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AN ASYMPTOTIC EXTENSION OF MORAN

CONSTRUCTION IN METRIC MEASURE SPACES

By

Daruhan Wu

Abstract. In this paper, we define asymptotically generalized Can-

tor sets in metric measure spaces by generalizing the notion of

l-similarity maps. We define the notion of ðl; c; nÞ-similarity maps, and

extend the Moran theorem about the generalized Cantor set in Rd to

this general setting. As an example, we construct generalized Cantor

sets in Riemannian manifolds by using ðl; c; nÞ-similarity maps.

1. Introduction

A bijective map f : Rd ! Rd is called a l-similarity map if there exists a real

number l > 0, such that

dð f ðxÞ; f ðyÞÞ ¼ ldðx; yÞ

for every x; y A Rd . Moran constructed general cantor sets in Rd by using the

notion of l-similarity maps, and determined the Hausdor¤ dimension of them as the

similarity dimension (see [6], for instance). However, in general, it is di‰cult to

construct a l-similarity map in metric spaces. Actually, l-similarity maps do not

always exist on curved metric spaces. In the present paper, we generalize the notion

of l-similarity map to construct generalized Cantor sets in general metric measure

spaces. This is done by introducing the notion of ðl; c; nÞ-similarity maps. Let X be a

metric space and A;BHX . We call a bijective map f : A ! B a ðl; c; nÞ-similarity

map if there exist real number c > 0 and 0 < l < 1 such that for every x; y A A,

dð f ðxÞ; f ðyÞÞ
dðx; yÞ � l

����
����a lcjAjð1Þ

Bð f ðxÞ; lrð1� cjAjÞÞH f ðBðx; rÞÞð2Þ

jBja njAjð3Þ
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whenever the ball Bðx; rÞHA, where jAj is the diameter of A. The set B is called

a ðl; c; nÞ-similar set of the set A.

An asymptotically generalized Cantor set in X is defined as follows. First

assume the following:

(1) For a fixed integer k > 1, consider k subsets D1; . . . ;Dk HX , each of

which is bounded and closed, satisfying ðDiÞ0 ¼ Di, Di VDj ¼ q ði0 jÞ, where D0

and �DD denote the interior and the closure of D respectively. These sets are called

basic sets.

(2) Fix ratio coe‰cients 0 < li < 1 ði ¼ 1; 2; . . . ; kÞ and a constant c > 0. For

any 1a i; ja k, let Dij be ðli; c; nÞ-similar sets of Di such that:

(a) Dij HDi

(b) Dij VDij 0 ¼ q ð j0 j 0Þ ð j; j 0 A f1; 2; . . . ; kgÞ
(3) For any nb 2 and o1; . . . ;on A f1; 2; . . . ; kg, construct ðlon

; c; nÞ-similar

sets Do1���on
of Do1���on�1

such that:

(a) Do1���on
HDo1���on�1

(b) Do1���on
VDo1���o 0

n
¼ q ðon 0o 0

nÞ ðon;o
0
n A f1; 2; . . . ; kgÞ

Then, define a set C as

C :¼ 7
y

n¼1

6
k

o1;...;on¼1

Do1���on

 !
;

which is called an asymptotically generalized Cantor set in X .

Although it is hard to construct generalized Cantor sets in curved spaces via

l-similarity maps, it is easy to construct asymptotically generalized Cantor sets in

curved spaces (see Example 3.2).

The main result in this paper is as follows.

Main Theorem. Let X be a metric space with a regular Borel measure m.

Suppose that ðX ; mÞ satisfies the following assumptions:

(a) Any closed ball Bðx; rÞ in X is compact.

(b) For any x0 A X and 0 < r; d < 1,

mðBðx0; rÞÞ
mðBðx0; drÞÞ

aCðdÞ

where CðdÞ > 0 is a constant independent of x0 and r.

Let C be an asymptotically generalized Cantor set in X with ratio coe‰cients

l1; . . . ; lk defined above. Then the Hausdor¤ dimension of C is the same as the

similarity dimension. Namely it is equal to t such that
Pk
i¼1

l t
i ¼ 1.
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In general, generalized Cantor sets containing well-known examples were also

defined by a family of similarity contractions f f1; . . . ; fng on a metric space as

the unique nonempty compact set K satisfying K ¼ 6n

i¼1
fiðKÞ. Hutchinson [4]

(cf. Kigami [7], Schief [9]) introduced the notion of the open set condition and

extended Moran’s result for generalized Cantor sets in Rd satisfying the open set

condition.

