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Abstract. This paper is concerned with optimal control of systems driven by stochastic
differential equations (SDEs), with jump processes, where the control variable appears in
the drift and in the jump term. We study the relaxed problem, in which admissible controls
are measure-valued processes and the state variable is governed by an SDE driven by a
counting measure valued process called relaxed Poisson measure such that the compensator
is a product measure. Under some conditions on the coefficients, we prove that every diffusion
process associated to a relaxed control is a limit of a sequence of diffusion processes associated
to strict controls. As a consequence, we show that the strict and the relaxed control problems
have the same value function. Using similar arguments, we prove the existence of an optimal
relaxed control. In a second step, we establish a maximum principle for this type of relaxed
problem.

Key words: Stochastic control, Stochastic differential equation, jump process, optimal
control, relaxed control - maximum principle.
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Résumé (French Abstract). L’objectif de cet article est 1’étude du contréle optimal de
systeémes dirigés par des équations différentielles stochastiques (EDS), présentant des sauts,
ou le parametre de controle apparait aussi bien dans le drift que dans le terme de saut.
Nous étudions le probleme relaxé, dans lequel les contréles admissibles sont des processus a
valeurs mesures et la variable d’état est gouvernée par une EDS dirigée par une mesure de
comptage appelée mesure de Poisson relaxée, dont le compensateur est une mesure produit.
Sous certaines hypotheses sur les coefficients, nous montrons que tout processus de diffusion
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associé & un controle relaxé est limite d’une suite de diffusions associées a des controles stricts.
Comme conséquence, nous établissons que les problemes de controle strict et relaxé ont la
méme fonction de valeurs. En utilisant des arguments similaires, nous montrons 1’existence
d’un contréle optimal relaxé. Dans une deuxieme étape, nous démontrons un principe du
maximum pour ce type de probleme relaxé.

1. Introduction

We consider a control problem where the state variable is a solution of a stochastic differential
equation (SDE), in which the control enters the drift and the jump term. More precisely the
system evolves according to the SDE

day= b(t, z,,u,)dt + a(t,xt)dBtJr/f(t,xt_ .6, u,)N(dt, db)
F b

o= 0

on some filtered probability space (2, F,(F¢);~q, P), where b, o, and f are given determin-
istic functions, (F¢),s, is the filtration governed by a standard Brownian motion B and
an independent Poisson random measure N, whose compensator is given by v(df)dt and u
stands for the control variable.

The expected cost to be minimized over the class of admissible controls is defined by

T

J(u)=FE |g(xr) + /h(t,xt,ut)dt
0

A control process that solves this problem is called optimal. The strict control prob-
lem may fail to have an optimal solution, if we don’t impose some kind of convexity
assumption. In this case, we must embed the space of strict controls into a larger space
that has nice properties of compactness and convexity. This space is that of probability
measures on A, where A is the set of values taken by the strict control. These measure
valued processes are called relaxed controls. The first existence result of an optimal
relaxed control is proved by Fleming (1977), for the SDE’s with uncontrolled diffusion
coefficient and no jump term. For such systems of SDE’s a maximum principle has been
established in Bahlali et al. (2007, 2006); Mezerdi, and Bahlali (2002). For mean-field
systems one can refer to Bahlali et al. (2014, 2017a,b). The case where the control
variable appears in the diffusion coefficient has been solved in El-karaoui et al. (1987).
The existence of an optimal relaxed control of SDE’s, where the control variable enters in
the jump term was derived by Kushner (2000). One can refer to mean-field control problems.

In this paper, we first show that under a continuity condition of the coefficients, each
relaxed diffusion process with controlled jump is a strong limit of a sequence of diffusion
processes associated with strict controls. The proof of this approximation result is based
on Skorokhod selection theorem, and the tightness of the processes. Consequently, we show
that the strict and the relaxed control problems have the same value function. Using the
same techniques, we give another proof of the existence of an optimal relaxed control, based
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on the Skorokhod selection theorem.

The second main goal of this paper is to establish a Pontriagin maximum principle for
the relaxed control problem. More precisely we derive necessary conditions for optimality
satisfied by an optimal control. The proof is based on Pontriagin’s maximum principle for
nearly optimal strict controls and some stability results of trajectories and adjoint processes
with respect to the control variable.

The rest of the paper is organized as follows : in section 2, we formulate the control problem,
and introduce the assumptions of the model. Section 3 is devoted to the proof of the approx-
imation and existence results. In the last section, we state and prove a maximum principle
for our relaxed control problem, which is the main result of this paper.

2. Formulation of the problem
2.1. Strict control problem

We consider a control problem of systems governed by stochastic differential equations on
some filtered probability space (2, F,(F¢),~q, ), such that Fy contains the P—null sets. We
assume that (F;);>o is generated by a standard Brownian motion B and an independent
Poisson measure N, with compensator v(df)dt, where the jumps are confined to a compact
set I".And set

N(dt,db) = N(dt,do) — v(d6)dt

Consider a compact set A in R¥ and let U the class of measurable, adapted processes
u : [0;7] x @ — A. For any u € U, we consider the following stochastic differential
equation (SDE)

di= b(t, 2, u,)dt + ot 2, )d B+ / F(to, . 6,u,)N(dt, d6)
/ 1)
To=— 0
where
b:[0;T)] xR"x A— R"
([0, T) x R™ — M «a(R)
frl0T)xR*xI'x A — R"
are bounded, continuous functions. The expected cost is given by
T
J(u)=F |g(ar) + /h(twt,ut)dt (2)
0
where
g:R*" — R
h:[0;T]xR*"x A—R
be bounded and continuous functions. The strict optimal control problem is to minimize the
functional J(.) over U. A control that solves this problem is called optimal.
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2.2. The relazed control problem

The strict control problem, may fail to have an optimal solution. Then the space of strict
controls must be injected into a wider space that has good properties of compactness and
convexity. This space is that of probability measures on A, where A is the set of values taken
by the strict control. These are called relaxed controls. For more details see Mezerdi, and
Bahlali (2002); Mezerdi and Bahlali (2000) . The problem now is to define rigorously the
dynamics associated to a relaxed control. More precisely, since the jump term is controlled,
one has to define the concept of relaxed Poisson random measure. For this purpose, we
follow closely Kushner and Dupuis (2001) page 357-365 and Kushner (2000), where the
detailed proofs can be found.

