ey, $X)=—2u(E, X),  XE3.

Since ¢=(e,)?, we can put ¢E,=kE,, k=C (Lemma 3.6.1). Put X=E, in the

above, then we have k:—%y. The converse follows from
LEMMA 4.6.3. (1) If A=(X°),, then k,(AXX)=k,AXK: X, X=J°.
@) If A=(Q%), (E,, A)=0, then x,A=—A.
(3) If p=(e°)°, then k.p=dk,.
4) If A, BE(Q%),, (E,, A)=(E,, B)=0, then
ABX(E,x X)+(E,, X)A=4E, X(AXX)+(B, X)E,, X&J°.
For y=C, we define a C-linear transformation ¢(v) of J° by ¢(v)=2vE,V E,,

that is, :
4¢, X3 Xe 2 0 0

¢(v)X=~;— Bs  —28 —2x :%(SX—H{S), S=l0 —1 0
Xe  —2%, —2& 0 0 -—1

(cf. Proposition 3.6.5). Then @(v)=(e,°)’.

PROPOSITION 4.6.4. (1) a,°={®@($(v), aE,, bE;, v)=e.fla,b,vesC} is a
Lie subalgebra of (e;,°)° and is isomorphic to the Lie algebra 82, C)=
{DeM2, C)|tr(D)=0}.

(2) (e:5)°=a,°P(e;,°)%*# (as Lie algebras).

PrROOF. (1) The correspondence

a

81(2, C)B(: ) —> @($(). aEy, bE, v)=a,°

—y
gives an isomorphism as Lie algebras.
(2) The mapping D (e:9)7 = a,°P(e,€)7-%#,

P(D(g, A, B, v))=0(¢(v"), aE,, bE,, v')+P(p—¢("), A—aE,, B—bE,, v—v)

where v’=%y+—%—(E1, oE,)), a=(E,, A), b=(E,, B), gives an isomorphism of Lie
algebras.
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We define a 12-dimensional C-vector space (V°)'? by
(VO =(B°),={ P=EP° | kP=P }
={(X) 1}1E1: 0) 7])€$C I XES\C} 4E1X(E1><X)=X) 7]1) ﬂEC}

0 0 0 o O
T x=@°

={( 0 & x,|]0 0 010,79
52: 58’ 7]1; T]EC
0 x & 0 0 O

with the norm
1
(P, P),,=j2-{pP, P}=x%—&85s+my

and an 11-dimensional C-vector space (V°)"! by
(vor={Pe(V°)"?| Px(, E,, 0, )=0}
={(X, —9E,, 0, )P | X&J° 4E, X(E: X X)=X, n€C}
0 0 0\ /—7» 0 O
=4(¢0 & «x|,| O 0 01}0,9
0 x & 0 0 0

with the norm (P, P),,=%{pP, P}=xX—&:&:— 7 .
Recall that the group
Spin(10, C)={a=EL | aE,=E,}
={acE; | oca=ac, aE,=E,}CE,°

acts transitively on the 9-dimensional complex sphere (S¢)° (Lemma 3.6.3,
Proposition 3.6.4),

(S°°={(X, 0,0, 0)=ER° | XEJ°, 4E, X(E, X X)=X, (E,, X, X)=—2}.
LEMMA 4.6.5. For a<((E.°)"*#), a0, —FE,;,0,1)=0, —E,,0,1) if and
only if al=1 and al=1. In particular,
{as(E:9)7 ), | @0, —E,, 0, 1)=(0, —E,, 0, 1) } =Spin(10, C).
PrROOF. Let ac=(o, &, p) satisfy a(0, E,, 0, 1)=(0, E,, 0,1) and a0, —E,,

0,1)=©, —FE,,0,1). Then al=1 and aEl=.E,. And a1=ayE1=paEI=pE1=
i. The proof of the inverse is similar.

LEMMA 4.6.6. ((E.°)7*#)5,/Spin(10, C)=(S°)". In particular, the group
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((E,°)?=#)g, is connected.

