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COHERENT SINGULAR COMPLEXES
IN STRONG SHAPE THEORY
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Akira KOYAMA

1. Introcuction.

In [2] Borsuk introduced the concept of shape theory for compacta, and
many authors investigated and extended the theory to more general spaces.
Afterwards several authors introduced a stronger concept of the theory, which
is called strong (or fine) shape theory. The origin may be found in Christie [7]

or Quigley [31]. Various approaches were given by Edwards and Hastings [11],

Bauer [1], Lisica [15], Kodama and Ono [18], Dydak and Segal [8], Calder and
Hastings [4], Cathey and Segal [5], and Lisica [16]. In particular [11], [1], [5]

and [16] considered one for arbitrary spaces. Note that those approaches are
equivalent for compacta. Recently Lisica and Marde\v{s}i\v{c} [19] developed the
coherent prohomotopy category CPHTOP, and described the strong shape category
SSH of arbitrary spaces by using the category and ANR-resolutions defined by
Marde\v{s}i\v{c} [24] (see [18] for the summary).

In this paper we investigate the coherent prohomotopy category and con-
struct the coherent singular complex functor $S_{c}$ : $CPHTOP\rightarrow KAN$ . Then for
inverse systems X of spaces we define the canonical coherent maps $\tau_{X}$ ; $|S_{c}(\underline{X})|$

$\rightarrow\underline{X}$ which have the property;

If X is dominated by a CW-complex in CPHTOP, then $\tau_{X}$ induces an isomor-
phism in CPHTOP.

The idea to consider $S_{c}(\underline{X})$ goes back to Bauer [1]. However, he used a
less satisfactory coherent procategory.

Next, for inverse systems $(\underline{Xx})$ of pointed spaces we define the i-th coherent
homotopy groups $\pi_{i}^{c}(\underline{Xx})$ , which is an invariant in $CPHT0P_{0}$ . As another alge-
braic invariant in CPHTOP, we introduce the coherent singular homology theory
$H_{*}^{c}$ by using the functor $S_{c}$ . Then the canonical coherent map $\tau_{(\underline{Xx})}$

; $|S_{c}(\underline{X,x})|$

$\rightarrow(X, x)$ induces a weak equivalence. That is;

$\tau_{(\underline{Xx})\#}$
; $\pi_{i}(|S_{c}(\underline{Xx})|)\cong\pi_{i}^{c}(\underline{X,x})$ for all $i\geqq 0$ .

Hence we have the Hurewicz isomorphism theorem between coherent homotopy
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groups and coherent singular homology groups. Moreover we show that coherent
singular homology theory is different from Steenrod-Sitnikov’s one even on inverse
sequences of compact polyhedra. The general description of Steenrod-Sitnikov
homology theory was given by Lisica and Marde\v{s}i\v{c} [17] (see [22] and [23] for
more details).

In the case (X, x) is an inverse sequence of arcwise connected spaces, we
introduce another construction of the pointed CW-complex $E(\underline{Xx})$ and the coherent
map $\rho_{(\underline{Xx})}$ : $E(\underline{X,x})\rightarrow(\underline{X,x})$ which also have the property;

$\rho_{(\underline{Xx})*};$
$\pi_{i}(E(\underline{Xx}))\cong\pi_{i}^{c}(X\wedge x)$ for all $i\geqq 0$ .

Then we have the weak equivalence $f:E(\underline{Xx})\rightarrow|S_{c}(\underline{Xx})|$ .
In the last section our results are summarized in strong shape theory.
In this paper we will assume that readers are familiar with shape theory

and prohomotopy theory. [26] is a good reference for those theories. Through-
out this paper spaces are topological spaces, and maps are continuous functions.
ANR means an absolute neighborhood retract for metrizable spaces.

The author would like to express his thanks to the referee for his valuable
suggestion.

Notations. For each $n\geqq 0$ , let $\Delta^{n}$ be the standard n-simplex, $i.e.$ ,

$\Delta^{n}=\{(t_{0}, \cdots , t_{n})\in R^{n+1}|t_{i}\geqq 0$ for every $i,\sum_{i=0}^{n}t_{i}=1\}$ .

For each $i,$ $0\leqq i\leqq n$ , let $e_{i}$ be the i-th vertex of $\Delta^{n}$ .
If $n>0$ and $0\leqq j\leqq n$ , the j-th face operator $\partial_{j}^{n}$ : $\Delta^{n-1}\rightarrow\Delta^{n}$ is defined by

$\partial_{j}^{n}(t_{0}, \cdots, t_{n-1})=(t_{0}, \cdots, t_{j- 1},0, \iota_{j}, \cdots, t_{n- 1})$ .
If $n\geqq 0$ and $0\leqq j\leqq n$ , the j-th degeneracy operator $\sigma_{j}^{n}$ ; $\Delta^{n+1}\rightarrow\Delta^{n}$ is defined by

$\sigma_{j}^{n}(t_{0}, \cdots , t_{n+1})=(t_{0}, \cdots, t_{j-1}, t_{j}+t_{j+1}, t_{j+2}, \cdots, t_{n+1})$ .

$I=the$ unit interval $[0,1]$ .

2. Coherent prohomotopy.

Throughout this paper we consider only inverse systems of spaces and maps
$\underline{X}=(X_{\lambda}, p_{\lambda\lambda^{r}}, \Lambda)$ over directed cofinite sets.

In this section we shall introduce the coherent prohomotopy category defined
by Lisica and Marde\v{s}i\v{c} [19]. By a system map $\underline{f}:\underline{X}\rightarrow\underline{Y}=(Y_{\mu}, q_{\mu\mu^{\prime}}, M)$ we
mean an increasing function $\varphi:M\rightarrow\Lambda$ and a collection of maps $f_{\mu}$ : $X_{\varphi^{(\mu)}}\rightarrow Y_{\mu}$ ,
$\mu\in M$, satisfying
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(1) $f_{\mu}$ ) , for $\mu\leqq\mu^{\prime}$ in $M$.

A coherent map $f:\underline{X}\rightarrow\underline{Y}$ is defined as follows; $f$ consists of an increasing

function $\varphi:M\rightarrow\Lambda$ and of maps $f_{\underline{\mu}}$ : $\Delta^{n}\times X_{\varphi^{(\mu_{n})}}\rightarrow Y_{\mu_{0}},\underline{\mu}=(\mu_{0}, \cdots, \mu_{n})\in M^{n},$ $n\geqq 0$,

which satisfy

(2) $f_{\underline{\mu}}(\partial_{j}^{n}(t), x)=\left\{\begin{array}{l}q_{\mu_{0}\mu_{1}}f_{\underline{\mu}_{0}}(t,x),\\f_{\underline{\mu}j}(t,x),\\f_{\mu_{n}}(t,p_{\varphi^{(}\mu_{n-1}})_{\varphi^{(}\mu_{n})}(x)),\end{array}\right.-$
$ififif$ $0<j<nj=nj=0$

,

where $x\in X_{\varphi^{(}\mu_{n}}$ ), $\iota\in\Delta^{n-1},$ $n>0$ ,

(3) $f_{\underline{\mu}}(\sigma_{j}^{n}(t), x)=f_{\underline{\mu}^{j}}(t, x)$ , for $ 0\leqq$ ] $\leqq n$ ,

where $x\in X_{\varphi^{(}\mu_{n})},$ $t\in\Delta^{n+1},$ $n\geqq 0$, here $M^{n},$ $n\geqq 0$ denotes the set of all increasing
sequences $\underline{\mu}=(\mu_{0}, \cdots, \mu_{n})$ in $M$, and $\underline{\mu}_{j}=(\mu_{0}, \cdots, \mu_{j- 1}, \mu_{j+1}, \cdots, \mu_{n})$ and $\underline{\mu}^{j}=$

$(\mu_{0}, \cdots , \mu_{j}, \mu_{j}, \cdots, \mu_{n})$ for $\underline{\mu}=(\mu_{0}, \cdots, \mu_{n})\in M^{n}$ and $0\leqq j\leqq n$ . Every system map
$\underline{f}:\underline{X}\rightarrow\underline{Y}$ can be viewed as a coherent map from X to $\underline{Y}$ by putting $f_{\underline{\mu}}(t, x)=$

$f_{\mu_{0}}p_{\varphi^{(\mu_{0})\varphi^{(}\mu_{n})}}(x)$ for $\underline{\mu}=(\mu_{0}, \cdots, \mu_{n})$ and $(t, x)\in\Delta^{n}\times X_{\varphi^{(\mu_{n})}}$ .
A coherent homotopy from $f$ to $f^{\prime}$ is a coherent map $F:\underline{X}\times I=(X_{\lambda}\times I,$ $p_{\lambda\lambda^{\prime}}$

$\times 1,$
$\Lambda$ ) $\rightarrow\underline{Y}$ , given by $\Phi\geqq\varphi,$ $\varphi^{\prime}$ , and $F_{\underline{\mu}}$ such that

(4) $F_{\underline{\mu}}(t, x, 0)=f_{\underline{\mu}}(t,$ $p_{\varphi^{(}\mu_{n})\Phi(\mu_{n})(x))}$ ,

$F_{\underline{\mu}}(t, x, 1)=f_{\underline{\mu}}^{\prime}(t,$ $p_{\varphi^{(}\mu_{n})\Phi(\mu_{n})(x))}’$ ,

where $x\in X_{\Phi(\mu_{n})},$ $t\in\Delta^{n},$ $n\geqq 0$ ,

which is written by $F:f\simeq f^{\prime}$ .
Next we define the composition $gf$ of $f$ and $g:\underline{Y}\rightarrow\underline{Z}=(Z_{\nu}, r_{\triangleright\nu^{\prime}}, N)$ . In the

case $f$ is a system map $f:\underline{X}\rightarrow\underline{Y}-$ ,

(5) $(gf)_{\underline{\nu}}(t, x)=g_{\underline{\nu}}(t, f_{\psi(\nu_{n})}(x))$ ,

where $\underline{\nu}=(\nu_{0}, \cdots, \nu_{n})\in N^{n},$ $n\geqq 0,$ $x\in X_{\varphi\psi(\nu_{n})}$ and $t\in\Delta^{n}$ .

Hence if X and $\underline{Y}$ are rudimentary systems (X) and $(Y)$ , respectively, and $f$ is
a map from $X$ to $Y$, then $(gf)_{\underline{\nu}}(t, x)=g_{\underline{\nu}}(t, f(x))$ , for $x\in X,$ $t\in\Delta^{n},\underline{\nu}\in N^{n},$ $n\geqq 0$ .
To define composition in the other case, one decomposes $\Delta^{n}$ into subpolyhedra

$P_{i}^{n}=\{(t_{0}, \cdots , t_{n})\in\Delta^{n}|t_{0}+\cdots+t_{i-1}\leqq\frac{1}{2}\leqq t_{0}+\cdots+t_{i}\},$ $0\leqq i\leqq n$ , and considers maps
$\alpha_{i}^{n}$ : $P_{i}^{n}\rightarrow\Delta^{n-i},$ $\beta_{i}^{n}$ : $P_{i}^{n}\rightarrow\Delta^{i}$ , where $\alpha_{i}^{n}(t)=(\#, 2t_{i+1}, \cdots, 2t_{n}),$ $\beta_{i}^{n}(t)=(2t_{0}, \cdots , 2t_{i-1}, \#)$ ,
$\#=1$–sum of remaining terms. Then

(6) $(gf)_{\underline{\nu}}(t, x)=g_{(\nu_{0},\ldots,\nu_{i})}(\beta_{i}^{n}(t), f_{(\psi(\nu_{i})\ldots.,\psi(\nu_{n}))}(\alpha_{i}^{n}(t), x))$

where $\underline{\nu}=(\nu_{0}, \cdots, \nu_{n})\in N^{n},$ $n\geqq 0,$ $x\in X_{\varphi\psi(\nu_{n})},$ $t\in P_{i}^{n},$ $0\leqq i\leqq n$ .
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We define the coherent identity map $1_{x}$ : $\underline{X}\rightarrow\underline{X}$ by putting for any $\underline{\lambda}=(/\backslash _{\backslash 0},$ $\cdots$ ,

$\lambda_{n})\in\Lambda^{n},$ $n\geqq 0$ ,

(7) $\varphi(\lambda_{n})=\lambda_{n}$ ,

(8) $1_{\underline{\lambda}}(t, x)=p_{\lambda_{0}\lambda_{n}}(x)$ , where $x\in X_{\lambda_{n}}$ and $t\in\Delta^{n}$ .

In [19] Lisica and Marde\v{s}i\v{c} showed that inverse systems of spaces and maps

over directed cofinite sets and coherent homotopy classes of coherent maps con-
struct a category. They call this category the coherent prohomotopy category

and denote it by CPHTOP. We note that our definition of composition of coherent
maps is slightly different from the original one in [19], but by the proof of [19],

Lemma I. 9.7, the coherent homotopy class of our composition coincides with the
one of the original composition. Hence we have the category CPHTOP.

Similarly, considering inverse systems of pointed spaces, pairs of spaces or
pairs of pointed spaces and suitable maps, we have the suitable coherent pro-
homotopy categories. We denote those categories by $CPHTOP_{0},$ $CPHT0P_{2}$ and
$CPHT0P_{2.0}$ , respectively (cf. [21]).

3. Coherent singular complexes.

Let (X, $X_{0}$) $=((X_{\lambda}, X_{0\lambda}),$ $p_{\lambda\lambda^{r}},$
$\Lambda$ ) be an object of $CPHTOP_{2}$ . Put $\underline{X}=(X_{\lambda}$ ,

$p_{\lambda\lambda^{\prime}},$

$\Lambda$ ) and $\underline{X}_{0}=(X_{0\lambda}, p_{\lambda\lambda^{\prime}}|X_{0\lambda^{\prime}}, \Lambda)$ . For each $i\geqq 0$ let $S_{i}(\underline{X})$ be the set of all
coherent maps from $\Delta^{i}$ to X. For each $0\leqq k\leqq i,$ $i\geqq 0$ , we define the functions
$d_{k}=d_{k}^{i}$ : $S_{i}(\underline{X})\rightarrow S_{t-1}(\underline{X})$ and $s_{k}=s_{k}^{i}$ : $S_{i}(\underline{X})\rightarrow S_{i+1}(\underline{X})$ by formulas;

(1) $d_{k}(h)=h\partial_{k}^{i}$ , and $s_{k}(h)=/\iota\sigma_{k}^{i}$ for $h\in S_{i}(\underline{X})$ .

Then the triple $(S_{i}(\underline{X}), d_{k}, s_{k})$ is a semi-simplicial complex, which is called the
coherent singular complex of X, and is denoted by $S_{c}(\underline{X})$ . Similarly we have the
coherent singular complex of $\underline{X}_{0}$ . Then it is clear that $S_{c}(\underline{X}_{0})$ is a subcomplex
of $S_{c}(\underline{X})$ . We denote the complex pair $(S_{c}(\underline{X}), S_{c}(\underline{X}_{0}))$ by $S_{c}(\underline{XX}_{0})$ . Then we
have the following elementary facts.

3.1. PROPOSION. (1) The complex pair $S_{c}(\underline{XX}_{0})$ is a $Kan$ complex.
(2) If (X, $X_{0}$) is the rudimentary system $((X, X_{0}))$ , then $S_{c}(\underline{X,X}_{0})$ is naturally

isomorphic to the usual singular complex pair $(S(X), S(X_{0}))$ .

PROOF. For convenience, we consider only the absolute case. (1) Let $f^{0}$,
$f^{1},$

$\cdots,$
$f^{j-1},$ $f^{j+1},$ $\cdots$ , $f^{i+1}$ be i-simplexes of $S_{c}(\underline{X})$ such that $d_{k}f^{l}=d_{l-1}f^{k},$ $k<l$ ,

$k\neq j,$ $l\neq j$ . Namely, by (1) and the definition of compositions, if $k<l,$ $k\neq j$,

and $l\neq j$ ,
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$f_{\underline{\lambda}}^{l}(1_{\Delta^{n}}\times\partial_{k}^{i})=f_{\underline{\lambda}}^{k}(1_{\Delta^{n}}\times\partial_{l-1}^{i})$ for every $\underline{\lambda}\in\Lambda^{n},$ $??\geqq 0$ .

