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PROBLEM FOR HEAT EQUATIONS IN A HALF SPACE
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1 Introduction

The Cauchy problem for the heat equation

qtu� Du ¼ 0; t > 0; x A Rn;

ujt¼0 ¼ u0ðxÞ; x A Rn;

�
ð1:1Þ

has a solution

uðt; xÞ ¼ 1ffiffiffiffiffiffiffi
4pt

p n

ð
R n

e�jx�yj2=4tu0ðyÞ dy ð1:2Þ

which has the following three estimates for t > 0

kuðtÞkLy a
cn

tn=2
ku0kL1 ; ð1:3Þ

kuðtÞkLp a cn;pku0kLp ; 1a pay; ð1:4Þ
and

kuðtÞkLp a
cn; p;q

tðn=2Þðq�1�p�1Þ ku0kLq ; 1a q < pay; ð1:5Þ

where

kukLp ¼
ð
Rn

juðxÞjp dx
� �1=p

:

(1.3) and (1.4) follow immediately from (1.2). We can derive (1.5) from (1.3) and

(1.4) by use of interpolation (see Proposition 2.1 below).

Dirichlet and Neumann problem in a half space Rn
þ ¼ fx ¼ ðx 0; xnÞ; x 0 A Rn�1;

xn > 0g has a solution respectively as

uDðt; xÞ ¼
1ffiffiffiffiffiffiffi
4pt

p n

ð
R n

þ

½e�ðjx 0�y 0j2�ðxnþynÞ2Þ=4t � e�ðjx 0�y 0 j2�ðxn�ynÞ2Þ=4t�u0ðyÞ dy ð1:6Þ
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and

uNðt; xÞ ¼
1ffiffiffiffiffiffiffi
4pt

p n

ð
R n

þ

½e�ðjx 0�y 0j2�ðxnþynÞ2Þ=4t þ e�ðjx 0�y 0 j2�ðxn�ynÞ2Þ=4t�u0ðyÞ dy: ð1:7Þ

So we can see that uDðt; xÞ and uNðt; xÞ also satisfy (1.3), (1.4) and (1.5).

In this article we shall investigate the boundary conditions which are gen-

eralizations of Dirichlet and Neumann conditions and with which the solution

of heat equation in a half space Rn
þ satisfies (1.3), (1.4) and (1.5).

Let us consider

qtu� Du ¼ 0; t > 0; x A Rn
þ;

Bu :¼ cqxn þ
Xn�1

j¼1

bjqxj þ d

 !
ujxn¼0 ¼ 0; t > 0; x 0 A Rn�1;

ujt¼0 ¼ u0ðxÞ; x A Rn
þ;

8>>>>><
>>>>>:

ð1:8Þ

where c, bj and d are complex constants.

Our aim is to give the integral expressions of the solutions to the mixed

problem (1.8) and to derive by use of these expression the time decay estimates

(1.3)–(1.5) of the solutions of (1.8) under the strong Lopatinski condition (below).

The above problem (1.8) is well posed in L2ðRn
þÞ if the boundary operator B

satisfies

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ ¼ �c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
þ i
Xn�1

j¼1

bjxj þ d0 0; ð1:9Þ

for l A C such that <l > c1 ðpc1 A RÞ and for x 0 A Rn�1, which is called a

Lopatinski condition, where we choose the branch of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
such that

<
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
> 0 for <lþ jx 0j2 > 0. Then the solution of (1.8) satisfies

kuðtÞkL2ðRn
þÞ aCðtÞku0kL2ðRn

þÞ; t > 0; bCðtÞ > 0: ð1:10Þ

However in order to get the estimate (1.3), (1.4) and (1.5) we need a stronger

condition than (1.9), that is, there is c0 > 0 such that

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ0 0; <lb�c0jx 0j2; x 0 A Rn�1n0: ð1:11Þ

We call our condition (1.11) the strong Lopatinski condition. For simplicity we

denote b ¼ ðb1; . . . ; bn�1Þ, bx 0 ¼
Pn�1

j¼1 bjxj and z0 ¼ ibx 0þd
c

. When =
�
b
c

�
0 0 and
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c0 0, there is x 0 A Rn�1 such that <z0 ¼ <
�ibx 0þd

c

�
> 0. Then we can find l0 A C

satisfying for such x 0

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ jx 0j2

q
; x 0Þ ¼ �c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ jx 0j2

q
þ i
Xn�1

j¼1

bjxj þ d ¼ 0: ð1:12Þ

For l0 A C satisfying (1.12) then we have

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ ¼ �cðl� l0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l0 þ jx 0j2
q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q ; l A C; ð1:13Þ

from which l0 is determined uniquely. On the other hand we note that if

<z0 ¼ <
�ibx 0þd

c

�
< 0 holds, then there is no solution of (1.12).

Now we can see that the strong Lopatinski condition (1.11) implies the

following theorem.

Theorem 1.1. Assume that the strong Lopatinski condition (1.11) is valid.

(0) When c ¼ 0, the condition (1.11) implies that d0 0 is valid and that

b ¼ 0 or if b0 0 the two real vectors =
�
b
d

�
and <

�
b
d

�
are parallel. In this case

the boundary condition is equivalent to Dirichlet condition.

(1) Let c0 0. Then the condition (1.11) implies that jx 0j2 �
�
=
�bx 0

c

��2 þ�
<
�bx 0

c

��2
b c0jx 0j2, <l0 a�c0jx 0j2 for all x 0 A Rn�1 and

�
=
�
d
c

��2 � �<�d
c

��2
b 0

hold.

Then the following three cases occur.

(i) When
�
=
�
d
c

��2 � �<�d
c

��2
> 0 is valid, there is c1 > 0 such that <l0 a

�c1ð1þ jx 0j2Þ for x 0 A Rn�1.

(ii) When
�
=
�
d
c

��2 ¼ �<�d
c

��2
0 0 is valid, <

�
d
c

�
=
�bx 0

c

�
þ =

�
d
c

�
<
�bx 0

c

�
¼ 0, l0 ¼

�jxj2 þ 2i
�
<
�
d
c

�
� =

�bx 0

c

����
=
�
d
c

�
þ <

�bx 0

c

��
and z0 ¼

�=ðd=cÞ
<ðd=cÞ þ i

��
=
�
d
c

�
þ <

�bx 0

c

��
hold. Moreover if <d < 0, then l0 a�c1ð1þ jx 0j2Þ holds for <z0 b 0.

(iii) If
�
=
�
d
c

��2 ¼ �<�d
c

��2 ¼ 0, that is, d ¼ 0, then z0 ¼ i
bx 0

c
holds.

(2) Let c0 0. It holds that z0 ¼ ibx 0 þ d satisfies

<ðz20Þ � jx 0j2 a�c0jx 0j2; x 0 A Rn�1:

The proof of this theorem will be given in the section 2.

Since we consider the equation (1.8) in the half space Rn�1; it is natural to

use the Fourier transform with respect to the tangential variable x 0. We follows

the notation used in Ukai [6]. Let f ðx 0; xnÞ be a function defined on Rn
þ. Then

its Fourier transform in x 0 is defined by

f̂f ðx 0; xnÞ ¼
ð
Rn�1

e�ix 0x 0
f ðx 0; xnÞ dx 0
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and Fourier inverse transform by

f ðx 0; xnÞ ¼
1

ð2pÞn�1

ð
Rn�1

eix
0x 0
f̂f ðx 0; xnÞ dx 0:

In the sequel we shall drop the hat in f̂f , if there is no confusion. Thus we shall

use the same symbol f for f and its Fourier transform f̂f .

We can give the expression of the solution of the mixed problem (1.8) as

follows.

Theorem 1.2. Assume that the strong Lopatinski condition (1.11) is vaild. Let

z0 ¼ ibx 0þd
c

and ~cc > maxf<z0; 0g. Then we have the Fourier image uðt; x 0; xnÞ with

respect to x 0 of the solution of (1.8) if c ¼ 0

uðt; x 0; xnÞ ¼ uDðt; x 0; xnÞ ð1:14Þ

where uDðt; x 0; xnÞ is the Fourier transform of uDðt; xÞ given by (1.6) and if

c0 0

uðt; x 0; xnÞ ¼ uMðt; x 0; xnÞ þ uDðt; x 0; xnÞ; ð1:15Þ

where

uMðt; x 0; xnÞ ¼
ðy
0

K̂Kðt; x 0; xn þ ynÞu0ðx 0; ynÞ dyn ð1:16Þ

and K̂Kðt; x 0; xnÞ ¼ 2 q
qxn

K̂K1ðt; x 0; xnÞ and K̂K1ðt; x 0; xnÞ is given by,

K1ðt; x 0; xnÞ ¼
1

2pi

ð
<z¼~cc

eðz
2�jx 0 j2Þt�xnz

z� z0
dz: ð1:17Þ

Moreover we can also express

uðt; x 0; xnÞ ¼ �u0Mðt; x 0; xnÞ þ uNðt; x 0; xnÞ ð1:18Þ

where

u0Mðt; x 0; xnÞ ¼
ðy
0

1

2pi

ð
<z¼~cc

2z0
eðz

2�jx 0 j2Þt�ðxnþynÞz

z� z0
dzu0ðx 0; ynÞ dyn ð1:19Þ

and uNðt; x 0; xnÞ is the Fourier transform of uNðt; xÞ given by (1.7).

The proof of this theorem will be given in the section 3.
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It is trivial that uDðt; xÞ and uNðt; xÞ satisfy (1.3) and (1.4) clearly. So in

Theorems below it su‰ces to prove that uM or u0M satisfies (1.3) and (1.4) in the

case of c0 0.

Now we can mention the following main theorems.

Theorem 1.3. Let k be a non negative integer. Assume that the strong

Lopatinski condition (1.11) is valid. When
�
=
�
d
c

��2 ¼ �<�d
c

��2
0 0 occurs, moreover

we assume <
�
d
c

�
< 0. Then the solution of (1.8) satisfies

k‘k
x uðtÞkLyðR n

þÞ aCkt
�ðnþkÞ=2ku0kL1ðR n

þÞ; t > 0: ð1:20Þ

Moreover we assume the space dimension nb 3. Then

k‘k
x uðtÞkLpðR n

þÞ aCkt
�k=2ku0kLpðR n

þÞ; t > 0; 1a pay; ð1:21Þ

and

k‘kuðtÞkLpðRn
þÞ aCt�k=2�ðn=2Þðq�1�p�1Þku0kLqðRn

þÞ; t > 0; 1a qa pay; ð1:22Þ

are satisfied, where ‘ku ¼ fqa
xu; jaj ¼ kg.

The proof of (1.20) and (1.21) of this theorem will be given in the section 4.

We can derive (1.22) from (1.20) and (1.21) evidently by use of the interpolation

theorem.

