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COINCIDENCE OF THE RIGHT JACOBSON RADICAL AND
THE LEFT JACOBSON RADICAL IN A GAMMA RING

By

Shoji Kyuno

1. Introduction.

The notion of a I'-ring was first introduced by Nobusawa [1I]. The class of
['-rings contains not only all rings but also all Hestenes ternary rings. Recently,
Coppage and Luh introduced the notions of the right Jacobson radical and other
radicals and obtained some basic radical properties and their inclusion relations.
The left Jacobson radical can be defined similarly and it is naturally asked if the
right Jacobson radical coincides with the left one. In[2], they say, “It is unlikely
that the left Jacobson radical is equal to the right one”, but they show that if a
I-ring satisfies the descending chain conditions on both left ideals and right ones
then the right Jacobson radical and the left one coincide.

The aim of this note is to prove that the right Jacobson radical and the left
one coincide without assuming any condition on a /’-ring.

2. Preliminaries.

Let M and I" be additive abelian groups. If for all @, b,ceM and r,de/’ the
following conditions are satisfied,

(1) arbeM,

(2) (a+byyc=ayrc+byc, a(y +o)b=ayrb+adb, ay(b+c)=arb+ayc,

() (arb)ic=ay(bic),
then M is called a I"-ring. If A and B are subsets of a /"-ring M and 6C/’, we
denote AOB, the subset of M consisting of all finite sums of the form X :a@iy:b:
where a;€A, b;eB, and 7;€6. For singleton subsets we abbreviate this notation,
for example, {a¢}®B=a6B.

A right (left) ideal of a I'-ring M is an additive subgroup I of M such that
IrpMcI (MricIl). If Iis both a right and a left ideal, then we say that / is an
ideal, or a two-sided ideal of M.

In the following we give the definition of the right operator ring R.
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Let M be a ['-ring and F be the free abelian group generated by /"X M.
Then

A={Znyi, vi)eF| ae M> Xinayz, =0}

is a subgroup of F. Let R=FJA, the factor group, and denote the coset (7, z)+A
by [y, z]. It can be verified easily that [a, z]+[a, y]1=[a, z+vy] and [a, ] +[8, x]=
la+B, x] for all a, fel” and z,ye M. We define a multiplication in R by

2las, 2] 20 LB yi1= i, e, Byl
Then R forms a ring. If we define a composition on MX R into M by
aZi[ai, xijz}:iaaiwi for GEM Zi[ai, (L'i:|€ R,

then M is a right R-module, and we call R the right operator ring of a I'-ring M.

For subsets NcM, @#cl’, we denote by [@, N] the set of all finite sums
2.ilys, ] in R, where 7;€@®, x;€ N. Thus, in particular, R=[I", M]. For PC R we
define P*={aeM|[I",a]=[I",{e}]<P}. It follows that if P is a right (left) ideal
of R, then P* is a right (left) ideal of M. Also for any collection ¢ of sets in
R, N pecP*=(N pecP)*.

Similarly we can define the left operator ring L of M. For NcM, oI, we
denote by [N, @] the set of all finite sums X ix;, a;] in L with xz;€ N and a;e®. In
particular, L=[M, I']. For QL we define Q*={eaeM|(a, I']=[{a}, I'/SQ)}. It fol-
lows that if @ is a right (left) ideal of L, then @' is a right (left) ideal of M.
Also, for any collection @ of sets in L,

Neea @ =(Ngea @)".

For all notions relevant to ring theory we refer to [5]and for all other notions
to the /’-ring we refer to and [3]

3. Jacobson radicals.

Let M be a I'-ring and R be its right operator ring and L be its left operator
ring.

The right Jacobson radical of R, written as J,(R), is defined as the set of all
elements of R which annihilate all the irreducible right R-modules. If G is a
right R-module, Anng(G) is defined as the set {re R|Gr=0}. Thus, we have J.(R)
= NAnngr(G), where this intersection runs over all irreducible right R-modules G.

Similarly, for the left operator ring L we have J.(L)= N Ann.(S), where this
intersection runs over all irreducible right L-modules S and Ann, (S)={leL | SI=0}.

Ordinary ring theory shows
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THeOREM 1. J(L)=],(L), where J,(L) denotes the left Jacobson radical of L
and /(L) denotes the right Jacobson radical of L.

In [3], the author introduced the notion of right I'-ring M-module (merely,
we refer to them as right M-modules), and gave the definition of the right Jacobson
radical of a I"-ring M in the following:

DEeriNITION. The right Jacobson radical of a I'-ring M, written as J.(M), is
the set of all elements of M which annihilate all the irreducible right AM-modules.
If M has no irreducible right M-modules, we put J.(M)=M.

