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ON RESOLUTIONS FOR PAIRS OF SPACES

by

Sibe MARDESIC

1. Introduction

Let (X, A) be a pair of topological spaces, AC X, and let (X, 4)=((X;, A2), paz:, A)
be an inverse system of pairs of spaces and maps of pairs indexed by a directed
set 4. By a morphism p: (X, A) — (X, A) of pro-Top? we mean a collection of maps
of pairs p,:(X, A) — (X, A,) such that

Dupv=p; ALK,

A resolution of (X, A) is a morphism p=(p,): (X, A) — (X, A) of pro-Top? which
satisfies the following two conditions.

(R1) Let (P, Q) be an ANR-pair, i.e., a pair of ANR’s for metric spaces such
that @ is a closed subset of P. Let C{” be an open covering of P and let f:(X, A) —>
(P,Q) be a map of pairs. Then there there exists a 1€4 and a map of pairs
g: (X, A) — (P,Q) such that gp, and f are C{/-near maps.

(R2) Let (P,Q) be an ANR-pair and let C{7 be an open covering of P. Then
these exists an open covering <{”’ of P such that whenever 1€4 and g, ¢’ : (X;, 4)) —
(P, Q) are maps such that the maps ¢p; and ¢’p, are C{//-near, then there exists a
A’>2 such that the maps gp;;r and ¢’p;, are Cl/-near.

If all (X;, A,) are ANR-pairs (polyhedral pairs), we speak of an ANR-resolution
(polyhedral resolution) of the pair (X, A).

If we leave out A, A; and @, the above definition reduces to the definition of
a resolution p: X — X=(X,, p.r, 4) (ANR-resolution or polyhedral resolution, resp.)
of a single space X.

The notion of resolution of a space was introduced in 1981 by the author [4]
(also see [6] and [6)). Resolutions for pairs were first considered in [6].

Resolutions can be viewed as special inverse limits. In fact, these notions
coincide for compact spaces In the non-compact case resolutions appear to be
the appropriate substitutes for inverse limits, the latter notion being only of little
value for non-compact spaces.
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The notion of resolution is basic to the recent development [1],[3) of strong
shape theory and Steenrod-Sitnikov homology for arbitrary spaces. In order to
extend these theories also to the case of pairs of spaces, we need various results
on resolutions of pairs of spaces, not previously considered in [6] This primarily
motivates the choice of the topics of this paper.

The main results in the paper are Theorems 2 and 6. The first theorem gives
a useful internal characterization of resolutions of pairs and the second theorem
establishes the existence of ANR-resolutions for pairs. The analogous result for
polyhedral resolutions was proved in [6]. However, the method of proof used in
[6] could not be used here, because generally, closed subsets of an ANR fail to
have a basis of neighborhoods all of whose members are closed ANR’s.

2. Characterizing resolutions of spaces

Let p: X— X be a morphism of pro-Top. We will consider the following pro-
perties of p.

(Bl) For every ieA and every open neighborhood U of $,(X) in X, there
exists a 2’>2 such that p,(X,)cU.

(B2) For every normal covering ¢J of X there is a 1€/ and a normal cover-
ing ¢V of X, such that (p,)"Y(C1) refines qJ.

It was proved in [4] that a morphism p:X— X, which has properties (Bl)
and (B2) is a resolution. Conversely, if all X, are normal spaces and p is a resolu-

tion, then p has properties (B1) and (B2) (for alternate proofs see [6], I, §6, Theorems
3, 4 and 5).

Recently, T. Watanabe [7] has introduced the following property (B1)* (he
denotes it by (B4))

(B1)* For every 1€/ and every normal covering ¢J of X, there exists a 1’>21
such that

(1) D1 (Xw) S St (p(X), V).

Modifying the proofs given in [4], Watanabe has obtained the following
characterization theorem.

THEOREM 1. (Watanabe). A morphism p: X — X of pro-Top is a resolution if
and only if p has properties (Bl1)* and (B2).

The value of Watanabe’s theorem is that it holds without any restrictions to
the spaces X;, and condition (B1)* is more natural than (Bl). However, Watanabe



On Resolutions for Pairs of Spaces 83

has shown that in the case of normal spaces X; the properties (B1) and (B1)* are
equivalent.