When
�
=
�
d
c

��2 ¼ �<�d
c

��2
0 0 occurs, In order that (1.20) with k ¼ 0 in

Theorem 1.3 holds the condition <
�
d
c

�
< 0 is necessary in the sense of the

following theorem.

Theorem 1.4. Assume that the strong Lopatinski condition (1.11) is valid

and that
�
=
�
d
c

��2 ¼ �<�d
c

��2
0 0 and <

�
d
c

�
> 0 hold. Then there is a initial datum

u0 A L1ðRn
þÞ such that the solution of (1.8) does not satisfy (1.20) with k ¼ 0.

We shall prove this theorem in the section 5.

When 1 < p < y, we can prove (1.21) in Theorem 1.3 without the aditional

condition <
�
d
c

�
< 0 in the case of

�
=
�
d
c

��2 ¼ �<�d
c

��2
0 0. In fact, we can prove

the following theorem, applying the Lp boundedness of singular integral oper-

ators of Calderón-Zugmund [1] to the expression (1.19) (also see (6.7)) of solution

of the equation (1.8). However it is noted that Calderón-Zugmund theorem is not

applicable to the case of p ¼ 1;y.
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Theorem 1.5. Let 1 < p < y: Assume that the strong Lopatinski conditions

(1.11) is valid. Then the solution of (1.8) satisfies

k‘k
x uðtÞkLp a

Cffiffi
t

p k
ku0kLp ; t > 0; k ¼ 0; 1; . . . : ð1:23Þ

We shall prove Theorem 1.5 in the section 6.

It should be remarked that there are any works about the mixed problem in

Rn
þ and in the exterior domain of heat equation with which boundary conditions

are Dirichlet, Neumann and Bobin. We refer, for example, S. Jimbo and S.

Sakaguchi [3], K. Ishige [2] and their references.

Forthcoming paper we shall derive the time decay estimates of solutions to

the mixed problem for Stokes equation in a half space by use of the expression of

solutions to the mixed problem for the heat equation and the Ukai’s formula [6]

of solutions for the Stokes equation in a half space.

2 Proof of Theorem 1.1 and Preliminaries

We begin to prove Theorem 1.1. When c ¼ 0, Bð�aðl; x 0Þ; x 0Þ ¼ ibx 0 þ d.

Therefore the condition (1.11) implies that d0 0, d
�
1þ i

bx 0

d

�
¼ d

�
1� =

�bx 0

d

�
þ

i
�
< bx 0

d

��
0 0 for any x 0ð0 0Þ A Rn�1 and consequently we get our conclution that

d0 0 and < b
d is parallel to = b

d . Hence we get Dirichlet condition uðx 0; 0Þ ¼ 0

from the boundary condition Bujxn¼0 ¼
�
1� = bx 0

d þ i< bx 0

d

�
uðx 0; 0Þ ¼ 0:

Next we investigate the case (1). We may assume c ¼ 1 without loss

of generality. Let <z0 ¼ �=bx 0 þ <db 0. Then Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ jx 0j2

q
; x 0Þ ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ jx 0j2

q
þ ibx 0 þ d ¼ 0 is equivalent to �<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ jx 0j2

q
�=bx 0 þ <d ¼ 0 and

�=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ jx 0j2

q
þ <bx 0 þ =d ¼ 0, that is,

<
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ jx 0j2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0 þ jx 0j2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm0 þ jx 0j2Þ2 þ s2

0

q
2

vuut
¼ <d� =bx 0 ð2:1Þ

and

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ jx 0j2

q
¼G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�m0 � jx 0j2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm0 þ jx 0j2Þ2 þ s2

0

q
2

vuut
¼ <bx 0 þ =d; ð2:2Þ

where l0 ¼ m0 þ is0 and G means the sign of s0 0 0. When s0 ¼ 0, we have

<
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ jx 0j2

q
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ jx 0j2

q
¼ 0. We note that there exists ðm0; s0Þ satisfying (2.1)

and (2.2), only if <z0 ¼ <d� =bx 0
b 0. Then we get from (2.1) and (2.2)
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m0 ¼ �jx 0j2 þ ð<d� =bx 0Þ2 � ð<bx 0 þ =dÞ2;

s0 ¼ 2ð<d� =bx 0Þð<bx 0 þ =dÞ:
ð2:3Þ

The assumption (1.11) implies

m0 ¼ �jx 0j2 þ ð<d� =bx 0Þ2 � ð<bx 0 þ =dÞ2

¼ �fjx 0j2ð1� ð=bo 0Þ2 þ ð<bo 0Þ2Þ þ 2jx 0jð<d=bo 0 þ =dRebo 0Þ

þ ð=dÞ2 � ð<dÞ2ga�c0jx 0j2; ð2:4Þ

for x A Rn�1nf0g with <z0 ¼ <d� =bx 0
b 0, where o 0 ¼ x 0

jx 0 j . However m0 is a

funcion of ð<z0Þ2. Therefore (2.4) is valid for <z0 < 0, that is, for all x 0 A Rn�1.

So we can see from (2.4) that ð=dÞ2 � ð<dÞ2 b 0 and jx 0j2 � ð=bx 0Þ2 þ ð<bx 0Þ2

b c0jx 0j2 for all x 0 A Rn�1.

(1)-(i). Let ð=dÞ2 � ð<dÞ2 > 0. Since 1� ð=bo 0Þ2 þ ð<bo 0Þ2 b c0 > 0 holds

for jo 0j ¼ 1. We can write

m0 ¼ �ð1� ð=bo 0Þ2 þ ð<bo 0Þ2Þ jx 0j þ <d=bo 0 þ =d<bo 0

1� ð=bo 0Þ2 þ ð<bo 0Þ2

( )2

þ ð<d=bo 0 þ =d<bo 0Þ2

1� ð=bo 0Þ2 þ ð<bo 0Þ2
� ðð=dÞ2 � ð<dÞ2Þa�c0jx 0j2 ð2:5Þ

for all x 0. We can prove

c1 ¼ ð=dÞ2 � ð<dÞ2 � sup
jo 0j¼1

ð<d=bo 0 þ =d<bo 0Þ2

1� ð=bo 0Þ2 þ ð<bo 0Þ2
> 0: ð2:6Þ

In fact, assume for some o 0

d0 ¼
ð<d=bo 0 þ =d<bo 0Þ2

1� ð=bo 0Þ2 þ ð<bo 0Þ2
¼ ð=dÞ2 � ð<dÞ2 > 0:

Taking jxj ¼ � <d=bo 0þ=d<bo 0

1�ð=bo 0Þ2þð<bo 0Þ2
in the equality in (2.5) we get

0 ¼ ð<d=bo 0 þ =d<bo 0Þ2

1� ð=bo 0Þ2 þ ð<bo 0Þ2
� ðð=dÞ2 � ð<dÞ2Þ

a�c0
<d=bo 0 þ =d<bo 0

1� ð=bo 0Þ2 þ ð<bo 0Þ2

					
					
2
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which implies

<d=bo 0 þ =d<bo 0

1� ð=bo 0Þ2 þ ð<bo 0Þ2

					
					
2

¼ 0:

This contradicts to d0 0 0. It follows from (2.5) and (2.6) that we have

m0 a� 1
2 ðc0jx

0j2 þ c1Þ:
(1)-(ii). Let ð=dÞ2 ¼ ð<dÞ2 0 0. Then it follows from (2.4) that <d=bo 0 þ

=d<bo 0 ¼ 0 must hold for o 0 ¼ x 0

jx 0j . Hence we obtain <d=bþ =d<b ¼ 0

and consequently l0 ¼ �jx 0j2 þ 2ið<d� =bx 0Þð<bx 0 þ =dÞ from (2.4) and z0 ¼�=d
<d þ i

�
ð=dÞ þ <ðbx 0ÞÞ hold. If <d < 0 and <z0 ¼ �=bx 0 þ <d > 0, then jx 0jb

c2 > 0 ðc2 > 0Þ must be valid. Hence we have <l0 a� c0
2 ðjx

0j2 þ c22Þ.
(1)-(iii) is trivial.

(2). If <z0 b 0, we have l0 satisfying

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ jx 0j2

q
¼ z0 which implies

l0 þ jx 0j2 ¼ ðz0Þ2. Hence we get from the strong Lopatinski condition <ðz0Þ2 �
jx 0j2 ¼ <l0 a�c0jx 0j2, for <z0 b 0. On the other hand <ðz0Þ2 � jx 0j2 is a func-

tion of ð<z0Þ2 and so <ðz0Þ2 � jx 0j2 a�c0jx 0j2 holds also for <z0 a 0. Thus

we have proved (2) and consequently we have complete the proof of Theorem

1.1. Q.E.D.

In oder to prove Theorem 1.3–1.5 we need the lemmas below.

Lemma 2.1. Let z A C and r A R. Then

1

2pi

ðy
�y

eitr

t� iz
dt ¼ e�zrHðrÞ; <z > 0;

�e�zrHð�rÞ; <z < 0:

�
ð2:7Þ

Here H is the Heaviside function such that HðrÞ ¼ 1 for r > 0 and ¼ 0 for

r < 0.

Proof. Let <z > 0. Then Fourier transform of e�zrHðrÞ is given by

ðy
�y

e�irt½e�zrHðrÞ� dr ¼
ðy
0

eð�it�zÞr dr

¼ 1

iðt� izÞ :

Hence we get (2.7) taking the inverse Fourier transform of 1
iðt�izÞ . We can show

similarly (2.7) for <z < 0. Q.E.D.
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Lemma 2.2. Let z0 A C, c A R, t > 0 and yb 0. Then

1

2pi

ð
Rez¼c

ez
2t�zy

z� z0
dz ¼

ec
2t�cy

2p
ffiffiffiffiffiffiffi
4pt

p
ð0
�y

e�ðz0�cÞz�ðy�2ct�zÞ2=4t dz; c� Rez0 > 0

ð¼ 1

2p
ffiffiffiffiffiffiffi
4pt

p
ð0
�y

e�z0z�ð y�zÞ2=4t dzÞ;

� ec
2t�cy

2p
ffiffiffiffiffiffiffi
4pt

p
ðy
0

e�ðz0�cÞz�ðy�2ct�zÞ2=4t dz; c� Rez0 < 0

ð¼ � 1

2p
ffiffiffiffiffiffiffi
4pt

p
ðy
0

e�z0z�ðy�zÞ2=4t dzÞ:

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

ð2:8Þ

Proof. Let c� <z0 > 0. Then we can see

1

2pi

ð
Rez¼c

ez
2t�yz

z� z0
dz

¼ 1

2pi

ðy
�y

eðiyþcÞ2t�yðiyþcÞ

iyþ c� z0
i dy

¼ 1

2pi
ec

2t�cy

ðy
�y

e�ty2 1

y� iðc� z0Þ

� �
 �
e�iðy�2ctÞy dy

¼ 1

2pi

ec
2t�cy

2p

ðy
�y

ðe�ty2Þ5ðy� 2ct� zÞ 1

y� iðc� z0Þ

� �5
ðzÞ dz: ð2:9Þ

where f5 means Fourier transform of f and we used ð fgÞ5¼ 1
2p f̂f � ĝg. On the

other hand it follows from (2.7) that for <ðc� z0Þ > 0

1

2pi

ðy
�y

1

y� iðc� z0Þ
e�izy dy ¼ eðc�z0ÞzHð�zÞ:

Besides, noting ðy
�y

e�y2e�iðy�2ct�zÞy dy ¼ 1ffiffiffiffiffiffiffi
4pt

p e�ðy�2ct�zÞ2=4t;

we get the part of c� <z0 > 0 in (2.8) of Lemma 2.2 from (2.9). We can show

Lemma 2.2 similarly in the case of c�<z0 < 0. The relation

ðy� 2ct� zÞ2

4t
¼ ðy� zÞ2

4t
� cðy� zÞ þ c2t ð2:10Þ

yields the equality in the brackets of (2.8). Q.E.D.
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Let j be a nongegative integer. It follows from Lemma 2.2 that we can see

easily

1

2pi

ð
Rez¼c

ð�zÞ jez2t�zy

z� z0
dz

¼

1

2p
ffiffiffiffiffiffiffi
4pt

p
ð0
�y

e�z0zq j
z e

�ðy�zÞ2=4t dz; c� Rez0 > 0

�1

2p
ffiffiffiffiffiffiffi
4pt

p
ðy
0

e�z0zq j
z e

�ðy�zÞ2=4t dz; c� Rez0 < 0:

8>>>><
>>>>:

ð2:11Þ

We remark that for c1 < <z0 < c2 Cauchy formula gives

1

2pi

ð
Rez¼c2

ez
2t�zy

z� z0
dz ¼ ez

2
0 t�z0y þ 1

2pi

ð
Rez¼c1

ez
2t�zy

z� z0
dz: ð2:12Þ

To get our Theorem 1.5, we need the boundedness in LpðR lÞ of singular integral

operators of which proof is in Calderón and Zygmund [1].

Lemma 2.3. Let 1 < p < y. Assume that R̂RðxÞ A CyðR l
xnf0gÞ satisfies

jqg
xR̂RðxÞjaCgjxj�jgj; x0 0; ð2:13Þ

for any multi-index g A N l (denotes the set of multi-index g ¼ ðg1; . . . ; glÞ with

gj b 0Þ with jgja
�
n
2



þ 1. Put

RuðxÞ ¼ v:p

ð
Rl

Rðx� yÞuðyÞ dy;

where RðxÞ means the Fourier inverse transform of R̂R. Then there is C > 0 such

that

kRukLp aC max
jgja½n=2�þ1

CgkukLp ;

for any u A Lp.

Lemma 2.4. Let aðxÞ ¼
Pn

j;k¼1 ajkxjxk be a polynomial satisfying <aðxÞb
c0jxj2, ðc0 > 0Þ. Then for any e > 0 and for a A Nn there is Cae > 0 such that

jqa
xe

�aðxÞtjaCae

ffiffi
t

p jaj
e�ð1�eÞ<aðxÞt; t > 0; x A Rn: ð2:14Þ
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Proof. Put Qaðx; tÞ ¼ eaðxÞtqa
xe

�aðxÞt. We shall prove by induction of a.

jqg
xQ

aðx; tÞje�e<aðxÞt
aCgae

ffiffi
t

p jajþjgj
; g A Nn ð2:15Þ

for t > 0, x A Nn. When jaj ¼ 1, we have qa
x ¼ qxj for some j and so we get

Qa ¼
P

kðajk þ akjÞxk: Hence we get q
g
xQ

aða; tÞ ¼ 0 for jgjb 2 and consequently

(2.15) with jaj ¼ 1 is trivial for jgjb 2. While

jqg
xQ

aða; tÞje�e<aðxÞt
aCgajxj1�jgj

te�ec0jxj2t aCgae

ffiffi
t

p 1þjgj

for jaj ¼ 1, jgja 1 which implies (2.14) with jaj ¼ 1. We assume that (2.15) is

valid for jajb 1. Noting that Qeþaðx; tÞ ¼ Qeðx; tÞQaðx; tÞ þ qe
xQ

aðx; tÞ for jej ¼ 1,

we obtain

jqg
xQ

aþeðx; tÞje�e<aðxÞt
aCg

X
g 0ag

jqg�g 0

x Qeje�e<aðxÞt=2jqg 0

x Q
aje�e<aðxÞt=2

þ jqgþe
x Qaje�e<aðxÞt

a
X
g 0

CgCeðg�g 0Þðe=2Þ þ CðgþeÞae

( ) ffiffi
t

p jgjþjajþ1
;

which implies (2.15) with aþ e. Q.E.D.

We remark that if aðxÞ satisfies (2.14), then

jqa
x ðbðxÞe�aðxÞtÞjaCame

ffiffi
t

p jaj�m
e�ð1�eÞ<aðxÞt; t > 0; ð2:16Þ

for any homogenuous polynomial bðxÞ of order m and that if aðxÞ satisfies

<aðxÞb c0ð1þ jxj2Þ, ðc0 > 0Þ, we can prove analogously to (2.14)

jqa
x ðbðxÞe�aðxÞtÞjaCame

ffiffi
t

p jaj�m
e�ð1�eÞ<aðxÞt ð2:17Þ

for any polynomial bðxÞ of order m.

Applying Hölder inequality we can prove easily the following lemma.

Lemma 2.5. Let 1a pay and W be an open domain in R l and Hðx; yÞ be

a mesurable function defined in W�W. Assume that Hðx; yÞ satisfies

ð
W

jHðx; yÞj dxaC;

ð
W

jHðx; yÞj dyaC:
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Define HuðxÞ ¼
Ð
W Hðx; yÞuðyÞ dy. Then we have

kHukLpðWÞ aCkukLpðWÞ;

for any u A LpðWÞ.

To prove Theorem 1.5 we need the following lemma of which proof is given

by Yuzawa [7].

Lemma 2.6. Let W be a domain in C. Assume tat f ðzÞ is holomorphic func-

tion W, g is a closed curve in W and fl1; l2; . . . ; ldg is a subset of points in the

interior of g. Then

1

2pi

ð
g

f ðlÞQd
j¼1ðl� ljÞ

dl

¼
ð1
0

� � �
ð1
0

y2y
2
3y

3
4 � � � y

d�2
d�1 f

ðd�1Þðqðl1; l2; . . . ; ld ; yÞÞ dy1dy2 � � � dyd�1; ð2:18Þ

where

qðl1; l2; . . . ; ld ; yÞ ¼ y1y2 � � � yd�1l1 þ ð1� y1Þy2 � � � yd�1l2

þ ð1� y2Þy3 � � � yd�1l3 þ � � � þ ð1� yd�2Þyd�1ld�1

þ ð1� yd�1Þld :

We remark that applying the above lemma of the case of d ¼ 2, we can

see easily that if f satisfies supc2amac1
j f ðmþ iAÞj ¼ oðjAj2Þ, jAj ! y, we get for

c1 > <l1 b<l2 > c2

1

2pi

ð
<l¼c1

f ðlÞ
ðl� l1Þðl� l2Þ

dl

¼
ð1
0

f 0ðyl2 þ ð1� yÞl1Þ dyþ
1

2pi

ð
<l¼c2

f ðlÞ
ðl� l1Þðl� l2Þ

dl

which will be applied to the proof of Theorem 1.5 in the section 6.

Proposition 2.1 (Riesz-Thorin interpolation theorem). Let T be a linear

mapping from Lqi to Lpi satisfying kTf kpi aMik f kqi , i ¼ 0; 1. Then for each

f A Lp0 VLp1 , and for each t A ð0; 1Þ, Tf A Lpt and kTf kpt aM 1�t
0 Mt

1k f kqt hold,

where 1
pt
¼ 1�t

p0
þ t

p1
and 1

qt
¼ 1�t

q0
þ t

q1
.
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The proof of this proposition can be seen in M. Reed and B. Simon [4]

(Theorem IX.17).

Using the above proposition we can derive (1.5) from (1.3) and (1.4). In fact,

we denote by T a linear operator defined as Tu0 ¼ uðtÞ where uðtÞ is the solution

of the mixed problem (1.8). Then it follows from (1.3) and (1.4) that T satisfies

kTu0ky aCt�n=2ku0k1
and

kTu0kr aCku0kr:

Take p0 ¼ y, q0 ¼ 1 and p1 ¼ r, q1 ¼ r. Then it follows from Proposition 2.1

that

kTu0kpt aCt�ðn=2Þð1�tÞku0kqt ;

where 1
pt
¼ t

r
, 1
qt
¼ 1� tþ t

r
. Here we choose 1� t ¼ 1

q
� 1

p
, pt ¼ p and qt ¼ q, that

is, we choose t, r such that t ¼ 1� 1
q
þ 1

p
and r ¼

�
1� 1

q
þ 1

p

�
p. Then the last

estimate means (1.5).

3 Solution Formulas for Mixed Problem to Heat Equation in Half Space

First we shall show that the fundamental solutions EðtÞ of the mixed problem

(1.8) are given as follows;

EðtÞu0ðx 0; xnÞ ¼
ðy
0

Eðt; x 0; xn; ynÞu0ðx 0; ynÞ dyn; ð3:1Þ

where

Eðt; x 0; xn; ynÞ ¼
1

2pi

ð
Rel¼c

eltEðl; x 0; xn; ynÞ dl: ð3:2Þ

Here we take a complex variable l ¼ mþ is and the symbol Eðl; x 0; xn; ynÞ is

given by

Eðl; x 0; xn; ynÞ ¼ � e�ðxnþynÞ
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q

þ e�ðxn�ynÞ
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q Hðxn � ynÞ

þ eðxn�ynÞ
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q Hðyn � xnÞ; ð3:3Þ
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if c ¼ 0, and

Eðl; x 0; xn; ynÞ ¼
e�ðxnþynÞ

ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ

� e�ðxnþynÞ
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q

þ e�ðxn�ynÞ
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q Hðxn � ynÞ

þ eðxn�ynÞ
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q Hðyn � xnÞ; ð3:4Þ

if c0 0, where we denote by H Heaviside function such that HðzÞ ¼ 1 for z > 0

and ¼ 0 for z < 0.