It was shown in [3] that J.(M) coincided with the right Jacobson radical
defined by using quasi-regularity in [2]. In [3], we proved the following :

THEOREM 2. ([3] Theorem 3.1, also [2] Theorem 8.2)
If M is a I'-ring and R is the right operator ring of M, then
JA(M)=](R)*.
We can define the left Jacobson radical /i(M) of a I'-ring M and by the similar
fashions as in the right Jacobson radical we have

TueoreM 3. If M is a I'ring and L is the left operator ring of M, then
JUM)=T(L)*.

From Theorem 1 and Theorem 3, we have
THEOREM 4. J(M)=J(L)*=J.(L)*.

4. Irreducible right R-modules and irreducible right L-modules.

We show the following theorem. The major part of its proof, i.e., the exist-
ence of [G, '] owes to Luh ([4] [Theorem 7).

THEOREM 5. There exists an injection ¢ from the set .4 of all irreducible
right R-modules to the set @ of all irreducible right L-modules.

Proor. Let G be an arbitrary irreducible right R-module. Let A be the free
abelian additive group generated by the set of ordered pairs (g, y), where geG,
7€l', and let B the subgroup of elements X m(g;, y:)€A, where m; are integers
such that Xlimugdys, x]=0 for all xeM. Denote by [G,I'] the factor group A/B
and, without causing any ambiguity, by [g, y] the coset (g,7)+B. Every element
in [G, I'] therefore can be expressed as a finite sum }}i(g:, 7:]. [G, '] forms a right
L-module with the definition

22ilgs, 7] 2 L2, Bil= 2a, gy, 2 4], Bsl
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for 2lgs, rilelG, I'] and X ,{x;, BsleL.

To see that [G, I'] is irreducible, let 3}ig:, 7:] be an arbitrary non-zero element
in [G,I'). Then the set G’={Xigilr:, x]| xeM} is a non-zero R-submodule of G.
Since G is irreducible, G'=G. For any X ,g¢/,7/]€lG,I"), we may write g;/=
2igilri, ©5] where x;e M. Thus, Xlef, ri/1= 2L Ly x5), vi'1= Zilos, ril Z x5 75']
€ Xilgi, 7ilL. Hence, [G, '] is irreducible.

Let ¢ be a mapping from / to $ sending an arbitrary irreducible right R-
module G to [G,I']. If [G,I'1=[G’,I"], then G[I', M1=G’[I", M]. Since G and G’
are irreducible right R-modules, we get G=G[I',M] and G’=G’'[I’, M]. Thus,
G=G’, and the proof is completed.

Conversely, we have

THEOREM 6. There exists an injection ¢ from the set @ of all irreducible
right L-modules to the set .4 of all irreducible right R-modules.
The proof is precisely analogous to that for Theorem 5 and so we omit it.

5. The proof of that J.(M)=J(M).

Let .4 be the set of all irreducible right R-modules and B be the set of all
irreducible right L-modules. Let G be an arbitrary element of .7 and [G,I'] be
its corresponding element in @, which is shown in the proof of [Theorem 5 Let
S be an arbitrary element of B and [S, M] be its corresponding element in 1,
which is assured by Then we have

TAM)=JR*=(NgeaAnnr(G))* = N eeAnnr(G)*

and
J(M)=T(L)* =JAL)* =(N seaAnns(S))* = NseaAnni(S)".
By the definitions we get
Annp(GY*={zxeM|[I", x]< Anngr(G)}
={xe M| G[I", x]=0}
and

Anny(G, ') ={we M| [z, NS Ann.(G, ']}
={zeM|[G, I'][=z, I')=0}
={zeM|[G[I, z], I']=0}

Clearly, [G[I", ], I']=0 if and only if G[I", z][I", M]=G[I", x]R=0. Also, G[I, z]
=0 implies G[I', x]JR=0. Conversely, if G[I',xz]R=0, then G[I',x]=0. For let
J={geG | gR=0}, then J is a R-submodule of G. Since G is irreducible, / must be
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G or 0. If /=G, then GR=JR=0, a contradiction. Thus, J must be 0. Hence,
if G[I', x]R=0, then G[I", x]<J=0.
Therefore, we have
Anng(GY*=Ann (G, I'])"*.
Thus, we have
J(M)= N geaAnng(G)* = NgeaAnn((G, I'])*

2 NsegAnn(S)r =J(M).
By the definitions we get
Anny(S)t={xe M| [z, 1S Ann,(S)}

={xeM| Sz, ']=0}
and
Anng(S, M))*={xeM|[I", x]< Anng(S, M)}

={ze M |[S, M]I[I", z]=0}
={zeM|[S[M, I'], z2]=0}.

Clearly, [S[M, I'], zx]=0 if and only if S[M, I'][z, I"]=0, which is equivalent to
Slz, I'1=0, for S[M, I']=S. Therefore, we have

Ann(S)=Anng(S, M])*.
Thus, we have

JM)=J(L)* = NsegAnni(S)" = N scgAnnr(S, M])*
2 NeeadAnnr(G)*=7J,(M).

Therefore, we obtain that J,(M)=/,(M) and the proof is completed.
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