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A COMPLETE SYSTEM OF GRAMMARS
FOR PLANE GRAPHS

By
Tadahiro Uesu

Introduction

In for directed graphs, it was shown that the system of simple graph
grammars is complete. In this paper, a system of grammars for plane graphs?,
called plane graph grammars, is introduced, and it is shown that this system is
complete, i.e. the following theorem holds:

THEOREM. For each alphabet T, the class of all sets of labelled plane graphs
over T defined by plane graph grammars identical with the class of all recursively
enumerable seis® of labelled plane graphs over T.

A production of our system is an ordered pair (X, K,), where each K; (i=1,2)
is a partially labelled plane graph in a shape of a wheel such that its hub is a
labelled plane graph, its spokes are unlabelled edges and its rim is an unlabelled
cycle, and K; and K, have the same rim. An illustration of a production is shown
in Figure 0.1.
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Fig. 0.1. Production (K, K,). H; and H, are the hubs of K, and K, respectively.
For each K; (i=1,2), dotted circle represents the rim, dotted straight lines
represent spokes, and small double circle denotes the origin of the rim.
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! Intuitively speaking, a plane graph is a graph on a plane in which no two edges intersect.
We are concerned with plane graphs in which loops and multiple edges are permitted.

2 A set of plane graphs is recursively enumerable if, by a Godel numbering, the set of
Godel numbers of plane graphs in it is recursively enumerable.
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The notion of direct derivation of our system is defined in the following manner:
Let (Ki, K;) be a production as shown in Figure 0.1, H; the hub of K;, and G: a
labelled plane graph in which H; occurs as shown in Figure 0.2 for i=1,2. G. is
said to be directly derived from G, according to (K, K») if there exists a partially
labelled plane graph S, as shown in Figure 0.2, with the same unlabelled cycle as
the rim of K, such that G; (i=1,2) results from first embedding K; into the inside
of the cycle of S so that the rim of K; may fit on the cycle of S, then contracting
all spokes of K; to their labelled ends and erasing the rest of the rim.

Fig. 0.2. G, is directly derived from G, according to (K, K,) in Figure 0.1.
The unlabelled cycle of S is the same as the rim of K.

The outline of the proof of is this: Let R be a recursively enumerable
set of labelled plane graphs over an alphabet 7. We give an effective coding from
the labelled plane graphs over 7' into the finite strings over some alphabet. Then
the set R, of all the strings which correspond to elements in R is recursively
enumerable. For each finite string A,A,---A, of symbols, a plane graph, called a
plane-graph-expression of the string, of the form

is given. Then, by the same way as it is verified that the set R, of all the
plane-graph-expressions of strings in R, is defined by a plane graph grammar Go.
We furthermore give a finite set P of productions such that for each labelled plane
graph H in R and for the corresponding plane graph H, to /1 in R, H is derived
from H, according to the set P of productions, and no other labelled plane graph
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over 7" may be derived from H; according to P. It is then verified that the plane
graph grammar which results from connecting G, with P defines the set R.

In and they were concerned with the study of grammars for plane
simple graphs® and introduced the notion of a cut-curve. Our notion of a rim with
spokes may be considered as an extension of their notion of a cut-curve.

In the first section of this paper, the formal definition of plane graphs is given.
In the second section, the definition of labelled plane graphs and several concepts
concerned with labelled plane graphs are given. In the third section, the formal
definition of plane graph grammars is given. In the last two sections, the precise
proof of is given. And in Appendix, it is also shown that the system of
canonical plane graph grammars is complete, where the notion of a canonical plane
graph grammar is an analogue of the notion of a simple graph grammar in [1]:
A plane graph grammar is said to be canonical if for each production (K, K;) of
it, no two spokes in K; (i=1,2) have an end in common.

1. Plane Graphs

A graph is an ordered triple (V, E,¥) consisting of two disjoint sets V, £ and
a function ¥ from E to the set of unordered pairs of (not necessarily distinct)
elements of V. V,E and ¥ are respectively called the set of wvertices, the set of
edges and the incidence function of G. If e¢ is an edge and v is a vertex in ¥(e),
then the vertex v is called an end of e. An edge with a single end is called a
loop, and an edge with distinct ends a /nk. The ends of an edge are said to be
incident with the edge, and vice versa. A vertex which is incident with no edge
is called an isolated vertex. If e is an edge,-and if # and v are the ends of e,
then the sequence wev is called a step. A walk is a finite sequence of the form
Do€101820;- - exVx Where 1<k, e; is an edge and the ends of e; are »;-; and »; for each
i i=1,2,---,k). The vertices v, and v; are called the origin and the terminus of
the walk respectively, and oy, vs, -+, vx_; its internal vertices. A walk in which
vertices occurring at distinct places are distinct is called a path. A walk whose
origin and terminus are the same is said to be closed. A closed walk in which
any internal vertex does not occur twice is called a cycle. A connected graph is
a graph that contains a walk with the origin # and the terminus » for each pair
u,v of distinct vertices.

