TSUKUBA J. MATH.
Vol. 4 (1980). 9—13

THE DISTRIBUTION OF RESIDUE CLASSES MODULO a
IN AN ALGEBRAIC NUMBER FIELD

By
Shigeki EGAaMI

Let K be an algebraic number field of degree n and ox the ring of integers
of K. It is easily seen that for every integral ideal a of K and residue class A
of DK/a

meiil |Nga| <c(K)Nga 1)
where ¢(K), and in what follows c¢’(K), ¢”(K), ---, are constants depending only

on K. An explicit estimate for ¢(K) was obtained by H. Davenport [I]. In this
paper we will show that for some “large number” of ideals a and “almost all”
its residue classes A, the estimate (1) can considerably be strengthend if K has

infinitely many units. For any A2>0 and any integral ideal a we define a subset
E(1; a) of og/a by

E(A; a)={Asok/a; meiil |Nga| <ANga} .
The natural density of a set ¢ of rational primes is defined as usual by

21
B 2
g 7T(X)
where 7(x) denotes the number of primes not exceeding x. Then we can state
our

THEOREM. Let K be an algebraic number field having infinitely many units.
Then there exists a set P of rational primes of natural density 1 such that
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for any A>0, where |S| is the cardinarity of a set S.

REMARK. Theorem implies especially
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if K has infinitely many units. Otherwise, i.e. K is either the rational number
field or an imaginary quadratic field, we can easily see
. E(A; a
Jim R
For the proof of we show first an ergodic theorem for an auto-
morphism of a vector space, which contains as a special case a theorem of A.G.

Postnikov [2].

Let p be a rational prime, F, the finite field with p elements, and V=F2.

=2c’(K) .

Every element of V can be represented by a vector (x,, ---, xn), x;EZ, 0= x;<p.
(Z denotes the set of all rational integers.) An automorphism 7T of V is given
by an nXn matrix {¢;;} with #;;&F, such that det 7;,%0 in F,. We define
“the minimal period z(T) of T” by

r(T):n}EiE} min {¥>0; T*x=x},

%0
and put for real numbers d,, -+, d, with 0<9,;<1
B(51; Tty 5n): {(xlr ) xn)EV; O§x1<[51p]} )

where [u] the largest integer not exceeding a real number u.

LEMMA. Let S be d subset of V satisfying TS=S. Then

|SI0:1p] -+ [0 p] IS[p™
" o(T)

—1SABGy, -, 62| [g (log p4+-2)" .

ProoF. We write
<m, x)>= jg)l m;X;
for m=(m,, --+, m,), x=(x,, ---, x,) in V, and define
a(x)=exp(2ri——>-"~),
Pm(x) p(‘ 5
so that {Jn(x)} mev is the character group of V. Thus the function

1 xS

f(x)={ 0 xeWV\S

can be expressed as the finite Fourier series

flx)= =, andn(x), 4)

where
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am ~~~~2f(x)¢m( x).

We have
AT %)= 2, andn(Tx)

=mZe)Va m@Pmrr -1(x)
= m@l’a mT'Sbm(-x) ’

where T’ is the transposed matrix of 7. Since 7'S=S, it follows from the
uniqueness of the expansion (4) that

Apn=0mr=CA0prv=""".

Since mT"*%m for all m=0 and 0<v<z(T), we obtain from Parseval’s equality

(-1 | S|
(D) lanl'="5 lanrl's o 3 1=k
Hence
ST
lam|§\/W, m=0. )
Now by (4)
Z f(X)- E am 20 ¢u(x).
ZEB(@y, zEB(0y,,8p)
Since
01p1-1  [Fnpl-1 Zj m;
IEB«’ gbm(x)l—_ x§=° exp 272:1—————p '
<p" 11 1
= i min (m;, p—my) ’
we have from (5)
, |SI-p™ n
ms;o xeB(5 ¢m( )’_ (T) (l gp+2".

Viewing that

2 f)=ISNB@, ++, dn)]

TEB(y, ., 0p)

and

Sbo(x)'—

ot [51;17] s

EBC5

[S]
pn

we obtain
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! ISI [6:p] - [8.01—|SAB@,, -+, 82)]

=20am ¢m(x)

m=0 xeB(a

IST-p™

= (T) (lop p+2)",

which proves
COROLLARY. (A.G. Postnikov [2] Ch.1 §4 Theorem 1.) If the characteristic

equation of T is irreducible over F, and x,%0, then

Nixo; 8y, oo, Bp)— 21 L9nP]
b
where N(x,; 01, *+*, On) 1S the number of v, 0<v<z(T) such that T*x,= By, -+, 0n).

<24/p"™ log™ p

=(T-1 ,
PROOF. Put S= U T*x, in Lemmal
v=0

Proof of [Theoreml. Let w,, -+, w, be an integral bases of K and ¢ be a
torsion-free unit of K. Then through the expressions

n .
EW;= ng tij(t)j (1:1, tee, n)

¢ defines the matrix {t,;}. Denoting by ?,; the residue class mod p of t;;, we
get an automorphism T= {E;} of the vector space ox/(p). We identify ox/(p)
and V by the correspondence

(X1, =+, Xp) & X301+ - + X0, 0=x,;<p.

Put S=og/(P)\EA; (p)). It is easily seen that 7S=S. Furihermore there
exists a 6>0 such that SN\B(d, ‘-, 0)=¢ since, by the inequality (1), B(@, -+, 0)
CEQ; (p)) for every p. Then it follows from that

(T)
where the O-symbol depends only on A and the field K. Now we define the set
2 of rational primes by

lox/(ONEQ; (p))]=1S1=0(-P

P={p; =«(T)=log**** p}
so that for pe= @

Ni(p)=1BQ; ()1 =1S1=0(5

—-)=oNx(p.

It remains only to prove that the natural density of % is 1 or equivalently
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2 log p=o(x), (6)
Des

where p runs through rational primes. Note first that
z(T)=min 7,(¢),
. Pip

where
zy(e)=min {¥>0; =1 (mod p)} .

and the minimum is taken over all prime ideals » which devides p. Then

log p= > log p

(T)<log2M+1p (T)<log2M+1z
pszx p

= > log Ngp= 2 log ( II Ngb)

Tp(e)<log2n+lxy 1<log?n+ly T D=p

= X  log |Ng(e#—1)]

#<10g2n+1x
(sinceje*—120) and
| Ng(e#—1)| Zc”(K)~.
Hence we obtain

35 log p=0(log""** x)
PP

psSx
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