For the sake of completness we give here an alternate and somewhat simpler
proof of Watanabe’s theorem based on the corresponding proofs in [6].

Proof. Let us assume that p is a resolution. We will first show that p has
property (Bl)*.

Let 2¢e4 and let ¢ be a normal covering of X;. By definition, this means that
there exists a metric space M, an open covering ¢V of M and a map ¢: X, —» M
such that (¢7')(C) refines UJ. Clearly,

(2) 7' (St (gp(X), VNS St (po(X), V),

(3) 9P X) < St (gp(X), V).
Let #: M — I=[0,1] be a map such that

(4) hlgp:(X)=0

(5) h|MA\St (gpx(X), CV)=1.

We now put f=hg: X, > 1 f'=0:X;—>1 By 4), fp.=f'p.=0. Therefore, by
(R2), there is a 2’>2 such that fp;, and f’p.,=0 are 9Y-near, where Iy is
the covering of 7, which consists of the open sets [0,1) and (0,1]. Consequently,
fPiu(X:)€[0,1), and thus, by (5),

(6) 901 ( X)) E St (gp(X), CV).

Now (2) yields the desired relation (1).
In order to show that p also has property (B2) we need this simple Lemma.

LeMmA 1. Let U be a normal covering of a space X. Then there exists an ANR
P, an open covering 9 of P and a map %: X — P such that 2~'(94) refines P.

Proof of Lemma 1. By definition there exists a metric space M, an open
covering ¢ of M and a map f:X-—M such that f~}(CV) refines ¢J. By the
Wojdislawski-Kuratowski embedding theorem (6], 1, §3.1, [Theorem 2), one can
assume that M is a closed subset of a convex set P of a normed vector space.
For every VeCy there exists an open set Wy of P such that V=WyNM. There-
fore, W =(Wy, Vec)U{P\M} is an open covering of M. If we take for % the
composition of f with the inclusion M — P, then A2 Y(CV)=f"Y)U{Q} refines V.
Moreover, P is an AR by the Dugundji extension theorem (6], I, §3.1. [Theorem 3).
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Proof of property (B2). Let ¢/ be a normal covering of X. We choose P, 9y
and % as in Lemma 1. Let 9’ be a star-refinement of 9. By (R1), there is a
A€4 and a map f:X,— P such that the maps fp; and % are 94’-near. Let us put
Y= (W’). We chaim that p,”'(C)) refines V. Indeed, let V=5-"N(W’), W’ eqy".
Let We9¥ be such that

St(W’, W )cw.
It suffices to show that
()TN (V)Sh™(W).
If xe(p,)"(V), then there is a W'eg)’ such that
fodx)h(z)e W1,
Since fp.(x)e W’, we conclude that W’N W!+(Q and therefore
Mz)eWic St(W, ) W.

Consequently, xes ' (W).

Let us now assume that p: X— X has properties (Bl1)* and (B2). We will
first verify property (R1). Let P be an ANR, ¢V an open covering of P and
f:X—P a map. One can assume that P is a closed subset of a convex set K in
a normed vector space. Let G be an open neighborhood of P in K, which admits
a retraction 7:G —P. Let C/=7"'(c)V) and let </ be an open covering of G,
which refines ¢/ and all of its members are convex. Then U=f"(c)") is a
normal covering of X. By (B2) there is a p€4 and a normal covering 9’ of X,
such that (p,)"(U’) refines UJ. Let 4J’’ be a locally finite normal covering of X,,
which is a star-refinement of ¢J’. One can assume that ¢/’ =k %K), where
k:X— M is a mapping into a metric space M and X is a locally finite open cover-
ing of M. Then W ={WeU"”: WNp(X)+QO} is a normal locally finite open cover-
ing of N=St (p.(X),U’). Let (ow, WeI) be a partition of unity on N subordinated
to the cover 9. For every Weqy/ we choose a point ywe f((p,)"(W)) and we
then define a map #: N — K by the formula

(7 h(z) =Wé‘]wgow(z)yw, zeN.

We will now show that % is actually a map into G and the maps #p, and f
are C{’/-near.