Hence, for each $\underline{\lambda}=(\lambda_{0}, \cdots, \lambda_{n})\in\Lambda^{n}$ , $n\geqq 0$ , we can define the map $\tilde{f}_{\underline{\lambda}}$ : $\Delta^{n}$

$\times\bigcup_{k\neq j}\partial_{k}^{i+1}(\Delta^{i})\rightarrow X_{\lambda_{0}}$ by

$\tilde{f}_{\underline{\lambda}}(t, \partial_{k}^{i+1}(z))=f_{\underline{\lambda}}^{k}(t, z)$ for $z\in\Delta^{i}$ and $t\in\Delta^{n}$ .

Then the collection of the maps $f_{\underline{\lambda}}$ induces a coherent map $f;\bigcup_{k\neq j}\partial_{k}^{i+1}(\Delta^{i})\rightarrow\underline{X}$.
Therefore for a fixed retraction $r:\Delta^{i+1}\rightarrow\bigcup_{k\neq j}\partial_{k}^{i+1}(\Delta^{i})$ , defining the coherent map

$f:\Delta^{i+1}\rightarrow\underline{X}$ by $f=\tilde{f}r$, we have an $(i+1)$-simplex $f$ of $S_{c}(\underline{X})$ such that $d_{k}f=f_{k}$

for all $k\neq j$ . That is, $S_{c}(\underline{X})$ is a Kan complex.
(2) Suppose that the rudimentary system (X) has the trivial index set $\Lambda_{0}=$

$\{\lambda_{0}\}$ . Then for each $n\geqq 1$ , the set $\Lambda_{n}^{0}$ consists of only one degenerate element
$(\lambda_{0}, \lambda_{0}, \cdots, \lambda_{0})$ . Hence for every i-simplex $f$ of $S_{c}(\underline{X})$ ,

$f_{\underline{\lambda}}(t, z)=f_{(\lambda_{0})}(e_{0}, z)$ for all $(z, t)\in\Delta^{i}\times\Delta^{n},$ $\underline{\lambda}\in\Lambda_{0}^{n},$ $n\geqq 0$ .

Hence if $f$ corresponds to the map $f;\Delta^{i}\rightarrow X$ given by $\tilde{f}(z)=f_{(\lambda_{0})}(e_{0}, z)$ , we have

a natural isomorphism from $S_{c}(\underline{X})$ to $S(X)$ .

In the latter part of this paper, if (X, $X_{0}$) is the rudimentary system $((X, X_{0}))$ ,

we frequently identify $S_{c}(\underline{XX}_{0})$ with $(S(X), S(X_{0}))$ by the above isomorphism.

Let $f:(X, X_{0})\rightarrow(Y, Y_{0})=((Y_{\mu}, Y_{0\mu}),$ $q_{\mu\mu^{\prime}},$
$M$ ) be a coherent map. For each

$i\geqq 0$ we define the function $S_{i}(f):S_{i}(\underline{X})\rightarrow S_{i}(\underline{Y})$ by

(2) $S_{i}(f)(h)=fh$ for $h\in S_{i}(\underline{X})$ .

Then $S_{i}(f)(S_{i}(\underline{X}_{0}))\subset S_{i}(\underline{Y}_{0})$ for every $i\geqq 0$ , and by the definition of composition

the collection of $S_{i}(f),$ $i\geqq 0$, is a semi-simplicial map from $S_{c}(\underline{X})$ to $S_{c}(\underline{Y})$ . Hence

we have the semi-simplicial map $S_{c}(f):S_{c}(\underline{X,X}_{0})\rightarrow S_{c}(\underline{Y,Y}_{0})$ . We call $S_{c}(f)$ the
semi-simplicial map induced by $f$.

We have the following.

3.2. THEOREM. The corresponding $S_{c}$ induces a functor from $CPHT0P_{2}$ to

the category $KAN_{2}$ of $Kan$ pairs and homotopy classes of semi-simplicial maps.

The proof of Theorem 3.2 consists of the following three lemmas. The

three lemmas are actually dependent on [19], \S I. For convenience, in those

lemmas we consider only inverse systems of absolute spaces. The proofs can
be immediately applied to the relative case.

3.3. LEMMA. Let $f,$ $f^{\prime}$ : $\underline{X}\rightarrow\underline{Y}$ be conerent maps. If $f\simeq f^{\prime}$ , then $S_{c}(f)$ is

homotopic to $S_{c}(f^{\prime})$ .
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PROOF. Let $F:\underline{X}\times I\rightarrow\underline{Y}$ be a coherent homotopy connecting $f$ and $f^{\prime}$ . For
each $h\in S_{i}(\underline{X})$ , $i\geqq 0$ , we define the coherent map $R(h):\Delta^{i}\times I\rightarrow\underline{Y}$ by $R(h)=$

$F(h\times 1)$ . Then

(3) $R(h)(\partial_{k}^{i}\times 1)=R(h\partial_{k}^{i})$ , and $R(h)(\sigma_{k}^{i}\times 1)=R(h\sigma_{k}^{i})$ .
For $s=0,1$ , the map $l_{s}^{i}$ : $\Delta^{i}\rightarrow\Delta^{i}\times I$ is defined by $l_{s}^{i}(z)=(z, s)$ for $z\in\Delta^{i}$ . Then by
(3) the functions $g_{s}^{i}$ : $S_{i}(\underline{X})\rightarrow S_{i}(\underline{Y})$ given by $g_{s}^{i}(h)=R(h)l_{s}^{i}$ induce the semi-simplicial
map $g_{s}$ : $S_{c}(X)\rightarrow S_{c}(Y)$ .

For each $k,$ $0\leqq k\leqq i$, let $\theta_{k}:\Delta^{i+1}\rightarrow\Delta^{i}\times I$ be the linear map given by

(4) $\theta_{k}(e_{j})=\left\{\begin{array}{l}(e_{j},0) if 0\leqq j\leqq k,\\(e_{j- 1},1) if k<j\leqq i+1.\end{array}\right.$

Defining functions $G_{k}^{i}$ : $S_{i}(\underline{X})\rightarrow S_{i+1}(\underline{Y}),$ $0\leqq k\leqq i,$ $i\geqq 0$ , as follows;

(5) $G_{k}^{i}(h)=R(h)\theta_{k}$ for $h\in S_{i}(\underline{X})$ ,

by (3), the collection $\{G_{k}^{i}\}$ gives the homotopy connecting $g_{0}$ and $g_{1}$ .
In the case $h$ is a system map, $g_{0}(h)=fh$ and $g_{1}(h)=f^{\prime}h$ . That is, $\{G_{k}^{i}\}$ is

the homotopy connecting $S_{c}(f)$ and $S_{c}(f^{\prime})$ .
Assume that $h$ is not a system map,

(6) $g_{0}(h)_{\underline{\mu}}(t, z)=(F(h\times 1))_{\underline{/\iota}}(t, z, 0)$

$=f_{(\mu\cdots,\mu)}0\prime j(\beta_{j}^{n}(t), p_{\varphi}h_{(\Phi(\mu)\cdots.\Phi(\mu_{n}))}(\alpha_{j}^{n}(t), z))$ .
(7) $(fh)_{\underline{\mu}}(t, z)=f_{(\mu\cdots.\mu)}0\prime j(\beta_{j}^{n}(t), h_{\varphi^{(}\mu\varphi(\mu_{n})}J^{)}\cdots.,(\alpha_{j}^{n}(t), z))$

where $\underline{\mu}=(\mu_{0}, \cdots, \mu_{n})\in M_{n},$ $n\geqq 0,$ $z\in\Delta^{i},$ $t\in P_{j}^{n}$ .

By the same way as [19], P. 19 and P. 20, we define a decomposition of
$I\times\Delta^{i}$ into subpolyhedra $T_{k}^{i},$ $0\leqq k\leqq i$, by putting $(s, t)\in T_{k}^{i}$ whenever

(8) $t_{k+1}+\cdots+t_{i}\leqq s\leqq t_{k}+\cdots+t_{i}$ ,

and define maps $\epsilon_{k}^{i}$ : $T_{k}^{i}\rightarrow\Delta^{i+1}$ by

(9) $\epsilon_{k}^{i}(s, t)=(t_{0}, \cdots, t_{k-1}, (t_{k}+\cdots+t_{n})-s, (t_{0}+\cdots+t_{k})-(1-s), t_{k+1}, \cdots, t_{i})$ .
Now we give the coherent map $P(h):\Delta^{i}\times I\rightarrow\underline{Y}$ by

(10) $P(/\iota)_{\underline{/\iota}}(t, z, s)$

$=f_{(\ell_{0\prime}\cdots.\mu j)}f(\beta_{j}^{n}(t), h_{(\varphi(\mu}J^{),\cdots,\varphi^{(\mu}}J+k),\Phi(\mu j+k)\ldots.,\Phi(\mu_{n})(\epsilon_{k}^{n-j}(s, \alpha_{j}^{n}(t)),$ $z$)),

where $\underline{\mu}=(\mu_{0}, \cdots, \mu_{n})\in M^{n},$ $n\geqq 0,$ $z\in\Delta^{i},$ $t\in P_{j}^{n},$ $(s, \alpha_{j}^{n}(t))\in T_{k}^{n-j}$,
$0\leqq k\leqq n-j,$ $0\leqq j\leqq n$ (see [19], P. 20).

Then by the definition and [19], Lemma I. 3.3,
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(11) $P(h)(\partial_{j}^{i}\times 1)=P(h\partial_{j}^{i})$ , and $P(h)(\sigma_{j}^{i}\times 1)=P(h\sigma_{j}^{i})$ ,

(12) $P(h)l_{0}=fh=S_{i}(f)(h)$ ,

(13) $P(h)l_{1}=g_{0}(h)$ .

In the case $h$ is a system map, $g_{0}(h)=fh$ . Hence the coherent map $P(h)$ :
$\Delta^{i}\times I\rightarrow\underline{Y}$ is defined by $fh$ .

Then by the same way as the first part the correspondence $P$ induces a
homotopy connecting $S_{c}(f)$ and $g_{0}$ .

Similarly we can find a homotopy connecting $S_{c}(f^{\prime})$ and $g_{1}$ . Therefore $S_{c}(f)$

is homotopic to $S_{c}(f^{\prime})$ .

3.4. LEMMA. $S_{c}(1_{X})$ is homotopic to $1_{S_{C}(X)}$ .

PROOF. Consider the decomposition of $I\times\Delta^{n}$ defined in [19], P. 28, which
is formed by certain polyhedra $L_{j}^{n}\subset I\times\Delta^{n},$ $0\leqq j\leqq n$ :

$L_{j}^{n}=\{(s, t)\in I\times\Delta^{n}|t_{0}+\cdots+t_{j-1}\leqq\frac{1-s}{2}\leqq t_{0}+\cdots+t_{j}\}$ .

We define maps $\gamma_{j}^{n}$ : $L_{j}^{n}\rightarrow\Delta^{n-j},$ $ 0\leqq$ ] $\leqq n$ , by putting

(14) $\gamma_{j}^{n}(s, t)=(\#,$ $\frac{2}{1+s}t_{j+1},$
$\cdots,$

$\frac{2}{1+s}t_{n})$ .

If $h\in S_{i}(\underline{X}),$ $i\geqq 0$ , is not a system map, we define the coherent map $R(h)$ :
$\Delta^{i}\times I\rightarrow\underline{X}$ by

(15) $R(h)_{\underline{\lambda}}(t, z, s)=p_{\lambda_{0}\lambda_{j}}h_{(\lambda_{j},\cdots,\lambda_{n})}(\gamma_{j}^{n}(s, t),$ $z$)),

where $\underline{\lambda}=(\lambda_{0}, \cdots, \lambda_{n})\in\Lambda^{n},$ $z\in\Delta^{i},$ $(s, t)\in L_{j}^{n}$ (see [19], P. 29).

Then by the definition and [19], \S I.5,

(16) $R(h)(\partial_{j}^{i}\times 1)=R(h\partial_{j}^{i})$ , and $R(h)(\sigma_{j}^{i}\times 1)=R(h\sigma_{j}^{i})$ ,

(17) $R(h)l_{0}=1_{X}h=S_{c}(1_{X})(h)$ ,

(18) $R(h)l_{1}=h=1_{s_{c^{(X)}}}(h)$ .

If $h$ is a system map, $1_{X}h=h$ . Hence we define the coherent map $R(h)$

by $h$ .
We define functions $G_{k}^{i}$ : $S_{i}(\underline{X})\rightarrow S_{i+1}(\underline{X}),$ $0\leqq k\leqq i,$ $i\geqq 0$ , by the formula;

(19) $G_{k}^{i}(h)=R(h)\theta_{k}$ for $h\in S_{i}(\underline{X})$ .
Then the collection $\{G_{k}^{i}\}$ innduces a homotopy connecting $S_{c}(1_{X})$ and $1_{S_{C}(X)}$ .

3.5. LEMMA. Let $f:\underline{X}\rightarrow\underline{Y}$ and $g:\underline{Y}\rightarrow\underline{Z}=(Z_{\nu}, r_{\nu\nu^{\prime}}, N)$ be coherent maps.
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Then $S_{c}(gf)$ is homotopic to $S_{c}(g)S_{c}(f)$ .

PROOF. By the same way as in [19], P. 23, we define a decomposition of
$I\times\Delta^{n}$ into subpolyhedra $M_{jk}^{n},$ $ 0\leqq$ ] $\leqq k\leqq n$ , which consists of all points $(s, t)\in$

$I\times\Delta^{n}$ satisfying

\langle 20) $t_{0}+\cdots+t_{j-1}\leqq\frac{2-s}{4}\leqq t_{0}+\cdots+t_{j}$ ,

\langle 21) $t_{k+1}+\cdots+t_{n}\leqq\frac{1+s}{4}\leqq r_{k}+\cdots+t_{n}$ ,

For each $ 0\leqq$ ] $\leqq k\leqq n$ , define a map $\theta_{jk}^{n}$ : $M_{jk}^{n}\rightarrow\Delta^{n}$ by putting $\theta_{jk}^{n}(s, t)=t^{\prime}=(t_{0}^{\prime},$ $\cdots$ ,
$t_{n}^{\prime})$ , where

\langle 22) $t_{0}^{\prime}=\frac{2}{2-s}t_{0},$
$\cdots,$

$t_{j-1}^{\prime}=\frac{2}{2-s}t_{j-1}$ ,

\langle 23) $t_{j}^{\prime}=t_{j}+\frac{s}{4}-\frac{s}{2-s}(t_{0}+\cdots+t_{j- 1})$ ,

(24) $t_{j+1}^{\prime}=t_{j+1},$
$\cdots,$

$t_{k- 1}^{\prime}=t_{k- 1}$ ,

(25) $t_{k+1}^{\prime}=\frac{1}{1+s}t_{k+1},$
$\cdots,$

$t_{n}^{\prime}=\frac{1}{1+s}t_{n}$ ,

(26) $t_{k}^{\prime}=1-(t_{1}^{\prime}+\cdots+t_{k-1}^{\prime})-(t_{k+1}^{\prime}+\cdots+t_{n}^{\prime})$ .

If $h\in S_{i}(\underline{X}),$ $i\geqq 0$ , is not a system map, we define the coherent map $R(h)$ :
$\Delta^{i}\times I\rightarrow\underline{Z}$ as follows;

(27) $R(h)_{\underline{\nu}}(t, z, s)=(g(fh)_{\underline{\nu}}(\theta_{jk}^{n}(s, t),$ $z$),

where $\underline{\nu}=(\nu_{0}, \cdots , \nu_{n})\in N^{n},$ $n\geqq 0,$ $z\in\Delta^{i},$ $(s, l)\in M_{jk}^{n}$ (see [19], P. 27).