We shall derive the formula (3.1)–(3.4). Let uðt; xÞ be a solution of (1.8) and

denote by uðt; x 0; xnÞ Fourier transform of u with respect to x 0. Denote by U

Laplace transform of u, that is,

Uðl; x 0; xnÞ ¼
ðy
0

e�ltuðt; x 0; xnÞ dt;

which satisfies from (1.8)

lþ jx 0j2 � q2

qx2

 !
Uðl; x 0; xnÞ ¼ u0ðx 0; xnÞ; ð3:5Þ

and the boundary condition,

BU ¼ c
q

qxn
þ ibx 0 þ d

� �
Uðl; x 0; 0Þ ¼ 0: ð3:6Þ

Denote m ¼ <l, s ¼ =l and a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
. We can choose a bounded solution

of (3.5) as follows,

Uðl; x 0; xnÞ ¼ e�aðl;x 0ÞxnUðl; x 0; 0Þ � e�aðl;x 0Þxn

2aðl; x 0Þ

ðy
0

e�aðl;x 0Þynu0ðx; ynÞ dyn

þ eaðl;x
0Þxn

2aðl; x 0Þ

ðy
xn

e�aðl;x 0Þyn ûu0ðx 0; ynÞ dyn

þ e�aðl;x 0Þxn

2aðl; x 0Þ

ð xn
0

eaðl;x
0Þynu0ðx 0; ynÞ dyn: ð3:7Þ
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When c ¼ 0, BU ¼ 0 implies Uðl; x 0; 0Þ ¼ 0. It follows from (3.7) that we

have

Uðl; x 0; xnÞ ¼ � e�aðl;x 0Þxn

2aðl; x 0Þ

ðy
0

e�aðl;x 0Þynu0ðx 0; ynÞ dyn

þ eaðl;x
0Þxn

2aðl; x 0Þ

ðy
xn

e�aðl;x 0Þynu0ðx; ynÞ dyn

þ e�aðl;x 0Þxn

2aðl; x 0Þ

ð xn
0

eaðl;x
0Þynu0ðx 0; ynÞ dyn: ð3:8Þ

When c ¼ 1 (we may assume c ¼ 1 without loss of generarity), by operating B

to (3.7) we see that the boundary condition BU ¼ 0 yields

Uðl; x 0; 0Þ ¼ 1

�aðl; x 0Þ þ ib � x 0 þ d

ðy
0

e�aðl;x 0Þynu0ðx 0; ynÞ dyn: ð3:9Þ

Therefore inserting Uðl; x 0; 0Þ given by (3.9) into (3.7), we obtain

Uðl; x 0; xnÞ ¼
(

e�aðl;x 0Þxn

�aðl; x 0Þ þ ib � x 0 þ d

� e�aðl;x 0Þxn

2aðl; x 0Þ

)ðy
0

e�aðl;x 0Þynu0ðx 0; ynÞ dyn

þ e�aðl;x 0Þxn

2aðl; x 0Þ

ð xn
0

eaðl;x
0Þynu0ðx 0; ynÞ dyn

þ eaðl;x
0Þxn

2aðl; x 0Þ

ðy
xn

e�aðl;x 0Þynu0ðx 0; ynÞ dyn: ð3:10Þ

Since

uðt; xÞ ¼ 1

2pi

ð
<l¼c1>0

Uðl; x 0; xnÞ dl

we get (3.1)–(3.4) from (3.8) and (3.10).

Lemma 3.1. Assume Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
þ ibx 0 þ d satisfies

the strong Lopatinski condition (1.11). Let t > 0, y > 0, c1 > 0, c2 > 0 and

<z0 < ~cc: Then we have
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1

2pi

ð
<l¼c1

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ

dl

¼ �1

2pi

ð
<z¼~cc

2z
eð�jx 0 j2þz2Þt�zy

z� z0
dz ð3:11Þ

¼ �1

2pi

ð
<z¼~cc

2z0
eð�jx 0 j2þz2Þt�zy

z� z0
dz� 1ffiffiffiffiffi

pt
p e�jx 0j2t�y2=4t ð3:12Þ

and

1

2pi

ð
<l¼c

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q dl ¼ 1ffiffiffiffiffi
pt

p e�jx 0 j2t�y2=4t: ð3:13Þ

Proof. First we shall prove (3.11). Put G ¼ fl A C;<
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
¼ ~ccg. It

su‰ces to prove

1

2pi

ð
<l¼c1

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ

dl ¼ 1

2pi

ð
G

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ

dl: ð3:14Þ

In fact, by the change of variable z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
we can get (3.11) from (3.14).

Let Ag 1. Denote G1ðAÞ ¼ fl A C;<l ¼ c1; j=ljaAg, G2ðAÞ ¼
�
l A C;�jx 0j2 þ

~cc2 � A2

4~cc2
a<la c1;=l ¼ A

�
, G3ðAÞ ¼

�
l A C;�jx 0j2 þ ~cc2 � A2

4~cc2
a<la c1;=l ¼

�A
�

and G4ðAÞ ¼ fl A G;�Aa=laAg. Then since there is no zero of

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; xÞ in the interior domain enclosed by boundaries 64

j¼1
GjðAÞ,

Cauchy formula gives

1

2pi

X4
k¼1

ð
GkðAÞ

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ

dl ¼ 0: ð3:15Þ

Therefore in order to prove (3.14) it su‰ces to show that when A ! y,

ð
G2ðAÞ

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ

dl ! 0 ð3:16Þ

and ð
G3ðAÞ

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ

dl ! 0: ð3:17Þ
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Let us show (3.16). Put mðAÞ ¼ �jx 0j2 þ ~cc2 � A2

4~cc2
. Since =l ¼ A > 0 and

jBð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þjb

ffiffiffiffi
A

p
� CðxÞ for l A G2ðAÞ we have

ð
G2ðAÞ

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2; x 0

q
Þ
dl

							
							a

ð c1
�y

emtffiffiffiffi
A

p
� CðxÞ

dm

a
1ffiffiffiffi

A
p

� CðxÞ
ec1t

t
! 0; ðA ! yÞ

Thus we can obtain (3.16). Analogously we can show (3.17). Put z0 ¼ ibx 0 þ d.

Changing the variale z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
, we have

1

2pi

ð
G

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p

Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
Þ
dl ¼ 1

2pi

ð
<z¼~cc

eðz
2�jx 0j2Þt�yz

z0 � z
2z dz

¼ �2

2pi

ð
<z¼~cc

eðz
2�jx 0j2Þt�yz dz

þ 2z0
2pi

ð
<z¼~cc

eðz
2�jx 0 j2Þ�yz

z0 � z
dz: ð3:18Þ

On the other hand, changing the variable z ¼ ~ccþ iy again, we can get

1

2pi

ð
<z¼~cc

ez
2t�yz dz ¼ 1

2pi

ðy
�y

eð~ccþiyÞ2t�yð~ccþiyÞi dy

¼ e~cc
2t�y~cc

2p

ðy
�y

e�y2tþið2~cct�yÞy dy

¼ e~cc
2t�y~cc

2
ffiffiffi
p

p 1ffiffi
t

p e�ð2~cct�yÞ2=4t ¼ 1ffiffiffiffiffiffiffi
4pt

p e�y2=4t: ð3:19Þ

Here we used the equalityðy
�y

e�y2tþið2~cct�yÞy dy ¼
ffiffiffi
p

p ffiffi
t

p e�ð2~cct�yÞ2=4t: ð3:20Þ

Thus we can get (3.12) from (3.18). Next we shall prove (3.13). Analogously to

(3.11) we have

1

2pi

ð
Rel¼c

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0j2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q dl ¼ 1

2pi

ð
G

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q dl:
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Taking the change of variable z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
, we can see from (3.19)

1

2pi

ð
G

elt�y
ffiffiffiffiffiffiffiffiffiffiffi
lþjx 0 j2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q dl ¼ 1

2pi

ð
Rez¼~cc

eðz
2�jx 0 j2Þt�yz

z
2z dz ¼ 1ffiffiffiffiffi

pt
p e�tjx 0j2�y2=4t;

which means (3.13). Thus we have proved Lemma 3.1.

Proof of Theorem 1.2. When c ¼ 0, it follows from (3.1) and (3.3) that we

get by use of (3.13)

uðt; x 0; xnÞ ¼
1

2pi

ð
<l¼c

elt
�
e�aðl;x 0Þxn

2aðl; x 0Þ

ðy
0

e�aðl;x 0Þynu0ðx 0; ynÞ dyn

� e�aðl;x 0Þxn

2aðl; x 0Þ

ð xn
0

eaðl;x
0Þynu0ðx 0; ynÞ dyn

� eaðl;x
0Þxn

2aðl; x 0Þ

ðy
xn

e�aðl;x 0Þynu0ðx 0; ynÞ dyn
�

dl

¼
ðy
0

1ffiffiffiffiffiffiffi
4pt

p ðe�jx 0 j2t�ðxnþynÞ2=4t � e�jx 0 j2t�ðxn�ynÞ2=4tÞ
� �

u0ðt; x 0; ynÞ dyn

¼ uDðt; x 0; xnÞ: ð3:21Þ

This means (1.14). When c ¼ 1, it follows from (3.1), (3.4) and (3.11) in Lemma

3.1 that we can see

uðt; x 0; xnÞ

¼ 1

2pi

ð
<l¼c

elt
��

e�aðl;x 0Þxn

�aðl; x 0Þ þ ib � x 0 þ d
� e�aðl;x 0Þxn

2aðl; x 0Þ

�ðy
0

e�aðl;x 0Þynu0ðx 0; ynÞ dyn

þ e�aðl;x 0Þxn

2aðl; x 0Þ

ð xn
0

eaðl;x
0Þynu0ðx 0; ynÞ dyn

þ eaðl;x
0Þxn

2aðl; x 0Þ

ðy
xn

e�aðl;x 0Þynu0ðx 0; ynÞ dyn
�

dl

¼
ðy
0

(
�1

2pi

ð
<l¼c

2z
eðz

2�jx 0j2Þt�ðxnþynÞz

z� z0
dz

þ 1ffiffiffiffiffiffiffi
4pt

p ðe�jx 0 j2t�ðxn�ynÞ2=4t � e�jx 0 j2t�ðxnþynÞ2=4tÞ
)
u0ðt; x 0; ynÞ dyn; ð3:22Þ

which means (1.15) and moreover we get (1.18) from (3.12) and (3.22). Q.E.D.
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4 Proof of Theorem 1.3

We shall prove Theorem 1.3. We may assume c ¼ 1 without loss of gen-

erality.