Let us begin with a simple example. Suppose that u takes two values a; and as such that

oy Jar, T E[kpikp+ Bip] 19
wio = { o (ke k=1

where p > 0, and 31 + B2 = 1.

Let 2 denotes the associated solution to (1). If we define 17(s) by

1 u”(s) = a;(s)
P _ ) 1
17 (s) = { 0, otherwise ’

then the SDE (1) takes the form

2 2
daf =) 17 (Dbt 2f, a,(B)dt + o(t, 2f)dB+) / 17 (0)f (¢, 7.0, a;(£)) N (dt, dO)
i=1 =1,
=0
Let p# denotes the relaxed version of the control u”, that is pf (da;)dt = 6,01 (das)dt. Tt is
easy to see that 17(s) = p?(a;) which converges weakly to p.(a;) = B, when p — 0.

By the tightness of the set of jumps, we can fix a weakly convergent sub-sequence of the
jumps, such that the limit satisfies the following SDE

2
dxt:/b(t,xt,at),ut(da)dt + J(t,xt)dBt—i—Z/f(t,xt_,H,ai(t))ﬁi(dt,de)
A =1p
To=— 0
where N;,i = 1,2 are independent Poisson measures with compensator v(df)3;dt.

Remark 1. Note that the previous type of approximation can be adapted to the case where
the fractions of the intervals on which the a; are used are time dependent in a non-anticipative
way. in this case the compensator of N;,i = 1,2, is the random and time varying quantity
v(df)ut(da;)dt. Moreover, the N;,i = 1,2, would not be independent, but the martingales
defined by

//lip(s)f(s,xg,,9,ai)N(ds,d9)—//f(s,xg,,9,ai)v(dﬂ),ug(dai)ds
0T 0T
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converge weakly to the processes

t t
//f(s,xsf,ﬁ,ai)ﬁi(dt,d0)—//f(8,a:sf,ﬁ,ai)v(dﬁ)us(dai)ds
0T or

which are orthogonal F;—martingales.
The general case.

Let p be the relaxed representation of an admissible control u, and let Ay € B(A) and
I’y € B(T"). Then define

NE([0;¢], Ag,Tg) = N¥(t, Ao, To) = //1A0(u(s))N(ds7d0),
0 To

the number of jumps of //QN(CZS, df) on [0;t] with values in T'y and where u(s) € Ag at

0 T
the jump times s.

Since 14,(u(s)) = ps(Ap), then the compensator of the counting measure valued process
N* is v(df)p(da)dt = py ® v(da, df)dt. Moreover, for bounded and measurable real-valued
functions ¢(.), the process

/t//w(s,ms,0,a)Nﬂ(dt,do,da)—j//gp(&%’g’a)v(d(,)us(da)ds
T A

or A 0

is also an JF;—martingale.

Definition 1. A relaxed Poisson measure N* is a counting measure valued process such
that its compensator is the product measure of the relaxed control p with the compensator
v of N, such that for any Borel set I'y C " and Ay C A, the processes

N*¥(t, Ao, To) = N*"(t, Ao, T'o) — u(t, Ao)v(To)
are Fy—martingales and are orthogonal for disjoint 'y x Ag.

Write the stochastic differential equation with controlled jumps in terms of relaxed Poisson
measure as follows

dxl = /b(t,xf,a)ut(da)dt +o(t,z})dB; + //f(t, xiﬂ,@,a)ﬁl‘(dt,d&da)
AT

A (3)

B
x5 =0

The expected cost associated to a relaxed control is defined as

T
J(p) =E |g(a) + h(t,zy', a)pe(da)dt
o
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Consider a sequence of random predictable measures (ul ® v),, converging weakly to us ® v
on [0;T] x A x I' P—almost surely, then there exists a sequence of orthogonal martingale

measures N” defined on € x [0;T] x A x T’ with compensator ! ® v(da,df)ds, such that
for each bounded function ¢

0/// " .0,a a)N"™(ds, dd, da) converges to O/// N*(ds, df, da)

3. Approximations and existence of a relaxed optimal control
3.1. Approzimation of trajectories

In order for the relaxed control problem to be truly an extension of the strict one, the
infimum of the expected cost for the relaxed controls must be equal to the infimum for the
strict controls. This result is based on the approximation of a relaxed control by a sequence
of strict controls, given by the next Lemma, which called chattering lemma

Lemma 1. Let i be a predictable process with values in the space P(A). Then there exists
a sequence of predictable processes (u™) with values in A such that

pi (da)dt = 6yp (da)dt — py(da)dt — weakly
Proof. see Fleming (1977)

The next theorem which is our main result in this section gives the stability of the stochastic
differential equations with respect to the control variable, and that the two problems has
the same infimum of the expected costs.