Let zeN and let W, ---, W, be all the members of Weqy for which ¢w(z)#0.
Then

(8) zeWoN - WoC St (W, U U
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for some U’eqJ’. Let UeqJ be such that

(9) (p)"(UNCU.
Then
(10) yw € F(P) T WS () UNS F(U),i=0, -+, n.

Since f(U) is contained in some V'’ ecy’’ and V'’ is convex, it follows that also
hz)eV'"CG.

Now let xeX and let z=p,(x). Since p.(x)=z¢W,, we see, by (8) and (9), that
11) f(@)e f(p) (W) f(UH)S V.

Since, by (10}, also Ap.(x)=A(z)e V', we see that indeed, f and hp, are C’’-near
maps. Therefore, the maps r4p, and f=rf are C{’-near maps.

We now apply property (Bl)* and find a A>p such that p,,(X;)SN. Clearly,
the map g=r7kp,;: X, — P has the desired property that the maps gp; and f are
Cl-near.

We will now verify property (R2). Let P be an ANR and let < be an open
covering of P. Let CI’ be a star-refinement of C{7. We will show that for any
A€/ and any maps f,, f.: X, — P such that f,p, and f.p, are C}’-near, there exists
a A>2 such that fip:;: and fp. are Cl/-near maps.

Let Ui=(f))"(<V’),i=1,2. Then U, U, are normal coverings of X;. Let U
be a normal covering of X, which refines both coverings ¢/, and U, Let N=
St (p«(X), U). We claim that the maps f,|N and fiN are C-near. Indeed, let
yeN. Then there is a member U of ¢J and an element z€X such that yeU and
pi(x)eU. Then there are elements Vi, V;ec)” such that f,(U)S V,, f(U)S V.
Moreover, by assumption, there is an element V’eC)” such that f,p,(z), f2p(*)e V.
Since pi(x)eU, we see that VNV’ and Vin V’+(Q. Consequently, there is
an element VeCy such that ViU V’U Vi< St(V/,a)c V. Clearly, fi(y), fy)eV,
ie, filN and f,|N are Ci/-near. We now apply (Bl)* and conclude that there is
a 2’22 such that p,,(X,)EN. Therefore, fip.; and fap. are also CP-near maps.
This completes the proof of [Theorem 1l

3. Characterizing resolutions of pairs

For a morphism p:(X, A) — (X, A) of pro-Top* we now introduce a relative
version of property (Bl)*.

(B1)** For every 1€ 4 and every normal covering 9J of X; there exists a 1’>2
such that

(1) ' DPw(A)E St (p:(A), V).
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With every morphism p:(X, A) - (X, A) of pro-Top? we can associate two
morphisms of pro-Top px: X — X and p4: A — A, which are defined by restricting
pii(X, A - (X, A) to p,: X - X, and p,: A — A, respectively. The main result
of this section is the following theorem.

THEOREM 2. A morphism p: (X, A) — (X, A) of pro-Top? is a resolution if and
only if px: X — X has properties (B1)*, (B2) and p has property (Bl)**.

Proof. Let us first assume that py: X — X has properties (Bl)*, (B2), i.e. is
a resolution of X, and p has property (Bl)**. We will first verify property (R1)
for p.

Let (P, Q) be an ANR-pair, let €IV be an open covering of P and let f:(X, A) —»
(P, Q) be a map. We choose for ¢V’ a star-refinement of ). Since (P, Q) is an
ANR-pair, it is easy to find an open neighborhood G of @ in P and a map #: P—> P
such that k|G is a retraction G — Q@ and the maps 1, and % are C”’-near (see [6]
I, §6, Lemma 4). Let <V’ be an open covering of P, which refines C{/’ and star-
refines the covering {G, P\Q}. Since px:X — X is a resolution, there exists a i€/
and a map ¢:X; — P such that the maps gp; and f are C{/’’-near. Let U=g~(C\").
We claim that

(2) g(St (P« A), UN<G.