Intuitively speaking, a plane graph is a diagram on the plane which consists
of finite points and finite arcs joining certain pairs of these points such that no

8 A plane graph is a plane simple graph if it has no loops and no two of its edges join
the same pair of vertices.
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two arcs cross one another. We call such a diagram an intuitive plane graph.

An intuitive plane graph partitions the plane into finite regions. Each region
is called a face of the intuitive plane graph. Note that, for each intuitive plane
graph, there is exactly one unbounded face. We call the unbounded face the ex-
terior face. For example, the face F; in Figure 1.1 is the exterior face.

The boundary of a face consists of finite connected components. For each connected
component which is not a single point, we have a closed walk in the following
manner : For the face F, in Figure 1.1, for example, the closed walk uavbucwdzewcu
may be obtained, if we trace along the connected component not the point y of the
boundary from right to left, as seen from the inside of the face F,. Such a closed
walk has the following property :

PROPERTY P. Steps occurring at distinct places in the walk distinct and, for
each pair u,v of distinct vertices in the walk there exists a unique path P with the
origin uw and the terminus v such that each step in P occurs in the walk.

For the above example, the unique path from w to v is wcuav.

DeriNITION 1.1. Let G be a graph. A closed walk in G is a boundary walk
in G if it has the Property P.

DerFINITION 1.2. Let G be a graph. A quasiboundary in G is a finite set con-
sisting of isolated vertices and boundary walks in G such that any pair of its
boundary walks has no vertex in common.

Let G be the graph

(e, v, w, z, ¥}, @, b, ¢, d, e}, '},

where ¥(@)="(b)={u, v}, ¥'(c)={u, w}, V(d)=V(e)={w, x}. Each intuitive plane graphs
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in Figure 1.1 represents the graph G. The boundary of the face F represents the
quasiboundary {y, uavbucwdzxewcu}, and also each boundary of the faces F, and F3
represents the same quasiboundary. So a quasiboundary does not necessarily cor-
responds to a unique face. But when the exterior face is indicated, a quasiboundary
corresponds to a unique face. Then we have the formal definition of plane graphs:

DeriNiTION 1.3. A plane graph is an ordered triple (G, B,, B) consisting of a
graph G, a quasiboundary B, in G and a finite set B of quasiboundaries in G with
the following properties.

(1) B.eB.

(2) If B and B’ are distinct elements of B, then there is a finite sequence
B, -+, B, of elements of B such that B, is B, Bn is B’ and each B; (1=2,3, ---,m)
has an edge in common with B;_;.

(3) If » is an isolated vertex of G, then there exists one and only one B in
B such that veB.

(4) If e is a loop of G and # is the end of ¢, then there exist precisely two
elements of B such that each of them contains a boundary walk in which the step
uey Ooccurs.

(5) If e is a link of G, and if # and » are the ends of ¢, then there exists
one and only one element of B containing a boundary walk in which the step wev
occurs.

In the above definition, the quasiboundary B, denotes the boundary of the
exterior face. It is easily checked that each formal plane graph denotes a unique
intuitive plane graph, and that for each intuitive plane graph there is a formal
plane graph which denotes the intuitive plane graph.

ExampLE 1.1. Let
By={zaz}, Bi={sctbs}, B:={ufveu}, Bs;={zaz, w,xgygx, sbiduevfudtcs},
and
B={B,, B, B,, Bs} .

And let G be the graph which is naturally determined by B. Then the ordered
triple (G, By, B) is a plane graph and the corresponding digram is as shown in
Figure 1.2.

For a plane graph (G, By, B), B is called the set of its boundaries and B, is
called the exterior boundary of it. When G=(V, E,¥) and B={B,, B, -+, By} we
write the plane graph (G, B,, B) in displayed form as

(V) E) w) BD; Bl; Ty Bn) .
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DeriNITION 14. For a boundary walk v.e,v,e:0:---exvx, €ach boundary walk of
the form v;_1ei0:€i 16541 -€xlre1V1 -€i_10s-1 (i=1,2,---, k) is said to be Aomologous to
the boundary walk veeiv,esv:---exvx. Two quasiboundaries B and B’ in a graph are
said to be komologous if for each element X in B, there exists an element in B’
which is identical or homologuous to X, and vice versa. Two sets B and B’ of
quasiboundaries in a graph are said to be komologous if for each element B in B,
there is an element in B’ which is homologous to B, and vice versa. Two plane
graphs (G, By, B) and (G, By, B’) are said to be homologous if G and G’ are identical,
B, and By’ are homologous, and B and B’ are homologous.