Proor ([14]). Put(S)*={P=(V )" | (P, P),=1} (which is a 10-dimensional
complex sphere). The group (¢, £, )z, acts on (S°)*° (Lemma 4.1.2). We show
that this action is transitive. To prove this, it suffices to show that any element
P& (SC)" can be transformed to (0, —E;, 0, 1)=(S°)!. Now for a given

0 0 0 —n 0 O
P=(0 & x || O 0 01,0, npe(Sor,

0 x & 0 0 0

choose a=R, 0<a g—g—, such that tan2a=—12—i(l—2§% (if Re(&,+£,)=0, then let

a=%>. Operate a;s(a)=as(a)as(A)=exp(P(0, a(E,+E,), —a(E,+E;), 0)) (Lemmal
4.3.4)=(o, £, p)%, (Proposition 4.6.2.(3)) on P, then the real part of 7-term of

ay(a)P is —%—(Ez+53)sin2a—77c052a=0. Again choose b= R, Ogbg%, such that

2Im(%)
Im(&,+¢&,)
is 0. Hence

tan 2b= if Im(&,+&,)=0, then b:Z—), then the 7-term of a.:(b)as.(a)P

P,:a%(b)azs(a)PE(Sc)g .

Since Spin(10, C) (C(o, &, p)z,) acts transitively on (S°)° (Lemma 3.6.3), there
exists B Spin(10, C) such that

BP'=(E;+E,, 0, 0, 0).

Operate again a28<—-§—) on it, then

o~ )BP'=(0, —E., 0, 1).

This shows the transitivity of (g, &, #)5,. The isotroty subgroup of (o, «, WE,
at (0, —FE,, 0, 1) is Spin(10, C) (Lemma 4.6.5). Thus we have the homemorphism
(o, k, W5,/ Spin(10, C)=(S°)*.

PROPOSITION 4.6.7. ((E,%)?*#)y = Spin(11, C).

PROOF. Since the group (o, x, #)z, is connected (Lemma 4.6.6), we can
define a homomorphism = : (g, £, )z, — SO(11, C)=SO((V°)") by n(a)=a | (VO)1.
Kerz={l,0}=Z,. Hence m induces a monomorphism d= : ((e,°)" ")z —
80(11, C). Since dime((e,%)7 % #)z,)=45+10 (Lemma 4.6.2.(3))=55=dim¢80(11, C),
dr is onto, hence z is also onto. Thus (o, x, #)%,/Z,=S0O(11, C). Therefore
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(o, &, )5, is Spin(11, C) as the universal covering group of SO(11, C).

LEMMA 4.6.8. For veC, the mapping Bv) : B¢ — BC,
B X, Y, & 1)

e?§, e’x; e'Xe ey, ey, ey,
=( % & x| etF e ¥ |, e, ™)
ez, X1 s ey, M N3
e 0 0
=(B,XB,, B,”'YB,™, e ®¢, ¢’y), B=0 1 0
0 0 1

belongs to the group (E.C)7 **.

Proor. ([14]). For ¢@)=2vE,VE,=(ef)°, veC, @O (1), 0,0, —2v)=
(e:5)7%# and B)=expP(g(v), 0,0 —2v). Hence B()=(o, k, p).

LEMMA 4.6.9. (E,©)?=#/Spin(11, C)=(S°)'*. In particular, the group
(E;©)7=# is connected.

Proor ([14]). Put (SO)1={P=(V°)?|(P, P),=1} (which is an 1l-dimen-
sional complex sphere). The group (g, &, p) acts on (S°)'" (Lemma 4.1.2). We
show that this action is transitive. To prove this, it suffices to show that any
element P=(S°)' can be transformed to (0, E,, 0, 1)=(S°)". For a given

0 0 O\ /g O O
P=(0 & =x [,|0O 0 0]0, ps(Soy,
0 x &, 0O 0 O

we shall show that there exists a<(o, &, ) such that aP=(S%)".
(1) Case 5,#0, p+#0. Choose v&C such that —e-#7,=e*7. Operate B(v)
of on P, then B(v)P=(SO)™.
(2) Case 9,=0, p+#0, &+0. Operate a=exp®@(0, E,, 0, 0)=(o, «, p) on P,
then
aP=(x*, £&E, 0, n)

which is reduced to the case (1).

(3) Case 9;=0, »+0, &+0 is similar to the case (2).

(4) Case 9,=§&=§;=0, 7+0. Operate a=exp®(0, tFy(x), 0, 0)=(a, &, ;z)
(teR) on P=(F\(x), 0,0, n), then
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aP=(x, —(2t+nt*)E,, 0, 1)

which is reduced to the case (1) for some = R.
(5) Case 7,#0, n=0, &+#0. Operate a=exp®(0, 0, E;, 0)=(o, £, ) on P,
then
aP=(x, 7]1E1, 0, &)

which is reduced to the case (1).