Theorem 1. Let o be a relaxed control, and let z* be the corresponding trajectory. We
assume that we have strong uniqueness for the state equation. Then there exists a sequence
(u™) of strict controls such that

lim F | sup |z} fxt|
n— oo 0<t<T

lim J(u") = J(4) (4)

n—oo
where 2" denotes the trajectory associated with (u™).
To prove Theorem (1), we need some results on the tightness of the processes

Lemma 2. The family of relazed controls ((u™)n>0, ) s tight in R the space of probability
measures on [0;T] x A

Proof. see Mezerdi, and Bahlali (2002)

Lemma 3. The family of martingale measures ((]\Nf”)nzo,l\?“) is tight in the space
Dy ([0;T]) of all cadlag mappings from [0;T] with values in S" the topological dual of the
Schwartz space S of rapidly decreasing functions.
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Proof. If we denote

t
Y = / / Gtz 0,a)N™(dt,db, da)
0 AxT’
and
Y, = /z/;(t,xf,,0,a)ﬁ”(dt,d0,da),
AxT

and, let S, T two stopping times, such that § <T < S+ 6, then we have
Vn € N, e >0, 3m and k > 0, such that

. By
nzm  PluplY|>k) < =
t<n

<e

and, for all n € N, for all € > 0. By the proposition (1) (See the appendix ), we have
€
P(sup [YI=Yp|>2n) <5 +P(KY">r —<Y" >5>k)
te[S;T] n

Since < Y" >p — < Y" >s<w(< Y" >,6) = sup |[<Y" >r — <YY" >g|, because
|T—S|<é
T — S| <6é.

This implies that.

€
P(sup |Y§—Yp|>n) <5 +Pw(<Y">,68>k),
te[S;T) n

by the C—tightness of < Y™ >, we have
Plw(<Y" >,0) > k) <e.
Finally, we conclude that

limlimsup sup P( sup [Y§ —Y7[>n)=0.
§—0 n S<T<S+0  te[S;T]

That is the Aldous conditions is fulfilled (See the appendix). Hence the sequence (Y,"),>0
is tight. By the same method we can prove the tightness of (V;).

Lemma 4. if z", and x are the solutions of (8) associated with p" and u, respectively,
then the family of processes (x",x) is tight in the D([0;T],R?).

Proof. By the same method in the proof of lemma (3).

Proof (Proof of theorem 1). (a)- Let p be a relaxed control, then by the Lemma 1, there
exists a sequence (u") such that uy(da)dt = 6,y (da)dt — pi(da)dt in R, P — a.s.. Let
2™, and x are the solutions of (3) associated with p™ and p, respectively. Suppose that the
result of theorem (1) is false, then there exists v > 0 such that

inf B [Ja7 — 2//*] >4 (5)
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According to Lemmas (2), (3) and (4), the family of processes
Bn = (:un?,u7$n7z7f\}naﬁﬂ)

is tight in the space
(RxR)x(DxD)x(Dg xDg).

Then, by the Skorokhod selection theorem, there exist a probability space (Q, F , ﬁ) and a

o~~~ o~~~

(b)- For each n € N, the laws of 5" and ﬁ/\” coincide,

(c)- there exists a sub-sequence (ﬂ/"\k) of (ﬂ/\") which converges to 3, P — a.s on the space

(RxR) x (D x D) x (Dg x Dg), where 8 = (1,0, 2,7, N*, MH).

By the uniform integrability, we have

2 N e
=FE| sup [Ty — ¥y
0<t<T

ho_om
Ty — Yy

v <liminf F { sup |z} — xf|2] = liminf E { sup
n 0<t<T n 0<t<T

where E is the expectation with respect to P. We see that J/C? and ﬁ satisfy the following
equations

dz} = /b(s,ﬁ,a)@(da)ds+a(s,5?)st + //f(s,EgTﬁ,a)Nn(ds,de,da)
AT

— A
n _—
Ty =

dﬁ = /b(s,g//?,a)@(da)ds + U(s,ﬁ)st + //f(s,y?_,@,a)]f\\j"(ds,dﬂ,da)
A AT

using the fact that (6/\") converges to 3, P — a.s, it holds that (z') and (yF') converge
respectively to &y and g;, which satisfy

dx::/b(t,@,a)m(da)dt+a(t,ga)d3t+//f(t,f;,aa)ﬁu(dt,dada)
AT

A
.Z‘QZO

afi = / b(t, 5. )5 (da)dt + o(t, 5i)dB, + / / F(t.5= 6, a)Mn(dt, d6, da)
N A AT
Yo = 07

By the Lemma 1, the sequence (u", i) converges to (i, 1) in R?. Moreover
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law(p™, ) = law(p®, v"),

(i, 0") — (1,0), P—a.s in R?,
if n tends to oo. Hence, law(f1,0) = law(p, 1), then i = U, P—a.s. By the same method we

can prove that N“(ds,dﬁ,da) = Jf\\j“(ds,de,da)7 P — a.s. Tt follows that Ty = @57/]\3 —a.s,
by the uniqueness of solution, which is a contradiction (5).

(d)- By using the Cauchy-Schwartz inequality, we get

7 = I (@] < C (B lg(wh) — g(ah )

+CE / / h(s, o™, a)u (da)ds — / / h(s, o™, a)s(da)ds

A 0 A

1
2

0
t
+C/ (E‘h(&x?’u)—h(S,ZC?aU)F) ds
0

The first and the third terms in the right hand side converge to 0 because g and h are
Lipshitz continuous in x, and the fact that

lim F [\x? — xfﬂ =0.

n—oo

Since h is bounded and continuous in a , an application of the dominated convergence
theorem allows us to conclude that the second term in the right hand side tends to O .