Two graphs (V, E,¥) and (V7, E’,¥’) are said to be isomorphic if there is a
one-to-one function ¢ from VUE onto V'UE’ such that eeE if and only if ¢(e)e £,
and ve¥(e) if and only if ¢(v)e¥’(4(e)); such function ¢ is called an isomorphism
between (V, E,¥) and (V’, E’,¥’). Given an isomorphism ¢ between graphs G and
G’ we extend it to walks by the following recursive definition: For any walk W
in G, if ¢(W) have already been defined, then

P(Wev)= (W )p(e)gp(v) -

We, in addition, extend it to quasiboundaries and sets of quasiboundaries by the
following mannar: For any quasiboundary B in G, XeB if and only if ¢(X)e¢(B);
for any set B of quasiboundaries in G, BeB if and only if ¢(B)eg(B).

DeriNiTION 1.5. Two plane graphs (G, By, B) and (G’, By, B’) are said to be
isomorphic if there is an isomorphism ¢ between the graphs G and G’ such that
¢(By) is homologous to By and ¢(B) is homologous to B’; such ¢ is called an
isomorphism between plane graphs (G, B, B) and (G’, By, B').
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A plane subgraph of a given plane graph is obtained by erasing edges or
vertices off the plane graph. The formal definition is recursively given as follows:

DeriNiTION 1.6. Let P be a plane graph.

(1) A homologous plane graph to P is a plane subgraph of P.

(2) If (V,E, ¥, By, B, -+, B, is a plane subgraph of P, v is an isolated vertex
of it and veB; (0<i<#), then a homologous plane graph to the plane graph

(V— {U}, E) qf’ BO’ Bl’ ttt Bi—l: Bz— {U}, B’i+1’ "ty Bn)

is a plane subgraph of P.

(3) If (V,E, ¥, By, By, -+, By) is a plane subgraph of P, e¢ is a link with ends
u,v, and W is a boundary walk in B; (0<i<#n) which is homologous to the walk
of the form ueVieV,, then a homologous plane graph to the plane graph

(Vy E— {e}7 w—'{(ex {'I/i, U})}4) BO) Bl, ) Bi—ly (B’L_{W}) U { Vla V2}, Bi+1) ERP) Bn)

is a plane subgraph of P.

(4) If (V,E W, B, By, -+, By) is a plane subgraph of P, e is an edge with (not
necessarily distinct) ends %, v, W; is a boundary walk in B; (0<i<#) which is homo-
logous to the walk of the form Xiev, and W; is a boundary walk in B; (i<j<n)
which is homologous to the walk of the form vexX,, then a homologous plane graph
to the plane graph '

(Vy E_— {e}) Z]f—{(e, {u) Z)})}, BO’ Bl, Ty Bi—ly (BlU B]N_{WI) W2}) U {XIXZ}’
Bi+1’ EAE) Bj—17 Bj Fly °°% Bﬂ)

is a plane subgraph of P.

(5) The only plane subgraphs of P are those given by (1)-(4).

Consider the plane graph P as shown in Figure 1.3. Contract the link / to one
point. Then the plane graph P’ is obtained.

P P’
Fig. 1.3. Contraction of link /.

4 A function is a subset of the direct product of the domain and the range.
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The notion of contraction of links is defined as follows:

DerINITION 1.7. Let P be a plane graph (V,E, ¥, By, By, -+, B,), and ! a link
with ends #,v. Let ¥’ be the incidence function of the graph (V—{v), E—{{}, ¥’)
such that for each edge e in E—{/}, ¥’(e) is the set obtained by replacing » in
Y(e) by u if ¥(e) contains v, ¥(e) otherwise. For each boundary B; of P and for
each element X in B; let X’ be the sequence which result from first replacing all
of the occurrences of » in X by u, then removing all of the occurrences of the
sequence %/, and set By ={X'|XeB;}. Then (V—{ov}, E—{},¥’, By, B/, ---, By’) is the
reduct of P by contracting / to #. P’ is the reduct of P by contracting /y, ls, -+, Im
to #,, us, -+, un if there exists a sequence P, Py, P, ---Pn such that P, is P, P, is
P’ and P; is the reduct of P;_, by contracting /; to »; for i=1,2, .-, m.

ProrosiTioN 1.1. For each plane graph, each reduct of it is a plane graph.