(6) Case 7,#0, =0, &+0 is similar to the case (5).

(7) Case 9,#0, p=0, §&,=£§,=0. Operate a=exp®?(0, 0, tF(x), 0)e(o, £, p)
(t€R) on P=(F\(x), 9:E,, 0, 0), then

aP:( *, 7]1E1; 0: 2t—771t2)

which is reduced to the case (1) for some t=R.

(8) Case 7,=7=0. In this case P=(S¢)°C(S%)".
Now since the group Spin(10, C)C(a, &, p)) acts transitively on (S¢)*°
4.6.6), there exists & Spin(10, C) such that

BaP=(0, iE,, 0, —i).

Operate again ﬁ(—z%)e(o, K, ) of on it, then

B(25) aP=(0, E., 0, 1).

This shows the transitivity of (o, £, ¢#). The isotropy subgroup of (g, &, 1) at
(0, E,, 0, 1) is Spin(11, C) (Proposition 4.6.7). Thus we have the homeomorphism
(o, &, p)/Spin(11, C)=(S°).

PROPOSITION 4.6.10. (E,°)?-*#=Spin(12, C).

PROOF. Since the group (g, , #) is connected (Lemma 4.6.9), we can define
a homomorphism = : (g, £, #)— S0(12, C)=SO((V°)**) by n(a)=a| (veye, Ker
x={1, 6}=Z,. Since(e,®)"*#=46+10+10 (Lemma 4.6.2.(2))=66=dim¢80(12, C),
m is onto. Thus (g, &, u)/Z,=S0(12, C). Therefore (g, &, ) is Spin(12, C) as
the universal covering group of SO(12, C).

PROPOSITION 4.6.11. The group E.,° has a subgroup ¢(SL(2, C)) which is
isomorphic to the group SL(2, C). Where ¢(A), A=SL(Z2, C), is the C-linear
transformation of PC defined by

$AXX, Y, § n=(X", Y, &, '),
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G )=l ) =) (o)=L
7’ n 7/ /3 &y &s &’ )
x, X3 xe X Xy Xg
S T
b 2% 1 Vo' Y2 ¥’ Ys

Proor ([14]). The action of @(¢(v), aE,, bE,, v)=a,%(a, b, v=C) on PC is
¢(¢(”>} aEh bEl; ]J) (X) Y} E; ﬂ):(X,’ Y’, E’; ﬂ,)

1 R i 4]
)G 22 G- 206 C-C-6)

Y

Hence for A:exp( b

B(SL(2, C))EE,°.

_%)eSLE, ©) we have g(A)=exp®(g(v), aEy, bE,, v)=

LEMMA 4.6.12. ¢ : SL(2, C)—E,° of Proposition 4.6.11 satisfies
td(A)x=¢(rA), A(A)A =@ A™"), cp(A) '=pd(A)p=¢(IAI),
16(A)r=0'¢(A)a’'=¢(A).

THEOREM 4.6.13. (E.°)"=(SL(2, C)XSpin(12, C))/Z,, Z,={(E,1),(—E, —0)}.

PROOF. We define ¢: SL(2, C)X Spin(12, C)—(E,°)’ by

P(A, By=¢(A)B.
Since the algebras a,° and (e,%)?-*# are elementwisely commutative
4.6.4.(2)), AeSL(2, C) and B Spin(12, C) are commutative. Hence ¢ is a homo-
morphism. (E,°)? is connected (Lemma 0.7) and dimc(e,®)?=3+66
4.6.4.(2))=dim¢(81(2, C)P8o(12, C)), hence ¢ is onto. Ker ¢={(E, 1), (—E, —a)}
is easily obtained (¢(—E)=¢@(SL(Z, C)) coincides with —e=Spin(12, C) (Proposi-
tion 4.6.11)). Thus we have the required isomorphism.

THEOREM 4.6.14. (1) (E))’=(SUR@)XSpin(12))/ Z,=(tA0)’ ~(E1¢-5)°.
@) (Er-5)"~(ta0")"=(SUQ)X Spin(8, 4))/ Z,.

PrRoOOF. (1) Let as(E,)’=((E.°)*)°. By [Theorem 4.6.13, there exist A<
SL(2, C), B=Spin(12, C) such that a=¢(A)B. From the condition rAda=arl, we
have ¢(A)B = a = thdal 't = 1AP(A)BA 't = TAG(A)A 'tTABA 't = §(t* A-")rAdBA 't
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(Lemma 4.6.12). Hence
{ Tt A=A { A l=—A
o}
TABA 't=p TABA't=—0p.