Indeed, if yeSt (p.(A), U), then there exist a point a€ A and a member UeUJ
such that yeU and p.(a)eU. Let V' be an element of C{V’’ such that U=g¢g~ (V).
Then ¢(y), gp:(@)e V’’. There is also an element V{eCy’’ such that gp.(a), f(a)e V.
Therefore, some element of {G, P\Q} must contain {g(y), f(@)}< V"’U V. This
cahnot be P\Q, because f(a)eQ. Consequently, g(y)eG, which establishes (2). We
apply (B1)** and obtain an index A’>2 such that (1) holds. We now define a map
of pairs ¢’ : (X, Av) — (P, Q) by putting

(3) g'=kgpu*.

By assumption on %, the maps ¢’p.=kgp, and gp; are C}/-near. Since also gp:
and f are C{’-near, it follows that the maps ¢’p,, and f are C{/-near, which
establishes (R1). That property (R2) for p holds is an immediate consequence of
the same property for px.

We will now prove the converse. Let p:(X, A)— (X, A) be a resolution of
pairs. Then px: X — X is a resolution of X. This is so because one can view
maps f:X — P, PeANR, as maps of pairs f:(X, A)— (P, P). Therefore, px has
properties (B1)* and (B2). We will now establish property (Bl)**.

Let 1€/ and let 9J be a normal covering of X. Then there exists a metric
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space M, an open covering 9 of M and a map ¢: X; — M such that g~ (9¥) refines
. Clearly,

(4) gp.(A)C St (gp:(A), W).

Let #: M — I=[0,1] be a map such that

(5) k(gpi(A))=0,

(6) R(M\St (gpa(A), W))=1.

Consider the ANR-pair (I, {0}) and let c{’ be the covering {{0, 1), (0, 1]} of I. Applying
(R2) for px, we associate with C{ a covering (/. Since kgp; (A)=0, property (R1)
for p: (X, A) — (X, A) implies the existence of an index A€/ and of a map 4:(X;,
A;) — (1,{0}) such that the maps kgp: and Ap, are C-near. We now choose an
index 4’/>2, 2’ and consider the maps

fl:kgpll”, f2:hp1/111 . X;u —> I_

Note that the maps fip» =kgp: and fipw =hp, are CU’-near. Therefore, there
exists an index A*>2’ such that the maps fipr w=Fkgpi» and fopis="hp;» are CU-
near. We claim that

(7) Pu(A) S St (pi(A), V).

Indeed, for any xreA; we have

(8) Sopun(@)=hpar(x)eh(A;)=1{0}.

Since [0,1) is the only element of {[0,1),(0,1]}, which contains 0, it follows that
(9) Fipua(x)=kgpin(x)€l0,1).

We conclude, by (6), that

(10) gpu(x)€ St (gp:(A), W).

Consequently, there is an element WeJy and a point @€ A such that gp.u(x), gp:(@)e W.
Therefore, pu(z), pi(@)eg (W)CS U for some UeqJ. This yields the desired relation
paus(@)e St (pa(A), U).

REMARK 1. If ¢/ is a normal covering of X,, then ¢|A; is a normal covering
of A;. Therefore, property (Bl)* for ps implies property (B1)** for p:(X, A) —
(X, A).

REMARK 2. We say that a subset AC X is normally embedded (or P-embedded)
in a space X provided every normal covering €V of A admits a normal covering
qJ of X such that the restriction ¢J|A refines ¢(. If A,C X, is normally embedded
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in X; for each A€/, then property (Bl)** for p:(X,A)—> (X, A) implies property
(B1)* for pg.

THEOREM 3. Let p: (X, A) > (X, A) be a resolution such that A, is normally
embedded in X, for each ie.l. The induced morphism ps: A— A4 is a resolution
if and only if A is normally embedded in X,

Proof. By p has property (B1)**. Therefore, by Remark 2, p,
has property (B1)* and it suffices to show that p, also has property (B2). However,
this is an immediate consequence of the fact that px has property (B2) and A is
normally embedded in X.

