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ABSTRACT. We give a new characterization for the boundedness of composi-
tion operator followed by differentiation operator acting on Bloch-type spaces
and calculate its essential norm in terms of the n-th power of the induced an-
alytic self-map on the unit disk. From which some sufficient and necessary
conditions of compactness of the operator follow immediately.

1. INTRODUCTION AND PRELIMINARIES

The essential norm of a continuous linear operator T is the distance from the
operator T' to compact operators, that is | T||. = inf{||7" — K| : K is compact}.
Notice that ||T||c = 0 if and only if 7" is compact, so estimate on ||T||. will lead
to condition for the operator T to be compact.

Let H(D) be the space of all holomorphic functions on D and S(ID) the collection
of all holomorphic self-maps on D, where D is the unit disk in the complex plane
C.

For 0 < av < 00, a holomorphic function f is said to be in the Bloch-type space
B*, or a—Bloch space, if

[ Flle = 325(1 — 2| f(2)] < oo.
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As we all know, the space B“ is a Banach space under the norm
1fll5> = |£(0)] +Slelg(1 — )1 ()],

It is known that when a = 1, B* = B, the classical Bloch space; when 0 <
a < 1, B* = Lip;_,, the analytic Lipschitz space which consists of all f € H(DD)
satisfying

[f(2) = f(w)] < Clz —w['™,

for some constant C' > 0 and all z, w € D; when o > 1, B* = H2° |, the weighted

Banach space of analytic functions that contains all f € H(D) satisfying
sup(L — [2[*)* 7| f(2)] < oo
zeD

We refer the readers to the book [21] by K.H. Zhu.

For ¢ € S(D) and u € H(D), we define a weighted composition operator uC,

by
uCy(f) =u-(fop)

for f € H(D). As for u = 1, the weighted composition operator is the usual
composition operator, denote by C,. When ¢ is the identity mapping I, the
operator uCf is also called multiplication operator. The recent papers or books [I,

Ay 5,9, 12,17, 18,19, 20] and the related references therein are good sources for
information on much of the developments in the theory of composition operators
or weighted composition operators. There are still many unsolved problems, some
old and some new, that are the interests of numerous mathematicians studying
these operators.

Recently interest has arisen to characterize boundedness and compactness of
composition operators C,, on Bloch-type spaces in terms of the n-th power of the
analytic self-map ¢ of the open unit disk D. More clearly, Wulan, Zheng and Zhu
[15] obtained a new result about the compactness of the composition operator on
the Bloch space in the unit disk.

Theorem A. Let ¢ € S(D). Then C,, is compact on the Bloch space B if and
only if

Jim [[¢"|s = 0,

where "™ means the n-th power of .

Following their approach, Zhao [16] obtained a beautiful essential norm formula
for the composition operator between Bloch-type spaces in in terms of ¢", which
is stated as follows:

Theorem B. Let 0 < o, f < 0o and ¢ € S(D). Then the essential norm of the
composition operator C,, : B* — B is

e (e
Colle = (—) lim sup n® ||| 5.
IClle = () timsup ™"
In [7] Hyvérinen et al. generalized Zhao’s work to composition operators on
Bloch-type spaces with general radial weights which is non-increasing and tends
to zero toward the boundary of . However, Hyvarinen et al. do not consider
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1—[2[
Bloch space. Composition operators from logarithmic-Bloch spaces to weighted
Bloch spaces was studied by Castillo et al. in [2?](see also [I1]). The essential
norm formula for composition operator between Bloch-type spaces when o # 1,
was quickly generalized to weighted composition operator by Manhas and Zhao
in [10]; however, they were not able to estimate the essential norm of weighted
composition operators on the Bloch space B. Very recently, in [0], Hyvarinen and
Lindstrom solved the open problem. Moreover, they presented a direct method
to calculate the essential norm of weighted composition operators acting on all
Bloch-type spaces B in terms of u and ¢".
The differentiation operator D is defined as

weights like 1,¢(2) = (1—]2[?) log <L> which is used to define the logarithmic-

Df=f', fe HD).