3.2. Ezistence of an optimal relaxed control

We show in this section that there exists an optimal solution for the relaxed control problem,
the proof is based on Skorokhod selection theorem and some results of tightness.

Theorem 2. Under the continuity of the coefficients b, o, f, g, and h, the relaxed control
problem admits an optimal relazed control.

Proof. Let (", u™) be a minimizing sequence for the cost function J(u), that is
li ™) = inf
Jim (") Jnf J(w)

where z" is the solution of (3),corresponding to p".

According to Lemmas (2), (3), and (4) the family of processes 5" = (", 2", ]’\77) is tight in
the space (R, D, Dy ), by the Skorokhod selection theorem, there exist a probability space

(ﬁ, j-:, f’) and a sequence @ = (//ﬁ, ﬁ,]f\%) defined on it such that

1. For each n € N, the laws of ™ and @ coincide,
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2. there exists a sub-sequence (ﬁ/”\k) of (,EE) which converges to ,73’\, P — a.s on the space

R x D x Dg, where B = (u, 7, ]V).it holds that z proba 7 then, we have

o) —g(f%)\
/h t, Ty, a)py* (da)d

9(
T

+ F //h (t, zy da dt —
0 A A
T
//h(t,@,a)ﬁfk(da)dt—//h(t,@a)m(da)dt
0 0

A

N
O\'ﬂ

+E

then

+E/‘h t, ™ up® h(t,ft,u?’“)’dt

T T

E // (t, Ty, a)puy (da //htxt, a) iy (da)dt

0 0

The first and second terms in the right-hand side converge to 0, because h and g are bounded
and continuous functions with respect to z. using the convergence of (u;*),, to fi;, and the

dominated convergence theorem to conclude that the last term tends to 0. Hence

inf J(p) = lim J(u") = lim J(p?) = lim J(p™) = J(fi)

HER n— 00 n— 00 n— o0

then [ is an optimal control.

Remark 2. From the previous results, we see that the relaxed model is a true extension
of the strict one, because the infimum of the two cost functions are equal, and the relaxed
model have an optimal solution.

4. Maximum principle for relaxed control problems

Our main goal in this section is to establish optimality necessary conditions for relaxed
control problems, where the system is described by a SDE driven by a relaxed Poisson
measure which is a martingale measure, of the form (3) and the admissible controls are
measure-valued processes which called relaxed controls. The proof is based on the chattering
lemma, and using Ekeland’s variational principle, we derive necessary conditions of near
optimality satisfied by a sequence of strict controls. By using stability properties of the
state equations and adjoint processes, we obtain the maximum principle for our relaxed
problem.

Journal home page: www.jafristat.net, www.projecteuclid.org/as



B. G. Hanane and B. Mezerdi, Afrika Statistika, Vol. 12 (2), 2017, 1287 — 1312. The relaxed
stochastic maximum principle in optimal control of diffusions with controlled jumps. 1297

Throughout this section the following additional assumptions will be required.

(H;) The maps b, o, f and h are continuously differentiable with respect to x, and g is
continuously differentiable in x .

(Hy) o4, fr and g, are bounded and b, h, are bounded uniformly in w.

Under the above hypothesis, (1) has a unique strong solution and the cost functional (2) is
well defined from U into R.

4.1. The maximum principle for strict control

The purpose of this subsection is to derive optimality necessary conditions, satisfied by an
optimal strict control. The proof is based on the strong perturbation of the optimal control
u”, which defined by :

u* otherwise

uh_{y if t € [to;to + A

where 0 < tg < T is fixed, h is sufficiently small, and v is an arbitrary A—valued
Fi,—measurable random such that E |u|2 < o0. Let 2! denotes the trajectory associated
with ", then

ah =27 s t<t
dzl = b(t, 2, v)dt + o(t, z")dB, + /f(t,x,’j,,a, V)N (dt,df) tg <t <to+h

T
dzl = b(t, 2!, u*)dt + o(t, zM)dB; + /f(t,xf_,o,u*)zv(dt, df) to+h<t<T
I
We first have

Lemma 5. Under assumptions (Hy )-(Hz), we have

lim F
h—0

sup ‘x? —
t€[tosT]

2] =0 (6)

Proof. For t € [to;to + h], we get by standard arguments from stochastic calculus

t
’z?fzf|2§M/|fo:c:|2ds (7)
to

¢
—|—M/\1/—u:|2ds
to

+3|My|?
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t

where M, = / [0(5,:1:";) - a(s,x:)] dBg + /t/ [f(s,xg_,9,ug)—f(s,x:,0,u:)} ]\Nf(ds,dﬂ)

to to T

Let us take care to the last term, since o, f, are continuous and /U(d&) < 00
r

t t
\Mt|2gK/|xQfx:|2ds+K/\y7u:|2ds (8)
to tO

Replacing (8) in (7), and take the supremum and the expectation we get

t
E sup |x?—$;‘|21 <C sup /E Ux?—x:ﬂ ds
tE€[tosto+h] s€[to;to+h] i
to+h
+CE / lv —ul|” ds
to
We can deduce by the standard arguments that,
to+h to+h

E/ [’x?—x:Q}dng/E|1/—u:|2ds,

to tO
then,
to+h
h * 2 * 2
E sup oy —af| | <K [ Elv—ull" ds. (9)
te[to;t()+h] ;
0

We next have for t € [t + h; T,

t
|x? —xfﬁ < M|x?0+h —xrﬁh’? + M / |x§ —x:|2ds.