Then by the definition and [19], \S I.4,

(28) $R(h)(\partial_{j}^{i}\times 1)=R(h\partial_{j}^{i})$ , and $R(h)(\sigma_{j}^{i}\times 1)=R(h\sigma_{j}^{i})$ ,

(29) $R(h)l_{0}=g(fh)=(S_{c}(g)S_{c}(f))(h)$ ,

(30) $R(h)l_{1}=(gf)h=S_{c}(gf)(h)$ .
If $h$ is a system map, $g(fh)=(gf)h$ . Hence we define the coherent map

$R(h)$ by $g(fh)$ .
Now we define functions $G_{k}^{i}$ : $S_{i}(\underline{X})\rightarrow S_{i+1}(Z),$ $0\leqq k\leqq i,$ $i\geqq 0$, by the formula;

(31) $G_{k}^{i}(h)=R(h)\theta_{k}$ for $h\in S_{i}(\underline{X})$ .
Then by (28), (29) and (30) the collection $\{G_{k}^{i}\}$ induces a homotopy from $S_{c}(g)S_{c}(f)$

to $S_{c}(gf)$ .
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3.6. REMARK. By the same way we have functors on CPHTOP and
$CPHT0P_{0}$ . We also denote those functors by $S_{c}$ .

4. The canonical coherent map $\tau_{X}$ ; $|S_{c}(\underline{X})|\rightarrow\underline{X}$ .
Let . $|$ : $KAN\rightarrow CW$ be the geometric realization functor, where KAN is the

category of Kan complexes and homotopy classes of semi-simplicial maps, and
CW is the category of CW-complexes and homotopy classes of maps (see [27],

Chapter III). Let (X $X_{0}$) $=((X_{\lambda}, X_{0\lambda}),$ $p_{\lambda\lambda^{\prime}},$

$\Lambda$ ) be an object of $CPHTOP_{2}$ . Now
the coherent map $\tau_{X}$ : $|S_{c}(\underline{X})|\rightarrow\underline{X}$ is defined as follows:

For $\underline{\lambda}=(\lambda_{0}, \cdots, \lambda_{n})\in\Lambda^{n},$ $n\geqq 0$ , the map $\tau_{\underline{\lambda}}:\Delta^{n}\times|S_{c}(\underline{X})|\rightarrow X_{\lambda_{0}}$ is given by

(1) $\tau_{\underline{\lambda}}(t, |h, z|)=h_{\underline{\lambda}}(t, z)$ ,

where $(h, z)\in S_{i}(\underline{X})\times\Delta^{i},$ $i\geqq 0,$ $t\in\Delta^{n}$ .
Indeed, for each $\underline{\lambda}\in\Lambda^{n},$ $n\geqq 0,$

$\tau_{\underline{\lambda}}$ is well-defined and continuous, and $\tau_{\underline{\lambda}}(|S_{c}(\underline{X}_{0})|)$

$\subset X_{0\lambda_{0}}$ . Moreover,

(2) $\tau_{\underline{\lambda}}(\partial_{j}^{n}(t), |h, z|)=h_{\underline{\lambda}}(\partial_{j}^{n}(t), z)$

$=\left\{\begin{array}{l}p_{\lambda_{0}\lambda_{1}}h_{\underline{\lambda}_{0}}(t,z)\\h_{\underline{\lambda}_{j}}(t,z)\end{array}\right.$

$=\left\{\begin{array}{l}p_{\lambda_{0}\lambda_{1}}\tau_{\underline{\lambda}_{0}}(t,|h,z|)\\\tau_{\underline{\lambda}_{j}}(t,|h,z|)\end{array}\right.$
$ifif$ $0<j\leqq nj=0$

,

where $(h, z)\in S_{i}(\underline{X})\times\Delta^{i},$ $i\geqq 0,$ $t\in\Delta^{n-1},0\leqq j\leqq n$ ,

(3) $\tau_{\underline{\lambda}}(\sigma_{j}^{n}(t), |h, z|)=h_{\underline{\lambda}}(\sigma_{j}^{n}(t), z)=h_{\underline{\lambda}j}(t, z)=\tau_{\underline{\lambda}J}(t, |h, z|)$ ,

where $(h, z)\in S_{i}(\underline{X})\times\Delta^{i},$ $i\geqq 0,$ $t\in\Delta^{n+1},0\leqq j\leqq n$ .

We note that maps $\tau_{\underline{\lambda}}|\Delta^{n}\times|S_{c}(\underline{X}_{0})|$ actually induce the coherent map $\tau_{X_{0}}$
;

$|S_{c}(\underline{X}_{0})|\rightarrow X_{0}$ , and therefore $\tau_{X}$ is the coherent map from $(|S_{c}(\underline{X})|, |S_{c}(\underline{X}_{0})|)$ to
(X, $X_{0}$) as pairs. We call $\tau_{X}$ the canonical coherent map of (X, $X_{0}$).

For convenience, we denote the CW-pair $(|S_{c}(\underline{X})|, |S_{c}(\underline{X}_{0})|)$ and the pointed
CW-complex $(|S_{c}(\underline{X})|, |(\{c_{n}\})|)$ by $|S_{c}(\underline{XX}_{0})|$ and $|S_{c}(X, x)|$ , respectively, where
$c_{n}:\Delta^{n}\rightarrow\underline{X},$ $n\geqq 0$ , is the constant coherent map.

4.1. PROPOSIAION. Let $f:(\underline{XX}_{0})\rightarrow(Y, Y_{0})$ be a coherent map. Then $f\tau_{X}=$

$\tau_{I}|S_{c}(f)|$ .

Proposition 4.1 is easily obtained by definitions. By Theorem 3.2 and Prop-

osition 4.1 we have the following theorem, which is called the stability theorem
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in coherent prohomotopy theory (see [10] or [28]).

4.2. THEOREM. Let (X, $X_{0}$) be an object of $CPHT0P_{2}$ . If $(\underline{XX}_{0})$ is domi-
nated by a CW-pair $(P, P_{0})$ in $CPHT0P_{2}$ , then the canonical coherent map $\tau_{X}$ ;

$|S_{c}(\underline{XX}_{0})|\rightarrow(\underline{XX}_{0})$ induces an isomorphism in $CPHT0P_{2}$ .

PROOF. Let $f:(\underline{XX}_{0})\rightarrow(P, P_{0})$ and $g:(P, P_{0})\rightarrow(\underline{XX}_{0})$ be coherent maps
such that $gf\simeq 1_{(\underline{X.X}_{0})}$ . By Proposition 4.1 we consider the following diagram.
We remark that if $\underline{Y}$ is the rudimentary system $(Y)$ , then $S_{c}(\underline{Y})=S(Y)$ and $\omega_{f}$

is the canonical map $\omega_{Y}$ : $|S(Y)|\rightarrow Y$ .

Hence $\omega_{P}$ has a homotopy inverse $\rho$ . Then we have

(4) $(|S_{c}(g)|\rho f)\tau_{X}\simeq|S_{c}(g)|\rho\omega_{P}|S_{c}(f)|\simeq|S_{c}(g)||S_{c}(f)|\simeq 1_{|S_{C}(\underline{X.X}_{0})|}$ ,

(5) $\tau_{X}(|S_{c}(g)|\rho f)\simeq g\omega_{P}\rho f\simeq gf\simeq 1_{(\underline{X.X}_{0})}$ .

Therefore $\tau_{X}$ induces an isomorphism in $CPHT0P_{2}$ .

4.3. COROLLARY. Let $(\underline{XX}_{0})$ be an object of $CPHT0P_{2}$ . Then the following
are equivalent conditions;

(a) $(\underline{XX}_{0})$ is dominated by a CW-pair in $CPHT0P_{2}$ ,

(b) $(\underline{XX}_{0})$ is equivalent to a CW-pair in $CPHT0P_{2}$ ,
(c) (X $X_{0}$) is equivalent to a simplicial pair with weak topology in $CPHT0P_{2}$ ,
(d) (X, $X_{0}$) is equivalent to a simplicial pair with metric topology in $CPHT0P_{2}$ ,

(e) (X, $X_{0}$) is equivalent to an ANR pair in $CPHT0P_{2}$ .

5. Coherent prohomotopy groups $\pi_{i}^{c}(X, x)$ .
Let (X, x) be an object of $CPHT0P_{0}$ . For each $i\geqq 0$ , we denote the set of

all coherent homotopy classes of coherent maps from $(S^{i}, s_{0})$ to (X, x) by $\pi_{i}^{c}(X, x)$ .
If $i\geqq 1$ , by using H-cogroup structure of $S^{i},$ $\pi_{i}^{c}(X, x)$ is a group. Indeed, if $n\geqq 2$ ,
$\pi_{i}^{c}(X, x)$ is an abelian group. We call $\pi_{i}^{c}(X, x)$ the i-th coherent prohomotopy
group of $(\underline{Xx})$ .
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For a coherent map $f:(X, x)\rightarrow(Y, y)$ we define the function $f_{\#}$ ; $\pi_{i}^{c}(\underline{X,x})\rightarrow$

$\pi_{i}^{c}(\underline{Y,y})$ by

(1) $f_{\#}([\varphi])=[f\varphi]$ for each $[\varphi]\in\pi_{i}^{c}(\underline{X,x})$ .

Clearly $f_{\#}$ is a group-homomoJphism for $i\geqq 1$ , and depends only on the coherent
homotopy class of $f$. We call $f_{\#}$ the homomorphism induced by $f$.

Similarly, for an object (X, $A,$ $x$ ) of $CPHT0P_{2,0}$ and a coherent map $f$ :
$(\underline{X}, Ax)\rightarrow(Y, B, y)$ , we can define the i-th coherent prohomotopy group $\pi_{i}^{c}(X, A, x)$

of ( $\underline{X}$, Ax) and the homomorphism $f_{\#}$ ; $\pi_{i}^{c}(X, A, x)\rightarrow\pi_{i}^{c}(\underline{Y.B,y})$ induced by $f$.
Then we easily have the following.

5.1. THEOREM. The following statements hold;

(a) for $i\geqq 1$ the correspondence $\pi_{i}^{c}$ induces a functor from $CPHT0P_{0}$ to GR,

and for $i\geqq 2$ , induces a functor from $CPHT0P_{2,0}$ to GR, where GR is the category

of groups and homomorphisms,
(b) for an object (X, $A,$ $x$ ) of $CPHT0P_{2,0}$ we have the following natural exact

sequence,

(2)
$...-\pi_{i+1}^{c}(X, A, x)\pi_{i}^{c}(\underline{Ax})\pi_{i}^{c}(\underline{X,x})\pi_{i}^{c}(\underline{X,A,x})-\underline{\partial^{c}}\underline{i_{*}}.j_{\#}\ldots$

where $i:(\underline{Ax})\rightarrow(X, x)$ and $ j:(\underline{Xx})\rightarrow$ ( $\underline{X}$, Ax) are natural system maps induced
by inclusions, and $\partial^{c}$ is the boundary homomorphism given by the restriction.

Next we will consider the relation between $\pi_{i}(|S_{c}(X, x)|)$ and $\pi_{i}^{c}(\underline{X,x})$ . By

Theorem 5.2, when we investigate coherent prohomotopy groups, we can widely

use the usual homotopy theory. A direct application will appear in Theorem 6.2.

5.2. THEOREM. Let (X, $x$ ) $=((X_{\lambda}, x_{\lambda}),$ $p_{\lambda\lambda^{\prime}},$

$\Lambda$ ) be an object of $CPHT0P_{0}$ .
Then the canonical coherent map $\tau_{X}$ ; $|S_{c}(X, x)|\rightarrow(\underline{X,x})$ induces isomorphisms

$(\tau_{X})_{\#}$ ; $\pi_{i}(|S_{c}(X, x)|)\cong\pi_{i}^{c}(\underline{X,x})$ for all $i\geqq 0$ .

The proof is given by a modification of [34], and is long but mechanical.

Hence we show only the outline of the proof here.

Outline of the proof. Let $(Z, z_{0})$ be a compact polyhedron and let $T=(K, t)$

be its triangulation such that $K$ is an ordered simplicial complex and $z_{0}$ is its
vertex. For each k-simplex $ s=\langle v_{n(0)}, \cdots, v_{n(k)}\rangle$ of $K$, the linear homeomorphism

$\rho_{s}$ : $\Delta^{k}\rightarrow|s|$ is defined by

(3) $\rho_{s}(e_{j})=v_{n(j)}$ for each $j,$ $ 0\leqq$ ] $\leqq k$ .



272 Akira KOYAMA

Let $f:(Z, z_{0})\rightarrow(\underline{X,x})$ be a coherent map. The function $\Phi_{f}^{T}$ : $(Z, z_{0})\rightarrow|S_{c}(\underline{Xx})|$

is defined as follows;

For any point $z\in Z$ there is a simplex $s$ of $K$ such that $z\in|s|$ , where
$ s=\langle v_{n(0)}, \cdots, v_{n(k)}\rangle$ . Now we define

(4) $\Phi_{f}^{T}(z)=|f\rho_{s},$ $\rho_{\overline{s}^{1}}(z)|$ .
Obviously $\Phi_{f}^{T}$ is well-defined and continuous, and $\Phi_{f}^{T}(z_{0})=|(\{c_{n}\})|$ . Moreover
$\tau_{X}\Phi_{f}^{T}=f$.

Indeed, for $\underline{\lambda}=(\lambda_{0}, \cdots, \lambda_{n})\in\Lambda^{n},$ $n\geqq 0,$ $z\in|s|\subset Z$ and $t\in\Delta^{n}$ ,

$(\tau_{X}\Phi_{f}^{T})_{\underline{\lambda}}(t, z)=\tau_{\underline{\lambda}}(t, \Phi_{f}^{T}(z))=\tau_{\underline{\lambda}}(t, |f\rho_{s}, \rho_{s}^{-1}(z)|)$

$=(f\rho_{s})_{\underline{\lambda}}(t, \rho_{\overline{s}^{1}}(z))=f_{\underline{\lambda}}(t, z)$ .

If $(Z, z_{0})=(S^{i}, s_{0}),$ $i\geqq 0$ , by the above result, $(\tau_{\underline{\lambda}})_{\#}$ ; $\pi_{i}(|S_{c}(\underline{Xx})|)\rightarrow\pi_{i}^{c}(X, x)$

is surjective. The injectivity of $(\tau_{X})_{\#}$ will be immediately obtained by the fol-
lowing two claims.

Claim 1. Let $T=(K, t)$ and $T^{\prime}=(K^{\prime}, t^{\prime})$ be triangulations of $(Z, z_{0})$ by ordered
simplicial complexes such that $K^{\prime}$ is a subdivision of $K$ and $z_{0}$ is a vertex of $K$.
Let $f,$ $f^{\prime}$ : $(Z, z_{0})\rightarrow(\underline{X,x})$ be coherent maps. If $f\simeq f^{\prime}$ , then $\Phi_{f}^{T}\simeq\Phi_{f^{\prime}}^{T},$ .

$Clai\uparrow 7t2$ . Let $T=(K, t)$ be a triangulation of $(Z, z_{0})$ by an ordered simplicial
complex $K$ with its vertex $z_{0}$ . Then the following holds;

$\Phi_{\tau}^{\tau_{X^{g}}}\simeq g$ for every map $g:(Z, z_{0})\rightarrow|S_{c}(\underline{X,x})|$ .

Proof of Claim 1. For each $s=0,1$ , let $l_{s}$ : $Z\rightarrow Z\times I$ be the map defined by
$l_{s}(z)=(z, s)$ for $z\in Z$ . Then $T_{0}=(K, l_{0}t)$ and $T_{1}^{\prime}=(K^{\prime}, l_{1}t^{\prime})$ are triangulations of
$Z\times\{0\}$ and $Z\times\{1\}$ , respectively. Now we have the triangulation $T^{*}=(T^{*}, t^{*})$

of $Z\times I$ which satisfies;

(i) every vertex of $\tau*$ is either one of $T_{0}$ or of $T_{1}^{\prime}$ ,

(ii) $T^{*}$ contains both $T_{0}$ and $T_{1}^{\prime}$ as subcomplexes, and $\{z_{0}\}\times I$ as a l-simplex.

Moreover $T^{*}$ can be ordered such that;

(a) every vertex of $T_{0}$ is before any vertex of $T_{1}^{\prime}$ ,

(b) both $l_{0}t$ and $l_{1}t^{\prime}$ are order-preserving.