It is nature to consider the composition operator followed by differentiation op-
erator DC,, defined as follows,

DC,f(2) = f'(p(2))¢'(2), f € H(D).

As we all know, the composition operator is a typical bounded operator on
the classical Bloch space B, while the differentiation operators are typically un-
bounded on many Banach spaces of holomorphic functions. Thus it is also inter-
esting to give a characterization for the boundedness and essential norm of the
composition followed by differentiation operator. There has been some work on
composition and differentiation operators between holomorphic spaces, for exam-
ple, [8, 13]. Recently, Wu and Wulan [11] gave a condition for the compactness
of the product of differentiation and composition operator acting on the classical
Bloch space B as follows.

Theorem C. Let ¢ € S(D). Then DC,, is compact on B if and only if DC,, is
bounded on B and

Jim [ D"l = 0.

Building on the above papers, we will give a new estimates for the essential
norm of DC, : B* — B” on the unit disk. The paper is organized as follows.
In section 2, we obtain a new characterization of the boundedness of the com-
position followed by differentiation DC,, : B* — B in terms of ¢". In section
3, we calculate the essential norm of DC, : B* — BP for all a, 3 < oo, and as
corollaries, we characterize compactness of such operators. Some properties are
not easily managed, we need some new methods and calculating technics.

Throughout this paper, C' will denote a positive constant, the exact value of
which will vary from one appearance to the next. The notations A < B, A =<
B, A > B mean that there maybe different positive constants C' such that
B/C<A<(CB, A<CB, CB<A.
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2. THE BOUNDEDNESS OF DC,, : B* — B?

In this paper, we will borrow two integral operators which are mentioned in
[10]. Let u € H(D), then for every f € H(DD), define

1f(z) = /0 FOuQ)de,  Tuf(z) = /0 T OO,

But in the following, we will use the two notations

I (¢")(2) = / YOO T ) = / TR ().

By an easy calculation, it follows that

(L)) = ne(a) (2 ())? (2.1)

and

(70" )(=)) = (2" 162, (22)

In this section, we will give a new characterization for the bounded composition
followed by differentiation DC,, from B to B°. We first list the following Lemma.

Lemma 2.1. Let a > 0,n € N and 0 < x < 1. Let
H, () = 2" 1 (1 — 2%)°,
Then H, . has the following properties:
(1)
1, n=1;
5 ) = )= | () ()™ o1

n—142a n—142«a

Where

0, n=1,
= 12 2.3
(o R 23)

n—14+2a

(2) Forn > 1, H,, is increasing on [0,7,] and decreasing on [ry, 1].
(3) Forn > 1, H,, is decreasing on [ry,,rn41], and so

20\« n (n—1)/2
I Hna :Hna n :< ) ( ) . 2.4
seny e = Hnalree) = (55550) (g (2.4
Consequently,
2 «
lim n® min H,,(z) = (_04) . (2.5)
n—00 TE[Tn,rnt1] e

The proof for the above lemma uses the important limit lim (1 — %)"’” = % and

r—00

some easy computations. We omit the details here.
The next lemma is a well-known characterization for the Bloch-type space on
the unit disk.



122 Y.-X. LIANG AND Z.-H. ZHOU
Lemma 2.2. For f € H(D),m € N and a > 0. Then

J(2) € B* & [|fllo = sup(1 - [2[2)2 7 f ()] < oo
ze

Hence, when f € B, we have that

[ £lle = sup(1 - |2 ()] < oo, (2.6)

where f(™ denotes the m—th order derivative of f € H(D). In this paper, we
only use m = 2, that is,

[flla = Su]g(l — [T (2)] < oo
zE

In [8], the authors have characterized the boundedness and compactness of

operator DC,, between Bloch-type spaces, by proving the following results:
Theorem D. Let «, 5 > 0 and ¢ € S(D). Then the following statements hold:
(a) DC, : B* — BP is bounded if and only if

@/ (2) (1 — |2[2)7 0" (2)](1 — |2]2)?
M, = su < oo and M, :=su
VTR (= ez ) 2 T U= o))

(b) DC, : B* — B is compact if and only if DC, : B* — B is bounded,

< 00. (2.7)

PP = 2P " ()l = 1277
i =0 and lim =0.
)= (1= [p(2)?)r! p@I=1 (1= [e(z)?)”

