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GENERALIZATION OF SOME RESULTS ON pa-DUALS

IVANA DJOLOVIC!'* AND EBERHARD MALKOWSKY?

Communicated by D. Werner

ABSTRACT. We will find the pa—dual for X7, where X is one of the spaces c,
co, oo and T is a triangle matrix. This will be achieved in two ways: firstly,
under some conditions for the inverse matrix S of T' and secondly, for arbitrary
triangles 7.

1. I\IOTATION7 MOTIVATION AND KNOWN RESULTS

Before we explain the motivation for the paper, we give the notations which
will be used in the paper.

As usual, let w, £, ¢ and ¢y denote the sets of all complex, bounded, convergent
and null sequences. We also write £, = {z € w | > 7 |zx|? < c0}.

Let X and Y be subsets of w and z € w. Then we use the notation 27! Y =
{rx €w|xz = (2p2)72, € Y} and write M(X,Y) = Nyexz™ * Y for multiplier
space of X and Y.

The definition of the pa-dual for 1 < p < oo of a sequence space X was given
in [2] as

XP* = M(X,0,) = {a=(a) | Z |ayzy|” < oo, for each z in X}.
k
It can be shown (see [2]), that ¢f* = P* = £ = {, for 1 < p < 0.
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As mentioned, the idea for this paper arises from the results obtained in [3].
In [3, 2], the authors deal with difference sequence spaces and find their pa-
duals. Also, in [1], the authors consider some classical sequence spaces and their
generalized Kéthe-Toeplitz duals. All these results inspired us to generalize the
existing results and determine the pa-duals for the matrix domains of triangles
T in the classical sequence spaces ¢y, ¢ and /. This will be achieved under
some conditions on the matrix 7', but we will also establish some results without
restrictions on T'. This generalizes the results in [3, 2, 1].

Let us recall that if we denote by A = (ank);%—o an infinite matrix with complex
entries and by A, its n-th row, we write A,z =Y 7~ anpxi and Az = (A,2)5%,
(provided all the series converge); the set X4 = {a € w | A(z) € X} is called the
matrix domain of A in X. Furthermore, a matrix T' = (t,1);,—, is said to be a
triangle if ¢, = 0 for all k£ > n and ¢,, # 0 (n = 0,1...). Throughout, we will
write T for a triangle and S for its inverse.

Hence, our task is to find M(Xr,¢,) for 1 < p < oo, that is, the pa-dual for
X7 where T is an arbitrary triangle and X € {¢, ¢y, ls}. This generalizes the
results in [3, 2, 1].

2. MAIN RESULTS

We start this section with a theorem whose results are based on the assumption,
that the terms of each of the rows of the inverse S of the triangle T" have the
same sign. This is the case for the matrix of the m—th difference. Furthermore,
we will establish a more general result without that restriction on 7.

Theorem 2.1. Let 1 < p < oo, T be triangle such that its inverse S has the
property that the entries in each row of S have constant sign, and S* denote the
transpose of S. Then we have

((co))™ = (er)* = ((loo) )" = B = (£p) 0

that is,
P

B = {aEw: ap Y  Skj <oo}. (2.1)

o0

k
k=0 §=0

Proof. Let e (k = 0,1,...) be the constant sign of all non-zero term in the
k'™ row of S, that is, sp; = e™*|s;| (0 < j < k;k=0,1,...). We know by [5,
Theorem 4.3.12, 4.3.14] that ¢y C ¢ C £y implies

(co)r Cer C (o),
and also by [I, Lemma 1(ii)] that

((be) )™ C (er)™ C ((co)r)™ - (2.2)

First we show
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k

Z SkjYj

Let a € B and x € ({o)r, hence y = Tx € {, and so x = Sy. We obtain
7=0

p oo k
Z|akl‘k|p Zlak Sky|P—Z < <|ak|' N Jsglys
k=0 =0
p
(‘ak’| sup ;] Z ‘3k3’>
k=

k=0
0
that is, a € ((loo)r)"". Thus we have shown (2.3).
Now we show

>p

o0

((co)T)?™ C B. (2.4)