Balogh and Rohner extended Hutchinson’s result to doubling metric spaces

([11]). The assumption ðbÞ of our Main Theorem is essentially the same as

considering doubling metric spaces. Since analysis on doubling metric measure

spaces is now very active (see for instance Assouad [1], Heinonen [3]), it is

meaningful to consider generalized Cantor sets in such metric measure spaces.

Recently we have obtained an asymptotic extension of Balogh and Rohner’s

result. This will appear in a forthcoming paper.

The organization of the present paper is as follows. In section 2, we prove

Main Theorem. In the proof of Main Theorem, the proof of dimH Cb t is the

most essential part. In particular, the assumption ðbÞ on the Borel measure is

needed in this part, to obtain a uniform bound on the number of small ball

contained in a larger ball. Therefore the assumption ðbÞ can be replaced by

doubling conditions on metric spaces.

In section 3, we give an example of generalized Cantor sets on non-flat

Riemannian manifold.

The author would like to thank the referee for valuable comments.

2. Proof of Main Theorem

Definition 2.1. Let X be a metric space, ZHX and a be a nonnegative

real number. An e-cover fUig of Z is a finite or countable collection of sets Ui

with jUija e covering Z.

For an e > 0 define mðZ; a; eÞ by

mðZ; a; eÞ ¼ inf
Xy
i¼1

jUija j fUig : e-cover of Z

( )
:

The a-dimensional Hausdor¤ measure of Z is defined by the formula

mðZ; aÞ ¼ lim
e!0

mðZ; a; eÞ:
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The Hausdor¤ dimension dimH Z of Z is defined as

dimH Z :¼ supfab 0 jmðZ; aÞ ¼ yg ¼ inffab 0 jmðZ; aÞ ¼ 0g:

To prove Main Theorem, first we show that dimH Ca t.

We call n the depth of the basic set Do1���on
.

Let c be the constant in the definition of a ðl; c; nÞ-similarity map in In-

troduction. By the construction of C, we have jDo1���on
ja jDo1���on�1

jn. Obviously

there exists a number n0 ðn0 g 1Þ such that

cjDo1���on0
j < 1;

For any e > 0, let n be su‰ciently large such that U ¼ fDo1���on
j 1aoj a k,

1a ja ng is an e-cover of C. By the definition of ðl; c; nÞ-similarity map

f : Do1���on�1
! Do1���on

, we have

jDo1���on
ja lon

ð1þ cjDo1���on�1
jÞjDo1���on�1

j:

Let n ¼ n0 þm, then

cjDo1���on�1
ja cjDo1���on0

jnm�1
a nm�1:

Thus

mðC; t; eÞa
X

ðo1;...;onÞ
jDo1���on

j t

¼
X

ðo1;...;on�1Þ
ðjDo1���on�11j

t þ � � � þ jDo1���on�1kj
tÞ

a
X

ðo1;...;on�1Þ
ð1þ cjDo1���on�1

jÞ tjDo1���on�1
j tðl t

1 þ � � � þ l t
kÞ

a
X

ðo1;...;on�1Þ
ð1þ nm�1Þ tjDo1���on�1

j t

¼ ð1þ nm�1Þ t
X

ðo1;...;on�1Þ
jDo1���on�1

j t

a � � � < ð1þ nm�1Þ t � � � ð1þ nÞ t2 t
X

o1;...;on0

jDo1���on0
j t:

Here when m ! y the sequence am ¼ ð1þ nm�1Þ t � � � ð1þ nÞ t2 t converges. Hence

mðC; tÞaK for some constant K , and therefore dimH Ca t. r
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To prove dimH Cb t, we show Lemmas 2.2 and 2.6.

Lemma 2.2. There exists a constant K , chosen independently of any cover,

such that if U ¼ fUig is any cover of C such that each Ui is a basic set, thenP
i

jUij t bK > 0 holds.

Proof. Let U ¼ fUig be any cover of C by basic sets. U is called minimal

if no proper subcollection of U covers C. Because C is compact, it su‰ces to

establish
P
i

jUij t bK > 0 when U is finite and minimal.

Let n be the maximum of the depths of all basic sets in U, and let Do1���on
be

a basic set of maximal depth in U. Since U is minimal, it does not contain the

basic set Do1���on�1
. It follows that each of the basic set Do1���on�1 j for j ¼ 1; . . . ; k

is contained in U.