The following main result of this section gives a new characterization for the
boundedness of DC,, : B* — B°.

(2.8)

Theorem 2.3. Let 0 < a,3 < oo and p € S(D). Then DC, : B> — BP is
bounded if and only if

iggnaHf@/(sD”)Hﬁ <00 (2.9)
and
sup (") s < oo (2.10)
Proof. Necessity.

Suppose that DC, : B — B’ is bounded. By the boundedness and (a) of
Theorem D, it follows that

M, <oo and My < oo.

We first show that (2.9) holds. Indeed,

sup |y (0")]ls = supn® sup n(1 — [2*) | (2)[" ' (2)%,
n>1 n>1 z€D
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and
supn® (1 — |2[)|e(2)|" ' (2)
zeD

(L= [P at

= su _ ~ 2\a+1 p n—1
= sup g e (= 1)) ()
< M Szlelg no”rl(l — ‘¢<Z)|2)a+1‘¢<z>|n—1. (2.11)

By Lemma 1, it follows that, for every positive integer n > 1,

sup n 1 = o)) ()" < 0T H g (1),
FAS

where 7, is defined in (2.3). It is easy to see that
lim n*t H, 001 (7) (2.12)

n—oo

1i a+1( 2(a+1) )‘”1( n—1 )(n—l)/2
= limn
1)

n—o0 n—14+2(a+ n—1+2(a+1)
b [ 2(ac+ 1)n ]a+1 [( B 2(a+1) A el Yo
n—oo ln — 14+ 2(a+ 1) n—1+2(a+1)
- (2(O‘—+1))a+1' (2.13)
e

Hence from (2.13), it follows that there exists a constant K; > 0, independent of
n, such that for every n > 1,

n®H, 0i1(rn) < K. (2.14)
Thus from (2.11), (12) and (2.14) we obtain that
sup | Ly (¢")lls < Miky < oo,
n>1

and so (2.9) is true.
Using the similar argument, we can show that (2.10) holds. In fact,

sup [ Jyr (9" 1)ls = supsup (1 — [2*)%|(2)[" T |¢" (2)].
n>1 n>1 zeD

And
Sup n®(1 = 121%)°le(2)["'¢" ()]

~ (1—|Z|2)B|<P"(Z)|na AU — o )20
- T e)p)e ()" (1 = |e(2)[")

Mysupn?(1 - o(2) ") | (2)["
zE

MQ?’LaHma(?"n)
2 o 1N
Mgna< a > ( n ) . (2.15)

n—14+ 2« n—1+4 2«

IA A
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If we note that lim n”‘( 2 >a< n—1 )T = (%‘)a which can be easily

N0 n—14+2a n—142a

checked, then we know that there exists a constant K such that for every n > 1,
naHma(rn) S KQ.
Therefore

sup n®|[Jp (")l < MoK < oo
n>1

Which means that (2.10) holds.

Sufficiency.

Suppose that (2.9) and (2.10) hold. If we choose n =1 in (2.9) and (2.10), it
is clear that

()l = sup(l - [2[2)%]'(2)]* < o0 (2.16)
and
I )l = sup(1 = |2P1"(2)] < oo 2.17)
Firstly, if sug lo(2)| < 1, then there is a number r, with 0 < r < 1, such that
zEe
Sup lp(2)] <

In this case, by (2.16), (2.17) and (2.6), it follows that for every ||f||g < 1,
IDCoflls = Szlég(l—\2|2)ﬁ\ (LN (@' (2)* + f(0(2))e" ()]
< sup(L — [2*)°1f" (e () (¢ (2))7] +sup(l — [22)°1f (0(2))#" ()]
)