Proof of (1.20) of Theorem 1.3. It follows from (1.16) in Theorem 1.2 that

we can express uM as

q
g
x 0q

j
xn
uMðt; xÞ ¼

ð
Rn

þ

q
g
x 0q

j
xn
Kðt; x 0 � y 0; xn þ ynÞu0ðyÞ dy; ð4:1Þ

where (1.17) gives

q
g
x 0q

j
xn
Kðt; x 0; xnÞ ¼

1

ð2pÞn�1

ð
Rn�1

eix
0x 0 ðix 0Þgq j

xn
K̂Kðt; x 0; xnÞ dx 0 ð4:2Þ

and

q j
xn
K̂Kðt; x 0; xnÞ ¼

1

2pi

q

qxn

� �jþ1ð
<z¼~cc

2eðz
2�jx 0 j2Þt�xnz

z� z0
dz: ð4:3Þ

In order to prove that q
g
x 0q

j
xn
uMðt; xÞ given in (4.1) satisfies (1.20), it su‰ces to

show that

jqg
x 0q

j
xn
Kðt; x 0; xnÞja

ð
Rn�1

jðix 0Þgq j
xn
K̂Kðt; x 0; xnÞj dx 0

aCt�ðnþjgjþ jÞ=2; ð4:4Þ

for t > 0, x A Rn
þ.

First we consider the case of <z0 < 0. In this case we can apply the first

equality of (2.8) with c ¼ 0 in Lemma 2.2 to (4.3) and so we get

q j
xn
K̂Kðt; x 0; xnÞ ¼

e�jx 0 j2t

p
ffiffiffiffiffiffiffi
4pt

p
ð0
�y

e�z0z
q

qxn

� �jþ1

e�ðxn�zÞ2=4t dz; ð4:5Þ

Taking account that Lemma 2.4 impliesðy
�y

q

qz

� �jþ1

e�ðxn�zÞ2=4t

					
					 dzaCt�j=2; t > 0; ð4:6Þ

we can estimate easilyð
<z0<0

jðix 0Þgq j
xn
K̂Kðt; x 0; xnÞj dx 0

aCt�ð jþ1Þ=2
ð
Rn�1

jx 0j jgje�jx 0 j2t dx 0

aCt�ðnþjgjþ jÞ=2: ð4:7Þ
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Next we consider the case of <z0 b 0. In this case we can use (2.12) with c2 ¼ ~cc,

c1 ¼ 0 and the second equality of (2.8) and we get

q j
xn
K̂Kðt; x 0; xnÞ ¼ 2ð�z0Þ jþ1

el0t�z0xn þ 1

2pi

q

qxn

� �jþ1ð
<z¼0

2
eð�jx 0j2þz2Þt�zxn

z� z0
dz

¼ 2ð�z0Þ jþ1
el0t�z0xn � e�jx 0j2t

p
ffiffiffiffiffiffiffi
4pt

p
ðy
0

e�z0z
q

qxn

� �jþ1

e�ðxn�zÞ2=4t dz: ð4:8Þ

In the case (i) of (1) in Theorem 1.1, taking account that <l0 a�ðc0 þ e0jx 0j2Þ is

valid, by use of (4.6) we have from (4.8)

jq j
xn
K̂Kðt; x 0; xnÞjaCfð1þ jxjÞ jþ1

e�ðc0þe0jx 0 j2Þt þ t�ð jþ1Þ=2e�jx 0j2tg

aCt�ð jþ1Þ=2e�e0jx 0 j2t; ð4:9Þ

for <z0 > 0, which impliesð
<z0>0

jðix 0Þgq j
xn
K̂Kðt; x 0; xnÞj dx 0

aC

ð
Rn�1

jx 0j jgjt�ð jþ1Þ=2e�e0jx 0j2t dx 0

aCt�ðnþjgjþ jÞ=2: ð4:10Þ

Next we consider the case (ii). Namely ð=dÞ2 ¼ ð<dÞ2 0 0 and the assumption

<d < 0 are valid. Then there is e0 > 0 such that <z0 < 0 for jx 0ja e0, which

case is considered already in (4.7). If <z0 > 0, then jx 0jb e0 must hold and

consequently <l0 a�c1ð1þ jx 0j2Þ holds. Hence by use of (4.8) we can show (4.4)

in this case similarly to (4.9). Next we consider the csae (iii), that is, d ¼ 0,

z0 ¼ ibx 0: So jz0jaCjx 0j holds. When <z0 > 0, <l0 a�e0jx 0j2 holds. Hence we

have by use of (4.8)

jq j
xn
K̂Kðt; x 0; xnÞjaCðjx 0j jþ1

e�c0jx 0 j2t þ t�ð jþ1Þ=2e�jx 0 j2tÞ

which impliesð
jðix 0Þgq j

xn
K̂Kðt; x 0; xnÞj dx 0

aC

ð
Rn�1

ðjx 0j jþ1
e�c0jx 0 j2t þ t�ð jþ1Þ=2e�jx 0 j2tÞjx 0j jgj dx 0

aCt�ðnþjgjþ jÞ=2:

Thus we have completed the proof of (1.20) of Theorem 1.3.

Proof of (1.21) of Theorem 1.3. We shall begin to state the following

proposition which is inspired by the idea of Theorem 3.2 in Shibata and

Shimizu [7].
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Proposition 4.1. K̂K1ðt; x 0; yÞ given by (1.17) satisfies

jðqx 0 þ ibyÞafðx 0Þgqk
y K̂K1ðt; x 0; yÞgj

aCagk

ffiffi
t

p jaj�k�jgjðe�ðe0jy2Þ=t þ e�e0jx 0 jyÞe�e0jx 0 j2t;

t > 0; y > 0; x 0 A Rn�1n0; ð4:11Þ

for a; g A Nn�1, k ¼ 0; 1; 2; . . . and some e0 > 0.

Let K1ðt; x 0; xnÞ be the Fourier inverse transform in x 0 of K̂K1ðt; x 0; xnÞ. It follows
from Proposition 4.1 that we can prove the following proposition.

Proposition 4.2. Assume nb 3 and let k be a non negative integer. Then

Kðt; x 0; xnÞ ¼ 2 q
qxn

K1ðt; x 0; xnÞ satisfies

ð
Rn

þ

j‘k
xKðt; x 0; xnÞj dx 0dxn a

Ckffiffi
t

p k
: t > 0; ð4:12Þ

where we denote ‘k
x ¼ fqa

x 0q
j
xn
; jaj þ j ¼ kg.

This proposition and Lemma 2.5 imply (1.23) of Theorem 1.5. Because the

solution of (1.8) is given by

‘k
x uðt; xÞ ¼

ð
Rn

þ

‘k
xKðt; x 0 � y 0; xn þ ynÞu0ðxÞ dy 0dyn þ ‘kuDðt; xÞ:

Proof of Proposition 4.2. We shall prove that (4.11) implies (4.12). In fact,

noting that

ð�ix 0 þ ibxnÞaqg
x 0q

k
xn
Kðt; x 0; xnÞ

¼ 1

ð2pÞn�1

ð
eix

0x 0
ðqx 0 þ ibxnÞafðix 0Þgqkþ1

xn
K̂K1ðt; x 0; xnÞg dx 0

holds, we get by use of (4.11)

jqg
x 0q

k
xn
Kðt; x 0; xnÞja

Cjajgkffiffi
t

p jgjþkþ1

ffiffi
t

p

jx 0 � bxnj

� �jaj

�
ð
Rn�1

ðe�e0x
2
n=t þ e�e0jx 0jxnÞe�e0jx 0 j2t dx 0 ð4:13Þ

291Time decay estimates of solutions to the mixed problem



for any a A Nn�1. Therefore using (4.13) with jaj ¼ 0 and with jaj ¼ n and taking

account that the assumption nb 3 and Fubini’s Theorem imply

ðy
0

ð
Rn�1

ðe�e0x
2
n=t þ e�e0jx 0jxnÞe�e0jx 0j2t dx 0dxn aC

ffiffi
t

p 2�n
ðy
0

ðrn�2 þ rn�3Þ dr

aC
ffiffi
t

p 2�n
;

we get

ð
Rn�1

ðy
0

jqg
x 0q

k
xn
Kðt; x 0; xnÞj dx 0dxn

¼
ð
jx 0�<bxnja

ffiffi
t

p

ðy
0

jqg
x 0q

k
xn
Kðt; x 0; xnÞj dx 0dxn

þ
ð
jx 0�<bxnjb

ffiffi
t

p

ðy
0

jqg
x 0q

k
xn
Kðt; x 0; xnÞj dx 0dxn

a
Cjajgkffiffi
t

p jgjþkþn�1

ð
jx 0ja

ffiffi
t

p dx 0 þ
ð
jx 0jb

ffiffi
t

p

ffiffi
t

p

jx 0j

� �n
dx 0

( )
a

Cngkffiffi
t

p jgjþk
;

which means (4.12). Q.E.D.

Proof of Proposition 4.1. It follows from the strong Lopatinski condition

and the assumption <d < 0 in the case ð=dÞ2 ¼ ð<dÞ2 0 0 that it su‰ces to

consider the three cases below.

(a) <z0 a ejx 0j.
(b) <z0 b ejx 0j and <l0 a�c1ð1þ jx 0j2Þ, ðc1 > 0Þ.
(c) <z0 b ejx 0j and jz0jaCjx 0j.

Here e > 0 is determined later.

In fact, Since <z0 a ejx 0j means (a), it su‰ces to consider only the case of

<z0 b ejx 0j. In the case (i) of (1) in Theorem 1.1 <l0 a�c0ð1þ jx 0j2Þ is valid.