Now assume that p, is a resolution. Let i be a normal covering of A. By
Lemma 1, there is an ANR Q an open covering 9 of Q and a map 4:A — Q such
that £7'(9) refines Ci. Let 94’ be a star-refinement of Gy . By (R1) for p4 there
is a 2€/ and there is a map f: A; — Q such that JPilA and A are 9’-near maps.
Then f~'(9’) is a normal covering of A,. Since A4, is normally embedded in X,
there is a normal covering ¢’ of X, such that U’lA; refines f~Y(9’). We now
put U=p~(U’). Clearly, U is a normal convering of X. Moreover, U|A refines
<. Indeed, let UeqJ. Then there is an element U’e%)’ and an element W’ eqp’
such that U=p,"(U"), U'NA, S f(W'). Let Weqy and VeC be chosen in such
a way that St(W’', ) S W,h\(W)CV. We claim that UnAcYV. Indeed, if
aeUNA, then p,(@)eU’'N A; and therefore fp,(a)e W'. Moreover, since fp;/A and
h are 9Y’-near, there is an element W’ ey’ such that fpia), (a)e W,’. Therefore,
ha)e St(W/, S W, ie., ach (W) V.

4. Resolutions and direct products

Let p:(X, A) - (X, A) be a morphism of pro-Top®. For any space K, we as-
sociate with p the system KX (X, A)=(KxX;, KX A)),1Xpar, 4) and the morphism
IXp: KX(X, A) > Kx(X, A), given by the maps IXp:: (KX X, KxA) - (KX X;,
KxA,). Similarly, we associate with p: X — X the morphism 1Xp: Kx X —» Kx X.

THEOREM 4. If p: X— X is a resolution and K is a compact Hausdorff space
then 1xXp: KX X —> Kx X is also a resolution.
In the proof we use the following lemma, proved in [3], II, 1, Lemma 2.

LEMMA 2. Let X be a topological space and K a compact Hausdorff space.
Then every normal covering ¢J of Kx X admits a normal covering C{Y of X such
that each Vecyy admits an open covering 9y of K such that W= Wy XV, Vec)
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is a covering of Kx X (stacked covering), which refines <U.

Proof of It suffices to verify properties (B1)* and (B2) for 1Xp.

Verification of (B1)*. Let i€/ and let ¢ be a normal covering of KX X;. Let
qy =Wy XV, Vec) be a stacked covering of KX X, such that ¢ is a normal
covering of X, and 9¢ refines U (Lemma 2). Clearly,

(1) St (IXpa)(KX X), W)=KXSt (p«(X), V).

Therefore, by property (Bl)* for p, there is a 2’>2 such that

(2) Pan( X)) E St (pu(X), V).
Consequently,
(3) (X paa)(KX X2) S St (LXp ) KX X), W) St (AXp)EX X)), U),

Verification of (B2). Let 9J be a normal covering of KX X and let YW =(Wvr XV,
Vecy) be a stacked covering of Kx X, such that ¢ is a normal covering of X
and 9§ refines . By (B2) for for p, there is a 1€/ and a normal covering <{/;
of X; such that (p,)~'(c(,) refines ). We now put

(4) W= Wy X Vi, V2i€CV2),

where (p,)" (V)< Vecy. Clearly, 94, is a normal covering of KX X; and (1 X$.)"(92)
refines 9 and thus also refines U.
The analogous theorem for pairs assumes the following form.

THEOREM 5. Let p: (X, A) — (X, A) be a resolution such that A; is normally
embedded in X; for each ieA. If Kis a compact Hausdorff space, then 1xp: KX
(X, A) > K x(X, A) is a resolution of pairs.

Proof. By [Theorem 2, it suffices to show that 1Xpx:KXX — KXX has pro-
perties (B1)* and (B2) and 1xp has property (B1)**. The first assertion follows
from Theorems 2,1 and 4. Since p has property (Bl)** (Theorem 2), Remark 2
implies that p4 has property (B1)*. This implies that also 1Xp4 has property (B1)*,
because the argument given in the first part of the proof of Theorem 4 applies
(since it only uses property (BL)* of p4). We now apply Remark 1 and conclude
that 1Xp has property (B1)**.

5. ANR-resolutions of pairs

The main purpose of this section is to prove the following theorem.
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THEOREM 6. Every pair of topological spaces (X, A) admits an ANR-resolution
p: (X, A) - (X, A) indexed by a cofinite set /.

The analogous theorem for single spaces was established in [4]. The proof
for pairs, presented here, follows the same general idea.
In the proof we will need the following lemma.