Let $F:(Z, z_{0})\times I\rightarrow(X, x)$ be a coherent homotopy connecting $f$ and $f^{\prime}$ . Then
we consider the map $\Phi_{f}^{T*}:$ $Z\times I\rightarrow|S_{c}(\underline{X,x})|$ . By (ii) and the construction of $\Phi_{f}^{\tau*}$,
$\Phi_{F}^{\tau*}(\{z_{0}\}\times I)=|(\{c_{n}\})|$ . For any $z\in|s|=|v_{n(0)},$ $\cdots$ , $v_{n(k)}|$ , by (i) and (ii), $(z, 0)$

$\in|s_{0}^{*}|=|(v_{n(0)}, 0),$ $\cdots,$ $(v_{n(k)}, 0)|$ . Moreover $\rho_{s_{0}}*:\Delta^{k}\rightarrow|s_{0}^{*}|$ is given by $\rho_{s_{0^{*}}}(u)$
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$=(\rho_{s}(u), 0)$ for $u\in\Delta^{k}$ . Hence $\rho_{s}^{-1}(z)=\rho_{\overline{s}_{0}}^{1_{*}}(z, 0)$ , and

$(F\rho_{s_{0^{*}}})_{\underline{\lambda}}(t, u)=F_{\underline{\lambda}}(t, \rho_{s}(u),$
$0$) $=f_{\underline{\lambda}}(t, \rho_{s}(u))=(f\rho_{s})_{\underline{\lambda}}(t, u)$ ,

where $\underline{\lambda}=(\lambda_{0}, \cdots, \lambda_{n})\in\Lambda^{n},$ $n\geqq 0,$ $u\in\Delta^{k},$ $\iota\in\Delta^{n}$ . Therefore

$\Phi_{F}^{T*}(z, 0)=|F\rho_{s_{0^{*}}},$ $\rho_{\overline{s}_{0^{1_{*}}}}(z, 0)|=|f\rho_{s},$ $\rho_{\overline{s}^{1}}(z)|=\Phi_{f}^{T}(z)$ ,

where $z\in|s|=|v_{n(0)},$ $\cdots,$
$v_{n(k)}|\subset Z$ . That is, $\Phi_{F}^{\tau*}|Z\times\{0\}=\Phi_{f}^{T}$ .

Similarly we have that $\Phi_{F}^{T*}|Z\times\{1\}=\Phi_{f^{\prime}}^{T},$ . Therefore $\Phi_{F}^{T*}:$ $\Phi_{f}^{T}\simeq\Phi_{f^{\prime}}^{T},$ .

Before proving Claim 2, we introduce the concept of simpliciality of maps.
Let $T=(K, t)$ be an ordered triangulation of a polyhedron $Z$ and let $\varphi:Z\rightarrow$

$|S_{c}(\underline{X})|$ be a map. If for each simplex $s$ of $K$, there are $h_{s}\in S_{c}(\underline{X})$ and an
order-preserving simplicial map $\alpha_{s}$ : $|s|\rightarrow\Delta^{q(s)}$ , where $q(s)=\dim h_{s}$ , such that

(5) $\varphi(z)=|h_{s},$ $\alpha_{s}(z)|$ for each $z\in|s|$ ,

$\varphi$ is said to be simplicial with respect to $T$. Then we have;

Claim 3. If a map $\varphi:Z\rightarrow|S_{c}(\underline{X})|$ is simplicial with respect to $T$, then
$\Phi_{\tau}^{\tau_{X^{\varphi}}}=\varphi$ .

Proof of Claim 3. Let $s$ be any k-simplex of $T$. Then

$(\tau_{X}(\varphi||s|))_{\underline{\lambda}}(t, z)=\tau_{\underline{\lambda}}(t, \varphi(z))=\tau_{\underline{\lambda}}(t, |h_{s}, \alpha_{s}(z)|)$

$=(h_{s})_{\underline{\lambda}}(t, \alpha_{s}(z))=(h_{s}\alpha_{s})_{\underline{\lambda}}(t, z)$ ,

where $\underline{\lambda}=(\lambda_{0}, \cdots, \lambda_{n})\in\Lambda^{n},$ $n\geqq 0,$ $z\in|s|,$ $t\in\Delta^{n}$ . Moreover $\alpha_{s}\rho_{s}:\Delta^{n}\rightarrow\Delta^{q(s)}$ is in-
duced by a monotone function $\Delta[n]\rightarrow\Delta[q(s)]$ . Hence for every $z\in|s|$ ,

$\Phi_{\tau}^{\tau_{X^{\varphi}}}(z)=|(\tau_{X}\varphi)\rho_{s},$ $\rho_{\overline{s}}^{1}(z)|=|(h_{s}\alpha_{s})\rho_{s},$ $\rho_{\overline{s}^{1}}(z)|$

$=|h_{s}(\alpha_{s}\rho_{s}),$ $\rho_{\overline{s}^{1}}(z)|=|h_{s},$ $\alpha_{s}(z)|=\varphi(z)$ .
Therefore $\Phi_{\tau}^{\tau_{X^{\varphi}}}=\varphi$ .

By a slight modification of [34], P. 103, we have the following.

Fact. Let $T=(K, t)$ be an ordered triangulation of a compact polyhedron
$(Z, z_{0})$ such that $z_{0}$ is a vertex of K. Then for any map $g:(Z, z_{0})\rightarrow|S_{c}(X, x)|$

there are a subdivision $T$ ‘ of $T$ and a map $\varphi:(Z, z_{0})\rightarrow|S_{c}(\underline{X,x})|$ such that

(i) $\varphi$ is simplicial with respect to $T$ ,

(ii) $ g\simeq\varphi$ as maps $(Z, z_{0})\rightarrow|S_{c}(X, x)|$ .

Proof of Claim 2. For any map $g:(Z, z_{0})\rightarrow|S_{c}(X, x)|$ , by Fact, there are a
subdivision $T^{\prime}$ of $T$ and a map $\varphi:(Z, z_{0})\rightarrow|S_{c}(\underline{X,x})|$ such that
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(6) $\varphi$ is simplicial with respect to $T^{\prime}$ ,

(7) $ g\simeq\varphi$ rel. $z_{0}$ .

By (7) and Claim 1,

(8) $\Phi_{\tau}^{\tau_{X^{g}}}\simeq\Phi_{\tau\varphi}^{\tau_{X^{\prime}}}$ .
By (6) and Claim 3,

(9) $\Phi_{\tau\varphi}^{\tau_{X^{\prime}}}=\varphi$ .

Hence by (8), (9) and (7), we have

(10) $\Phi_{\tau}^{\tau_{X^{g}}}\simeq g$ .

Therefore the proof of Claim 2 is completed. That is, we complete the proof

of Theorem 5.2.

By the same way as the proof of Theorem 5.2 we can show the next result,

which is the relative version of Theorem 5.2.

5.3. COROLLARY. For an object $(\underline{X}, Ax)$ of $CPHT0P_{2,0}$ , the canonical coherent
map $\tau_{X}$ ; $|S_{c}$ ( $\underline{X}$A $x$ ) $|\rightarrow$ ( $\underline{X}$Ax) induces isomorphisms

$(\tau_{X})_{*};$ $\pi_{i}(|S_{c}(\underline{XA}, x)|)\cong\pi_{i}^{c}$ ( $\underline{X}$Ax) for all $i\geqq 1$ .

6. Coherent singular homology groups $H_{*}^{c}(\underline{X}:G)$ .
Let (X, $A$ ) $=((X_{\lambda}, A_{\lambda}),$ $p_{\lambda\lambda^{\prime}},$

$\Lambda$ ) be an object of $CPHT0P_{2}$ and let $G$ be an
abelian group. For each $i\geqq 0$ , we define

(1) $H_{i}^{c}(\underline{XA}:G)=H_{i}(S_{c}(\underline{XA}):G)$ ,

which is called the i-th coherent singular homology group of $(\underline{XA})$ with the

coefficient group $G$ . If $G$ is the additive group of all integers $Z$ , then we
denote $H_{*}^{c}(\underline{XA}:Z)$ by $H_{*}^{c}(X, A)$ .

Let $f:(\underline{X,A})\rightarrow(\underline{Y,B})=((Y_{\mu}, B_{\mu}),$ $q_{\mu\mu^{\prime}},$
$M$) be a coherent map. Then we

have the homomorphism $f_{*}:$ $H_{*}^{c}(X, A:G)\rightarrow H_{*}^{c}(Y, B:G)$ , defined by

(2) $f_{*}=S_{c}(f)_{*}$ .

We call $f_{*}$ the homomorphism induced by $f$.
Considering CPHTOP as a full subcategory of $CPHT0P_{2}$ , we define $H_{*}^{c}(\underline{X}:G)$

and $f_{*}:$ $H_{*}^{c}(\underline{X}:G)\rightarrow H_{*}^{c}(\underline{Y}:G)$ for a coherent map $f$ : $\underline{X}\rightarrow\underline{Y}$ . We note that if
(X, A) is a rudimentary system $((X, A))$ , then $H_{*}^{c}(\underline{X,A}:G)$ is the usual singular
homology group $H_{*}(X, A:G)$ .
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6.1. THEOREM. (a) The correspondence $H_{*}^{c}$ induces a functor fram $CPHTOP_{2}$

to GR.
(b) For an object (X, A) of $CPHTOP_{2}$ , the following is a natural exact

sequence;
$\partial^{c}$

$\underline{i}_{*}$

(3) $-H_{i+1}^{c}$ ( $X$ , A : $G$ ) $-H_{i}^{c}(\underline{A}:G)-H_{i}^{c}(\underline{X}:G)$

$\underline{j}_{*}H_{i}^{c}(X, A:G)-\cdots$ .
(c) For an object (X, A) of $CPHT0P_{2}$ , the canonical coherent map $\tau_{\Delta}$ :

$|S_{c}(X, A)|\rightarrow(X, A)$ induces isomorphisms;

$(\tau_{X})_{*}:$ $H_{i}(|S_{c}(X, A)|$ : $G$ ) $\cong H_{i}^{c}(X, A:G)$ for every $i\geqq 0$

and every abelian group $G$ .

PROOF. Both (a) and (b) are immediate consequences of Theorem 3.2 and
well-known results. We will show only (c). A semi-simplicial map $\eta_{(\underline{XA})}$ :
$S_{c}(X, A)\rightarrow S(|S_{c}(X, A)|)$ is given by

(4) $\eta_{i}(h)(u)=|h,$ $u|$ for $h\in S_{i}(\underline{X})$ and $u\in\Delta^{i}$ .

Then by [27], Proposition 16.2,

(5) $(\eta_{(\underline{XA})})_{i}$ : $H_{*}^{c}(\underline{XA}:G)\cong H_{i}(|S_{c}(\underline{XA})| : G)$ .
On the other hand, for any $h\in S_{i}(\underline{X}),$ $i\geqq 0,$ $\underline{\lambda}\in\Lambda^{n},$ $n\geqq 0$,

$(S_{c}(\tau_{X})\eta_{(\underline{XA})})(h)_{\underline{\lambda}}(t, u)=(S_{c}(\tau_{X})\eta_{(\underline{XA})}(h))_{\underline{\lambda}}(t, u)$

$=(\tau_{X}\eta_{(\underline{XA})}(h))_{\underline{\lambda}}(t, u)$

$=\tau_{\underline{\lambda}}(t, \eta_{(\underline{XA})}(h)(u))$

$=\tau_{\underline{\lambda}}(t, |h, u|)$

$=h_{\underline{\lambda}}(t, u)$ ,

where $(t, u)\in\Delta^{n}\times\Delta^{i}$ . Hence $S_{c}(\tau_{X})\eta_{(\underline{XA})}=1_{S_{C}(\underline{XA})}$ . Therefore by (5) we have

$(\tau_{Z})_{*}:$ $H_{i}(|S_{c}(X, A)|$ : $G$ ) $\cong H_{i}^{c}(X, A:G)$ for every $i\geqq 0$ .

For an object (X, x) of $CPHTOP_{0}$ we define the function $\Phi_{(\underline{Xx})}$ : $\pi_{i}^{c}(\underline{X,x})\rightarrow$

$H_{i}^{c}(\underline{X})$ by the formula;

(6) $\Phi_{(\underline{Xx})}^{i}([h])=h_{*}(1)$ for every $[h]\in\pi_{i}^{c}(\underline{X,x})$ .

Then the following square is commutative;
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$\pi_{i}(|S_{c}(X, x)|)\underline{(\tau_{\underline{X}})_{\#}}\pi_{i}^{c}(\underline{X,x})$

$\varphi_{|S_{c}(\underline{X,x})|}^{i}$ $\Phi_{(\underline{\lambda^{\prime}.x})}^{i}$

$H_{i}(|S_{c}(\underline{X})|)\overline{(\tau_{\underline{X}})_{*}}H_{i}^{c}(\underline{X})$

where $\varphi_{|S_{C}(\underline{Xx})|}^{i}$ is the usual Hurwicz homomorphism of $|S_{c}(\underline{X,x})|$ . We will call
$\Phi^{i_{(\underline{Xx})}}$ the i-th coherent Hurewicz homomorphism of (X, x). By Theorem 5.2 and

Theorem 6.1(c) we have

6.2. THEOREM (Hurewicz isomorphism theorem in coherent prohomotopy).

Let (X, x) be an object of $CPHT0P_{0}$ . Then

(a) if $\pi_{k}^{c}(X\wedge x)=0$ for every $k,$ $0\leqq k\leqq i+1$ , where $i\geqq 2,$ $\Phi_{(\underline{Xx}}^{i}$ ) $:\pi_{i}^{c}(\underline{X,x})\cong H_{i}^{c}(\underline{X})$ ,

and $\Phi_{t\underline{X}}^{i+1_{X)}}$ is an epimorphism,
(b) if $\pi_{0}^{c}(\underline{X,x})=0$ , then $\Phi_{(\underline{Xx})}^{1}$ is an epimorphism and its kernel is the com-

mutator subgroup of $\pi_{1}^{c}(\underline{Xx})$ .

.. Similarly, for an object ( $\underline{X}$Ax) of $CPHTOP_{2,0}$ , we can define the i-th
coherent Hurewicz homomorphism $\Phi^{i_{(X,A.x)}}$ ; $\pi_{i}^{c}$ ( $\underline{X}$, A $x$ ) $\rightarrow H_{i}^{c}(\underline{X,A}:G)$ . Then we
have the following, which is the relative version of Theorem 6.2.

6.3. THEOREM (relative Hurewicz isomorphism theorem in coherent prohomo-
topy). Let (X, A, x) be an object of $CPHT0P_{2.0}$ . Then if $\pi_{k}^{c}(X, A, x)=0$ for
every $k,$ $0\leqq k\leqq i-1$ , where $i\geqq 2$ , and $\pi_{1}^{c}(A\wedge x)=0$ , then

$\Phi^{i_{(X,A.x)}}$ ; $\pi_{i}^{c}$ ( $\underline{X}$, A $x$ ) $\cong H_{i}^{c}(\underline{XA})$ .

In [17], Lisica and Marde\v{s}i\v{c} defined a strong homology of inverse systems,

which is an invariant of coherent prohomotopy: For an abelian group $G$ they

associate with $\underline{X}=(X_{\lambda}, p_{\lambda\lambda^{\prime}}, \Lambda)$ a chain complex $C_{\#}(\underline{X}:G)$ , defined as follows.
A strong p-chain of -X, $p\geqq 0$, is a function $x$ , which assigns to every $\underline{\lambda}\in\Lambda^{n}$ a
singular $(p+n)$-chain $x_{\underline{\lambda}}\in C_{p+n}(X_{\lambda_{0}} : G)$ . The boundary operator $ d:C_{p+1}(\underline{X}:G)\rightarrow$

$C_{p}(\underline{X}:G)$ is defined by the formula

(7) $(-1)^{n}(dx)_{\underline{\lambda}}=\partial(x_{\underline{\lambda}})-p_{\lambda_{0}\lambda_{1}\#}(x_{\underline{\lambda}_{0}})-\sum_{j=0}^{n}(-1)^{j}x_{\underline{\lambda}_{j}}$ ;

here $\partial$ denotes boundary of singular chains. By definition,

(8) $H_{p}^{s}(\underline{X}:G)=H_{p}(C_{\#}(\underline{X}:G))$ ,
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which is called the p-th strong homology group of X with the coefficient group $G$ .
With a coherent map $f$ : $\underline{X}\rightarrow\underline{Y}=(Y_{\mu}, q_{\mu\mu^{\prime}}, M)$ they associate a chain map

$f_{\#}$ : $C_{*}(\underline{X}:G)\rightarrow C_{\#}(\underline{Y}:G)$ , given by

(9) $(f_{\#}(x))_{\underline{\mu}}=\sum_{i=0}^{n}f_{(},\cdots(x_{(()\ldots.,\varphi^{(}\mu_{n})}\times\Delta^{i})$

where $\mu\in M^{n},$ $n\geqq 0,$ $x\in C_{p}(\underline{X}:G)$ . Then $f_{*}$ induces a homomorphism $f_{*}:$ $H_{p}^{s}(\underline{X}:G)$

$\rightarrow H_{p}^{s}(\underline{Y};G)$ for each $p\geqq 0$ . $f_{*}$ is called the homomorphism induced by $f$. For
more details, see [22] and [23].