The latter case is impossible because (r!A)A=-—FE is false. Therefore (t*A)A=
E, that is, A= SUR)={A=sM2, C)|(t*A)A=E, detA=1}. To determine the
group ((E.°)-=#)yi=(g, k, p)*, consider an R-vector space

VE=(B)y, pra={ P&(V)? | urAP=P }
0 0 0\ /m 0 0

={(0 & x| [0 0 0'0’”7)1’666’8”76(:}
0 x —¢/ 0 0 0

with the norm (P, P),,:%{ P, P} =x%+&x&)+n(ry). The group (o, &, p)*

acts on V', Since (o, &, p#)** is connected (Lemma 0.7), we can define a homo-
morphism #: (g, £, p)**—>SO(12)=SO(V**) by n(a)=al|V'*. Ker n={1, ¢ }=2,.
Since ((e;°)7##) ={ D (e,0)" = # | TAD=DtA}={ D(p, A, —TA,v)E¢e,° | p=(e°)7,
A= (3%, (E;, A)=0,v= ——g—(ngl, E)} (Propositions [4.3.3.(1), 4.6.2.(2)),
dim((e,%)?- % #)72)=464-20=66=dim 80(12), hence = is onto. Hence (o, £, p)**/Z,=
SO(12). Therefore (o, k, p)** is Spin(12) as the universal covering group of
SO(12). Thus (E;)* =(SU2)X Spin(12))=(SU )X Spin(12))/ Z,. Eq—sy=(E )4
=(E,°)*? (Theorem 4.4.5.(3)) and (E;c-5)’~(tda)’=(tA)°.
(2) Eqic5y=(E,°)**? (Theorem 4.4.5.(3))=(E,°)*’

because ¢~¢’ under dc F,CE,CE,: 06d=0'0, 0tA=7A0 (Proposition 2.2.3). Let
a<(tid’)’, a= ¢(A)B, A=SLZ2, C), f=Spin(12, C). From tilc’a=arie’, we
have ¢(z*A-Y)rdo’Ba’A 't=¢(A)B. As similar to (1), A&SU(2). To determine
the group ((E,%)?-*#) %" =(o, k, p#)**°', consider an R-vector space
VEA=(BO), e ={ PEWV)? | urdc’P=P }
0 0 O n» 0 O
={(o g x| [0 0 ,o,m){xe(s,,e, nec}
0 ix —7& 0 0 O

[=}

with the norm (P, P),,——‘é—{yP, P}=—xx+&t&)+xn(zy). The group (o, &, p)y*"

acts on V&®* Since the group (g, &, p#)7*?" is connected (Lemma 0.7), we can
define a homomorphism = : (@, &, p)**?' —>0(8, 4)=0(1**), with Ker #={1, ¢}
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=Z,. Since dim((e,°)? % #)"**' =66=dim80(8, 4), = is onto. Therefore (g, £, p)°*°’
is denoted by spin(8, 4) (not simply connected) as a double covering group of
0(8, 4),. Thus (Eqc-5) ~(tde")=(SUR)Xspin(8, 4))/ Z,.

THEOREM 4.6.15. (E;)° ~ (zAcp)? = (SU(2) X spin*(12))/ Z, = (tAy p)’ ~
(E'r(—zs))a-

PROOF. E. iy =(E.°)*7 (Theorem 4.4.5.(2))=(E,C) e
because 7~p under d€ E,CE; : d7=p0, 0c=¢d, 0tA=tA0 (Proposition 3.2.3). Let
as((Ey*r), a=¢(A)B, A=SL(2, C), BeSpin(12, C). From ticpa=arip, we
have ¢(ztA-")rAcpBpc'A 't=¢(A)B. Hence

{ TtA'=A { ttA'=—A
or
tAcpBpc A t=4 tAepB 2 't=—af.

The latter case is impossible (cf. Theorem 4.6.14). Therefore A=SU(2). To
determine the group ((E,°)?*#)2¢¢=(g, x, p)**‘?, consider a C-vector space

(Voy2=(°), with the norms (P, P),,=é—{ pP, P} and (P, P);,,=i{tdpP, P}.

The explicit form of <P, P)i.p, P=(£&:E2+E&Es+Fi(x), ;E,, 0, (V)12 is
(P, PY1.p=(1€2)62— (t€e)6s—2(riTx, x)—(Tn)ni+(T7)7.