Thus the sum
P
i

jUij t contains the partial sum

jDo1���on�11j
t þ � � � þ jDo1���on�1kj

t:

By the definition of ðl; c; nÞ-similarity map and t, we see

jDo1���on�11j
t þ � � � þ jDo1���on�1kj

t
b l t

1ð1� cjDo1���on�1
jÞ tjDo1���on�1

j t

þ � � � þ l t
kð1� cjDo1���on�1

jÞ tjDo1���on�1
j t

¼ ðl t
1 þ � � � þ l t

kÞð1� cjDo1���on�1
jÞ tjDo1���on�1

j t

¼ ð1� cjDo1���on�1
jÞ tjDo1���on�1

j t

b ð1� nm�1Þ tjDo1���on�1
j t:

We replace fDo1���on�1 jg
k
j¼1 by Do1���on�1

. In this way we replace all the basic sets in

U of depth n by the corresponding sets of depth n� 1, to obtain a new covering

U 0 by basic sets. We may assume that U 0 is minimal. Then we can repeat the

previous argument, and obtain

X
i

jUij t b ð1� nm�1Þ t � � � ð1� nÞ tð1� cjDo1���on0
jÞ tjDo1���on0

j t:

But in the last expression, am ¼ ð1� nm�1Þ t � � � ð1� nÞ t converges to a positive

number and ð1� cjDo1���on0
jÞ tjDo1���on0

j t is uniformly bounded from below.

Therefore
P
i

jUij t bK > 0 for a uniform positive number K . r
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Lemma 2.3. Let lmin ¼ minfl1; . . . ; lkg. For each r > 0, set

VðrÞ ¼ Do1���on
j rlmin a jDo1���on

ja r

lmin

� �
;

and given x A X , define VxðrÞ ¼ fV A VðrÞ j x A Vg. Let N be the number of

elements of VxðrÞ. Then NaM, where M is independent of x and r.

Proof. First we consider the case x A C. We can write given x A C as

fxg ¼ 7
nb1

Do1���on
:

For the infinite sequence o1;o2; . . . ;on; . . . , define the set E as

E ¼ n j rlmin a jDo1���on
ja r

lmin

� �
:

Then the number of elements of E is equal to the number N of elements of VxðrÞ.
Now let n 0 ¼ min E, n 00 ¼ max E, and let n 00 ¼ n 0 þm, n 00 b n0, n

0 b n0. Beacause

jDo1���on 00 j ¼ jDo1���on 0þm
ja jDo1���on 0 jn

m;

by the definition of n 0, n 00, we have

rlmin a jDo1���on 00 ja jDo1���on 0 jn
m
a

r

lmin
nm:

Therefore, rlmin a
r

lmin
nm. Hence, ma 2 log lmin

log n
¼ M. i.e., NaM.

Next, we consider the general case x A X . For any x A X , define E as

E ¼ fDo1���on
j x A Do1���on

g. If n ¼ 1, there exits unique o1 such that x A Do1
; if

n ¼ 2, there exits unique o2 such that x A Do1o2
; similarly there exits unique

on such that x A Do1���on
. If E is an infinite set, then x A C. Because there exits

unique infinite sequence o1;o2; . . . ;on; . . . such that x A Do1���on
and fxg ¼

7
nb1

Do1���on
for any n ðnb 1Þ. Therefore, x A C. If E is a finite set, i.e.,

E ¼ fDo1
;Do1o2

; . . . ;Do1���on
g, then VxðrÞ ¼ fDo1���on0

; . . . ;Do1���on0þm
g for suitable

n0 and m. Thus by an argument similar to Lemma 2.3, the number of elements

of VxðrÞ is bounded above by a constant M (which is independent of x and rÞ.
r

Lemma 2.4. If bo1���on
¼ maxfr jBðx; rÞHDo1���on

g, then

bo1���on
b lon

bo1���on�1
ð1� cjDo1���on�1

jÞ:
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Proof. Let x be the center point of a largest ball included in Do1���on�1
. By

the definition of ðlon
; c; nÞ-similarity map f : Do1���on�1

! Do1���on
, we have

Bð f ðxÞ; lon
bo1���on�1

ð1� cjDo1���on�1
jÞÞH f ðBðx; bo1���on�1

ÞÞ

Thus, Bð f ðxÞ; lon
bo1���on�1

ð1� cjDo1���on�1
jÞÞHDo1���on

, therefore

bo1���on
b lon

bo1���on�1
ð1� cjDo1���on�1

jÞ: r

Lemma 2.5. If bo1���on
¼ maxfr jBðx; rÞHDo1���on

g, then there exists a con-

stant k0 such that

jDo1���on
j

bo1���on

a k0;

for any n and any o1;o2; . . . ;on.