For every coherent singular i-simplex $h\in S_{t}(\underline{X}),$ $i\geqq 0$ , we define a strong

i-chain $\xi(h)$ of X by the formula

$\xi(h)_{\underline{\lambda}}=h_{\underline{\lambda}*}(\Delta^{n}\times\Delta^{i})$ for $\underline{\lambda}\in\Lambda^{n},$ $n\geqq 0$,

here $\Delta^{n}\times\Delta^{i}$ is the singular $(i+n)$-chain of $\Delta^{n}\times\Delta^{i}$ described in [23], \S 3 (c.f.

[32], \S 5.3). Then the correspondence $\xi$ induce a homomorphism from $C_{i}(S_{c}(\underline{X}))$

to $C_{i}(\underline{X})$ , which is also denoted by $\xi$ . The homomorphism $\xi$ have the following
property.

6.4. PROPOSITION. $d^{s}\xi(h)=\xi(d^{c}h)$ for $h\in S_{i}(\underline{X}),$ $i\geqq 1$ , where $d^{s}$ and $d^{c}$ are
boundary operators of strong chain complex and coherent singular complex, respec-
tively.

PROOF. For every $\underline{\lambda}=(\lambda_{0}, \cdots, \lambda_{n})\in\Lambda^{n},$ $n\geqq 0$ ,

$\partial(\xi(h)_{\underline{\lambda}})=\partial(h_{\underline{\lambda}\#}(\Delta^{n}\times\Delta^{i}))=h_{\underline{\lambda}\#}(\partial(\Delta^{n}\times\Delta^{i}))$

$=h_{\underline{\lambda}\#}(\partial\Delta^{n}\times\Delta^{i}+(-1)^{n}\Delta^{n}\times\partial\Delta^{i})$

$=h_{\underline{\lambda}\#}(\sum_{j=0}^{n}(-1)^{j}\partial_{j}^{n}(\Delta^{n- 1})\times\Delta^{i}+(-1)^{n}\sum_{k=0}^{i}(-1)^{k}\Delta^{n}\times\partial_{k}^{i}(\Delta^{i- 1}))$

$=\sum_{j=0}^{n}(-1)^{j}h_{\underline{\lambda}\#}(\partial_{j}^{n}(\Delta^{n-1})\times\Delta^{i})+(-1)^{n}\sum_{k=0}^{i}(-1)^{k}h_{\underline{\lambda}}(\Delta^{n}\times\partial_{k}^{i}(\Delta^{i-1})))$

$=p_{\lambda_{0}\lambda_{1}*}h_{\underline{\lambda}_{0}\#}(\Delta^{n-1}\times\Delta^{i})+\sum_{j=1}^{n}(-1)^{j}h_{\underline{\lambda}_{j}\#}(\Delta^{n-1}\times\Delta^{i})$

$+(-1)^{n}\sum_{k=0}^{i}(-1)^{k}(h\partial_{k}^{i})_{\underline{\lambda}}(\Delta^{n}\times\Delta^{i-1})$

$=p_{\lambda_{0}\lambda_{1}\#}\xi(h)_{\underline{\lambda}_{0}}+\sum_{j=1}^{n}(-1)^{j}\xi(h)_{\underline{\lambda}_{j}}+(-1)^{n}\sum_{k=0}^{i}(-1)^{k}\xi(h\partial_{k}^{i})_{\underline{\lambda}}$ .

Hence by (7) and the definitions,

$(-1)^{n}d^{s}(\xi(h))_{\underline{\lambda}}=(-1)^{n}\sum_{k=0}^{i}(-1)^{k}\xi(h\partial_{k}^{i})_{\underline{\lambda}}$
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$=(-1)^{n}\xi(\sum_{k=0}^{i}(-1)^{k}h\partial_{k}^{i})_{\underline{\lambda}}=(-1)^{n}\xi(d^{c}(h))_{\underline{\lambda}}$ .

By Proposition 6.4, we have the natural homomorphism

$\xi_{X}^{i}$ : $H_{i}^{c}(\underline{X}:G)\rightarrow H_{i}^{s}(\underline{X}:G)$ for each $i\geqq 0$ .

Then the following natural problem is posed;

PROBLEM 1. Uuder what conditions of X and $G$ is the homomorphism $\xi_{x}^{i}$

isomorphism

We note that there is an inverse sequence X of compact polyhedra such that
$\xi_{X}^{1}$ : $H_{1}^{c}(\underline{X})\rightarrow H_{1}^{s}(\underline{X})$ is not surjective. The details will be discussed in the next

section.

7. Fundamental singular complexes.

Let $\underline{X}=(X_{n}, p_{nn+1})$ be an inverse sequence of spaces and maps. For each
$i=1,2,$ $\cdots$ , let $K_{i}(\underline{X})$ be the set of all strong fundamental sequences from $\Delta^{i}$ to
X in the sense of Lisica [15]. That is, every $\underline{h}\in K_{i}(\underline{X})$ consists of maps $h_{m}$ :
$\Delta^{i}\rightarrow Y_{m}$ and of maps $h_{mm+1}$ : $I\times\Delta^{i}\rightarrow Y_{m}$ such that

(1) $h_{mm+1}(0, u)=h_{m}(u)$ ,

(2) $h_{mm+1}(1, u)=p_{mm+1}h_{m+1}(u)$ .
For each $i\geqq 0$ and each $k,$ $0\leqq k\leqq i$, the k-th degeneracy operator $d_{k}=d_{k}^{i}$ : $K_{i}(\underline{X})$

$\rightarrow K_{i-1}(\underline{X})$ and the k-th face operator $s_{k}=s_{k}^{i}$ : $K_{i}(\underline{X})\rightarrow K_{i+1}(\underline{X})$ are defined as follows;

(3) $d_{k}(\underline{h})_{m}=h_{m}\partial_{k}^{i}$ and $d_{k}(\underline{h})_{mm+1}=h_{mm+1}(1\times\partial_{k}^{i})$ ,

(4) $s_{k}(\underline{h})_{m}=h_{m}\sigma_{k}^{i}$ and $s_{k}(\underline{h})_{mm+1}=h_{mm+1}(1X\sigma_{k}^{i})$ .
Then we have a semi-simplicial complex $K(\underline{X})=(K_{i}(\underline{X}), d_{k}, s_{k})$ . The proof of
Proposition 3.1 (1) essentially shows that $K(\underline{X})$ is also a Kan complex. We call
$K(\underline{X})$ the fundamental singular complex of $X$. Moreover by the same way as \S 4,

a canonical strong fundamental sequence $\underline{\nu}_{X}$
; $|K(\underline{X})|\rightarrow\underline{X}$ can be defined by

(5) $\nu_{m}(|\underline{h}, u|)=h_{m}(u)$ ,

(6) $\nu_{mm+1}(t, |\underline{h}, u|)=h_{mm+1}(t, u)$ ,

where $(\underline{h}, u)\in K_{i}(\underline{X})\times\Delta^{i},$ $i\geqq 0,$ $t\in I$.
With every $h\in S_{i}(\underline{X}),$ $i\geqq 0$, we associate a strong fundamental sequence $\underline{h}\in$

$K_{i}(\underline{X})$ by considering maps $h_{m}$ : $\Delta^{i}\rightarrow X_{m}$ and $h_{mm+1}$ : $I\times\Delta^{i}\rightarrow X_{m}$ , where we have
identified $I$ with $\Delta^{1}$ by identifying $\iota\in I$ with $(1-t, t)\in\Delta^{1}$ . Then by (3.1), (3)
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and (4) the above correspondence induces a semi-simplicial map $f:S_{c}(\underline{X})\rightarrow K(\underline{X})$ .
Using the method of [20], we can show the following.

7.1. THEOREM. The semi-simplicial map $f$ induces an $iso\uparrow\gamma\iota orphi_{S7}n$ in $KAN$.

In order to prove Theorem 7.1 we rewrite from [20], the proof of Lemma
1.1, the concept of the standard extension $h^{\prime}$ of a strong fundamental sequence
$\underline{h}:\Delta^{i}\rightarrow\underline{X}$ . Let $L_{i}\subset\Delta^{n}$ denote the l-simplex connecting $e_{i-1}$ to $e_{i}$ and let

$L^{n}=L_{1}\cup L_{2}\cup\cdots\cup L_{n}\subset\Delta^{n}$ .

Then there are a retraction $r^{n}$ : $\Delta^{n}\rightarrow L^{n}$ and a homotopy $D^{n}$ : $I\times\Delta^{n}\rightarrow\Delta^{n}$ such that

(7) $D^{n}(0, t)=t$ ,

(8) $D^{n}(1, t)=r^{n}(t)$ ,

(9) $D^{n}(1_{I}\times\partial_{j}^{n})=\partial_{j}^{n}D^{n-1}$ , $j=0,$ $n$ .
By induction on $u\geqq 0$ we will define maps $h_{\underline{m}}^{\prime}$ : $\Delta^{n}\times\Delta^{i}\rightarrow X_{m_{0}}$ for $\underline{m}=(m_{0}, \cdots, m_{n})$

$\in N^{n}$ .
Assume that $\underline{m}$ is non-degenerate. For each $j,$ $ 0\leqq$ ] $\leqq k$ , let $w_{j}^{k}$ : $I\rightarrow L^{k}\subset\Delta^{k}$

be the linear map which takes $0$ to $e_{j-1}$ and 1 to $e_{j}$ . Put $l(\underline{m})=m_{n}-m_{0}$ . We
define a map $h_{m}$ : $L^{\iota(m)}\times\Delta^{i}\rightarrow X_{m_{0}}$ by

(10) $h_{m}(w_{J^{(m)}}^{l}(t), u)=p_{m_{0},m_{0}+j-1}h_{m_{0}+j-1.m_{0}+j}(t, u)$ , $t\in I$ , $ 1\leqq$ ] $\leqq l(\underline{m})$ .
We consider the linear map $v_{m}$ : $\Delta^{n}\rightarrow\Delta^{\iota(m)}$ which takes the vertex $e_{i}$ of $\Delta^{n}$ to the
vertex $e_{m_{i}-m_{0}}$ of $\Delta^{l(m)}$ . Now the map $h_{\Phi}^{\prime}:\Delta^{n}\times\Delta^{i}\rightarrow X_{m_{0}}$ is defined by

(11) $h_{!n}^{\prime}(t, u)=h_{m}(r^{\iota(m)}v_{m}(t), u)$ , $u\in\Delta^{i}$ , $t\in\Delta^{n}$ .
If $\underline{m}$ is degenerate, $\underline{m}=\underline{k}^{j}$ for some $\underline{k}\in N^{n-1}$ and some $j,$ $ 0\leqq$ ] $\leqq n-1$ . Then

we define

(12) $h_{I!1}^{\prime}(t, u)=h_{k}^{\prime}(\sigma_{j}^{n-1}(t), u)$ , $u\in\Delta^{i}$ , $t\in\Delta^{n}$ .

Proof of Theorem 7.1. By definitions, the standard extension of strong
fundamental sequences induces the semi-simplicial map $g:K(\underline{X})\rightarrow S_{c}(\underline{X})$ . By the
definition,

(13) $fg=1_{K(x)}$ .

For any $h\in S_{i}(\underline{X}),$ $i\geqq 0$, $g_{i}f_{i}(h)$ is the standard extension of the strong
fundamental sequence $f_{i}(h)$ associated with $h$ . Now we define the coherent
map $R(h):\Delta^{i}\times I\rightarrow\underline{X}$ as follows (see [20], Lemma 1.2);

(i) if $\underline{m}=(m_{0}, \cdots, m_{n})$ is non-degenerate, we define $R(h)_{\underline{m}}$ by
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(14) $R(h)_{m}(t, u, s)=h_{m}.(D^{\iota(m)}(s, v_{m}(t),$ $u$ ) ,

where $\underline{m}^{*}=(7n_{0}, \uparrow n_{0}+1, ?\uparrow\iota_{0}+2, \cdots, \iota_{1}, m_{1}+1, \cdots, m_{n})$ .
(ii) if $\underline{m}$ is degenerate, $\underline{m}=\underline{k}^{j}$ for some $\underline{k}\in N^{n-1}$ and some $j,$ $ 0\leqq$ ] $\leqq n-1$ .

Then we put

(15) $R(h)_{m}(t, u, s)=R(h)_{k}(\sigma_{j}^{n-1}(t), n, s)$ , $t\in\Delta^{n}$ .

Then by the definition of composition of coherent maps

$R(h)(\partial_{j}^{n}\times 1)=R(h\partial_{j}^{n})$ and $R(h)(\sigma_{j}^{n}\times 1)=R(h\sigma_{j}^{n})$ .
Moreover,

$R(h)l_{0}=/\iota=1_{S_{i}(X)}(h)$ and $R(h)l_{1}=f_{i}(h)^{\prime}=g_{i}f_{i}(h)$ .

Hence by the same way as \S 3, the correspondence $R:S_{n}(\underline{X})\rightarrow S_{n+1}(\underline{X})$ induces a
homotopy connecting $1_{s_{c^{(X)}}}$ and $gf$ .

Similarly we have the relative and the pointed versions of Theorem 7.1.
We denote the Kan pairs of an inverse sequence (X, x) of pointed spaces and an
inverse sequence (X, $X_{0}$) of pairs by $K(\underline{Xx})$ and $K(\underline{XX}_{0})$ , respectively.

7.2. COROLLARY. $f_{*}:$ $H_{*}^{c}(\underline{X}:G)\rightarrow H_{*}(K(\underline{X}):G)$ for every abelian group $G$ .

7.3. COROLLARY. The map $|f|$ : $|S_{c}(\underline{X})|\rightarrow|K(\underline{X})|$ is the homotopy equivalence
$u^{1}ith|g|$ as its honotopy inverse.

7.4. COROLLARY. The canonical fundamental sequence $\underline{\nu}_{(\underline{Xx})}$
; $|K(\underline{X,x})|\rightarrow(\underline{X,x})$

induces isomorphism

$(\underline{v}_{(\underline{Xx})})_{\#}$ : $\pi_{i}(|K(\underline{X,x})|)\cong\overline{\pi}_{i}(\underline{Xx})$ for every $i\geqq 0$ ,

uhere $\overline{\pi}_{i}(X, x)$ is the i-th strong homotopy group of (X, x) defined by Lisica [15].

PROOF. Let $\underline{h}:(S^{i}, s_{0})\rightarrow(X, x)$ be a strong fundamental sequence and $h^{\prime}$ :
$(S^{i}, s_{0})\rightarrow(\underline{Xx})$ be its standard extension. Then by Theorem 5.2 there is a map
$\Phi_{h^{\prime}}$ : $(S^{i}, s_{0})\rightarrow|S_{c}(X, x)|$ such that

(16) $\tau_{X}\Phi_{h^{\prime}}=h^{\prime}$

Since $\underline{\nu}_{(\underline{Xx})}|f|$ is the strong fundamental sequence associated with $\tau_{(\underline{Xx})}$ , the
strong fundamental sequence $(\underline{\nu}_{(\underline{Xx})}|f|)\Phi_{h^{\prime}}=\underline{\nu}_{(\underline{Xx})}(|f|\Phi_{h^{\prime}})$ is associated with
$\tau_{X}\Phi_{h^{\prime}}$ . Hence by (16)

$\underline{\nu}_{X}(|f|\Phi_{h^{\prime}})=h$ .