Hence this case means (b). In the case of (ii) of (1) in Theorem 1.1 we assume

<d < 0. If <z0 b ejx 0j, then jx 0jb e0 > 0 must hold. Hence we have c1 > 0

such that <l0 a�c1ð1þ jx 0j2Þ, because <l0 a�c0jxj2 holds from the strong

Lopatinski condition. Hence this case is contained in the case (b). In the case

(iii) of (1) of Theorem 1.1 we have z0 ¼ ibx 0 and so jz0ja jbj jx 0j. This means

the case (c), if <z0 b ejx 0j. Q.E.D.
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We shall begin to prove (4.11). First we consider the case (a), that is,

<z0 a ejx 0j. Then it follows from the first term with c ¼ 0 in (2.8) that we can

express

K̂K1ðt; x 0; yÞ ¼ e�jx 0 j2t

2p
ffiffiffiffiffiffiffi
4pt

p
ð0
�y

e�z0ze�ðy�zÞ2=4t dz: ð4:14Þ

Applying (2.16) to qa
x 0 ððx 0Þge�jx 0j2tÞ and to jy� zj jajqk

y e
�ðy�zÞ2=4t we obtain

jqa
x 0 ððx 0Þge�jx 0j2tÞjaCage

ffiffi
t

p ja�jgj
e�ð1�eÞjx 0 j2 ð4:15Þ

and

jy� zj jajjqk
y e

�ðy�zÞ2=4tjaCaek

ffiffi
t

p jaj�k
e�ð1�eÞððy�zÞ2=4tÞ ð4:16Þ

and using the relation ðy�2ct�zÞ2
4t ¼ ðy�zÞ2

4t � cðy� zÞ þ c2t; we can estimate by use

of (4.15) and (4.16)

jðqx 0 þ ibyÞaðx 0Þgqk
y K̂K1ðt; x 0; yÞj

¼ 1

2p
ffiffiffiffiffiffiffi
4pt

p
ð0
�y

e�z0zðibðy� zÞ þ qx 0 Þaððx 0Þge�jx 0j2tÞqk
y e

�ðy�zÞ2=4t dz

� �				
				

a
Caffiffi
t

p
(X

a 0aa

jqa�a 0

x 0 ððx 0Þge�jx 0 j2tÞj
ð0
�y

jy� zj ja
0j
e�<z0zjqk

y e
�ðy�zÞ2=4tj dz

aCagk
e�ð1�eÞjx 0 j2Þtffiffi
t

p ð�jajþjgjþkþ1Þ

ð0
�y

e�<z0z�ð1�e=2Þðy�zÞ2=4t dz

aCagk
eð1�eÞððc2�jx 0 j2Þt�cyÞffiffi

t
p ð�jajþjgjþkþ1Þ

ð0
�y

eðð1�eÞc�<z0Þz�ð1�eÞðy�2cy�zÞ2=4te�ðe=2Þðy2þz2Þ=4t dz

a
Cagkffiffi

t
p ð�jajþjgjþkÞ e

�e2jx 0j2t�e3 y; ð4:17Þ

which implies (4.11) in the case (a), where we choose e > 0, e1 > 0, e2 > 0,

e3 > 0 and c ¼ e1jx 0j such that ð1� eÞc� <z0 b ð1� eÞc� ejx 0j0, ð1� eÞe1 ¼ e3

and ð1� eÞðc2 � jx 0j2Þ ¼ �e2jx 0j2 ðe2 > 0Þ.
Next we consider the case of (b). It follows from (2.12) and the second term

of (2.8) with c ¼ 0 that we have

K̂K1ðt; x 0; yÞ ¼ el0t�z0y � e�jx 0j2t

2p
ffiffiffiffiffiffiffi
4pt

p
ðy
0

e�z0ze�ðy�zÞ2=4t dz: ð4:18Þ
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Hence noting ðqx 0 þ ibyÞae�z0y ¼ e�z0yqa
x 0 and ðqx 0 þ ibyÞae�z0z ¼ e�z0zðqx 0 þ

ibðy� zÞÞa we can see

ðqx 0 þ ibyÞaððx 0Þgqk
y K̂K1ðt; x 0; yÞÞ

¼ ðqx 0 þ ibyÞa ðx 0Þgzk0 el0t�z0y � ðx 0Þge�jx 0 j2t

2p
ffiffiffiffiffiffiffi
4pt

p
ðy
0

e�z0zqk
y e

�ðy�zÞ2=4t dz

( )
:

¼ e�z0yqa
x 0 ððx 0Þgzk0 el0tÞ

þ
X
a 0aa

Caa 0
qa 0

x 0 ððx 0Þge�jx 0 j2tÞ
2p

ffiffiffiffiffiffiffi
4pt

p
ðy
0

e�z0zðibðy� zÞÞa�a 0
qk
y e

�ðy�zÞ2=4t dz: ð4:19Þ

We can prove by use of (4.15) and (4.16) that the second term above satisfies

(4.11). In fact, taking account again that the relation ðy�2ty�zÞ2
4t ¼ ðy�zÞ2

4t �
cðy� zÞ þ c2t we get by use of (4.15) and (4.16) analogously to (4.17)

X
a 0aa

qa 0

x 0 ððx 0Þge�jx 0j2tÞ
2p

ffiffiffiffiffiffiffi
4pt

p
ðy
0

e�<z0zðibðy� zÞÞa�a 0
qk
y e

�ðy�zÞ2=4t dz

					
					

aCage

ffiffi
t

p jaj�jgj�k
eð1�eÞððc2�jx 0 j2Þt�cyÞ 1ffiffi

t
p
ðy
0

eðð1�eÞc�<z0Þze�ð1�eÞððy�2ty�zÞ2=4tÞ dz

aCage

ffiffi
t

p jaj�jgj�k
e�e2jx 0j2t�e3jx 0 jy; ð4:20Þ

where we choose e > 0, e1 > 0, e2 > 0, e3 > 0 and c ¼ e1jx 0j such that ð1� eÞc�
<z0 a ð1� eÞc� ejx 0ja 0, ð1� eÞe1 ¼ e3 and ð1� eÞðc2 � jx 0j2Þ ¼ �e2jx 0j2.

Noting <l0 a�c0ð1þ e0jx 0j2Þ and using (2.17) we can prove that

jqa
x 0 ððx 0Þgzk0 el0tÞjaCa

ffiffi
t

p jaj�jgj�k
e�c0ð1þjx 0j2Þt=2 is valid. Hence we see the first term

of the right side in (4.19) satisfies

je�z0yqa
x 0 fðx 0Þgzk0 el0tgjaCak

ffiffi
t

p jaj�jgj�k
e�ðc0=2Þð1þjx 0 j2Þte�ejx 0jy ð4:21Þ

which and (4.20) imply (4.11) for the case (b).

Finally we consider the case (c), that is, ejx 0ja<z0, jz0jaCjx 0j and <l0 a
�c0jx 0j2 are valid. In this case we use again (4.19). By use of (2.16) we can show

jqa
x 0 fðx 0Þgzk0 el0tgjaCagk

ffiffi
t

p jaj�jgj�k
e�ðc0=2Þjx 0 j2 :

Therefore we can see similarly to the case (b) that the first and second term of

(4.19) satisfies (4.21) and (4.20) respectively. This shows (4.11) in the case (c).

Thus we have proved (4.11) for all cases. Q.E.D.
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5 Proof of Theorem 1.4

We shall prove Theorem 1.4 in this section. We shall show that u0Mðt; xÞ
given by (1.19) in Theorem 1.2 does not satisfy (1.3) if

�
= d

c

�2 ¼ �< d
c

�2
0 0 and

< d
c
> 0. We may assume c ¼ 1. Then there is e > 0 such that <z0 > <d

2 holds for

jx 0ja e. We note that there is l0 the solution of equation Bð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ jx 0j2

q
; x 0Þ ¼ 0.

Hence we have from (4.8)

K̂Kðt; x 0; xnÞ ¼ 2z0e
l0t�z0xn � 1

p
ffiffiffiffiffiffiffi
4pt

p e�jx 0 j2t
ðy
0

e�z0z
q

qz
e�ðxn�zÞ2=4t dz

¼ K̂K1ðt; x 0; xnÞ þ K̂K2ðt; x 0; xnÞ; ð5:1Þ

where K̂K1ðt; x 0; xnÞ ¼ 2z0e
l0t�z0xn and

K̂K2ðt; x 0; xnÞ ¼ � 1

p
ffiffiffiffiffiffiffi
4pt

p e�jx 0j2t
ðy
0

e�z0z
q

qz
e�ðxn�zÞ2=4t dz:

It is easy to check jK̂K2ðt; x 0; xnÞja Cffiffi
t

p e�jx 0 j2t from (4.6). So K̂K2ðt; x 0; xnÞ satisfiesð
jx 0 jae

jK̂K2ðt; x 0; xnÞj dx 0
aCt�n=2: ð5:2Þ

On the other hand, we decompose K̂K1 as

1

2
K̂K1ðt; x 0; xnÞ ¼ z0e

l0t�z0xn

¼ ibx 0el0t�z0xn þ dðel0t�z0xn � el0t�dxnÞ þ del0t�dxn

¼ K̂K 1
1 ðt; x

0; xnÞ þ K 2
1 ðt; x

0; xnÞ þ Ky
1 ðt; x 0; xnÞ:

Define Kiðt; x 0; xnÞ by

Kiðt; x 0; xnÞ ¼
ð
jx 0jae

eix
0x 0
K̂Kiðt; x 0; xnÞ dx 0; j ¼ 1; 2;

K
j
1 ðt; x 0; xnÞ ¼

ð
jx 0 jae

eix
0x 0
K̂K

j
1 ðt; x

0; xnÞ dx 0; j ¼ 1; 2;y

and put

ujðt; xÞ ¼
1

ð2pÞn�1

ð
Rn

þ

Kjðt; x 0 � y 0; xn þ ynÞu0ðyÞ dy; j ¼ 1; 2;

u
j
1ðt; xÞ ¼

1

ð2pÞn�1

ð
Rn

þ

K
j
1 ðt; x 0 � y 0; xn þ ynÞu0ðyÞ dy; j ¼ 1; 2;y;
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and so we see u ¼ u11 þ u21 þ uy1 þ u2, where u2 satisfies (1.3) from (5.2). We shall

prove that u11 and u21 satisfy (1.3), and however we shall show that uy1 does not

satisfy (1.3) if we choose u0 suitably. We begin to prove that

jK j
1 ðt; x

0; xnÞjaCt�n=2; j ¼ 1; 2: ð5:3Þ

In fact, K̂K 1
1 satisfies

jK̂K 1
1 ðt; x

0; xnÞj ¼ jibx 0el0t�z0xn jaCjxje�jx 0j2t;

which implies (5.3) for j ¼ 1 and taking account that <l0 ¼ �jx 0j2 and z0 ¼
ibx 0 þ d, we can see K̂K 2

1 satisfies

jK̂K 2
1 ðt; x

0; xnÞj ¼ jdj jel0t�z0xn � el0t�dxn j

a jdj je<l0tðe�ðibx 0þdÞxn � e�dxnÞj

aCjx 0jxne�jx 0 j2tþðj=bx 0 j�<dÞxn aCjx 0jxne�jx 0j2t�ð<d=2Þxn aCjx 0je�jx 0j2t

holds for jx 0ja e, because <d > 0, and consequently yields (5.3) for j ¼ 2: Finally

we shall prove that the last term uy1 ðt; xÞ does not satisfiy (1.3). In fact, noting

that l0 ¼ �jx 0j2 þ 2ið�<bx 0=bx 0 þ 2<d<bx 0 þ <d=dÞ, we have

uy1 ðt; xÞ ¼ d

ð2pÞn�1

ð
Rn

þ

Ky
1 ðt; x 0 � y 0; xn þ ynÞu0ðyÞ dy

¼ d

ð2pÞn�1

ð
Rn�1

ð
Rn

þ

eiðx
0�y 0Þx 0

el0t�dðxnþynÞu0ðyÞ dx 0dy

¼ d

ð2pÞn�1
e2i<d=dt�dxn

ð
Rn�1

ð
Rn

þ

eiðx
0�y 0þ4<d<btÞx 0

� e�jx 0j2t�i<bx 0=bx 0t�dynu0ðyÞ dx 0dy: ð5:4Þ

Hence we get

uy1 ðt;�4<d<bt; 0Þ ¼ d

ð2pt1=2Þn�1
e2i<d=dt

�
ð
Rn�1

ð
Rn

þ

e�iðy 0x 0=tÞ�jx 0 j2�2i<bx 0=bx 0�dynu0ðyÞ dx 0dy

¼ d

ð2pt1=2Þn�1
e2i<d=dtðAþ oð1ÞÞ; t ! y
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which satisfies

juy1 ðt;�4<d<bt; 0Þjb jdj
2ð2p

ffiffi
t

p
Þn�1

jAj; tb bt0 > 0

and so does not satisfiy (1.3), if we choose u0 A L1ðRn
þÞ such that

A ¼
ð
Rn�1

ð
Rn

þ

e�jx 0 j2�2i<bx 0=bx 0�dynu0ðyÞ dx 0dy0 0

and the support of ûu0ðx 0; xnÞ contained in the set fjx 0ja eg. Thus we have proved

Theorem 1.4.