2. Labelled Plane Graphs

DerINITION 2.1. A partially labelled plane graph is an ordered pair (P,2) con-
sisting of a plane graph P and a function 2 whose domain is a set of vertices and
edges of P. A labelled plane graph is a partially labelled plane graph (P, 1) such
that the domain of 2 is the set of all vertices and all edges of P.

Let (P,2) be a partially labelled plane graph. If the range of A is a subset of
an alphabet 7', then (P, 2) is said to be over 7. An edge or a vertex of (P, A) is
said to be labelled if it is contained in the domain of 2, unlabelled otherwise. The
value A(x) is called the label of x for each element x of the domain of 2. If (P, 2)
is over T and f is a one-to-one function from 7, then the partially labelled plane
graph (P, f-4) is relabelled from (P, 2) according to f. If P’ is the plane subgraph
of P such that the set of verices and edges of P’ is the domain of A, then the
labelled plane graph (7, 2) is called the labelled part of (P, ).

DerFiNITION 2.2. Two labelled plane graphs (P,2) and (', 2’) are said to be
isomorphic if there is an isomorphism ¢ between the plane graphs P and P’ such
that 2 is the composition of ¢ and 2/, i.e. 2=2"0¢.

DerFINITION 2.3. A partially labelled plane graph is a rimmed kernel if the
following conditions are satisfied :

(1) The exterior boundary has a single element called the 7im, and the rim
is a cycle.

(2) The origin of the rim is incident with no edge which does not occur in
the rim.
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(3) For each internal vertex v of the rim, there exists one and only one edge
called a spoke which is incident with » and does not occur in the rim. Each spoke
is also incident with a vertex not of the rim.

(4) The unlabelled vertices are the vertices of the rim.

(5) The unlabelled edges are the edges of the rim and the spokes.

A partially labelled plane graph is a canonical rimmed kernel if, in addition,
the following condition is satisfied:

(6) Distinct spokes have distinct ends.

The labelled part of a rimmed kernel is called the Aub of the rimmed kernel.

Examples of rimmed kernels are shown in Figure 2.1.

O~ O
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Fig. 2.1. Examples of rimmed kernels. K is a canonical rimmed kernel. K’
is not canonical. Here, dotted circles represent rims, dotted straight. lines
represent spokes, and small double circles represent the origins of rims.

DErFINITION 24. A partially labelled plane graph is a skell if the following

conditions are satisfied :
(1) There exists one and only one boundary which is not exterior and con-

S

Fig. 2.2. An example of a shell. Dotted circle denotes the rim. Small double
circle denotes the origin of the rim.
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sists of a single cycle called the 7im whose vertices and edges are unlabelled.
(2) The origin of the rim is incident with no edge which does not occur in
the rim.
(3) The vertices and the edges which do not occur in the rim are labelled.
An example of a shell is shown in Figure 2.2.

DEFINITION 2.5. Let K and S be a rimmed kernel
(VX, EX, WX BX, B\, ..., BpX), 2X),
and a shell
(( VS’ ES, 1[/'5" BOS’ BIS, ooy BnS, an+1), ZS) ,
respectively, such that
VENVS={vy, vs, -+, 0k}, EXNES={ey, e, -+, ek},

Vil 1018505 Vi—18x 1S the rim of K, viexVi—1-+vz2e20:210¢ is the rim of S, and the rim
of S is the element of BS,,. Let P be the reduct of the plane graph

(VK U VS; EX U ES; v U ZI/‘S’ BOS’ BIS7 T nS’ BlK”') BmK)

by contracting all the spokes of K to their labelled ends. If a labelled plane graph
H is isomorphic to the labelled part of (P,2¥U25), then the ordered pair (X, S)
is called a partition of H.

ExaMpLE 2.1. Let K and K’ be the rimmed kernels as shown in Figure 2.1,
and S the shell as shown in Figure 2.2. Then (KX, S) and (K’,S) respectively are
the partitions of the labelled plane graphs H and H’ which are shown in Figure
2.3.

Fig. 2.3
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3. Plane graph grammars

DerINITION 3.1. A production is an ordered pair of rimmed kernels with the
same rim. For a production (K, K’), K and K’ are respectively called the left kernel
and the right kernel of (K, K’). The production (K7, K) is called the inverse produc-
tion of (K, K’). A production is said to be canonical if its kernels are canonical.

ExampLE 3.1. Let K and K’ be the rimmed kernels as shown in Figure 3.1.
Then (K, K”) is a production, and not canonical.

—_@-\ "@‘\

’, \\ ~ ~
//O:\ ,A\ /Xﬁ\ h duie —h\
/ \ ! \
! P — | x
\ ! \ .

v L N/ N N
o4 hof =4 g4
\\_ _” \\._ f»’

K K/

Fig. 3.1. An example of a production.