LemMma 3. Let f:(X, A)— (Y, B) be a map of a pair of topological spaces to
an ANR-pair. There exists an ANR-pair (Z,C) with density

(1) $(Z) < max (s(X), s(4)),
(2) s(C)<s(4)

and there exist maps ¢:(X, A) - (Z,C),h:(Z,C) — (Y, B) such that f=hg.
Recall that s(X) is the least cardinal of subsets dense in X. Therefore,

s(A)<s(A) and s(f(A))<s(A). Moreover, if s(A) and s(B) are not both finite, then
S(AU B)<s(A)+s(B) < max (s(A), s(B)).

Proof. We first consider the case when f(A) is an infinite set. Let f(A)
denote the closure of f(A) in f(X). By the Kuratowski-Wojdislawski embedding

theorem ([6],1,§3.1. one can assume that f(A) is embeded in a normed
vector space and is closed in its convex hull L. Since f(A) is infinite, one has

(3) s(Ly=s(f(A)<s(fA) <s(A).

Now note that B is closed in Y and therefore f(A)=B. Since B is an ANR, the
inclusion i: f(A) — B extends to a map j:C — B, where C is an open neighbourhood
of f(A) in L. Since L is an AR, C is an ANR and s(C)<s(L)<s(A).

We now consider the space W obtained from the topogical sum F(X)®dC

identifying the two copies of f(A). Clearly, W is a metric space with
(4) (W) < max (s(f(X)), s(L)) < max (s(X), s(4)).

Moreover, since f(A) is closed in f(X) and in C, there is a unique map 2: W—Y
such that k|f(X) is the inclusion into Y and k|C is the composition of j with the
inclusion B— Y.

We can now assume that W is embedded in a normed vector space and is
closed in its convex hull K. Since W2f(A), it is infinite and therefore

(5) S(K)=s(W)< max (s(X), s(A)).

Since Y is an ANR, one can extend 2: W— Y to a map #2:Z — Y, where Z is an
open neighborhood of W in K. Hence, Z is an ANR and
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(6) s(Z)<s(K)< max (s(X), s(4)).

Since C is closed in W, we see that C is also closed in Z and therefore (Z,C) is
an ANR-pair. Finally, we take for ¢: X — Z the composition of f:X — f(X) with
the inclusion f(X)— Z. Clearly, f=hg.

In the case when f(A) is finite and f(X) is infinite, the proof is simpler. We
immediately consider f(X) as a closed subset of its convex hull W in some normed
vector space. Then

(7) s(W)=s(f(X))<s(X)=max (s(X), s(4)).

We then extend the inclusion f(X)— Y to a map ~2:Z— Y, where Z is an open
neighborhood of W. Therefore, Z is an ANR and

(8) s(Z)<s(W)< max (s(X), s(4)).

We take for ¢g: X — Z the composition of f: X — f(X) with the inclusion f(X)—Z.
Moreover, g(A)=f(A) is finite and thus an ANR and a closed subset of Z. We
then put C=g(A). Note that s(C)<s(A).

Finally, if both f(A) and f(X) are finite, we put (Z,C)=(f(X), f(A)), we take
for g: X—Z the map f and for 2:Z— Y the inclusion f(X)— Y. Clearly, (1)
and (2) hold and (Z,C) is an ANR-pair. This completes the proof of Lemma 2.

Proof of We say that two maps p:(X, A)— (P,Q),p (X A)—
(P’, Q') are equivalent if there is a homeomorphism 7%: (P, Q) — (P’,Q’) such that
hp=p’. Let I' be the set of all equivalence classes of maps of (X, A) into ANR-
pairs (P, Q) with density satisfying

(9) s(P)< max (s(X), s(A))
(10) s(Q)<s(A).

That I” is indeed a set follows from the fact that the weight w(P)=s(P) and card
(P)<2¥® . For every yel let q,: (X, A) —(Y,,B,) be a map from the class 7.
Let 4 be the set of all finite subsets of I" ordered by inclusion. If 6={yi, .-, ra}€4,
we put (Ys, Bo)=(Y, X - XY,,,B,,X+---XB,). If 6<0"={rs, -+, 7 <o, rmi€d, we
define ¢ss: (Y5, Bs) — (Y5, Bs) to be the projection

Y, X - XY, X+ xXY, —Y, X XY

m:*

We also define ¢;: (X, A) — (Y3, B;) to be the map

QBZQnX"'XqMX—’ lex'”XY

n*

Clearly, (Y;, B;) is an ANR-pair and
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GssQs o0 =(qssr, 00" <0,
qss:dsr=(s, 0<d.