Proof. By the definition of ðlon
; c; nÞ-similarity map f : Do1���on�1

! Do1���on
,

we have

jDo1���on
ja lon

ð1þ cjDo1���on�1
jÞjDo1���on�1

j;

Therefore we obtain

jDo1���on
j

bo1���on

a
ð1þ cjDo1���on�1

jÞjDo1���on�1
j

ð1� cjDo1���on�1
jÞbo1���on�1

:

There exists n0 such that for any nb n0

1þ cjDo1���on�1
j

1� cjDo1���on�1
j a 1þ 3cjDo1���on�1

j:

Thus we have

jDo1���on
j

bo1���on

a
jDo1���on�1

j
bo1���on�1

ð1þ 3cjDo1���on�1
jÞ:

By the construction of C, we have jDo1���on
ja jDo1���on�1

jn. Hence, there exists

n1 b n0 such that

3cjDo1���on1
j < 1:

Now let n ¼ n1 þm, then we get

jDo1���on
ja jDo1���on1

jnm:
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Therefore we obtain

3cjDo1���on�1
ja 3cjDo1���on1

jnm�1
a nm�1;

and hence

1þ 3cjDo1���on�1
ja 1þ nm�1:

Thus we have

jDo1���on
j

bo1���on

a
jDo1���on�1

j
bo1���on�1

ð1þ nm�1Þ:

Therefore we obtain

jDo1���on
j

bo1���on

a
jDo1���on�1

j
bo1���on�1

ð1þ nm�1Þ

a
jDo1���on�2

j
bo1���on�2

ð1þ nm�2Þð1þ nm�1Þ

a � � �a
jDo1���on1

j
bo1���on1

2ð1þ nÞ � � � ð1þ nm�2Þð1þ nm�1Þ:

Here when m ! y the sequence am ¼ 2ð1þ nÞ � � � ð1þ nm�1Þ converges. Thus

there exists a constant k1 such that
jDo1 ���on j
bo1 ���on

a k1 for any nb n1. Let k2 ¼
max

jDo1
j

bo1
;
jDo1o2

j
bo1o2

; . . . ;
jDo1 ���on1 j
bo1 ���on1

n o
, and k0 ¼ maxfk1; k2g. Then

jDo1 ���on j
bo1 ���on

a k0 for any n

and any o1;o2; . . . ;on. r

Lemma 2.6. Let U be a bounded subset of X , and write r ¼ jU j. Then U

intersects at most M 0 ¼ CðdÞM elements of VðrÞ, where M is the constant given

in Lemma 2.3 and d ¼ l2
min

4k0þ4k0lminþl2min

.

Proof. Fix an arbitrary point x0 A U , and consider the ball

B
�
x0;
�
1þ 1

lmin

�
r
�
HX . Then we have U HB

�
x0;
�
1þ 1

lmin

�
r
�
, and choose maxi-

mal points fxigN
i¼1 HB

�
x0;
�
1þ 1

lmin

�
r
�

such that dðxi; xjÞb rlmin

k0
for any i0 j,

where k0 is a constant defined in Lemma 2.5. We show that NaCðdÞ, where

d ¼ l2
min

4k0þ4k0lminþl2
min

and CðdÞ is the constant given in the condition ðbÞ in Main

Theorem. Consider the ball B
�
xi;

rlmin

2k0

�
, and the ball B

�
x0;
�
1þ 1

lmin

�
rþ rlmin

2k0

�
. Then

we have

6
N

i¼1

B xi;
rlmin

2k0

� �
HB x0; 1þ 1

lmin

� �
rþ rlmin

2k0

� �
:
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Since B
�
xi;

rlmin

2k0

�
VB
�
xj;

rlmin

2k0

�
¼ q ði0 jÞ, we get

XN
i¼1

m B xi;
rlmin

2k0

� �� �
a m B x0; 1þ 1

lmin

� �
rþ rlmin

2k0

� �� �
;

Take i0 such that min
1aiaN

m
�
B
�
xi;

rlmin

2k0

��
¼ m

�
B
�
xi0 ;

rlmin

2k0

��
. Then we get

Nm B xi0 ;
rlmin

2k0

� �� �
a m B x0; 1þ 1

lmin

� �
rþ rlmin

2k0

� �� �
:

Thus we have

Na
m
�
B
�
x0;
�
1þ 1

lmin

�
rþ rlmin

2k0

��
m
�
B
�
xi0 ;

rlmin

2k0

�� :

Because B
�
x0;
�
1þ 1

lmin

�
rþ rlmin

2k0

�
HB

�
xi0 ; 2

�
1þ 1

lmin

�
rþ rlmin

2k0

�
, we obtain

Na
m
�
B
�
xi0 ; 2

�
1þ 1

lmin

�
rþ rlmin

2k0

��
m
�
B
�
xi0 ;

rlmin

2k0

�� aCðdÞ;

where d ¼ l2min

4k0þ4k0lminþl2min

.