Finally we remark that (1.21) with k ¼ 1, p ¼ 1;y in general does not

hold if <d > 0 in the case of ð=dÞ2 ¼ ð<dÞ2 0 0. We shall give an example. Let

B ¼ qxn þ 1þ i. Then we have z0 ¼ d ¼ 1þ i and l0 ¼ �jx 0j2 þ 2i. Hence we

have from (5.4)

qk
xn
uy1 ðt; xÞ ¼

ð
Rn�1

ðy
0

2z1þk
0 K̂Kðt; x 0; xn þ ynÞu0ðx 0; ynÞ dyndx 0

¼
ð
Rn�1

ðy
0

2ð1þ iÞ1þk
eix

0x 0�ð1þiÞðxnþynÞ�jx 0 j2tþ2itu0ðx 0; ynÞ dx 0dyn

¼ 2ð1þ iÞ1þk
e2it�ð1þiÞxn

ð4ptÞðn�1Þ=2

ð
Rn�1

ðy
0

e�jx 0�y 0 j2=4t�ð1þiÞynu0ðy 0; ynÞ dy 0dyn:

If we take u0 such that eixnu0 ¼ 1, we see

jqk
xn
uy1 ðt; 0Þj ¼ 2j1þ ijkþ1

ðy
0

e�yn dyn 0 0:

On the other hand (1.21) with p ¼ y implies

jqk
xn
uy1 ðt; 0Þja k‘xu

y
1 ðtÞkLy a

cn

tk=2
ku0kLy ¼ cn

tk=2
; t > 0; kb 1:

The above two inequalities contradict.

Besides if we take u0 A L1 such that e�ð1þiÞynu0ðy 0; ynÞ ¼ e�jyj2 , we seeð
Rn

þ

jqk
xn
uy1 ðt; xÞj dx ¼ 2j1þ ij1þk

ðy
0

e�xn dxn

� 1

ð4ptÞðn�1Þ=2

ð
Rn�1

e�jx 0 j2=4t dx 0
ð
Rn

þ

e�jyj2 dy 0dyn

¼ 2j1þ ij1þk

ðy
0

e�xn dxn

ð
Rn

þ

e�jyj2 dy 0dyn 0 0; t > 0
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which contradicts to (1.21) with p ¼ 1, kb 1. However in this example

kuy1 ðtÞkLp aCku0kLp ; t > 0; 1a pay

holds. Because

ð
Rn

þ

jKðt; x 0; xnÞj dx ¼ jdjffiffiffi
p

p n�1

ð
Rn�1

e�jx 0 j2 dx 0
ðy
0

e�xn dxn

is finite.

6 Proof of Theorem 1.5

In this section we shall prove Theorem 1.5. We may assume c ¼ 1 without

loss of generality. We shall show that u0M given by (1.19) satisfies (1.23). The

Fourier transform u0Mðt; x 0; xnÞ of u0M is given by

u0Mðt; x 0; xnÞ ¼
ðy
0

1

2pi

ð
<z¼~cc

2z0
eðz

2�jx 0 j2Þt�ðxnþynÞz

z� z0
dzu0ðx 0; ynÞ dyn; ð6:1Þ

where ~cc > maxf0;<z0g. Applying (2.7) to e�ðxnþynÞz we get for xn þ yn > 0,

<z0 > 0

e�ðxnþynÞz ¼ 1

2p

ðy
�y

eixnðxnþynÞ

zþ ixn
dxn ð6:2Þ

and inseting the above relation into (6.1) we obtain

u0Mðt; x 0; xnÞ ¼
ðy
0

ð
<z¼~cc

2z0

ð2pÞ2i

ðy
�y

eðz
2�jx 0 j2ÞtþiðxnþynÞxn

ðz� z0Þðzþ ixnÞ
dxndzu0ðx 0; ynÞ dyn; ð6:3Þ

which implies

q
g
x 0q

j
xn
u0Mðt; xÞ ¼ 1

ð2pÞn�1

ð
Rn�1

eixxðix 0Þgq j
xn
u0Mðt; x 0; xnÞ dx 0

¼ 1

ð2pÞn
ð
Rn

eixxðix 0Þg
ðy
0

1

2pi

ð
<z¼~cc

2z0ð�zÞ j eðz
2�jx 0j2Þtþiynxn

ðz� z0Þðzþ ixnÞ
dz

� u0ðx 0; ynÞ dyndx

¼ 1

ð2pÞn
ð
Rn

eixxK̂Kþðt; xÞF ðeu0ÞðxÞ dx; ð6:4Þ
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where eu0ðyÞ ¼ 0, yn > 0, ¼ u0ðy 0;�ynÞ, yn < 0, F ðeu0ÞðxÞ means Fourier image

of eu0ðxÞ and

K̂Kþðt; xÞ ¼
1

2pi

ð
<z¼c>maxf<z0;0g

2z0
ðix 0Þgð�zÞ jeðz2�jx 0 j2Þt

ðz� z0Þðzþ ixnÞ
dz: ð6:5Þ

Let wðtÞ be in Cy
0 ðRÞ such that wðtÞ ¼ 1, jtj < 1, ¼ 0, jtj > 2 and put for e > 0

w0ðxÞ ¼ 1� w
jz0 þ ixnj

ejxj

� �
; w1ðxÞ ¼ w

jz0 þ ixnj
ejxj

� �
:

Then takng account that jqa
x jz0 þ ixnj jaCajxj1�jaj holds if ea

jz0þixnj
jxj a 2e, we

can see easily that wj satisfies

jqa
xwjðxÞjaCajxj�jaj; j ¼ 0; 1; x A Rnn0 ð6:6Þ

Proposition 6.1. u0Mðt; xÞ given by (6.4) satisfies

qg; j
x u0Mðt; xÞ ¼ 1

ð2pÞn
ð
Rn

eixxw0ðxÞðK̂Kþðt; xÞ � K̂K�ðt; xÞÞF ðeu0ÞðxÞ dx

� 1

ð2pÞn
ð
Rn

eixx2z0w1ðxÞðix 0Þg
ð1
0

ð jð�zyÞ j�1 þ 2ð�zyÞ jþ1
tÞez

2
y t dy

� e�jx 0j2tFðeu0ÞðxÞ dx; ð6:7Þ

where zy ¼ yz0 � ð1� yÞixn and

K̂KGðt; xÞ ¼
1

2pi

ð
<z¼cG

2z0
ðix 0Þgð�zÞ jeðz2�jx 0j2Þt

ðz� z0Þðzþ ixnÞ
dz; ð6:8Þ

here we choose cG such that c� < minf0;<z0g and cþ > maxf0;<z0g.

Proof. Since we can write K̂Kþðt; xÞ ¼ ðw0 þ w1ÞK̂Kþðt; xÞ, in order to get (6.7)

it su‰ces to prove that w1K̂Kþðt; xÞ satisfiesð
Rn

eixxw1K̂Kþðt; xÞF ðeu0ÞðxÞ dx

¼ �
ð
Rn

eixxw0K̂K�ðt; xÞFðeu0ÞðxÞ dx�
ð
Rn

eixx2z0w1ðxÞ

�
ð1
0

ð jð�zyÞ j�1 þ 2ð�zyÞ jþ1
tÞez

2
y t dye�jx 0 j2tFðeu0ÞðxÞ dx: ð6:9Þ
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In fact, it follows from (2.19) with c1 ¼ cþ, c2 ¼ c� that we obtain

ð
Rn

eixxw1K̂Kþðt; xÞFðeu0ÞðxÞ dx

¼
ð
Rn

eixxw1K̂K�ðt; xÞF ðeu0ÞðxÞ dx�
ð
Rn

eixx2z0w1ðxÞ

�
ð1
0

ð jð�zyÞ j�1 þ 2ð�zyÞ jþ1
tÞtez

2
y t dye�jx 0 j2tF ðeu0ÞðxÞ dx: ð6:10Þ

On the other hand, since it follows from (2.7) that for <z < 0, xn > 0 and

yn > 0

1

2p

ðy
�y

eðixþynÞxn

zþ ixn
dxn ¼

1

2pi

ðy
�y

eiðxþ ynÞxn

xn � iz
dxn

¼ �e�zðxnþynÞHð�ðxn þ ynÞÞ ¼ 0;

we can see by use of (6.8)

ð
Rn

eixxw1K̂K�ðt; xÞF ðeu0ÞðxÞ dx

¼
ð
Rn

eix
0x 0þixnxnw1ðxÞ

1

2pi

ð
<z¼c�

2z0
ðix 0Þgð�zÞ jeðz2�jx 0 j2Þt

ðz� z0Þðzþ ixnÞ
dzFðeu0ÞðxÞ dx 0dxn

¼
ð
Rn�1

ðy
0

eix
0x 0 1

2pi

ð
<z¼c�

2z0
ðix 0Þgð�zÞ jeðz2�jx 0 j2Þt

ðz� z0Þ
dz

�
ðy
�y

w1ðxÞ
eiðxnþynÞxn

ðzþ ixnÞ
dxnu0ðx 0; ynÞ dx 0

¼
ð
Rn

eix
0x 0þixnxnðw1 � 1Þ 1

2pi

ð
<z¼c�

2z0
ðix 0Þgð�zÞ jeðz2�jx 0j2Þt

ðz� z0Þðzþ ixnÞ
dzFðeu0ÞðxÞ dx;

which implies (6.9) together with (6.10). Q.E.D.