ORIy L (= R

B O LA J e e
ARG (P )

e T O )T

< 00. (2.18)

From (2.18), we obtain the boundeness of DC,, : B* — BP.
In the following, we assume that sup |¢(z)| = 1. For any || f||g« < 1, it is clear

z€D
that
||D0<pf||ﬁ

sup(1 — [2[*)7[/"(2(2))(¢'(2))* + ['((2))¢" (2)]

0P =Rl
= T et e S T o Ry
ARG (P )

)a

< sup + sup
- L+ (2.19)

o

b (L—=[e(z)P)** e (1—lp(2)?
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For any integer n > 1, let

={zeD:rm <|p(z)] <rni},

where 7, is given by (2.3). Let k be the the smallest positive integer such that
Dy # 0. Since sup |p(z)] = 1, D,, is not empty for every integer n > k, and
z€D

D =U;~, D,. By Lemma 1, for every n > k,

. a+1 n—1 o 2\a+1
min n®p(2)[" (1 = Je(2)[)

+1
Z na Hn,a—l—l (Tn+1>>
Since

2o + 1))a+17

lim na+1Hn,a+1(rn+1) = ( o

n—o0

there is ; > 0 independent of n such that

min n®*(1 — [(2)[*)* e (2)" 7 > 41 (2.20)
z€EDn

Hence

¢ e C Wi (S
L. = zeﬂr)? (1_|90(z)| )a+1
B 7 o
B A= B P ) e
— sub su (1= [2)%1(#'(2))*[le(2) [ttt
- kgI;L)zern (1 — |p(2)[2)ot|p(2) |nLnotl

L sup sup (1 — 2% (& (2)) o) e

<
1 k<n z€Dp,
< 5osupsupn?|(2)][(¢") (2)I(1 — [2[)
1 n>1 zeD
1
= 5, swpn M (0™)llg < 00 (2.21)

On the other hand, using the similar proof as that of (2.20), we know that there
is 09 > 0 independent of n such that

min n%(1 — [o(2)[*)*|e(2)[" " = d.

2€Dn,
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At the same time, it is clear that

I e O )]
by = s P
(1= 22" () | ()" '

= sup
zep (L= [e(2)]?)fe(z)["~ne

|
—Z’B,/Z nla
- sup sy U= BV

k<n zen, (1= [@(2)[*)|e(z)[*ne
1 -1 _a
< 5supsup(l - 121%)°1" () p(2)]" 1
2 n>1 zeD
1 e
= 5sunt|Jy(p s < oo (2.22)

(52 n>
By (2.19), (2.21) and (2.22), we obtain that

1 (0% n 1 (e} n—
IDC, fllp < —supn®|[ L (")l + = supn®[|Jp (9" )ls < oo.
01 n>1 02 n>1

Then DC,, : B* — B’ is bounded. This completes the proof. OJ
Let « = 8 =1 in the above theorem, we obtain the following corollary

Corollary 2.4. Let ¢ € S(D). Then DC,, : B — B is bounded if and only if
sup n|ly (¢")|s < oo
n>1

and

sup l|Jp (9"l < oo.

3. THE ESSENTIAL NORM OF DC,, : B* — B’

In this section, we will give an estimate for the essential norm of DC,, : B* —
BP. To simplify the notations, we denote

e atl o n
A= <ﬁ> lim supn ||[ga/<90 s

a+1 n—00

and e\«
B = <_a> limsup n®|[ Ty (")l 5-

2 n—oo

Moreover, for r € (0,1), let K, f(z) = f(rz). It is obvious that K, is a compact
operator on the spaces B* or B§ for any a > 0 and with || K| < 1.

Next we list three lemmas, they are respectively corresponding to the three
different cases 0 < a <1, a=1, and o > 1.