As in Theorem 3.6.10, by the coordinate transformation

Ea=51415s, §s=—51-1+18,, 771_—"53‘*‘2'34; 7]:33'—'1.54;

we have (P, P),=(s, x)E(i), (P, PY3,,=(rs, z'x)S(;) where s=(s;, Sz, Sa, S4)
and S=—2; JeM (12, C). This shows that we have an isomorphism
{aclsoc(VO)?) | (aP, aP)y=(P, P)u, <aP, aP>;.,=<P, P>;.,}
={AcsMU2, C)|*AA=E, JA=(r A)] }=0*(12)=0*(V°)*?).
Since the group (o, &, y)"‘f’ is connected, we can define a homomorphism = :
(0, k, )" **—>S0*(12)=0%(12), by wm(a)=a|(VE)?. Ker n={1l,0}=2, As
similar to Theorem 4.6.14, (o, &, p)'**?/Z,=S0O*(12). Therefore (o, &, pyriee is

denoted by spin*(12) (not simply connected) as a double covering group of
SO*(12). Thus (ticp)?=(SU(2)Xspin*(12))/ Z..

Ec-25y=(E )" *¢? (Theorem 4.4.5.(3))=(EC)r4ae

because g~7p under d=E,CE;: do =700, 0tA=7140 (Proposition 3.2.3). Let
as(E,C) 270 a=¢(A)B, A=SL2, C), BSpin(12, C). From atdcypo=tiypa, we
have ¢(r’A~Y)rArpBpre 2 't=¢(A)B. As similar to (1), A=SU(2). To determine
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the group (o, k, p)**7*, consider a C-vector space (V¢)'2=($°), with norms
(P, P),“and <P, P>,,;, which is

t{tAer pP, P } =(1;)6,— (7€) —2(iTr x, x)— (TN )1+ (T9)7.
Since J and —J are conjugate in O(2), by a suitable coordinate transformation,
(P, P>1.y0=(zs, fx')s(;',), therefore we have (o, r, )70 = spin*(12) (cf.
Theorem 3.6.10). Thus (7 0)°=(SU2) X spin*(12))/ Z,.

TEEOREM 4.6.16. (1) (E.»)’=(SL(2, R)Xspin(6, 6))/Z,X2.
(2) (Erc-20)"=(SL(2, R)Xspin(2, 10))/ Z,.
PrRoOOF. (1) Let a=(E:x)’=(7)°, a=¢(A)B, A&SL2Z, C), B&Spin(12, C).
From tra=ary, we have ¢(rA)ryBrr=¢(A)B. Hence we have
{ TA=A { TA=—A
or
trBrc=R TrBrc=—ap.

In the firat case, A=SL(2, R). To determine the group ((E,°)?*#)T=(a. £, p)7,
consider an R-vector space

Ve =(BO), = { PE(V ) | c7P=P)
0 0 0\ /p 0 0
o & <)o o oloy)
0 = & 0 0 0

%' E(6)y =6 }
S2y 53) 7]13 7]€R

with the norm (P, P)y=—12—{;zP, P}=x'%"—8&&s+ 7. As similar to

4.6.14, the group (o, k, #)7 is connected and (o, k, p)7/Z,=0(6, 6),=0(V*),.
Therefore (o, £, ¢)” is denoted by spin(6, 6) (not simply connected) as a double
covering group of O(6, 6),. We consider the latter case. p.=E,°CE° of
Theorem 3.4.5.(4)) satisfies 6 0,=pc0, £pe=pcK, L= — P, hence [=+/ccp,
satisfies o/=lo, kl=lk, [p=pl (Lemma 4.6.1), that is, I=(o, &, #)=Spin(12, C)
and !/ satisfies t7lyr=—0l. (The explicit form of [ is

1€, ex,e —iex, —in  eyse iey,
X, Y, ¢, n)=( eXse —ib, ex; |, | e¥ee iy ey, |, —if, i?}))-
ixze _')Ele Z.Es _iyze ""'y_le _‘iﬂ3

Hence we can put A=(GI)B, BESL(2, C), B=Ip’, B’espin(6, 6). Thus (Eq)°’
=(SL(2, R)Xspin(6, 6)\J(GI)SL(2, R)XIspin(6, 6))/Z,=(SL(2, R) X spin(6, 6))/Z,
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X2. (PGI, )= p.).