Decompose

1

ðz� z0Þðzþ ixnÞ
¼ 1

z0 þ ixn

1

z� z0
� 1

zþ ixn

� �
:
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We can write

ŵw0KGðt; xÞ ¼
2z0

2piðz0 þ ixnÞ
w0ðxÞ

ð
ð�zÞ j

<z¼cG

eðz
2�jx 0j2Þt 1

z� z0
� 1

zþ ixn

� �
dz: ð6:11Þ

Put

ĜGðt; xÞ ¼ 2z0
pðz0 þ ixnÞ

w0ðxÞ; ð6:12Þ

K̂K 1
0Gðt; x

0Þ ¼ 1

2pi

ð
<z¼cG

ðix 0Þgð�zÞ jeðz
2�jx 0 j2Þt 1

ðz� z0Þ
dz ð6:13Þ

and

K̂K 2
0Gðt; xÞ ¼

1

2pi

ð
<z¼cG

ðix 0Þgð�zÞ jeðz
2�jx 0 j2Þt 1

zþ ixn
dz

¼ e�jx 0 j2tðix 0ÞgĝgGðt; xnÞ; ð6:14Þ

where gGðt; xnÞ ¼ 1
2pi

Ð
<z¼cG

ez
2t ð�zÞ j

zþixn
dz. Moreover we put

R̂Rðt; xÞ ¼ �2z0ðix 0Þgw1ðxÞ
ð1
0

ð jð�zyÞ j�1 þ 2ð�zyÞ jþ1
tÞez

2
y t dye�jx 0 j2t: ð6:15Þ

Then the relation

K̂Kþðt; xÞ ¼ ĜGðt; xÞfK̂K 1
0þðt; x 0Þ � K̂K 1

0�ðt; x 0Þ þ K̂K 2
0�ðt; xÞ � K̂K 2

0þðt; xÞg þ R̂Rðt; xÞ ð6:16Þ

holds. Therefore in order to prove that uM satisfies (1.23) it su‰ces to show the

following lemma.

Lemma 6.1. ĜGðt; xÞ, K̂K 1
0Gðt; x

0Þ, ĝgGðt; xnÞ and R̂Rðt; xÞ satisfy the following

estimates.

(1) jqa
x ĜGðt; xÞjaCajxj�jaj;

for xð0 0Þ A Rn and for all a A Nn.

(2) jqa
x 0K̂K 1

0Gðt; x
0ÞjaCat

�ðjgjþ jÞ=2jx 0j�jaj;

for x 0ð0 0Þ A Rn�1 and for all a A Nn�1.

(3)
		� d

dxn

�k
ĝgGðt; xnÞ

		aCkt
�j=2jxnj�k, k ¼ 0; 1; . . .

for xnð0 0Þ A R.

(4) jqa
x R̂Rðt; xÞjaCat

�ðjgjþ jÞ=2jxj�jaj;

for xð0 0Þ A Rn and for all a A Nn.
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Proof. (1). Noting that x in the support of w0 implies jz0 þ ixnjb ejxj and
that z0 ¼ ibx 0 þ d is valid, we can see easily

qa
x

z0
z0 þ ixn

� �				
				aCajxj�jaj; Ea ð6:17Þ

holds and so we get (1) by use of (6.6).

(2). It follows from (2.12) with y ¼ 0 that

K̂K 1
0þðt; x 0Þ ¼ ðix 0Þgð�z0Þ jeðz

2
0�jx 0j2Þt þ K̂K 1

0�ðt; x 0Þ ð6:18Þ

If <z0 b 0, we get from (2.11) with y ¼ 0

K̂K 1
0�ðt; x 0Þ ¼ �ðix 0Þg

2p
ffiffiffiffiffiffiffi
4pt

p e�jx 0 j2t
ðy
0

e�z0zq j
z e

�z2=4t dz: ð6:19Þ

It follows from (2) of Theorem 1.1 that <z20 � jx 0j2 ¼ l0 a�c0jx 0j2 for x 0 A Rn�1.

Hence we can see by use of Lemma 2.4

jqa
x 0 ððix 0Þgeðz

2
0�jx 0 j2ÞtÞjaCa

X
a 0aa

jx 0j jg�a 0 j ffiffi
t

p ja�a 0j
e�ðc0=2Þjx 0 j2t

aCajx 0j jgj�jaj
e�ðc0=4Þjx 0j2t

aCajxj�jaj
t�jgj=2e�ðc0=8Þjx 0j2t; Ea:

Moreover we see

jqa
x 0e�z0zje�z2=4t ¼ jbaz jaje�z0zje�z2=4t

aCajzj jaje�z2=4t
aCa

ffiffi
t

p jaj
e�z2=8t

and so we get from (6.19)

jqa
x K̂K

1
0�ðt; x

0Þj ¼ qa
x 0 ðix 0Þge�jx 0 j2t 1ffiffiffiffiffiffiffi

4pt
p

ðy
0

e�z0zq j
z e

�z2=4t dz

� �				
				

a
X
a 0aa

Ca;a 0 jqa 0

x 0 fðix 0Þge�jx 0 j2tgj 1ffiffi
t

p
ðy
0

jqa�a 0

x 0 e�z0zq j
z e

�z2=4tj dz

aCa

X
a 0aa

jx 0j�ja 0 j
e�ð1=2Þjx 0j2t ffiffi

t
p ja�a 0j�jgj� j

a
Caffiffi
t

p jgjþ j
jx 0j�jaj;
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for <z0 b 0. Hence K̂K 1
0þðt; x

0Þ also satisfies (2) for <z0 b 0 from (6.18). When

<z0 < 0, we can take cþ ¼ 0 in (6.13) and so we get by use of the first term of

(2.8) with y ¼ 0

K̂K 1
0þðt; x

0Þ ¼ ðix 0Þgffiffiffiffiffiffiffi
4pt

p e�jx 0 j2t
ð0
�y

e�z0zq j
z e

�z2=4t dz:

Therefore we can prove analogously to K 1
0� in the case of <z0 b 0 that K̂K 1

0þðt; x
0Þ

satiafies (2) for <z0 < 0 and consequently we can see that K̂K 1
0�ðt; x

0Þ satiafies (2)

for <z0 < 0 from the relation (6.18). Thus we have proved (2).

(3). Let us consider gþ. By use of the first term of (2.11) with y ¼ 0 and with

z0 ¼ ixn we can write

gþðt; xnÞ ¼
1

2pi

ð
<z¼cþ

ez
2t ð�zÞ j

zþ ixn
dz

¼ 1ffiffiffiffiffiffiffi
4pt

p
ð0
�y

e�ixnzq j
z e

�z2=4t dz:

and consequently we see

d

dxn

� �k
ĝgþðt; xnÞ ¼

1ffiffiffiffiffiffiffi
4pt

p
ð0
�y

ð�izÞke�ixnzq j
z e

�z2=4t dz

¼ 1ffiffiffiffiffiffiffi
4pt

p ð�ixnÞ�k

ð 0
�y

d

dz

� �k
e�ixnz

( )
fð�izÞkq j

z e
�z2=4tg dz

¼ 1ffiffiffiffiffiffiffi
4pt

p ð�ixnÞ�k

ð 0
�y

e�ixnz � d

dz

� �k
fð�izÞkq j

zq
j
z e

�z2=4tg dz:

Moreover we can see

d

dz

� �k
fð�izÞkq j

z e
�z2=4tg

					
					aCk

ffiffi
t

p �j
e�z2=8t;

which implies (3) for gþ. Analogously we can see that g� satisfies (2).

(4). Since jz0 þ ixnja 2ejxj for x in the support of w1, we see jz0ja ð1þ 2eÞjxj,
jzyjaCjxj and moreover

<ðixny� ð1� yÞz0Þ2 � jx 0j2

¼ <ðixn � ð1� yÞðz0 þ ixnÞÞ2 � jx 0j2

¼ �jxj2 � <f2ixnð1� yÞðz0 þ ixnÞ � ð1� yÞ2ðz0 þ ixnÞ2g

a�jxj2 þ 8e2jxj2 a� 1

2
jxj2;
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if we choose e > 0 such that 1� 8e2 b 1
2 . Hence we get by use of Lemma 2.4

jqa
x ðix

0Þgeðixnyþð1�yÞz0Þ2t�jx 0j2tjaCa

X
a 0aa

jxj jgj�ja 0j ffiffi
t

p ja�a 0 j
e�ð1=3Þjxj2t

a
Caffiffi
t

p jgj jxj
�jaj

e�ð1=4Þjxj2t

and consequently we can estimate

qa
x z0

ð1
0

ðð jðð�zyÞ j�1 þ 2ð�zyÞ jþ1
tÞeðixnyþð1�yÞz0Þ2t�jx 0 j2t dy

� �				
				

aCaðjxj j þ jxj jþ2
tÞjxj�jaj

e�ð1=4Þjxj2t
a

Caffiffi
t

p j
jxj�jaj; ð6:20Þ

for x in the support of w1 and for t > 0. Therefore we get by use of (6.6)

jqa
x R̂Rðt; xÞja

X
Caa 0 jqa�a 0

x ðix 0Þgw1j

� qa 0

x z0

ð1
0

ðð jðð�zyÞ j�1 þ 2ð�zyÞ jþ1
tÞeðixnyþð1�yÞz0Þ2t�jx 0 j2t dy

� �				
				

aCajxj jgjþ j�jaj
e�ð1=5Þjxj2t

a
Caffiffi
t

p jgjþ j
jxj�jaj; a A Nn;

which means (4). Thus we have completed the proof of Lemma 6.1. Q.E.D.

Let KGðt; xÞ, Gðt; xÞ, K l
0Gðt; x 0Þ, ðl ¼ 1; 2Þ, gGðt; xnÞ and Rðt; xÞ be Fourier

inverse transform of K̂KGðt; xÞ, ĜGðt; xÞ, K̂K 1
0Gðt; x

0Þ, ĝgGðt; xnÞ and R̂Rðt; xÞ respectively

and denote by GðtÞ, K l
0GðtÞ ðl ¼ 1; 2Þ, gGðtÞ and RðtÞ the singular integral

operators with the kernel Gðt; xÞ, K l
0Gðt; x 0Þ ðl ¼ 1; 2Þ, ĝgGðt; xnÞ and Rðt; xÞ

respectively, where (6.14) means K 2
0GðtÞ ¼ D

g
x 0eD

0tgGðt; xnÞ. Then it follows from

Lemma 6.1 and Lemma 2.3 that all singular integral operators GðtÞ, K l
0GðtÞ

ðl ¼ 1; 2Þ and RðtÞ are bounded in LpðRnÞ and consequently it follows from

(6.16) and Lemma 6.1 that qg; j
x uM ¼ KþðtÞðeu0Þ ¼ fGðtÞðK 1

0þðtÞ � K 1
0�ðtÞ þ K 2

0�ðtÞ
�K 2

0þðtÞÞ þ RðtÞgðeu0Þ satisfies (1.23). Thus we have proved Theorem 1.5.
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