Let $\alpha,$ $\beta$ : $(S^{i}, s_{0})\rightarrow|K(\underline{X,x})|$ be maps such that
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(17) $\underline{\nu}_{(\underline{Xx})}\alpha\simeq\underline{\nu}_{(\underline{Xx})}\beta$ .

We note that $\tau_{X}|g|$ is the standard extension of $\underline{\nu}_{(\underline{Xx})}$ . Hence $\tau_{X}|g|$ a and
$\tau_{X}|g|\alpha$ are standard extensions of $\underline{\nu}_{(\underline{Xx})}\alpha$ and $\underline{\nu}_{(\underline{Xx})}\beta$ , respectively. By (17) and
Theorem 5.2,

(18) $|g|\alpha\simeq|g|\beta$ .

Hence by Corollary 7.3 we bave that

$\alpha\simeq|f||g|\alpha\simeq|f||g|\beta\simeq\beta$ .
Therefore we have Corollary 7.4.

Next we introduce the Steenrod-Sitnikov homology of an inverse sequence
$\underline{X}=(X_{m}, p_{mm+1})$ ($c.f$ . $[16]$ and [22]). For each $i\geqq 0$, a $s-s$ i-chain is a function
$x$ which assigns to every $m$ a singular i-chain $x(m)\rightarrow C_{i}(X_{m} : G)$ and to every
$(m, m+1)$ a singular $(i+1)$-chain $x(m, m+1)\in C_{i+1}(X_{m} : G)$ . The set of those
$s-s$ i-chains is donoted by $C_{i}^{s-s}(\underline{X} : G)$ . The boundary operator $ d:C_{i+1}^{s-s}(\underline{X}:G)\rightarrow$

$C_{i}^{s-s}(\underline{X}:G)$ is defined by the formula;

(19) $(dx)(m)=\partial(x(m))$ , and

(20) $(dx)(m, m+1)=p_{mm+1*}(x(77\iota+1))-x(m)-\partial(x(m, m+1))$ ,

where $\partial$ denotes the boundary of singular chains. Then we define

(21) $H_{i}^{s-s}(\underline{X}:G)=H_{i}(C_{*}^{s-s}(\underline{X}:G))$ for each $i\geqq 0$ .

For each $m\geqq 1$ , let $\alpha_{m}$ : $C_{i}^{s-s}(\underline{X}:G)\rightarrow C_{i}(X_{m} : G)$ be the chain map given by
$\alpha_{m}(x)=x(m)$ . Then the family $\{\alpha_{m}\}$ induces a homomorphism $\alpha:H_{i}^{s-s}(\underline{X}:G)\rightarrow$

$\lim_{\leftarrow}(H_{i}(X_{m}), p_{mm+1^{*}})$ . Concerning $\alpha$ we have the following.

7.5. PROPOSITION. $\alpha$ is an epimorphism and there is an isomorphism $\beta$ :
$\lim_{\leftarrow}^{1}(H_{i+1}(X_{m}), p_{mm+1}.)\rightarrow Ker(\alpha)$ . Then is, the following sequence is exact;

$\beta$

$0\rightarrow\varliminf^{1}(H_{i+1}(X_{m}), p_{mm+1}.)\rightarrow H_{i}^{s- s}(\underline{X}:G)$

$\underline{\alpha}\lim_{\leftarrow}(H_{i}(X_{m}), p_{mm+1}.)-0$ .
Each strong fundamental sequence $\underline{h}:\Delta^{i}\rightarrow\underline{X}$ can be identified with the $s-s$

i-chain of X by the formula;

$\underline{h}(m)=h_{m}$ , and $\underline{h}(m, m+1)=h_{mm+1}$ .
Then we have a natural homomorphism $\zeta_{X}^{i}$ : $H_{i}(K(\underline{X}))\rightarrow H_{i}^{s-s}(\underline{X}:G)$ .

On the other hand, each strong i-chain of X can be considered as a $s-s$ i-
chain of X. Hence there is the natural homomorphism $\theta_{x}^{i}$ : $H_{i}^{s}(\underline{X}:G)\rightarrow H_{i}^{\epsilon-s}(\underline{X}:G)$ .
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By the definitions

$\theta_{x}^{i}\xi_{x}^{i}=\zeta_{X}^{i}f_{*}$ .

$f_{*}$

$H_{i}(S_{c}(\underline{X}):G)-H_{i}(K(\underline{X}):G)$

$\xi_{\underline{X}}^{i}$ $\zeta_{\underline{X}}^{i}$

$H_{i}^{s}(\underline{X}:G)H_{i}^{s-s}(\underline{X}:G)\overline{\theta_{\underline{X}}^{i}}$

By [22], \S 8‘ $\theta_{x^{i}}$ is an isomorphism. Hence by Corollary 7.2, if $\zeta_{X}^{i}$ is not
suriective, the $\xi_{x}^{\ell}$ is also not surjective. Next we will show that there is an
inverse system X of l-dimensional compact polyhedra such that $\zeta_{X}^{1}$ is not sur-
jective.

7.6. EXAMPLE. Let $\{S_{i}\}$ be a collection of pairwise disjoint copies of the 1-
sphere $S^{1}$ . Let $x_{0}$ be a point which does not belong to $\bigcup_{i\geqq 1}S_{i}$ . For each $\uparrow\uparrow\iota\geqq 1$ , put

(22) $X_{m}=\{x_{0}\}\cup S_{1}\cup\cdots\cup S_{m}$ ,

and define the map $p_{mm+1}$ : $X_{m+1}\rightarrow X_{m}$ by

(23) $p_{mm+1}|X_{m}=1_{x_{m}}$ and $p_{mm+1}(S_{m+1})=x_{0}$ .
We will show that the inverse system $\underline{X}=(X_{m}, p_{mm+1})$ has the required property.
We note that $\angle X_{-}$ is movable, and

(24)
$\lim_{\leftarrow}(H_{1}(X_{m}), p_{mm+1}.)=\prod_{m\geq 1}H_{1}(S_{m})$ ,

for $H_{1}(X_{m})=H_{1}(S_{1})\times\cdots\times H_{1}(S_{m})$ for each $m\geqq 1$ .
Assume that $\zeta_{\lambda^{1}}$ is surjective. Let $z=(z_{m})\in\prod_{m\geq 1}H_{1}(S_{m})$ be an element such

that $z_{m}\neq 0$ for all $n\iota\geqq 1$ . Then by Proposition 7.5 there is an element $x\in H_{1}(K(\underline{X}))$

such that

(25) $\alpha\zeta_{X}^{1}(x)=z$ .
That is,

(26) $\alpha_{m}\zeta_{X}^{1}(x)=(z_{1}, \cdots, z_{m})$ for every $7n\geqq 1$ .
Take integers $a_{i},$ $1\leqq i\leqq n$ , and $\underline{h}^{i}\in K_{1}(\underline{X}),$ $1\leqq i\leqq n$ , such that
(27) $a_{1}\underline{h}^{1}+\cdots+a_{n}\underline{h}^{n}\in Z_{1}(C_{\#}(K(\underline{X})))$ represents $x$ in $H_{1}(K(\underline{X}))$ .
Then
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(28) $\alpha_{n+1}\zeta_{X}^{1}(x)=[a_{1}h_{n+1}^{1}+\cdots+a_{n}h_{n+1}^{n}]$ ,

where $[h]$ is the homology class of $h\in Z_{1}(X_{n+1})$ . In fact, since $\Delta^{1}$ is connected,

for each $i,$ $1\leqq i\leqq n$ , there is $k(i)\in\{1,2, \cdots, n+1\}$ such that

(29) $h_{n+1}^{i}\in Z_{1}(S_{k(i)})$ .
By (28) and (29), we have that

(30) $\alpha_{n+1}\zeta_{X}^{1}(x)\in\prod_{i=1}^{n}H_{1}(S_{k(i)})\subsetneqq\prod_{j=1}^{n+1}H_{1}(S_{j})=H_{1}(X_{n+1})$ .

But it contradicts the assumption that $z_{m}\neq 0$ for all $m\geqq 1$ . It follows that $\zeta_{X}^{1}$ is

not surjective. Note that $H_{1}(K(\underline{X}))=\oplus Z$ and $H_{1}^{s-s}(\underline{X})=\Pi Z$ .
Finally we will consider a condition under which $\zeta_{X}^{i}$ is an isomorphism.

7.7. THEOREM. Let (X, x) be an inverse sequence of pointed compact poly-

hedra. If $\overline{\pi}_{k}(\underline{Xx})=0$ for every $k,$ $0\leqq k\leqq i-1$ , where $i\geqq 2$ , then

$\zeta_{X}^{i}$ : $H_{i}(K(\underline{X}))\cong H_{1}^{s-s}(\underline{X})$ .

PROOF. We may assume that $X_{1}$ is a singleton. The following sequare is
commutative.

$(\underline{\nu}_{(\underline{X.x})})_{*_{\wedge}I^{\zeta_{\underline{X}}^{i}}}\pi_{i}(|K(\underline{X,x})|)\frac{\varphi_{|Kt\underline{X,x})|}^{i}\sim}{\sim}H_{i_{i}}(K(\underline{X}))\overline{\pi}_{i}(Xx)^{\psi_{(\underline{X,x})}^{i}}’\underline{\sim}H^{s-s}(\underline{X})$

,

where $\varphi^{i_{|K(\underline{Xx})|}}$ is the Hurewicz homomorphism of $|K(\underline{X,x})|$ and $\psi^{i_{(\underline{Xx})}}$ is the
homomorphism defined in [12]. Since $\overline{\pi}_{k}(X, x)=0$ for every $k,$ $0\leqq k\leqq i-1$ , by

Corollary 7.4, the usual Hurewicz isomorphism theorem and [12], Corollary 3,

both $\varphi^{i_{|K(\underline{Xx})|}}$ and $\psi^{i_{(\underline{Xx})}}$ are isomorphisms. Therefore $\zeta_{X}^{i}$ is an isomorphism.

7.8. REMARK. By [33] and [14], the condition $\overline{\pi}_{k}(\underline{X,x})=0$ for every $k$ ,
$0\leqq k\leqq i-1$ , is equivalent to the condition that (X, x) is approximatively $(i-1)-$

connected and pointed $S^{i}$-movable. Hence we may call [12], Corollary 3 the
Hurewicz isomorphism theorem in strong shape theory.

7.9. REMARK. Our definitions of $K(\underline{X})$ and $H_{*}^{c}$ are slight generalizations

of [1] and [30]. But our method may be more useful in order to generalize the
construction to more general spaces and investigate its algebraic properties.
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PROBLEM 1’. What condition of X implies that $\zeta_{X}^{i}$ is an isomorphism?

8. The CW-complex $E(X, x)$ .
In this section we assume that (X $x$ ) $=((X_{m}, x_{m}),$ $p_{mm+1}$) is an inverse sequence

of.pointed arcwise connected spaces. Then by the way of Edwards $and\cdot Geoghegan$

[9], we construct a pointed CW-complex $E(\underline{Xx})$ and a strong fundamental
sequence $\rho_{(\underline{Xx})}$ : $E(\underline{x}_{\wedge^{X)\rightarrow(\underline{Xx})}}$ as follows;

By [9], Lemma 2.2, we have the following diagram;

$(X_{1}, x_{1})\leftarrow^{p_{1,,2}}(X_{2}, x_{2})\leftarrow^{p_{2.3}.}(X_{3}, x_{3})\leftarrow^{p_{3.4}.}$ ...
$t_{1}$ $\downarrow t_{2}$

$\downarrow t_{3}$

$q_{1,2}$ $q_{2.3}$ $q_{S.4}$

$(Y_{1}, y_{1})=(X_{1}, x_{1})\leftarrow(y_{2}, y_{2})\leftarrow(y_{3}, y_{3})\leftarrow\cdots$

such that for each $m=1,2,$ $\cdots$ ,

(1) $t_{m}p_{mm+1}=q_{mm+1}t_{m+1}$ ,

\langle 2) $t_{m}$ is a homotopy equivalence, and

(3) $q_{mm+1}$ is a fibration (see [32], Theorem 2.8.9).

For each $?\geqq 1$ , let $u_{m}$ : $(Y_{m}, y_{m})\rightarrow(X_{m}, x_{m})$ be a homotopy inverse of $t_{m}$ .
Then by (1), there is a homotopy $u_{mm+1}$ ; $I\times(Y_{m+1}, y_{m+1})\rightarrow(X_{m}, x_{m})$ such that

(4) $u_{mm+1}$ ; $u_{m}q_{mm+1}\cong p_{mm+1}u_{m+1}$ .
The collections $\{u_{m}\}$ and $\{u_{mm+1}\}$ induce the strong fundamental sequence 11:

$(Y, y)=((Y_{m}, y_{m}),$ $q_{mm+1}$) $\rightarrow(\underline{Xx})$ .
Let $S:TOP\rightarrow KAN$ and . $|$ : $KAN\rightarrow CW$ be the usual singular-complex and

geometric realization functors (see [27]). Then we have the inverse sequences
$S(\underline{Y,y})=(S(Y_{m}, y_{m}),$ $S(q_{mm+1}))$ and $|S(\underline{Y,y})|=(|S(Y_{m}, y_{m})|,$ $|S(q_{mm+1})|)$ , and the
strong fundamental sequence $\underline{\omega}:|S(Y, y)|\rightarrow(\underline{Y}X)$ , which is induced by canonical
maps $\omega_{m}$ : $|S(Y_{m}, y_{m})|\rightarrow(Y_{m}, y_{m})$ . Let $q=\{q_{m}\}$ : $\lim_{\leftarrow}S(\underline{Y,y})\rightarrow S(\underline{Y,y})$ be the pro-
jection.

Now we define

(5) $E(\underline{Xx})=|\lim_{\leftarrow}S(Y-\lrcorner X)|$ , and

(6) $\rho_{(\underline{Xx})}=\underline{u}\underline{\omega}|q|$ : $E(\underline{X}_{\leftarrow^{X}})-(\underline{X}_{L}\underline{x})$ , where $|q|=\{|q_{m}|\}$ .
In [9], Edwards and Geoghegan proved that, if (X, x) is dominated by a

pointed CW-complex and each $(X_{m}, x_{m})$ has a homotopy type of a pointed CW-
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complex, then $\rho_{(\underline{Xx})}$ induces an isomorphism in pro-HTOP. In this section, with-

out an additional assumption of (X, x), we shall show the following property of
$\rho_{(\underline{Xx})}$ .

8.1. THEOREM. $(\rho_{(\underline{Xx})})_{\#}$ : $\pi_{i}(E(\underline{Xx}))\cong\overline{\pi}_{i}(\underline{X,x})$ for all $i\geqq 0$ .

The other pointed CW-complex and strong fundamental sequence having the

same property were obtained in Corollary 7.4 by the quite different way. But
$\rho_{(\underline{Xx})}$ is more constructive than $\underline{\nu}_{(\underline{Xx})}$ , and may be effective for calculating
$\overline{\pi}_{i}(\underline{Xx})$ . A comparison of two constructions will be discussed in the next sec-
tion. The key tools of the proof of Theorem 8.1 are the following two lemmas.

8.2. LEMMA ([6]). Let $(\underline{Zz})=((Z_{m}, z_{m}),$ $r_{mm+1}$ ) be an inverse sequence such

that every $r_{mm+1}$ is a Serre fibration. Then there is the following short exact

sequence;
$\beta$

$*-\lim_{\leftarrow}1(\pi_{n+1}(Z_{m}, z_{m}),$ $r_{mm+1*}$ ) $\rightarrow\pi_{n}(\lim_{\leftarrow}(\underline{Zz}))$

$\underline{\alpha}\lim_{\leftarrow}(\pi_{n}(Z_{m}, z_{m}),$

$r_{mm+1\#}$ ) $-*$ .
In particular, in the case $n=0,$ $\beta:\lim_{\leftarrow}1(\pi_{1}(Z_{m}, z_{m}),$ $r_{mm+1\#}$ ) $\cong Ker\alpha$ .