to+h
Hence
T
E h_ g ?| < ME |2" s P4 ME h o d
sup ‘mt — Ty < Tioph — Tro+n| + ’xs —Tg| ds.
te(to+h;T) W
0
We have
T
E h_o*1?ds < KE |ah s
|$8 - $8| $= |xto+h B $t0+h| ’
to+h
then,
E h_ 25 *| < KE|2h ok 10
sup |xt — Iy | = ‘xto+h — Lig+h (10)
t€[to+h;T]

From (9) and (10), letting h tend to 0, we obtain (6).
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Since u* is optimal, then

) < Tty = ) + h )

< | e

Thus a necessary condition for optimality is that

dJ(uh)

>0
dh

h=0

Let us compute this derivative. Note that the following properties holds, because b(¢, z, u),
h(t,z,u) and f(t,z;—,0,u) are sufficiently integrable

t+h
1 2
E/E {|k(s,$s,us) — k(t, z¢, up)| } h—00dt—a.e (11)

t

t+h

%//E {|f(s,z57,9,us) - f(t,xtf,ﬂ,ut)ﬂ v(d6) h— Q0 di —ae (12)
It

where k stands for b or h. Choose t( such that ( 11) and (12) holds, then we have

Corollary 1. Under assumptions (Hy)-(Hs), one has

dJ(uh)
dh

= E[go(27)2r + o] (13)
h=0

where
dsy = hy(t, xy, uy)zdt to <t<T
Sty = h(t07m2‘071/) — h(to,xfo,ufo)

and the process z is the solution of the linear SDE

by (t, x}, uy)zedt + o4 (t, w7 )2¢d By + /fx(t,m:,,e,uf)zﬁ]v(dt, do); to<t<T
dZt =
r

Zty = [b(to,zfo, v)— b(to,zfo,ufo)] .
(14)
From (Hs) the variational equation (14) has a unique solution.

To prove the corollary (1) we need the following estimates.

Lemma 6. Under assumptions (Hi )-(Hs), it holds that

ah — g 2
lim F ¢ LA 1 =0.
h—0
and
T 2
. 1 * h * *
%%E 7 [(h(t, 2}, uy) — (h(t, 25, u;)] —sr| | =0.
to

Journal home page: www.jafristat.net, www.projecteuclid.org/as



B. G. Hanane and B. Mezerdi, Afrika Statistika, Vol. 12 (2), 2017, 1287 — 1312. The relaxed

stochastic maximum principle in optimal control of diffusions with controlled jumps. 1300
Poof. Let .
r) —xf
yt = h — 2t

Then, we have for t € [to.to + h],

dyh = % [b(t, 2} + h(y) + 2),v) — b(t, x}, u)) — hby(t, 5, u}) 2] dt
+ % [o(t, x] + h(y; + 20)) — o(t,2}) — hoy(t,x})2] dBy
+ %/ £t 2+ Byl + 2 ), 0,0)— f (62l 0,05) — hfa(t,al, 6,072 ] N(dt, db)
T
and
yfo =— [b(to,xfo,u) — b(to,xfo,u;‘o)] )

Hence, we have

to+h to+h
1 1
Vhon = 5 [ Dttt + bl 20.0) = beat] de+ [ bt — b, 0] d
to tO
1 to+h 1 to+h
+ 7 / [b(t, 2} ,v) — blto, z},,v)] dt + & / [b(to, =7, uzp,) — b(t, xf,up)] dt
to tO
1 to+h
+ 5 | loltal + by +2) —olt.2})] dB;
to
1 to+h
+ 5 Fltxie + h(yl + 2-),0,v)— f(t, 2}, 0,v)] N(dt, db)
h
to I
1 to+h
+ 7 /[f(tﬂct,,ﬂ,V)—f(t,mto,,&y)} N(dt,df)
to I
1 to+h
t 3 [ [l sm-sia.00)] Nar.ao)
t() I
1 to+h
b [ [ [t 0= sg.a;, 0.00,)] Nt o
to I
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to+h

+ % / /[f(to,:EZ‘E,Q,UZ‘O)ff(t,xf_,Q,uf)} N (dt, d6)
r

to+h to+h to+h
- /bx(t,xf,u;")ztdt— / oot 20)20dBy — / /fx(t,zz,,e,uf)ztﬁ(dt,dﬁ).
to to to T
Then
2 2 * * 2
E|y€‘0+h| < C[E sup |x?—xt‘ + sup E|b(t,xt0,l/)—b(to,mto,y)| dt
to<t<to+h to<t<toth
to+h
1
+7E/ lb(to, 2} up) — bt} ul) | dt + E - sup |2 —af, |’
h to<t<to+h
t0+h to+h

+E//’u ut| v(db) dt—l—E/ 2| dt (15)
sup /’f t,:ct_,ﬁ v f(to,:ct_,ﬁ 1/)’ v(df)

fo<t<f0 +h
to+h

1 * * * * 2
+EE//‘f(toaxtav97ut0)_f(taxt*?evut)
to T

v(d6)dt.

By Lemma (5), and the properties (11) and (12), it is easy to see that F ‘yﬁ)+h‘2 tends to 0
as h — 0.