DerFINITION 3.2. A labelled plane graph H is directly derived from a labelled
plane graph / according to a production (K, K’) if there exists a shell S such that
(K,S) and (K’,S) are partitions of H and H’ respectively. A labelled plane graph
G is derived from a labelled plane graph H according to a set P of productions if
there exists a finite sequence H,, H, --+, H, of labelled plane graphs such that H,
is H, H, is G and H;, is directly derived from H; according to some production
in P for i=0,1, .-, n—1.

For example, A" in Example 2.1 is directly derived from H in Example 2.1
according to the production (K, K’) in Example 3.1.

DerFINITION 3.3. A plane graph grammar over an alphabet 7 is an ordered
triple (7', I, P) in which I is a labelled plane graph and P is a finite set of produc-
tions. A plane graph grammar (7, I, P) is said to be canonical if P is a finite set
of canonical productions.

In the following, we identify isomorphic labelled plane graphs.

DeriNiTION 34. If G is a plane graph grammar (7,7, P), then the set of all
the labelled plane graphs over 7 that are derived from I according to P is called
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the plane graph language defined by G.
For each string A,A.---A, over an alphabet 7', the labelled plane graph

is called the plane-graph-expression with aux_iliary labels ¢, 2, 7 of the string.

ProprosITION 3.1. Let T be an alphabet and let 0,2 and t be labels not in T.
For each recursively enumerable set R of strings over T, there exists a canonical
plane graph grammar G such that the plane graph language defined by G consists
of all the plane-graph-expressions with auxiliary labels ¢,2,t of stvings in R.

Proof is obtained by the same way as Proposition 2.1 in [1].

PROPOSITION 3.2. Let R be a plane graph language defined by a (canomical)
plane graph grammar, P a finite set of (canonical) productions and 3 an alphabet.
Then there is a (canowical) plane graph grammar which defines the set of all the
labelled plane graphs over X that arve derived from the elements in R according to
P.

Proor. Let 7 be the alphabet consisting of all the labels occurring in the
elements of R, and 7* the alphabet consisting of all the labels occurring in the
productions of P. Let 7’ be an alphabet disjoint with TUT*U 2, and f a one-to-
one function from 7 to 7’. Then there is a (canonical) plane graph grammar
(1", I, P") which defines the set of all the relabelled plane graphs from elements
in R according to f. We may assume that the labels occurring in the productions
of P’ are not in TUT*UZX. Let P be the set of productions as shown in Figure
3.2. Then the (canonical) plane graph grammar (&, 1, P’UP’UP) defines the set
of all the labelled plane graphs over Y that are derived from the elements in R
according to P. This completes the proof.

/@‘\ ’@“‘ /'@\ ,’@\
e N ,/ S /, . , .
\ \ A’ !

f 1=\ ! ¢EO 9 — ¢ ®O
\\\\d‘)/// \\\é’// \\\N—/// \\\‘-’,/

Fig. 3.2. The productions in P'’. A,B and C are labels from 7. A’ denotes
S(A).
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4. The completeness of the system of plane graph grammars

We are now going to show that the system of plane graph grammars is com-
plete. We begin with the notion of a 4-map which is a labelled plane graph in a
shape of a triangulation of a polygon:

DerFINITION 4.1. A labelled plane graph is a 4-map if either it is the empty
graph or each boundary of it consists of a single cycle and the cycle of each boundary
other than the exterior boundary has exactly three vertices.

DeriNiTION 4.1. Let 7" be an alphabet, and II and A labels not in 7. And let
Pr o a be the set of productions as shown in Figure 4.1. A 4-map D over T'U{II, A}
is a d-expression with auxiliary labels II, A of a labelled plane graph G over 7 if
D is derived from G according to Pr ua.

:
B
®
u)
|
o
-
\é,

//@\\\ /,@\\

4 / \

$® @4 —¢O@
\\ // \\ R

~ - ~ -

Fig. 4.1. The productions in Pr . A and B are labels from 7. ¢ denotes the
empty graph.

ExampLE 4.1. In Figure 4.2, D is a J-expression of G.

® &0

G D

Fig. 4.2. An example of a d-expression of a labelled plane graph.
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The following proposition is trivial:

ProrosiTiON 4.1. Let T be an alphabet, and 11 and A labels not in T. If R
is a rvecursively enumervable set of labelled plane graphs over T, then the set of all
d-expressions with auxiliary labels 11, A of elements in R is recursively enumerable.

In order to prove [Theoreml, we need to use the following lemma, whose proof
is given in the next section.