8.3. LEMMA ([33]). There is the following short exact sequence;
$\Xi$

$*-\lim_{\leftarrow}1(\pi_{n+1}(X_{m}, x_{m}),$ $p_{mm+1*}$ ) $-\overline{\pi}_{n}(\underline{X,x})$

$\Theta$

$-\varliminf(\pi_{n}(X_{m}, x_{m}),$ $p_{mm+1*}$ ) $-*$ .

In particular, in the case $n=0$ , : : $\lim_{\leftarrow}^{1}(\pi_{1}(X_{m}, x_{m}),$ $p_{mm+1*}$) $\cong Ker\Theta$ .

Concerning the relation between exact sequences of Lemma 8.2 and Lemma

8.3 we have the next result.

8.4. LEMMA. Let $(\underline{Zz})=((Z_{m}, z_{m}),$ $r_{mm+1}$ ) be an inverse sequence such that

every $r_{mm+1}$ is a Serre fibration. Then the following diagram is commutative;

$**\rightarrow\varliminf^{I_{1}}(\pi_{n+1}\rightarrow\lim_{\leftarrow}(\pi_{n+1}(Z^{m},z^{m}))||^{(Z_{m},z_{m}))}\rightarrow\pi_{n}(\lim(\underline{Z}_{\leftarrow Z}))\rightarrow\overline{\pi}^{n}\beta_{-\downarrow_{(}c_{\underline{Z^{\#},z})}^{\leftarrow}}\alpha$

$\lim_{\leftarrow}(\pi_{n}(Z_{m}, z_{m}))\rightarrow*$

11
$\lim_{\leftarrow}(\pi_{n}(Z_{m}, z_{m}))\rightarrow*$
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where $\underline{r}$ is the strong fundamental sequence induced by the projections $r_{m}$ : $\lim_{\leftarrow}(\underline{Zz})$

$\rightarrow(Z_{m}, z_{m}),$ $m\geqq 1$ .

PROOF. Since $\Theta\underline{r}_{\#}=\alpha$ clearly holds, we will show only the equation $\underline{r}_{\#}\beta=\Xi$ .
Identify $S^{n+1}$ with $S^{n}\times I/S^{n}\times\{0,1\}\cup\{s_{0}\}\times I$ , where $s_{0}$ is the base point of $S^{n}$ .
Let $([f_{m}])$ be a given element of $\prod_{m=1}^{\infty}\pi_{n+1}(Z_{m}, z_{m})$ . For each $m\geqq 1$ , put

(7) $g_{m}=f_{m}|S^{n}\times\{1/2\}$ : $(S^{n}, s_{0})-(Z_{m}, z_{m})$

(8) $G_{m}=f_{m}|S^{n}\times[1/2,1]$ ) $*(r_{mm+1}f_{m+1}|S^{n}\times[0,1/2]):(S^{n}, s_{0})\times I-(Z_{m}, z_{m})$ .
Then $G_{m}$ : $g_{m}\simeq r_{mm+1}g_{m+1}rel$ . $s_{0}$ for every $m\geqq 1$ . Now put

(9) $\hat{g}_{1}=g_{1}$ , and

(10) $\hat{G}_{1}:(S^{n}, s_{0})\times I-(Z_{1}, z_{1})$ by $\hat{G}_{1}(x, t)=g_{1}(X)$ .
Assume that we have already defined maps $\hat{g}_{k}$ : $(S^{n}, s_{0})\rightarrow(Z_{k}, z_{k}),\hat{G}_{k}$ : $(S^{n}, s_{0})$

$\times I\rightarrow(Z_{k}, z_{k})$ and $\hat{G}_{k- 1.k}$ : $(S^{n}, s_{0})\times I\chi I\rightarrow(Z_{k-1}, z_{k-1})$ for all $k\leqq i$, which satisfy
the followings;

$(i)_{k}$ $\hat{G}_{k}$ : $\hat{g}_{k}\simeq g_{k}$ rel. $s_{0}$ , and

$(ii)_{k-1}$ $\hat{G}_{k-1.k}$ : $\hat{G}_{k-1}\simeq r_{k.k-1}\hat{G}_{k-1}$ .
$\hat{G}_{k-1.k}(x, 0, t)=\hat{g}_{k-1}(t)$ and $\hat{G}_{k-1.k}(x, 1, t)=\hat{G}_{k-1}(x, t)$ .

Note that $(i)_{1}$ holds. Since $\hat{G}_{i}G_{i}$ : $\hat{g}_{i}\simeq r_{ii+1}g_{i+1}$ rel. $s_{0}$ and $r_{ii+1}$ is a Serre fibra-
tion, there is a homotopy $\hat{G}_{i+1}$ : $(S^{n}, s_{0})\times I\rightarrow(Z_{i+1}, z_{i+1})$ such that

(11) $r_{ii+1}\hat{G}_{i+1}=\hat{G}_{i}*G_{i}$ ,

(12) $\hat{G}_{i+1}|S^{n}\times\{1\}=g_{i+1}$ .

Now we define the map $\hat{g}_{i+1}$ : $(S^{n}, s_{0})\rightarrow(Z_{i+1}, z_{i+1})$ by

(13) $\hat{g}_{i+1}=\hat{G}_{i+1}|S^{n}\times\{0\}$ .
Moreover it is easily see that there is a homotopy $\hat{G}_{i,i+1}$ : $(S^{n}, s_{0})\times I\times I\rightarrow(Z_{i}, z_{i})$

satisfying the condition $(ii)_{i}$ . Hence we have maps $\hat{g}_{i}$ , $\hat{G}_{i}$ and $\hat{G}_{i.i+1}$ for all
$i\geqq 1$ , satisfying conditions $(i)_{i}$ and $(ii)_{i}$ .

Thus we have strong fundamental sequences $g=(g_{m}, G_{m})$ and $\hat{g}=(\hat{g}_{m},\hat{G}_{m.m+1}|$

$S^{n}\times\{0\}\times I):(S^{n}, s_{0})\rightarrow(\underline{Zz})$ such that $g\simeq\hat{g}$ and $r_{ii+1}\hat{g}_{i+1}=\hat{g}_{1}$ for every $i\geqq 1$ .
Then by definitions

(14) $\beta(\{([f_{m}])\})=[\lim_{\leftarrow}\{\hat{g}_{m}\}]$ ,

(15) $-\cdot-(\{([f_{m}])\})=[g]=[\hat{g}]$ , where $\{([f_{m}])\}$
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is the equivalence class of $([f_{m}])$ in $\varliminf^{1}(\pi_{n+1}(Z_{m}, z_{m}),$ $p_{mm+1\#}$ ). Hence

$\underline{r}_{\#}\beta(\{([f_{m}])\})=\underline{r}_{\#}([\lim_{\leftarrow}\{\hat{g}_{m}\}])=[(\hat{g}_{m}, G_{m}^{\prime})]$

$=[\underline{\hat{g}}]=\Xi(\{([f_{m}])\})$ ,

where $G_{m}^{\prime}:(S^{n}, s_{0})\times I\rightarrow(Z_{m}, z_{m})$ is the homotopy given by $G_{m}^{\prime}(x, t)=\hat{g}_{m}(x)$ .
Therefore $\underline{r}_{\#}\beta=--$ .

Proof of Theorem 8.1. By Lemma 8.3 and the five Lemma, we have

(16) $\underline{u}_{\#}$ ; $\overline{\pi}_{n}(Y, y)\cong\overline{\pi}_{n}(X, x)$ for every $n\geqq 0$ , and

(17) $\underline{\omega}_{\#}$ : $\overline{\pi}_{n}(|S(Y, y)|)\cong\overline{\pi}_{n}(Y, y)$ for every $n\geqq 0$ .
Let $\underline{r}=\{r_{m}\}$ : $\lim_{\leftarrow}|S(\underline{Y,y})|\rightarrow|S(\underline{Y,y})|$ be the projection. Since $|S(q_{mm+1})|$

$|\tilde{q}_{m+1}|=|\tilde{q}_{m}|$ for every $m\geqq 1$ , there is the map $s:|\varliminf S(\underline{Y,y})|\rightarrow\lim_{\leftarrow}|S(\underline{Y,y})|$

such that

(18) $r_{m}s=|\tilde{q}_{m}|$ for every $m\geqq 1$ .
For each $n\geqq 0$ , we consider the following diagram, where the third row is the
Cohen’s exact sequence in $KAN_{2}$ (see [3], Theorem IX. 3.1), and $\Psi$ and $\Psi_{m}$ are
natural isomorphisms defined by [27], Lemma 16.3.

$*\rightarrow\varliminf_{<}^{1}(\pi_{n+1}(|S(Y_{m}, y_{m})|)\rightarrow^{\cdot\cdot..-}\overline{\pi}_{n}(|S(Y, y)|)\rightarrow^{\Theta}\lim_{\leftarrow}(\pi_{n}(|S(Y_{m}, y_{m})|)\rightarrow*$

$*\rightarrow\varliminf^{1}\pi_{n+1}(|S(Y_{m}, y_{m})|)||\rightarrow|\tilde{q}\beta^{1_{\#(\uparrow_{1}}}\backslash ^{\pi_{n}(1\dot{4}^{\underline{m}}}\uparrow^{s_{s^{(Y,y)|)}}^{r_{\#^{\#}}}}\rightarrow^{\alpha}\varliminf(\pi_{n}(|S(Y_{m}, y_{m})|)||\rightarrow*$

$\lim_{\leftarrow}^{1}\Psi_{m}$

$\pi_{n}(|\varliminf S(Y, y)|)\uparrow\Psi$

$|\lim_{\leftarrow}\Psi_{m}$

$\tilde{\beta}$

$\tilde{\alpha}$

$*\rightarrow\varliminf^{1}(\pi_{n+1}(S(Y_{m}, y_{m}))\rightarrow\pi_{n}(\varliminf S(Y, y))\rightarrow\varliminf(\pi_{n}(S(Y_{m}, y_{m}))\rightarrow*$

Then by Lemma 8.4, the upper squares are commutative. Hence

(19) $\underline{r}_{\#}$ ; $\pi_{n}(\lim\leftarrow|S(\underline{Y,y}|))\cong\overline{\pi}_{n}(\underline{Y,y})$ for every $n\geqq 0$ .
Since $\underline{r}_{\#}\beta(\lim_{\leftarrow}1\Psi_{m})=|q|_{*}\Psi\tilde{\beta}=\underline{r}_{\#}s_{\#}\Psi\tilde{\beta}$ , by (19), $\beta(\lim_{\leftarrow}1\Psi_{m})=s_{*}\Psi\tilde{\beta}$ . By (18), $\alpha s_{\#}\Psi$

$=(\lim_{\leftarrow}\Psi_{m})\tilde{\alpha}$ . Hence we have that

(20) $s_{*}\Psi;\pi_{n}(\lim_{\leftarrow}S(\underline{Y,y}))\cong\pi_{n}(\lim_{\leftarrow}|S(\underline{Y,y})|)$ for every $n\geqq 0$ ,

Since $\Psi:\pi_{n}(\lim_{\leftarrow}S(\underline{Y,y}))\cong\pi_{n}(|\lim_{\leftarrow}S(\underline{Y,y})|)$ for every $n\geqq 0$, by (18), (19) and (20),

(21) $|q|_{\#}$ : $\pi_{n}(|\lim_{\leftarrow}S(\underline{Y,y})|)\cong\overline{\pi}_{n}(|S(\underline{Y,y})|)$ for every $n\geqq 0$ .
Therefore by (16), (17), (21) and (6) we have shown that $\rho_{(\underline{Xx})}$ satisfies the
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desired property.

9. The comparison of $E(X, x)$ with $|K(\underline{Xx})|$ .
In this section we will consider only an inverse sequence (X, $x$ ) $=((X_{m}, x_{m}),$ $p_{mm+1}$ )

of pointed arcwise connected spaces. The purpose of this section is to define a
weak homotopy equivalence $f$ : $E(X, x)\rightarrow|K(\underline{X}\underline{x})|$ .

For each $i\geqq 0$, every element $x\in(\lim_{\leftarrow}S(\underline{Y,y}))_{i}$ is a collection of maps $x_{m}$ :
$\Delta^{i}\rightarrow Y_{m}$ such that $q_{mm+1}x_{m+1}=x_{m}$ for every $m\geqq 1$ . Hence we may consider $x$ as
a strong fundamental sequence $\underline{x}:\Delta^{i}\rightarrow\underline{Y}$ . That is, the correspondence induces
a function $G_{i}$ : $(\lim_{\leftarrow}S(\underline{Y,y}))_{i}\rightarrow K(\underline{Y})_{i}$ . Then it is clear that

$G_{i}d_{k}^{i+1}=d_{k}^{i}G_{i+1}$ and $G_{i+1}s_{k}^{i}=s_{k}^{i}G_{i}$ for every $k,$ $0\leqq k\leqq i$ .
Hence we have a semi-simplicial map

$G=\{G_{i}\}$ : $\lim_{\leftarrow}S(\underline{Y,y})-K(\underline{Y})$ .

Let $c^{i}$ be an element of $(\lim_{\leftarrow}S(\underline{Y,y}))_{i}$ such that $c_{m}{}^{t}(\Delta^{i})=\{y_{m}\}$ for every $m\geqq 1$ .
Then by definition, $G_{i}(c^{i})=\underline{c}_{i}\in K(\underline{Y})_{i}$ for every $i\geqq 0$ . Hence $G$ is a semi-simplicial

map from $\lim_{\leftarrow}S(\underline{Y,y})$ to $K(\underline{Y,y})$ . Therefore $G$ induces a map

(1) $g=|G|$ : $E(\underline{X,x})=|\varliminf S(\underline{Y,y})|-|K(\underline{Y,y})|$ .

9.1. LEMMA. $\underline{\nu}_{(Y_{\rightarrow X})}-g=\underline{\omega}|q|$ .

$E(X, x)=||i\leftarrow mS(\underline{Y,y})|\frac{\underline{g}\sim}{\sim}|K(Y, y)|$

$|\overline{q}|$
$\nu_{(\underline{Y.y})}$

$|S(\underline{Y,y})|\overline{\underline{w}}(\underline{Y,y})$

PROOF. For any $x\in(\lim_{\leftarrow}S(\underline{Y,y}))_{i},$ $i\geqq 0$ and any $t\in\Delta^{i},$ $n\geqq 0$,

$(\underline{\nu}_{(\underline{Y}_{\Delta})}xg)_{n}(|x, t|)=\nu_{n}(|G_{i}(x), t|)=(G_{i}(x))_{n}(t)=x_{n}(t)$ , and

$(\underline{\omega}|q|)_{n}(|x, t|)=\omega_{n}(|\tilde{q}_{n}(x), t|)=\omega_{n}(|x_{n}, t|)=x_{n}(t)$ .
Hence $(\underline{\nu}_{(Y_{\lrcorner}}-X^{)}g)_{n}=(\underline{\omega}|q|)_{n}$ for every $n\geqq 1$ .

Similarly we can see that $(\underline{\nu}_{(\underline{Y}_{\lrcorner}}1)g)_{nn+1}=(\underline{\omega}|q|)_{nn+1}$ for eevery $n\geqq 1$ . There-

fore $\underline{\nu}_{(\underline{Y}_{L})}xg=\underline{\omega}|q|$ .

We define a function $K(\underline{u}):K(Y, y)\rightarrow K(X, x)$ by

(2) $K(\underline{u})_{i}(\underline{h})=\underline{u}\underline{h}$ for everA $\underline{h}\in K(\underline{Y})_{i}$ and every $i\geqq 0$ .
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Then it is easily seen that $K(\underline{u})$ is a semi-simplicial map and $\underline{\nu}_{(\underline{Y,y})}|K(\underline{u})|=\underline{u}\underline{\nu}_{(\underline{Xx})}$ .
Therefore, defining the map

(3) $f=|K(\underline{u})|g:E(\underline{X,x})-|K(\underline{X,x})|$ ,

by Corollary 7.4, Lemma 9.1 and the proof of Theorem 8.1 we have the following.

9.1. THEOREM. The map $f:E(X, x)\rightarrow|K(\underline{X,x})|$ is a weak homotopy equiva-

lence.