For t € [to + h; T], we denote z" = 2F + Ah(y! + z), then y]' satisfies the following SDE

1 1
gl = 3 (b5 + Ryl + =20, u) = 0, )] die 4 ot 4+ Ryl + 22)) — o0, )] dB,
1 " ~
+ E/ [f(t,xzf + h(yfi + ztf),9,ut)—f(t,x;‘,,G,uf)} N(dt, df)
r
— by (t, xf, uy ) zedt — 0, (t, 7 ) 2:d By
—/fm(t,x:,,e,u:)ztﬁ(dt,dﬁ)
then

t

1 t o1
f:yi‘o_i_h—q— //bx(s,x’;’ yld\ds + //O’x Yyt d\d By
to+h O to+h O
1
o/

0 to

Fols, 2,0, u)yldAN (ds, dO) + p"

—-
S—
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where

t 1
= //bw(s, VzsdAds + //aI M) z,d\d By

to+h 0 to+h 0
t 1
+ / //fx(s,:cﬁv&e,u:)zsdw(ds,de)
t0+h0 r
t
/b S, xa,ut)zsds — /og;(s,a: )zsdBs — //fi S, T, 0,u%)zs (ds de).
to+h to+h to+h T

Hence

2 t

1 1
E‘yf‘ <E‘yt0+h| —I—KE/ / (s, 2" uMyyhax ds—l—KE/ /UIS.Ih)\ hax| ds
0 0

tot+h tot+h
2

+KE/// A0 ulyyhd U(de)ds+KE\p,’;|2
to+h T’

Since b,, 0., and f, are bounded, then
t

Bl < Byl + CE [ 1ob[* ds + KE|ol
0
We conclude by the continuity of b,, o, and f,, and the dominated convergence that
’lliir%) pl = 0. Hence by the Gronwall lemma, and (15) we get
lim sup F ’yf|2 =0.
h=0¢,+h<t<T

The second estimate is proved in a similar way. B

We use the same notations as in the proof of Lemma (6), to prove corollary 1.

Proof (proof of corollary 1). We have by the definition of J that

T
% [J(uh) - J(U*)] = % E [g(.’L‘gﬂ) - g(x;)] +/ [h(t’xﬁvu?) - h(tamjvu:)] dt
to
Then
1 T
P = 10] = B | [ouleh (T an+ %/ o} uf) = bt )] dt

From Lemma (6), we obtain (13) by letting A tend to 0.
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Let us introduce the adjoint process. We proceed as in Bensoussan (1983) and Oksendal
and Sulem (2005). Let ¢(t, 7) be the solution of the linear equation

d@(t? T) = bﬂc(t7 l':, U’:)@(t T) + O'x(ta x:)@(ta T)dBt

+/fx(t, 2t 0,u})p(t™, T)N(dt,do) 0<7<t<T

r
o(r,7) = La

This equation is linear with bounded coefficients. Hence it admits a unique strong solution.
Moreover, the process ¢ is invertible, with an inverse ¢ satisfying suitable integrability
conditions.

From Ito’s formula, we can easily check that d(¢(t, 7)1 (t, 7)) = 0, and o(7, 7)(7,7) = 14,
where v is the solution of the following equation

o (t, x))Y(t, oL (t, xy) — be (¢, xf, ul)Y(t, 7)
dy(t, ) = —/fx(t,xj;_,G,u’{)d}(fﬂ')v(dﬁ) dt

r <r<t<
o (t, @) (t, 7)dB, OsrstsT

_¢(t_,7)/(fw(t,xz,7¢97u:) + L)L (b 2l 0,0l )N (dt, dB)
T

1/1(7'7 T) =1y
If 7 = 0 we simply write p(t,0) = ¢, and ¥(t,0) = ;.

By the uniqueness property, it is easy to check that

2t = (p(t, tO) [b<t07 x;tkov V) - b(t07 x;tkov u;&ko)} .
Then, (13) will become

T
dJ(uh) . /hw(t,x:, u;)p(t, to) [b(to,x;ko, v)— b(to,xfo,ufo)] dt 1)
dh |—o | . . S
h=0 +gz(xT)SD(T7 t()) I:b(to’l.t()’ V) - b(t07l’t07ut0)}

=+ [h(t07 x:fkm V) - h(to, xrov UZ,)]
Now, if we define the adjoint process by

Pt = yﬂ/’?

where

T
v = B | gala)oh + / ha(s, 2t ul)gdt /i
t

t
—EX/F]- / ha(s, % u?) ot dt
0
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with

T

X = gp—i—/hmsxugosdt.

0

It follows that
dJ(uh) * * * * * *
|, =F [pt [b(to,xto, v)— b(to,xto,uto)] + [h(to,xto,u) — h(to,xto,utg)ﬂ .

Define the Hamiltonian H from [0;7] x R” x A x R™ into R by

H(ta$7uap) = h(t7xtaut)+pb(t7xtaut)' (17)
We get from optimality of «* that

E [H(to, x4y, v,p1,) — H(to, Tie, vy, )] = 0.dto — ae.

By the Ito representation theorem Ikeda and Watanabe (2014), there exists two processes
Q € M? and R € L? satisfying

EX/F]= /QsdB +// N(ds, d#).
ytE[X]O/h(sx Jut gagder/QdB // N (ds, db)

q = Qebr — prog(t, xy)
re(0) = Re(0) s (fult, i, 0,uf) + La) ™" + pe [(falt, 2}, 0,07) + 1a) — I4]

The above discussion will allow us to introduce the next theorem which is the main result
of this subsection.