Next we show that if V A VðrÞ intersects U , it must contain one of fxig.
Take a point y A V VU . Let x be the center point of a largest ball included in V .

Then we have

dðx; x0Þa dðx; yÞ þ dðy; x0Þ

a jV j þ jU ja 1

lmin
þ 1

� �
r:

Therefore, we obtain x A B
�
x0;
�
1þ 1

lmin

�
r
�
. Furthermore, we have

B x0; 1þ 1

lmin

� �
r

� �
H 6

N

i¼1

B xi;
rlmin

k0

� �
:

Thus there exists a point xi ði ¼ 1; 2; . . . ;NÞ such that x A B
�
xi;

rlmin

k0

�
. Hence

xi A B
�
x;

rlmin

k0

�
. By Lemma 2.5,

jV j
bðVÞ a k0: Therefore, bðVÞb jV j

k0
b

rlmin

k0
. i.e.,

V IBðx; bðVÞÞIB
�
x;

rlmin

k0

�
. Hence, xi A V . Because each of fxig is contained in

at most M such sets V , it follows that the total number of elements V of VðrÞ
which intersect U is bounded above by M 0 ¼ CðdÞM. r
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The proof of dimH Cb t. Let U ¼ fUig be any e-cover of C. For each Ui,

write ri ¼ jUij, and let Ui;1; . . . ;Ui;mðiÞ be the basic sets in VðriÞ which intersect

Ui. It follows from the above Lemma 2.6 that mðiÞaM 0. Furthermore, since

Ui; j A VðriÞ, we have

jUi; jja
jUij
lmin

;

and

XmðiÞ

j¼1

jUi; jj t amðiÞ jUij t

l t
min

a
M 0

l t
min

jUij t:

i.e.

jUij t b
l t
min

M 0

XmðiÞ

j¼1

jUi; j j t:

Summing over all the elements of U yields

X
i

jUij t b
l t
min

M 0

X
i

XmðiÞ

j¼1

jUi; jj t:

Since fUi; jg is a cover of C by basic sets, we may apply Lemma 2.2 to

obtain

X
i

jUij t b
l t
min

M 0 K > 0;

where K is the constant in Lemma 2.2. Hence dimH Cb t, and Main Theorem

follows. r

3. Generalized Cantor Sets in Riemannian Manifold

Finally we construct a generalized Cantor set in a complete Riemannian

manifold.

Let M be a complete Riemannian manifold. For a point p A M, let

Bð0; rÞ ¼ fu A TpM j kuka rg. If r is su‰ciently small, then the exponential map

expp : Bð0; rÞ ! M is a di¤eomorphism onto Bðp; rÞ ¼ fq A M j dðp; qÞa rg. For
any u A Bð0; rÞ, let gu be a geodesic such that guð0Þ ¼ p, _gguð0Þ ¼ u. Then by

definition, exppðuÞ ¼ guð1Þ.
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Let KM be the sectional curvature of M. Take a positive number L such that

�L2
aKM aL2 on Bðp; rÞ. By Rauch Comparison Theorem (cf. [CHE]), for any

u; v A Bð0; rÞ,

sin Lr

Lr
a

dðexppðuÞ; exppðvÞÞ
ku� vk a

sinh Lr

Lr
:

Proposition 3.1. For a constant l with 0 < l < 1, let p1 A Bðp; rÞHM

with dðp1; pÞa ð1� lÞr. Let ~ff1 : Tp1M ! Tp1M be the l-similarity map given by

v 7! lv. Let I0 : TpM ! Tp1M be a linear isometry. Let A0 :¼ Bðp; rÞ, ~AA0 :¼
exp�1

p ðA0Þ ¼ Bð0p; rÞHTpM, ~AA1 :¼ I0ð ~AA0Þ ¼ Bð0p1 ; rÞHTp1M, ~BB1 :¼ ~ff1ð ~AA1Þ ¼
Bð0p1 ; lrÞ, A1 :¼ expp1ð ~BB1Þ ¼ Bðp1; lrÞ. Then f0 :¼ expp1 � ~ff1 � I0 � exp�1

p : A0 ! A1

is a ðl; c; nÞ-similarity map, where c ¼ L2

16 ðl
2 þ 1Þ.