LEMMA. If R is a recursively enumerable set of d-maps over an alphabet, then
there exists a plane graph grammar which defines R.
Now, we prove [Theoreml:

Proor or THEOREM. It is clear that a plane graph language defined by a
plane graph grammar is recursively enumerable. Let R be a recursively enumerable
set of labelled plane graphs over 7, and let II and A bz labels not in 7. Then,

by [Proposition 4.1, the set R’ of all J-expressions with auxiliary labels II, A of
elements in R is recursively enumerable. Therefore, by there exists a
plane graph grammar which defines R’. Let P be the set of all inverse productions
of elements in the set Pr 2 of productions. Then, R is the set of all the labelled
plane graphs over 7' that are derived from the elements in R’ according to P.
Therefore, by virtue of [Proposition 3.2, R is defined by a plane graph grammar.

This completes the proof.

5. Proof of [Lemmal

We assume that each edge is a positive integer. Let Y and Y, be disjoint
alphabets, | and * labels not in YUJY, and f, one-to-one correspondence from Y to
Y, and let those Y, Y, |, *, and f, be fixed for the following discussion. For each
element A in Y, let A! denote f,(A).

DeriNiTION 5.1. Let D be a J-map over Y. For each edge ¢ of D, let i be i
if ¢ does not occur in the exterior boundary, 0 otherwise. If 0141101:812012813013,
Vosla1U218920208035023, ***, UnalniVnilnalnainslns 1S A sequence without repetition of all the
cycles in the boundaries other than the exterior boundary of D, and if the label
of v;r is A,z and the label of i is By for j=1,2,.---,n; k=1,2,3, then the string
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is called a string-expression of D. 1If D is the empty graph, then its stving-expression
is the empty string. A labelled plane graph H is called a [linear-plane-graph-
expression with auxiliary labels ¢,2, ¢ of D if there exists a string-expression of
D whose plane-graph-expression with auxiliary labels ¢, 2, ¢ is H.

The following proposition is obtained by Definition 5.1 and [Proposition 3.1:

ProrosiTiON 5.1. If R is a recursively enumerable set of A-maps over Y, then
the set of all lhe string-expression of A-maps in R is recursively enumerable, so that
the set of all the linear-plane-graph-expressions with auxiliary labels o, 2, v of 4-maps
in R is defined by a canonical plane graph grammar.

In order to prove we provide the following sublemma:

SUBLEMMA. Let o, and © be labels not in N. Then there exists a finite set
P of productions such that for each A-map D over Y and for each linear-plane-graph-
expression H with auxiliavy labels o, 2,t of D, D is the unique labelled plane graph
over N derived from H according to P.

Proor. Let Y, and Y, be alphabets such that Y, Y, Y, Y and {|, *, 0,4, 7} are
mutually disjoint, and let f. and f; be one-to-one correspondences from N to Y, and
Yy respectively. For each element A in Y, let A? denote fi(A) for i=2,3. Let
Py, P, and P; be the sets of productions as follows:

StirvraTioN: A,B,C,D,E,Fel. XedUY. YeNU{|}. 1=2,3.
The lines without label denote edges with label A.
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The set P, of productions

PO PR Ol
Vs > ’ \
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! \ ! \
(OO ) — Cooe
\ / \ /
~ 4 /
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N
??@?
® @

A ~ -

The set P, of productions
-~

' d
\

(@) -}

A N

- ~ o - -~

I ~ s ! s

I/ ! \\ /, L \\
fge@ewé-w@aﬁw@y
\ Yd \
(1) (1) :b,, \\d:~ _\,b/’,
~-Tlo--- - -
-~ -——?—~~ \ ’,_—"'_?_~"~‘\

%®®®ﬂ®¢*WQ9@G@¢

RO — 1 T

\\\~—@-—"’ \\_@_/
The set P; of productions
L -~ O
,’ \\\ g AR
¢ OB — ¢ PO
\\\... ”/l \\\.--"//
,,f—@-'\\\ /’/—@..\\\
b LR
\ 7/ ~ 7
~ -~
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Set P=P,UP,UP,. Let D be a 4-map over 5, and H a linear-plane-graph-expression
of D. Now we show that D is derived from H according to P. Let H be of the
form as shown in Figure 5.1. (In our figures, we omit the label 2.) First it is
easily checked that the labelled plane graph H, as shown in Figure 5.2 is derived
from H according to P;.

fu = 713

721

C

OO 0RO CBREPO GO0

inl Zn2 l"ng

Linear-Plane-Graph-Expression H
Fig. 5.1

Fig. 5.2. Labelled plane graph H, derived from H according to P,.
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If 12 i 4, then Ay is Asy, Bie is Bai, Aup is Ags and fys=ia %0, and so the labelled
plane graph H,;!' as shown in Figure 5.3 is derived from H, according to P,. If iy
is 431, then the labelled plane graph H.* as shown in Figure 54 is derived from
H,' according to P, If iy is is, then the labelled plane graph H,® as shown in

H}

H?