Consequently, (Y, B))=((Y5, Bs), gss-, 4) is an inverse system of ANR-pairs and
the maps ¢; define a morphism q: (X, A) — (Y, B) of pro-Top®.

As an immediate consequence of [Lemma 3, we have the following property
(R1), which is even stronger than (R1).

(R1)" For every ANR-pair (P, Q) and every map f: (X, A) — (P, Q) there exist
an index éed and a map g¢:(Ys Bs) = (P, Q) such that f=g¢q,.

In order to obtain property (R2), we will replace (Y, B) by a larger system.
We let M be the set of all pairs p¢=(d, U), where ded and U is an open neighbor-
hood of the set gs(X) in Y;. We order M by putting p<p’'=(, U’) whenever
0<¢’ and ¢s;(U")cU. For p=(,U)eM, we put (Z,,C,)=(U,UNB;) and 7,=gq;:
X—U. For pu<y’ we put 7,,=q:|U’: U’ — U. Clearly, (Z,C)=(Z, Cu)\7upw, M)
is an inverse system of ANR-pairs and r=(r,):(X, A) - (Z,C) is a morphism of
pro-Top?. It is also clear that r satisfies condition (R1)’.

We will now show that r also satisfies the following stronger form of (R2):

(R2)"” Let (P,Q) be an ANR-pair and ci” be an open covering of P. If peM
and ¢,¢":(Z,,C,) — (P, Q) are maps such that the maps ¢gr, and g¢’r, are C{/-near,
then there is a p’>p such that also the maps g7, and ¢’7,. are C{/-near.

Indeed, let x=(3, U) and let g,¢’: (U, UN B;) > (P, Q) be such that gr, and ¢’7,
are Cp-near for some open covering ci) of P. Then also ¢|gs(X) and ¢’|gs(X) are
Cy-near. Therefore, any point zeg,(X) admits a VeCy such that ¢(2), ¢’(2)e V. By
continuity, there exists an open neighborhood U(z) of z in U such that for any 2’€ U(2)
one has g¢(z’),¢’(z’)e V. Let U’ be the union of all U(z), when z ranges over g,(X).
Then U’ is an open neighborhood of ¢s;(X) in Y; and U’c U. Moreover, the maps
glU’, ¢’|\U’ are Cy-near. Therefore, p/=(3, U’')eM, pn<y’, and the maps g7, =g|U’
and ¢'7,, =¢’|U’ are C{/-near.

It now only remains to achieve cofiniteness of the index set ., i.e., to achieve
that every element of /4 has only a finite number of predecessors. We define /A
as the set of all finite subsets of M ordered by inclusion. We then define an in-
creasing function ¢:.l - M such that ¢({u})=yp. This is obtained by induction on
n, where 2={p,, - -, ua}. We then put

(Xx, Ax)=(Z¢(z), Csa(l))9
Pu' =Vo)pa)s Pz =¥py.

Clearly, (X, A)=((X;, A, pu, A) is a cofinite inverse system of ANR-pairs and p=
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(p): (X, A) > (X, A) is a morphism of pro-Top? which obviously has property (R1)’.

Now assume that (P, Q) is an ANR-pair, ¢}/ is an open covering of P and
9,9 (X, Ay) = (P, Q) are maps such that gp;, ¢’p: are Ci/-near maps, i.€. g7,y 9'7 o>
are C{/-near. Then there is a p>¢(2) such that also ¢7,y., 9’71y, areCl/-near maps.
Let 7=2U{p}. Then A<2” and {¢} <2’ and thus pg=¢({x})<¢(2’) and

J— I4 —_—
gD =97 o0eV o a3y 9 Parr =9V o> u¥ woar -

Consequently, the maps gpui, ¢'pir are also Ci-near. This completes the proof of
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