Proof. For any x; y A A0, by Rauch Comparison Theorem, we have

dðe�1ðxÞ; e�1ðyÞÞ
dðx; yÞ a

Lr

sin Lr
;

dð f0ðxÞ; f0ðyÞÞ
dð ~ff1ðI0ðe�1ðxÞÞÞ; ~ff1ðI0ðe�1ðyÞÞÞÞ

a
sinh Llr

Llr
;

and therefore

dð f0ðxÞ; f0ðyÞÞ
dðx; yÞ a l

Lr

sin Lr

sinh Llr

Llr
;

where e�1 ¼ exp�1
p .

When rf 1, by Taylor expansion we get

Lr

sin Lr
a 1þ 1

7
L2r2;

sinh Llr

Llr
a 1þ 1

7
L2l2r2:

Thus, we have

dð f0ðxÞ; f0ðyÞÞ
dðx; yÞ a l

Lr

sin Lr

sinh Llr

Llr

a l 1þ 1

7
L2r2

� �
1þ 1

7
L2l2r2

� �

a l 1þ 1

7
L2l2r2 þ 1

7
L2r2 þ 1

49
L4l2r4

� �

a l 1þ 1

8
L2l2r2 þ 1

8
L2r2

� �
ðrf 1Þ

a lþ l
1

8
L2l2r2 þ 1

8
L2r2

� �
:
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Furthermore, since jA0j ¼ 2r, we obtain

dð f0ðxÞ; f0ðyÞÞ
dðx; yÞ � la

lL2

8
ðl2 þ 1Þr2 ðrf 1Þ

a
lL2

16
ðl2 þ 1Þ2r

¼ lL2

16
ðl2 þ 1ÞjA0j:

Similarly, we have dð f0ðxÞ; f0ðyÞÞ
dðx;yÞ � lb� lL2

16 ðl2 þ 1ÞjA0j. Letting c ¼ L2

16 ðl
2 þ 1Þ, we

obtain
��dð f0ðxÞ; f0ðyÞÞ

dðx;yÞ � l
��a lcjA0j, and hence f0 is a ðl; c; nÞ-similarity map. r

Example 3.2. For 0 < la 1
2 , let k0 be a maximal number of disjoint closed

balls of radius l which is contained in the unit ball of Rn. Let M be an n-

dimensional complete Riemannian manifold of Ricci curvature b ðn� 1Þk and

p A M for a constant k. If r is su‰ciently small, then Bðp; rÞ is almost isometric

to Bð0; rÞHTpM. Let 1 < ka k0 and r1 ¼ lr. Then we can take k disjoint

balls fBðpi; r1Þgk
i¼1 in Bðp; rÞ. By Proposition 3.1, Bðpi; r1Þ is a ðl; c; nÞ-similar set

of Bðp; rÞ for some uniform constant c. let r2 ¼ lr1, then we can take k disjoint

balls fBðpij; r2Þgk
j¼1 in each ball Bðpi; r1Þ, and Bðpij; r2Þ is a ðl; c; nÞ-similar set

of Bðpi; r1Þ. Repeating this procedure, we can construct basic sets Bðpi1���in ; rnÞ
ðrn ¼ lnr; i1; . . . ; in ¼ 1; 2; . . . kÞ, and we can define an asymptotically generalized

cantor set C in M as

C :¼ 7
y

n¼1

6
k

i1;...; in¼1

Bðpi1���in ; rnÞ
 !

:

Let m be the Riemannian measure of M. We denote by V n
k ðrÞ the volume of a

r-ball in the n-dimensional space form Mn
k of constant curvature k. By Gromov-

Bishop Comparison Theorem, we have

mðBðx0; rÞÞ
mðBðx0; drÞÞ

a
V n

k ðrÞ
V n

k ðdrÞ
¼
Ð r
0 sinh

ffiffiffiffiffiffi
jkj

p
t dtÐ dr

0 sinh
ffiffiffiffiffiffi
jkj

p
t dt

aCn;kðdÞ;

for any x0 A M and 0 < d; r < 1, where Cn;kðdÞ is a positive constant depending

only on n, k and d.

Hence by Main Theorem we have dimH C ¼ � log k
log l

.
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