Fig. 54. When i,y is 73, H? is derived from H,! according to P,

Figure 5.5 is derived from H;® according to P,. In this way we get the labelled
plane graph H; over YUJX.U{% which is derived from H, according to P,. For
example, see Figure 5.6. Clearly the 4-map D is derived from H, according to Ps.
Therefore D is derived from H according to P. It is trivial that no other labelled
plane graph over Y than D is derived from H according to P. This completes the
proof.



148 Tadahiro Uisu

3
Fig. 5.5. When iy, is iz, H,3 is derived from H,? according to Fp.

H,

Fig. 5.6. When n=5, iy, iS iy, f15 IS 31 fog 1S T3z, 31 1S fap, I3 is ig, 140 1S i53, and
lop=is3 =105 =0, H, is derived from H, according to F.

We are now ready to prove Lemmal:

Proor orF LEMMA. Let R be a recursively enumerable set of 4-maps over 2,

and ¢, 2 and ¢ labels not in X. Then, by [Proposition 5.1, the set of all the linear-

plane-graph-expressions with auxiliary labels o, 2, v of 4-maps in R is defined by a

plane graph grammar. Therefore, by Sublemma and [Proposition 3.2, there exists

a plane graph grammar which defines R. This completes the proof.
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Appendix. The completeness of the system of canonical plane graph grammars

We show that the system of canonical plane graph grammars is also complete.

We assume that each edge is a positive integer. We let 2,3, |,* and f, be
the same as in §5, and A! also denote f1(A) for each element A in 2.

Now we modify the notion of a string-expression in as follows:

DerINITION A. Let C be a non empty connected labelled plane graph over 2. If
00k0i017)01i02002'"UOko—liokovoko, vlklillvllilzvlz'"vlkl—lilklvlkly D) Unlcninlvnlinzvnz'"vnkn—linknvnkn
is a sequence without repetition of all the boundary walks in the boundaries of C,
where the first boudary walk ok foi100102002 *Vok,-1tor Dok, 1S the element in the ex-
terior boundary of C, and if the label of »; is Aj and the label of iy is Bjk'for
j=1,2,--,m; k=1,2,---, k;, then the string

[ BorgAdeg—1- A ||| BooAu| |-+ | Bor e, *
Zoko loz iox

AllellH -|A} B12H -|Al,- 1k1'1B1k1!l:;|*

11 112 ilkl

Al Baall-++ | A%uBaal |-+ Ans-+- Ay 1Bt |-+

Ln1 an inkn

is called a string-expression of C. The empty string is the string-expression of the
empty graph. A labelled plane graph H is called a [linear-plane-graph-expression
with auxiliary labels g,4,7 of C if there exists a string-expression of C whose
plane-graph-expression with auxiliary labels ¢, 4, ¢ is H.

In order to prove that the system of canonical plane graph grammars is com-
plete, it is sufficient to show that the following lemma (cf. Sublemma in §5):

LemMMA A. Let 6,2 and © be labels not in 2. There exists a finite set P of
canonical productions such that for each connected labelled plane graph C over X
and for each linear-plane-graph-expression H with auxiliary labels o,2, 7 of C,C is
the unique labelled plane graph over X derived from H according to P.

Proor. Let I1,%; Y; and 2, be alphabets such that 17,2, %, %: %; %; and
{l,*} are mutually disjoint, and let o,2, 7, %, 4, [° |* and |? be labels not in TUXU
U2, UusUX,U{l,*). Let f; be a one-to-one correspondence from 3 to 2; for i=
2,3,4, and ¢ a one-to-one correspondence from Y¥X(XUZX,U{|,* 7, 4}) to II. For
each element A in 2, let A® denote fi(A) for i=2, 3,4, and for each element (A, W)
in YxXXU2,U{l,s,7,8}), let AV denote g(A, W). Let P; (i=1,2,---,9) be the set
of simple productions as follows:
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StipuLATION: A,B,Cel. X, YeX U, U{l}. ZeXUu{a. S, TeX, U{|}.
UeXUl,. VeXuZ2,Uf{l,z}. i=0,1.
The lines without label denote edges with label 2.