We assume a ¢ B. Then there is a sequence (k(r))22, of integers with 0 = £(0) <
k(1) < k(2) < --- such that

k(r+1)—1

Z ‘ak|p‘<2|8ka|> (r+1? (r=0,1,...).

k=k(r)

We define sequence z = (z4)72, and y = (y,)52, by

1 k-l 1
:ZH—l Z Skj—FmZ Skj for (k’(’l“) < kﬁk(r+1)—17r:O,1,)
=0 Jj=k(£) j=k(r)

and

1
Yn = 1fork(r)gkgk(r—i—l)—l;r:(),l,....

r—+
Then we have y = Tx. To see this let k& € INy be given. Then there exists a
unique r € INg such that k(r) < k < k(r + 1) — 1 and then

r—1 k(l+1)—

S= s =3 Z ot + 3 st
j=0 =0 j=k(0) j=k(r)
=1y k(e4+1)—1 )

S Y wt e Y e
=0 j=k(0) j=k(r)

that is, z = Sy, and so y = T'z.
Since 0bV1ously Y € ¢, it follows that = € (¢o)7. Furthermore,

k(r+1)—1 k(r+1)—1 k . P
> lanl = 3 ('ak'-zsmm)
k=k(r) k=k(r) j=0
1 p k(r+1)—1 k P
(7)) X (remk\-Z\sm)
k=k(r) =0

1 p k(r+1)—1 k p
() (S ) v

k=k(r) J=0
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implies
o0 k?(”"-i—l
Z ol =2 2 o > Z -
r=0 k=k(r
Thus we have shown (2.4).
Now the statement of the theorem follows from (2.2), (2.3) and (2.4). O

Now, using the theory of matrix transformations between classical sequence
spaces [1, 5], we give a general result without conditions on 7" and S. We use
standard arguments for the triangle 7.

Theorem 2.2. Let 1 < p < oo, X € {¢,co,l}, T be an arbitrary triangle and
S be its inverse. Then we have

a = (ar) € X5 if and only if  sup Z ‘ Zansnk

KCINo p=0 k=0
K finite

" < . (2.5)

Proof. Since z € X if and only if Tz € X we have z = Sx for some v € X. If
we denote by B@ = (b(“))n k—o triangle matrix with entries b\ nh = QnSpk, We get
(pZp = ApSpx = Z Skl = Bq(la)x for all n.

k=0
Hence
€ (X7,Y) e BY e (X,Y),
that is, in our case
a € X2 o BW e (X,4,).

Specially for X € {c, o, l~}, applying [5, Examples 8.4.3B, 8.4.9A and 8.4.8A]
we have

BY e (X,4,) < sup i ‘ iansnk ’

KCNo p—0 k=0
K finite

Now, it is clear that (2.5) holds. O

3. APPLICATIONS

Here, we will cover existing results from [3]. Actually, we will apply our gener-
alized results to some special cases and obtain results from [3] which have been
treated separately.

There are a great number of papers on spaces of m—th order difference se-
quences. If we use notation from the beginning, the inverse matrix S of the
matrix of the m—th difference is with non-negative entries, so results from [3]
can be covered just applying our Theorem 2.1. Of course, the same can be done
and by Theorem 2.2. but this is not necessary.

Let us start with results from [3, Theorem 2.6]. The set E(k™) is defined by:

EE"™) =A{z = (z) | (k") € E},
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where E is one of the classical spaces [, ¢, ¢o. It has been claimed that (E(k™))P* =
U®) where

P
< 00}.

U —{a = (@) |

If we go back to our generalized results, first, it can be seen that the set E(k™)
is actually matrix domain of triangle 7', given by:

e =w
tnk—{o (k£ n) (n=0,1,...)

in classical sequence space E € {l, ¢, co}. It is obvious that the inverse S of T
is also triangle defined by:

Snk—{k_m (k=mn) (n=0,1,...).