(2) Let ac(Eqi-)’=()’, a=¢(A)B, A=SL(2, C), = Spin(12, C). From
tra=ar, we have ¢(tA)rfr=¢(A)B. Hence we have

{ tA=A { tA=—A
or
thr=p tfr=—0apf.

In the first case, AcSL(2, R). To determine the group ((E;%)"*#)y=(a, &, pY,
consider an R-vector space

VER=(), . ={Pe(V)*|tP=P}
0 0 O /g 0 0

={(lo & x| [0 o 0,0,1;))
0 % & W0 0 0

xe€ }
E‘l; ES; 7]1) nER

with the norm (P, P),,=%{yP, Pl=x%—8&&:+n.m. As similar to (1), the

group (o, £, p)* is connected and (o, &, p)/Z,=0(2, 10);=0(V?'%),. Therefore
(o, k, p) is denoted by spin(2, 10) (not simply connected) as a double covering
group of O(2,10),. The latter case is impossible. In fact, since 8 acts on
V=1 B induces a matrix BeM(12, C) such that tB=—B, ‘BI,B=1,. Put B=
iB’, BPeM(2, R), then ‘B’I,B’=—1,, which is false because the signature of
both sides are different. Thus (E;c-25)’=(SL(2, R)Xspin(2, 10))/Z,.

We define a subgroup SL,2, R)of SL(2, C)by {A=SL2, C)|*A'=IAI}.
LeEmMA 4.6.17. SL,2, R)=SL(2, R).

PrROOF. The correspondence SL,(2, R) 2 A—I"'AI'"'eSL(2, R) where [ =
«/17(11 ;) gives an isomorphism. (Note I':I)I"-'=]).

THEOREM 4.6.18. (E;-s))"~(tdrp)° =(SL(2, R)Xspin*(12))/ Z,X 2.

PROOF. E. -5, =(E,°)*° (Theorem 4.4.5.(3))=(E,°) 4re

because o~7p under 6 E,CE,:d0=7p0, 0tA=tid0 (Proposition 3.2.3). Let ac
(zArp)’, a=¢(A)B, A=SL2, C), B Spin(12, C). From tiypa=ardyp, we have
G(I*A-'I)rArpBpri-'t=¢(A)B. Hence we have

{ ItA-'I=A { I'A'[=—A
or
TArpBori-'t=p TArpBpri 't=—0p.

In the first case, A=SL,(2, R). To determine the group (o, £, p£)°*7*, consider
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the C-vector space (V°)*=(°), with the norms (P, P), and

(P, Pirp=—A{7drpP, P }=(c£:)5:—(t§x)Es—2Girr x, 2)+(Tn)n:—(vn)7
as is seen in Theorem 4.4.15. Hence (g, &, p)**7°=spin*(12) (cf. Thoerem 3.6.10).
We consider the second case. alzal(—g—)zexp@@, izr—El, ——721E1, 0)

4.3.4) satisfies oca,=a;0, ka,=—a &, pa,=—a,p, hence [;=ycla, satisifes gl,=
Lo, kl,=lik, pl,=1,p¢ (Lemma 4.6.1)), that is, li&(e, &, #)=Spin(12, C) and [,
satisfies 74y pliprA-'r=—0!l,. (The explicit form of /, is

—& Tcys Yc¥e —7n —YcXs —VcX:
L(X.Y,§, 77)2( Te¥s & —7Tcexif, | —7TcXs %M  —7Teyi|, =61, —‘771))-
Tcye —TcXi & —TcXs —7cy: 7

Hence we can put A=@GI)B, B€SL,(2, R), B=U18’, B’<spin*(12). Thus (za7p)°
=(SL,(2, R)Xspin*(12)\J(Z1)SLy(2, R)X I spin*(12))/ Z,=(SL(2, R)X spin*(12))/ Z,
X2 (Lemma 4.6.17). (The explicit form of ¢(71, [,) is

PGI LXX, Y, & 7)

—i&  TcYs Tede i  —7Tcxs —TcXe
=(|re3 —ifs irexs) |—7o®s ins  —ireyi) —ify, im)).
YeYe rcXy —i6s —7TcXs —iYcX: iNs
Appendix

The Cartan decompositions of the exceptional universal linear Lie groups
of type E, are given as follows.

E, : simply connected compact Lie group of type E,,
E.C=~E, xR,

Eq:y=SU(8)/Z,XR",

E. 5 =(SUQ2)X Spin(12))/ Z, X R**,
Eron=(UQ)XEq)/ Z3 X R*.
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