The set P, of canonical productions
P ’(‘D~ ~a /@\

/ ~
/ N ; \
\ \
l ] ? t € i
\\ / \ /
\_,’ \~__/
//"'- @ ‘\\\ /’@‘\\
/ \
{ \
g ) — O
7
/’—-—@-s\\ P T~
V4 N ,/ \\
{O0@4 — {OOO®?
~ ~ /,’ \\ ///
- -~ -
The set P, of canonical productions
JE O O~
/ \\ \
Q) — OO
\ / N y,
\\ f/ \\_—//
/’—©—‘\ - ’-@-\\
-, \\ s % ~
-0 — +FOO
~ . 1 Ve AN f ’/
S é _// \\.‘_6_,’
f_-@.‘s ,’@\
7~ * ~N yd N
/ N AN
I ) / §
O — OO
i
\\\6.: .._(:b-— .”/ \é~_—é>’/
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The set P; of canonical productions

/’-©_§\
// \\
RC2C205 MR
_ - -~ _ . O«
4 \\ l/ \\
OO — @O
N \
~ ’/ \\-,/
-©- < -©- <
7 N

?
€
\6_/

(%)
(%)
‘O’,

-~ -~
* N 4

¢ \ / \\
@& DY — @ )
\ - J Q\' /
/ /

\\ - \\ _7
/ N /. \
- (D@9 — |
\ / \ /
\\—’/ ~ /z
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The set P, of canonical productions

@-

s RN /'—@\‘\
/ \ 4 \
(O —  {®0
N -~ _,’ \s _’/’

o P
7/ N 4 AN
’ \ 7
L@ — 00e)
\ // S . - <
o~ O
7 ~ N
’ \ 4 \
¢ @4 — a9
\\\ ’/,/ \\\—’//
/"@.‘\ /"-@~§\\
Vs \ '/ N\
a0 ®2 — ¢OO®P
N o e ~o 7
o _o-_
/7~ \\ /7 ‘\
0¥ — $-()
N /, \ //
~ - - ~ -
O _ O~
7 N /7~ \\
oy —  {0@
N /7 ~ ’l
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The set P; of canonical productions
a"“@‘“s - —'©‘\

,° ~ 7 \\
"¢- @ a - h‘ .-—ﬁ :#..QI
&: (D) N0

\\ ”,

/a——@~~\\ —@~\

% - &
R00-GF Jorey

RN

The set P; of canonical productions

4

S CONN SO

}
@ o@ % b D- DR 2
\s\_@—_ /’

_ -0~ _ ,——@—_\\

a2 @o ) S @RS 3
_—> \ * Z t
@6 51 ‘o ‘;',d
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The set P; of canonical productions

The set P; of canonical productions
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RN O
Vs N Ve . \\
S ) SO

\ | 1
]

®
\
N @ / AN //
\Of

~N

\
\
— @ )
/
\
~ /

~ -

The set Py of canonical productions

/"©-\\ /"@.\\
/ N / N
(@@ — {0
\\\~_’/ \\ .

Id

-~ -

Set P=PiUP,UP;UP,UPsUP;UP,UP;UP,. Then P satisfies. the condition of this
We illustrate the proof for it with an example. Let Y={A,, A, A Ay,
B, B;, Bs, By, B;, Be} and let C be the connected labelled plane graph over I as

()~ @@'

Fig. Al
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Q@@
Cooors

Fig. A.2

shown in Figure A.l, where the edge i has the label B; (i=1,2,---,6). And let H
be the linear-plane-graph-expression of C as shown in Figure A.2. Let H; be the
labelled plane graph as shown in Figure A.i (1=3,4,--,9). Then

1,2 3,5,6,7 4 2,5,6,7 3,4 2,5,6,7 8 9
H— Hi—— H, —_—>H5:iH6:>m::>H8:—>H9:>C,

where L_—:ﬁ means that the right-hand side is dirived from the left-hand side accord-

ing to P;U---UP;. It is trivial that C is the unique labelled plane graph over X%

derived from H according to P.
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(
Hl:

Hy <
H?:
13: QA O-O-O-D- OB O-O-D-OE)-B)D-D-D-O
7+ O-{ADBIO-O- O BB D-D-G

Fig. A3. H, is derived from H according to P U P,.

Fig. A4-1. H is derived from H;! according to F;.

Fig. A4-2. Hp2 is derived from H,! according to F%.
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1, <

7/ ~ /7 ~ ~
/ » ’ \ / \
« 3 K
oy ¢ H ) | Hy
\ ! \ / \
L ~ __// \\ 7 N _ s

Fig. A4. H,* is derived from H according to P;, so H; is derived from H,
according to P,U P;U P;U P,

Hi:
H; <
7N
/ H4 \
\ 3
\ //
N -
—

Fig. A.5. H; is derived from H, according to P,.
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Fig. A.6. Hg is derived from Hg! according to PsU PsU P;, so Hg is derived from
H; according to P,U P;U PsU P

Fig. A.7. H; is derived from FH; according to P;U P;.
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Fig. A9. H, is derived from Hy according to P,
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