$E(X, x)\rightarrow^{g}|K(Y, y)|\underline{|K(u)|\sim}|K(\underline{X}_{\leftarrow^{X}})|$

$|\tilde{q}|$ $\underline{\nu}_{t\underline{Y}_{A)}}$

$\underline{\nu}_{(\underline{X.x})}\downarrow$

$|S(\underline{Y,y})|\overline{\underline{w}}(Y, y)\overline{u}(\underline{X,x})$

9.2. COROLLARY. If $\overline{\pi}_{0}(X, x)=0$ , then the map $f;E(\underline{X,x})\rightarrow|K(\underline{X,x})|$ is a
homotopy equivalence.

By Corollary 9.2 and [14], Corollary, the following is obtained.

9.3. COROLLARY. Let (X, $x$ ) $=((X_{m}, x_{m}),$ $p_{mm+1}$) be an inverse sequence of
pointed compact connected polyhedra. If (X, x) is pointed l-movable, then the map
$f;E(X, x)\rightarrow|K(\underline{Xx})|$ is a homotopy equivalence.

PROBLEM 2. For every inverse sequence (X, $x$ ) $=((X_{m}, x_{m}),$ $p_{mm+1}$), is the map
$f:E(\underline{Xx})\rightarrow|K(\underline{X,x})|$ a homotopy equivalence?

10. Summary in strong shape theory.

In [25], Marde\v{s}i\v{c} defined resolutions of pairs of spaces. A system map $\underline{p}=$

$\{p_{\lambda}\}:(X, A)\rightarrow(\underline{XA})=((X_{\lambda}, A_{\lambda}),$ $p_{\lambda\lambda^{\prime}},$

$\Lambda$ ) is a resolution of the pair (X, $A$) pro-

vided that the following conditions are satisfied for any ANR-pair $(P, Q)$ , that

is, a pair of ANR’s such that $Q$ is a closed subset of $P$, and for any open cover-
ing $\mathcal{V}$ of $P$ ;

(R1) for every map $f:(X, A)\rightarrow(P, Q)$ , there are $\lambda\in\Lambda$ and a map $g:(X_{\lambda}$ ,

$A_{\lambda})\rightarrow(P, Q)$ such that $gp_{\lambda}$ and $f$ are $\mathcal{V}$-near maps,
(R2) there exists an open covering $\mathcal{V}^{\prime}$ of $P$ such that whenever $\lambda\in\Lambda$ and

$g,$
$g^{\prime}$ : $(X_{\lambda}, A_{\lambda})\rightarrow(P, Q)$ are maps such that the maps $gp_{\lambda}$ and $g^{\prime}p_{\lambda}$ are $\mathcal{V}^{\prime}$-near,

then there exists $\lambda^{\prime}\geqq\lambda$ in $\Lambda$ such that $gp_{\lambda\lambda^{\prime}}$ and $g^{\prime}p_{\lambda\lambda^{r}}$ are $\mathcal{V}$-near maps.
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If all $(X_{\lambda}, A_{\lambda})$ are ANR-pairs, $\underline{p}$ is called an ANR-resolution of (X, $A$ ).

If $A,$ $A_{\lambda}$ and $Q$ are all empty sets or singletons, from the above definition,
we have the definitions of (ANR-) resolutions $\underline{p}:X\rightarrow\underline{X}=(X_{\lambda}, p_{\lambda\lambda^{i}}, \Lambda)$ of a single
$X$ or $\underline{p}:(X, a)\rightarrow((X_{\lambda}, a_{\lambda}),$ $p_{\lambda\lambda^{\prime}},$

$\Lambda$ ) of a pointed space (X, $a$ ), respectively (c.f.
[24]).

In [19], Lisica and Marde\v{s}i\v{c} defined a strong shape category SSH whose
objects are all spaces. Morphisms $F:X\rightarrow Y$ are given by triples $(\underline{p}, q, [f])$ , where
$\underline{p}$ and $q$ are ANR-resolutions of $X$ and $Y$ , respectively, $[f]$ is a morphism in
CPHTOP. Two triples $(\underline{p}, q, [f])$ and $(\underline{p}^{\prime}, q^{\prime}, [f^{\prime}])$ are eqivalent if

(1) $[f][i]=[]][f^{\prime}]$ ,

where $[i]:\underline{X}\rightarrow\underline{X}$ , and $[j]:\underline{Y}\rightarrow\underline{Y}^{\prime}$ are unique morphisms in CPHTOP such that
$[i][\underline{p}]=[\underline{p}^{\prime}]$ and $[j][q]=[q^{\prime}]$ . We define $F$ the equivalence class of $(p, q, [f])$ .

Let $F$ and $G$ be morphisms in SSH given by triples $(p, q, [f])$ and $(q^{\prime},\underline{r}, [g])$ ,
respectively. Then the composition $GF$ is given by the triple $(\underline{p}, \underline{r}, [gjf])$ ,

where $[j]$ is the unique morphism in CPHTOP such that $[j][q]=[q^{\prime}]$ . Note
that we may assume that $q=q^{\prime}$ .

The identity morphism on $X$ is defined by $(\underline{p},\underline{p}, [1_{x}])$ .
Lisica and Marde\v{s}i\v{c} [21] investigated $CPHT0P_{2}$ , and defined a strong shape

category of pairs by using ANR-resolution of pairs. In this paper, although we
use their results, we leave the details.

In this section we will summarize our results in strong shape theory. First,
by \S 3 and \S 4 we have the followings.

10.1. THEOREM. If a space $X$ is dominated by a CW-complex in SSH, then
$X$ is equivalent to the CW-complex $|S_{c}(\underline{X})|$ in SSH, where $\underline{p}:X\rightarrow\underline{X}$ is an ANR-
solution of $X$.

10.2. COROLLARY. The following are equivalent conditions;

(a) a space $X$ is dominated by a CW-complex in SSH,
(b) $X$ is equivalent to a CW-complex in SSH,
(c) $X$ is equivalent to a simplicial complex in SSH,
(d) $X$ is equivalent to an ANR $in$ SSH.

For a pointed space (X, x) we define the strong shape group $\pi_{i}^{s}(X, x),$ $i\geqq 0$, by

(2) $\pi_{i}^{s}(X, x)=\pi_{i}^{c}(X, x)$ ,

where $\underline{p}:(X, x)\rightarrow(\underline{X,x})$ is an ANR-resolution of (X, $x$ ). The morphism $F:(X, x)$

$\rightarrow(Y, y)$ given by a triple $(\underline{p}, q, [f])$ defines the homomorphism $F_{\#}$ : $\pi_{i}^{s}(X, x)\rightarrow$
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$\pi_{i}^{s}(Y, y)$ by

(3) $F_{\#}=f_{\#}$ : $\pi_{i}^{c}(X, x)-\pi_{i}^{c}(\underline{Y,y})$ .
$F_{\#}$ is called the homomorphism induced by $F$.

Then by \S 5, $\pi_{i}^{s}$ is a functor from $SSH_{0}$ to GR. Similarly, by using ANR-
resolutions of pairs, we can define the relative strong shape group $\pi_{i}^{s}(X, A, x)$ .
If $A$ is P-embedded in $X$, by [25], Theorem 3, there exists an ANR-resolution
$\underline{p}:(X, A, x)\rightarrow(X, A, x)$ such that $\underline{p}|(A, x):(A, x)\rightarrow(\underline{Ax})$ is an ANR-resolution of
$(A, x)$ . Hence if $A$ is P-embedded in $X$, the following sequence is exact;

$...-\pi_{i+1}^{s}(X, A, x)\pi_{i}^{s}(A\underline{\partial}x)\pi_{i}^{s}(X\underline{i_{\#}}x)$

$j_{\#}$

$-\pi_{i}^{s}(X, A, x)-\cdots$ ,

where $i:(A, x)\rightarrow(X, x)$ and $j:(X, x)\rightarrow(X, A, x)$ are inclusion maps.
Let $\underline{p}:(X, x)\rightarrow(\underline{X,x})$ be an ANR-resolution of (X, $x$ ). Then we call the

strong shape morphism given by the triple $(1, \underline{p}, [\tau_{(\underline{Xx})}]))$ the canonical strong
shape morphism, and denote by $\tau_{(X.x)}:|S_{C}(X, x)|\rightarrow(X, x)$ . Similarly, we can
define the canonical strong shape moryhisms of an absolute space or a pair of
spaces. By Theorem 5.2 the next theorem is obtained.

10.3. THEOREM. The canonical strong shape morphism of a pointed space
(X, x) induces isomorphism;

$\tau_{(X.x)*}:$ $\pi_{i}(|S_{c}(X, x)|)\cong\pi_{i}^{s}(X, x)$ for all $i\geqq 0$ .

We note that, if (X, x) is a pointed compactum, the strong shape group
$\pi_{i}^{s}(X, x)$ is naturally isomorphic to the approching group $\not\leqq i(X, x)$ defined by

Quigley [31].

For each space $X$ we define the coherent singular homology group of $X$ by

(4) $H_{i}^{c}(X, G)=H_{i}^{c}(\underline{X}:G)$ for an belian group $G$ ,

where $\underline{p}:X\rightarrow\underline{X}$ is an ANR-resolution of $X$. The morphism $F:X\rightarrow Y$ given by a
triple $(\underline{p}, q, [f])$ admits the homomorphism $F_{*}:$ $H_{i}^{c}(X:G)\rightarrow H_{i}^{c}(Y:G)$ defined by

(5) $F_{*}=f_{*}:$ $H_{i}^{c}(\underline{X}:G)-H_{i}^{c}(\underline{Y}:G)$ .
We call $F_{*}$ the homomorphism induced by $F$. Then by \S 6, $H_{i}^{c}$ is a functor from
SSH to GR.

Similarly we can define the relative coherent singular homology group
$H_{*^{C}}(X, A:G)$ of a pair (X, $A$ ) of spaces. Then if $A$ is P-embedded in X. the
following seqence is clearly exact;
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$\partial$

$i_{*}$

... $-H_{i+1}^{c}(X, A:G)-H_{i}^{c}(A:G)-H_{i}^{c}(X:G)$

$\underline{J*}H_{i}^{c}(X, A:G)-\cdots$ .

Moreover by Theorem 6.1 we have the following.

10.4. THEOREM. The canonical strong shape $\uparrow norphism$ of a pair (X, $A$ )

induces isomorphisms;

$\tau_{(X.A)}$ . : $H_{i}(|S_{c}(X, A)|$ : $G$ ) $\cong H_{i}^{c}(X, A:G)$ for all $i\geqq 0$ .

Let $\underline{p}:(X, x)\rightarrow(\underline{Xx})$ be an ANR-resolution of a pointed space (X, $x$ ). The

Hurewicz homomorphism $\Phi_{i}$ : $\pi_{i}^{s}(X, x)-H_{i}^{c}(X)$ is deflned by

(6) $\Phi_{i}=\Phi^{i_{(\underline{Xx})}}$ ; $\pi_{i}^{c}(\underline{X,x})-H_{i}^{c}(\underline{X})$ .

Then we have the following Hurewicz isomorphism theorem between strong

shape groups and coherent singular homology groups.

10.5. THEOREM. (a) If $\pi_{k}^{s}(X, x)=0$ for all $0\leqq k\leqq i-1$ , where $i\geqq 2$ , then
$\Phi_{i}$ : $\pi_{i}^{s}(X, x)\cong H_{i}^{c}(X)$ , and $\Phi_{i+1}$ is an epimorphism.

(b) If $\pi_{0}^{s}(X, x)=0$, then $\Phi_{1}$ ; $\pi_{1}^{s}(X, x)\rightarrow H_{i}^{c}(X)$ is the surjective and its kernel
is the commutator subgroup of $\pi_{1}^{s}(X, x)$ .

Let $X$ be a compactum and let $\underline{X}=(X_{m}, p_{mm+1})$ be an inverse sequence of
compact polyhedra whose limit is $X$. Then the collection $\underline{p}=\{p_{m}\}$ of projections
is clearly an ANR-resolution of $X$. Hence by Theorem 7.1 and Corollary 7.2

10.6. THEOREM. There is a natural isomorphism from $H_{*^{C}}(X:G)$ to $H_{*}(K(\underline{X}):G)$

for every abelian group $G$ .

Therefore we identify $H_{*}^{c}(X:G)$ with $H_{*}(K(\underline{X}):G)$ . Moreover, its is known
that $H_{*}^{s-s}(\underline{X}:G)$ is the Steenrod-Sitnikov homology group $H_{*+1}^{s-s}(X:G)$ . It follows
that the natural homomorphism $\zeta_{X}^{i}$ : $H_{i}^{c}(X:G)\rightarrow H_{i+1}^{s-s}(X:G)$ is given by

(7) $\zeta_{X}^{i}=\zeta_{X}^{\ell}$ .
Then by Example 7.6 $\zeta_{X}^{i}$ is not even an epimorphism, in general.

More exactly, using Example 7.6, we will show that $H_{*^{C}}$ is different from
the Steenrod-Sitnikov homology theory.

10.7. EXAMPLE. For each $n=1,2,$ $\cdots$ , define

$S_{n}=\{(x, y)\in R^{2}|(x-1/n)^{2}+y^{2}=(1/2n(n+1))^{2}\}$ , and
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$X_{n}=\{(0,0)\}\cup S_{n}$ .

Then we have the planar l-dimensional compactum

$X=\bigcup_{n\geq 1}X_{n}$ .

Moreover $\lim_{\vec{n}}$ diam $(X_{n})=0$ . Hence if $H_{*}^{c}$ is the Steenrod-Sitnikov homology theory,

by [29], it must be that the homomorphism $w:H_{*}^{c}(X)\rightarrow\prod_{n=1}^{\infty}H_{*}^{c}(X_{n})=\prod_{n=1}^{\infty}H_{*}(X_{n})$

given by

(8) $w(a)=(r_{1^{*}}(a), r_{2^{*}}(a),$ $\cdots$ ) for each $a\in H_{*}^{c}(X)$ ,

where $r_{n}$ : $X\rightarrow X_{n}$ is the retraction such that $r_{n}(\bigcup_{j\neq n}S_{i})=\{(0,0)\}$ , is an isomorphism.

On the other hand, if $*_{=1}$ the homomorphism $w$ is equal to the homomo-

rphism $\alpha\zeta_{X}^{1}$ defined in Example 7.6. Hence $w$ is not an epimorphism. That is,

$H_{*^{C}}$ is not the Steenrod-Sitnikov homology theory.

10.8. REMARK. In [30], Ono defined the $S-C$ homology theory on the class

of compacta. By Example 10.7 we easily see that the $S-C$ homology theory is

different from the Steenrod-Sitnikov homology theory.

Concerning the natural homomorphism $\zeta_{X}^{i}$ we have the next result by

Theorem 7.7.

10.9. THEOREM. If $\pi_{k}^{s}(X, x)=0$ for all $k,$ $0\leqq k\leqq i-1$ , where $i\geqq 2$ , then $\zeta_{X}^{i}$ :
$H_{i}^{c}(X)\cong H_{i+1}^{s-s}(X)$ .

Finally we consider a pointed contunuum (X, $x$ ). Let (X, $x$ ) $=((X_{n}, x_{n}),$ $p_{nn+1}$)

be an inverse sequence of pointed compact connected polyhedra, whose limit is
(X, $x$ ). Then we define the pointed CW-complex $E(X, x)$ by $E(\underline{X,x})$ . Properties

of $E(X, x)$ are summarized as follows;

10.10. THEOREM. (a) There is a strong shape morphism $\rho_{(X.x)}$ : $ E(X, x)\rightarrow$

(X, x) such that

$\rho_{(X.x)\#}$ : $\pi_{i}(E(X, x))\cong\pi_{i}^{s}(X, x)$ for all $i\geqq 0$ .
(b) There is a weak homotopy equivalence $F:E(X, x)\rightarrow|S_{c}(X, x)|$ .

In particular, if (X, x) is pointed l-movable, $F$ is a homotopy equivalence.

Related to Theorem 10.10 (b), we pose the following problem.

PROBLEM 2’. Is the map $F:E(X, x)\rightarrow|S_{c}(X, x)|$ a homotopy equivalence?
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