Hence,

Let

Theorem 3 (maximum principle for strict control). Let u* be the optimal strict con-
trol minimizing the cost J (.) over U, and denote by x* the corresponding optimal trajectory.
Then there exists a unique triple of square integrable adapted processes (p™,q",r™) which is
the unique solution of the linear backward SDE
ha(t, 3, uy) + pebas () up) + grox(t, x7)

dpe = — +/rt(9)f(t7xf,,9,uf)v(d&). dt

8 - (18)

+q;dB; + / r(0)N (dt, db)

pr = ga(27)
such that for all v € U the following inequality holds

E[H(t,z;,v,pe) — H(t,z{,u;,p)] > 0.dt — a.e.,
where the Hamiltonian H is defined by (17).
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4.2. The mazimum principle for near optimal controls

In this subsection, we establish necessary conditions of near optimality satisfied by a sequence
of nearly optimal strict controls. This result is based on Ekeland’s variational principle, which
is given by the following Lemma

Lemma 7 (Ekeland’s variational principle). Let (E,d) be a complete metric space and
[ E — R be lower semi-continuous and bounded from below. Given € > 0, suppose u® € E
satisfies f(u®) <inf(f) +e. Then for any A > 0, there exists v € E such that

= f(v) < f(u®)
— du®,v) <A
— f(v) < flw)+ %d(w,v) for all w # v.

To apply Ekeland’s variational principle, we have to endow the set U of strict controls with
an appropriate metric. For any v and v € U, we set

d(u,v) = P@dt{(w,t) € 2 x [0;T];u(t,w) # v(t,w)}
where P ® dt is the product measure of P with the Lebesgue measure dt.

Remark 3. It is easy to see that (U, d) is a complete metric space, and it well known that
the cost functional J is continuous from U into R. For more detail see Mezerdi (1988).

Now, let u* € R be an optimal relaxed control and denote by 2 the trajectory of the
system controlled by p*. From Lemma (1), there exists a sequence (u") of strict controls
such that

pi (da)dt = 6yp (da)dt — pf(da)dt — weakly

w2
|-

where 2" is the solution of (3) corresponding to u".
According to the optimality of p* and lemm(7), there exists a sequence (&) of positive
numbers with lim e, = 0 such that
n—oo

and

lim E{x?—x’;

n—00

TGy = J(") < T(i') + e = inf T(w) + 2,

a suitable version of Lemma (7) implies that, given any &, > 0, there exists u™ € U such
that
J") < J(u) + epd(u™,u), Vu € U (19)

Let us define the perturbation

n

’U,n’h o 14 if te [t(); to + h]
Tl u otherwise

From (19) we have
0 < J(u™h) — J(™) + end(u™", u™)
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Using the definition of d it holds that
0 < J™") = Ju") +e,Ch (20)

where C' is a positive constant. Now, we can introduce the next theorem which is the main
result of this section.

Theorem 4. For each €, > 0, there exists (u™) € U such that there exists a unique triple
of square integrable adapted processes (p™, q",r™) which is the solution of the backward SDE

hz(ta IE?, u?) + p?bm(tv I?, u?) + Q?Um(ﬂ I?)
dpy = — + / I O) f(t, 0, ul)v(dh). dt
r N (21)
+qPdB, + / 7 (0)N (dt, do)
N
pTJL“ = gz(xg“)

such that for allv € U
E[H(t,x},v,py) — H(t,zy,uy,py)] + Cep > 0.dt — ace. (22)
where C is a positive constant.

Proof. From the inequality (20), we use the same method as in the previous subsection, we
obtain (22).

4.3. The relaxed stochastic mazimum principle

Now, we can introduce the next theorem, which is the main result of this section

Theorem 5 (The relaxed stochastic maximum principle). Let p* be an optimal re-

lazed control minimizing the functional J over R, and let z¥ “be the corresponding opti-
mal trajectory. Then there exists a unique triple of square integrable and adapted processes
(p* ,q*" ,r* ) which is the solution of the backward SDE

/ halt 2t a)uf (da) + / P b, 2t )yt (da) + ¢l ou(t, 2

dpl = — dt

A
+ [ [0 F(t 2,0, a)ut © v(da, db).

¢ dB, + /rf* (O)N"" (dt,db, da)
T

P = gu(2)

such that for allv € U

b H(t,xé‘*,Vt,p?*,q“*,rf*())_/H(tﬁf?*,a,pé‘*,qm,rf*(~))M?(da) >0dt —ae (24)
r
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The proof of this theorem is based on the following Lemma.

Lemma 8. Let (p ",q ™,r ") and (p mog My “*), be the solutions of (21) and (23), re-
spectively. Then we have
T
E/ q"
t

To prove the Lemma (8), we need to state and prove the stability theorem of BSDEs with
jumps. Note that this theorem is proved by Hu and Peng (1997) in the case without jump.

”* v(df)ds| = 0.

limp oo

—q" ‘ ds+ FE

4.3.1. Stability theorem for BSDE’s with jump

Let us denote by M?(0,T;R™) the subset of L*(Q x [0;T],dP x dt;R™) consisting of
Fi—progressively measurable processes. consider the following BSDE’s with jump depending
on a parameter n.

Pl =ph+ /F"sps,qS7 S)ds—/q”dB // O)N"™(ds,df) te[0;T].

