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AN ASYMPTOTIC EXPANSION FOR A ONE-SIDED
RANK TEST IN A TWO-WAY LAYOUT

By

Taka-aki SHIRAISHI

Abstract. In the randomized block design with I blocks and two treatments, the
within-block rank test is considered. It is found that the test is asymptotically
efficient for a large number of observations per each cell and the asympotic ex-
pansion of that under the null hypothesis is obtained.

§1. Introduction
The model is as follows,
Xijg=p+pBit7it+ex (1)

for i=1,---,1, j=1,2, and k=1, ---,s;, where

M~

. 1131;=0, T;+‘Z'2=O and {em: Z=1, "',[, ]"—"-1,2, k=1, "‘,Sj}

are independent and identically distributed random variables from a distribution

function F(¢) with density f().
The null hypothesis is H:7,=7.=0 and the alternative is K:n:<z.. If I=1,

(1) is the two-sample problem, the locally most powerful rank test exists and it
is asymptotically optimum. Then the exact table of significance levels for small
samples and special scores is given, the asymptotic normality is followed, and
recently Bickel and Zwet [1] and Robinson derived the asymptotic expansion
of the test. In the present paper, we will propose the asymptotically optimum
rank test and extend Robinson’s result to the case of the model (1).

§2. Test statistic

In order to simplify the notations, we set s=si, l=s,, s+t=n, p=s/n and g=
1—p. Here define the scores function a@.(-) by a mapping from {1,2, ..., n} to K?

satisfying a.(k)=—an(n—k+1) for k=1,2,---,nand kil{an(k)}z-:l, and define within-
block rank Rijz by the rank of Xy among the i-th block {Xiix: j=1,2, k=1,2,
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I § 8
-+, 8;5. Then we reject H, if S= «/(n—l)/(]pqn)}__“, LZan(Rm) is too large. Hence
lf i=1 k=1

an)=E(— ' (X@©) X0 [ STE— £ XX, (2)

it is a locally most powerful within-block rank test and we find the folowing
proposition.

ProPosITION. Let

4 2

=11 1| I fean—n—p) and Quizr=fi [} Tl Azun—p—pmdiv/»)

i=1 j=1

where 4,+4,=0. Also suppose that a.(k) is defined by (2). If the sequence of the
joint density functions of {Xiu: i=1,---,1I, j=1,2, k=1,2,---,8;} is {Qna(x)} and
lim s;/n=p; where p;>0, then

lim Pr(Szs,}=lim Prilog {Q.{X)/PX))=t.), (3)

n—oo

where s. and t. are upper a-percentage points.

PrOOF. As our proposed tests are similar to x and 8;, we may assume 7=_pi
=0 in the model (1). Then from LeCam’s third lemma stated in VI 1.4 of
and from theorem V 2.1 of it follows that

log {QuiX)/ PO} =log [ 1 11, I FXun— s/ )17 (Xe) |

—> N(—=I()b*2, I(f)®)  under H
— NU(HY*12, 1()b*) under {@n4(x)} probability,

where I(f) is the Fisher information number and
2 2 2
b= 2 1p(4,— 2 preds) .
j=1 k=1
On the other hand, from
Xi=2 anRun)|V3q —~ NO,1) under A
——> N(VI(f)[1b,1)  under {Q,, probability.

Since {X;:1=i=#} are independent random variables, from theorem 3.2 of
S - N, 1) under H
—— N(VI(f)b,1)  under {Q,, probability.

Therefore the left and right hands of the equation (3) of the proposition are
equal to 1—@(k.— v I(f)b) where @(-) is the standard normal distribution function
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and k. is the upper a-percentage point of @(-). So the result follows.

The right hand of the equation (3) is the asymptotic power of the most power-
ful test for H versus Ky :t;=4;/v 7 as n—oco. Hence when r; is small and aa(k)
is defined by (2), the test based on S is efficient. Hdjek and Sidak refer to
the rank test satisfying this proposition as asymptotically optimum.

§ 3. Asymptotic expansion

In order to investigate the asymptotic expansion of the test based on S under
the null hypothesis, we need the following definitions. Let Am=ki‘.n|an(k)|’, bn=
52;?5‘“"(’”" p=s/n, g=t/n and let the notation % denote the number of elements.
Also we set Assumption (I).

AssumpTioN (I)

For any ¢>0, there exist ¢>0, ¢/>0 and ¢ not depending on #» and x which
satisfy the condition :

for any xeR!,

#{k:|an(R)t— 2 —2rr| >e for r=0, £1, £2, -~ and te(cbyt, c’ Al =on.

Robinson [6] showed that Wilcoxon and normal scores satisfy Assumption (I).
Here we get the theorem.

THEOREM
If we set

G x)=0(z) + D*®(x){(1—6pg) Asn/(24pgl ) — (1 —4pq)/(8pgIn)}

and suppose that Assumption (I) is satisfied, where O(z) is the standard normal
distribution function and D* is the fourth differential, then | Pr{S=z}— Gns(z)| < BAsn
for all z, where B is a function of p only.

ProoF. The characteristic function of +/ (n—l)/(npq)killan(Rm) is from

Fus®)=(")" Zexp [iv 1= mpg)tlan(f)+ - +an(k)]

2[27_[3“8(1))]—18” ﬁ [q+pei(’/(‘ﬂ—l)/(“PQ)tan(k)+01]e—-i98d0
—rk=1
where 37 is the summation over all vectors (&, .+, ks) with integer elements and

1=ki<---ksn and Bu(p)=(")p'a"".

Here we transform
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T(npq)l/2

fns(t)=[(an)”227er(P)]“S 1 e, 8)dp

~r(npgyl/2 k=1
where
i, ) =qe Pink DT L poitenk POV and £ =n"2p+ v (n—1)|n taa(k) .
Hence the characteristic function of S is {fa.s(¢/~ T )}!. Setting
gns(t) =€ {1 +4{(1 —6pq) Aun/(24pq) — (1 —4pq)/(8pan)}] ,

the distribution function with characteristic function {g..,(¢/~ T )} is
I
Huul@)=0(@)+ Z D*0) §, )I(1—650)Aun/(2AT*0q)— (1 —4pq)/(8I*pgn)}*

where D** is the 4k-th differential.
Then from XVI. 3 lemma 1 of [4],

T

| Fas(2) — Has()] él/rrS . { fas(t/V T H —{gns(t[~/ T} [t|dt +24d[(x T)
él/nS: | fos@[V T )—gus(t/V T)|/|t|dt+24d|(zT),

where d=sup {H,,(x)}.

Hence if we take T'=c’A;!, from the similar way of getting the equations (17)
and (18) of [6], we find that

_T—l T o .
S—T + ST—! ]fm(t/'\/ I )—g""(t/'\/ I))/|t|dt =B, Asn
and
S:- | fast/V 1) = gust| T)|/|t|dt = By Asn.

Here we get |Fus(x)— Has(x)| < BsAsn, Where Bi, B, and B, are functions of p only.
Now from the Holder inequality, since A;,=#»"! and
n n 1/8 n 2/8
An= 3 laa®l*={ S I} { Zlaawl?} = Az,
k=1 k=1 k=1
we have Au/n=Aj=Asn.
Therefore we get the theorem.
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