Qg
km

0 (k # n)
Hence, Z?:o skj = Sk = k~™ and this implies the following:
(E(E™)" = (Er)™;
k
(Bp)® = B= {a = (@) | Y - (X sa)” < oo}
k =

J

0
= {a=(a) D lal s < oo}
k

" <oo} =y,

B= {a = (ax) | Y lal - k7P < oo} = {a = (ax) | i ]Z—,’Z
& k=1

Further, we will consider the sequence space based on difference sequence
spaces, defined in [3]:

ATD(E) = {z = (w) | (K"AYz), € E}

where E € {ly,c,co}, v = (vg) is any fixed sequence of non-zero complex num-
bers, m € IN, » € IR and

(krAg}m)l‘k>k =k"- i(—l)m ( TZTL ) Ve—iLl—i-
1=0

In the mentioned paper in Theorem 2.5 authors have claimed that
pa

(a(e))” = (al@)" = (ale))” = o,
where

Ur = {a=(ax) | Y K" o agl” < oo
k=1
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It is clear that the space A{Y (E) is matrix domain of certain triangle 7" in the
space I and its inverse is matrix S with entries defined in the following way:

1 fm+k—7—-1
Sgpj = .
M kg k—j
Here we will give general result for pa— dual of sequence space which can be
represented as matrix domain of arbitrary triangle in one of the classical sequence

spaces ¢, ¢, s and after that we will apply our results to the spaces considered
in [3, Theorem 2.5].

From the definition of the space AY?(E), we can conclude that AYY(E) =
v % Xp, where T = TYA™ | Ty is diagonal matrix with 5, = k" and A g
matrix of m — th order difference operator.

Hence, we will give general result for pa— dual of the space v=! x Xp for
arbitrary triangle 7" (with inverse S")and X € {l.,c,¢o} and after that apply
that to the special case considered in [3, Theorem 2.5]. In that way we will cover
and generalize all existing results.

As we know, v~ x« X = {z | vz € X} and by the definition of pa— dual of the
space, we have that

(v X)P* = {a = (ay) | Z |agzy|P < oo, for each z € v % X }.
k

It can be shown easily that (v™!* X )P = v % XP*. Actually, if a € (v™!* X)P*
and z € v ! * X, we have

Z lapzi|? = Z lagv; P - Jogag|P < oo
k i

This implies that av=! € XP, that is a € v+ XP*. On the other side, if a € v+ XP®
and z € v~ * X, similarly we can conclude that that a € (v=1 * X)P2.

Following all noticed, we have that (v™! % X7 )P* = v % (X7 )P* = v * B, where
the set B is given by (2.1).

Let us consider the space Aq()"ﬁ)(E) and its pa— dual. We have:

(alm(en))™ = (alm©@)" = (A1) =0 B,

that is
k
(A02(E)" = v e {a= (@) | Y lanf - (3 sh) < o0} =
k J=0
k
= {a= @)1 Zlai P (3 s,)" < o0}
k j=0
Since

ol /m+k—j—1
Sk]:? k—j )
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we obtain:
k k k
1 /m+k—7—1 m+k—]—1
= (g (" T e (M T
=0 =k J =0

Further, as we know that ijo (m+j_1) = (m:k) [1, (3.11)], we have:

k P
(ZS;cj)p =k (m;—k) )
j=0

Also, we apply result [1, (3.12)] that there are positive constants M; and M, such
that M k™ < (™) < Mok™, for all k = 0,1,2- - - Applying that we obtain that

o p
<A1()T,,;)(E)>p = {a = (Clk) | zk: |ak?)k_1|p kTP (ml—: k) < OO} =
= {a = (ay) | Z |akv,;1|p kTP L P oo} =
k
= {@ = (ax) | Z |agoy P - kP < oo} =U;.
k

We have covered results from [3, Theorem 2.5].
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