Using the linearity of the last adjoint equation, it is not difficult to check that:

1. For any n, (p,q,7) € R™ x R™? x R, F"(.,p,q,r) € M?0,T;R™) and p} €
L2(Q7]:t7pa Rm)a
2. There exists a constant Cy > 0 such that

|Fn($,p1,Q177“1) - Fn(37p27Q2,7“2)|

< Cy |p1—p2\+|q2—q2|+/|r1—r2|v(d0) P.a.s a.e t€[0;T],

3. E (Ip’% —p*le) n—=x 0,
4.Vt € [0;T7],

T 2

lim E /(F”<s,p:,q:,r:>—F*(s,p:,qz,r:»ds ~0

n— 00
t

Theorem 6 (Stability theorem for BSDE’s with jumps). Let (p ",q¢",r") and
(p*,q *,r ™), be the solutions of (21) and (23), respectively. Then we have

T T
ILm E |p"—p*\2—|—/|q”—q*|2ds+// P — r* P u(df)ds | = 0.
i t T
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—

Proof. We proceed as in Hu and Peng (1997). Let pr=p = =" ¢, T =r"—r
and pf. = p7 — pp, then
T T T
P+ [@ant [ [N =5+ [P siparr) - P st ds
t t T t
T
[ 1B (spiatrd) = F (st ds

t

Taking the square and the expectation, we get

T T
+/|§§|2ds+// 77| v(d6)ds
t T

< 2E|a}?
T 2

2B / F" (5,0, 1) — F™ (s, q2 72 ds
t

< 2E|a?|2+2(T*t)E/IF”(S,p?,QQ,T?) — F"(s,p%,q3,r3) [ ds
with
T
/Fnsps7qs7 s)_F*(S7p:?q:’T:)]d8

Because of the assumption 2

—2
Y

T T
T —t)CoE /|§§|2ds+//|?§|2v(d0)ds
t t I

E

n
yz

T T
2 — —~
+E/|qg|2ds+E//|rg|2v(d9)ds§2E|a?|2+2(T—t)OOE
t t T

1
Forte [T —&;T] with e = —-

4Cy
T T
— 2 — 2
+/|qg| ds+//]rg| v(df)ds
t t T

T

§2E|a?|2+%E/ |pS —|—|qS /‘r"| v(dl) | ds.
t
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Hence

E

-
Vz

2 1 r 1 i
—~2 — 2
+§E/|qs} ds+§E//|rS’ v(df)ds
i t T
T

< 2E|a}]* + %/E |1/7§’2 ds.
t

Then we have

T
2 2 1 -
E|pi| < §E|af|2 + E/E |p§}2ds (25)
t
T 4 1 T
E/ |§§|2 ds < gE la | + g/E |§§}2 ds (26)
t t
T 4 1 T
E// 721 v(de)ds < S} ? + §/E 72 ds (27)
t T t

Now, for apply the Gronwall lemma we need to prove that nh_}rr;@ E |oz?|2 =0, we have
T
Ela}|® < 2B [p} — pyp|” + 2T - t>coE/ [F™ (5,05, 03 73) = F* (5,03 43 79)|” ds.
t
By the assumptions 3 and 4, we deduce that nh_{rgo Elal =0.

By the Gronwall lemma, we can deduce that lim E 1/)?
n—oo

T
2 —
=0, hence lim E/ |q§|2ds =0
n—oo
t

n—00

T
and lim E// |@|2U(d9)ds = 0.
t T

We can use the same argument to prove that the above convergence holds on [T' — 2§; T — 6],
[T — 36;T — 24] ....This complete the proof.

To prove the Lemma (8), it is sufficient to show that the coeffiecients of our BSDE verify
the assumptions of stability theorem (6) :

Proof (Proof of Lemma 8). By the continuity of the derivatives of the coefficients, and the
2

fact that lim E |z} — x%‘ = 0, we can deduce that
n— oo
T 2
lim E /(F"(s,pg*,qg‘*,ré‘*)—F“*(s,p: g T )) ds| | =0
n—oo

t
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and
. n ILL* 2
Jim B p7 —pr ’ =0,

and, by the boundedness of b,,0,, and f, we can easily check that there exists a constant
Cy > 0 such that

Fn(s,p?,q?,’f'g)—Fn(S,p: ,q: ’T: ) .

n
ds — 4s

+

+

ut
p? — Ds

<Cy

T—

Pa.s ae tel0;17,
where

F'(s,X,Y,Z) = hy + Xby + Yoo + /va(d@)
I

and

F' (s,X,Y,Z) = / he(a)pf (da) + / Xby(a)u}(da) + Yo, + / Zf(0,a)u; @ v(da,dd).
A A T

This complete the proof.

Proof (Proof of Theorem 5). The result is proved by passing to the limit in inequality (22),
and using Lemma (8), we get easily the inequality (24)
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5. Appendix

Lemma 9 (Skorokhod selection theorem ). Ikeda and Watanabe (2014) Let (E,p) be
a complete separable metric space, and let P and P, n =1,2.... be probability measures on
(E,B(E)), such that (P,) converges weakly to to P. Then, on a probability space (Q, F, P),
there exist E-valued random variables ", n =1,2...., and x such that

- P= P”Ea
— n — mn,n:l,2....,
— " —,. sz, P—a.s.

Lemma 10 (Aldous criterion of tightness). Aldous, (1989) Let (x™) be a sequence
of cadlag processes, suppose that for each n, x" is defined on a filtred probability space
Q" F" (F)i, P"), and the two following conditions holds

— («}) is tight on R, V¢t
— Ve > 0,Vn > 0, there exist § > 0 and ng € N, such that Vn > nyg, for all stopping time
S, T, such that S < T < S+ 6, we have

lim limsup sup P(sup|Yd —Yy|>n)=0.
60 n S<T<S+5  t<n

Then, (z") is tight on D(R).
Proposition 1. (Jacod and Shiryaev (1987)) Let x be a cadlag square integrable martingale
and let < x > its predictable ” crochet ”. If S < T two finite stopping times, then
€

P( sup |25 —zp|>n) < 5+ P(<a” > — <a" >s>k)
te[S;T) n
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