Lemma 3.1. [9, Lemma 1] Let 0 < o« < 1. Then there is a sequence {7y}, with
0 < v <1 tending to 1, such that the compact operator

1 n
¢
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on B satisfies:
(i) Foranyte€|[0,1), im sup sup|(({ — L,)f) ()| =0.
| fllpe <1 |2|<t

(i) im  sup sup|(I — L,)f(z)] =0.

" fllpe <1 €D

(111) limsup |[I — L,|| < 1.

Furthermore, these statements hold as well for the sequence of biadjoints L}*
on B“.

Lemma 3.2. [), Lemma 2| Let a = 1. Then there is a sequence {v}, with
0 < v <1 tending to 1, such that the compact operator

L,= % Y K,
k=1

on By satisfies:
(i) For anyt e [0,1), lim sup sup|(({ — L,)f) (2)] = 0.

O flls<1|2|<t

-1
(ita) limsup sup sup [({ — L,)f(2)] <log ﬁ) < 1, for s sufficiently close
n—oo |fls<1 [2|>s
to 1, and

(ib) lim sup sup |(I — L,)f(z)| =0, for the above s.

MO fllB<1]z|<s

(111) limsup |[|[I — L,|| < 1.

Furthermore, the same is true for the sequence of biadjoints L}* on B.

Lemma 3.3. [16, Lemma 4.3] Let o > 1. Then there is a sequence {}, with
0 < v <1 tending to 1, such that the compact operator

L, = % y K,
k=1

on B satisfies:
(i) Foranyte€[0,1), im sup sup|(({ —L,)f) ()| =0.
T fllpa <1 |2|<t
(i) For anyt € [0,1), lim sup sup|(I — L,)f(z)] =0.
O fllpa <1 |2|<t

(111) limsup [ — L,|| < 1.

Furthermore, these statements hold as well for the sequence of biadjoints L*
on B*.

The next lemma can be proved in a standard way; see, for example, Proposition
3.11 in [3].

Lemma 3.4. Let 0 < o, < oo and ¢ € S(D). Then DC, : B* — B’ is
compact if and only if DC, : B® — BP is bounded and for any bounded sequence

{fr}ren in B which converges to zero uniformly on compact subsets of D, then
|DC, frllgs — 0 as k — oo.
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Theorem 3.5. Let 0 < o, 3 < 0o and ¢ € S(D). Suppose that DC,, : B* — B
is bounded. Then the estimate for the essential norm of DC, : B* — B is

A B
32017 2041(3cy + 4)

Proof. Since DC,, : B* — BP is bounded, it follows from Theorem 1 that A <
oo and B < oo. Besides, from the proof of Theorem 1, we know that (2.16) and
(2.17) are true.

In the case, sup |¢(z)| < 1. Then there is a number r € (0,1) such that
z€D

max{

F<IDC[le = (A+ B). (3.1)

sup |¢o(z)] < 7.
z€eD

In this case, the operator DC,, : B* — BP is compact. Indeed, suppose that

{fx}ren is a bounded sequence in B* which converges to zero uniformly on com-

pact subsets of I, and denote sup || fx||g« < L. Hence using Cauchy’s integral for-
keN

mula, f; and f;' converge to zero uniformly on compact subsets of D as k — oo.
Then by (2.16) and (2.17), it follows that

I1DC fellss
= (lfé(@(o))@'(o)l +sup(l - |22)21f (0 (2)) (¢ (2))? + f;i(sD(Z))@"(ZN)
< e ()¢ ()] +sup(1 — [2*)°1fi (e(2)) (' (2))*
sup(l = |2)’1file(2)e" (=)l

< fil(0))¢'(0)] + sup | fi/(w)|sup(1 — [2*)"|¢'(2)|?

|w|<r z€D

+ sup | fi(w)] sup(1 - 21)71¢" (2)]
FAS]

lw|<r

— 0,as k — oo.
That is,
lim [|DC, s = 0.

From Lemma 6, it is clear that the operator DC,, : B* — B is compact. That is
[DCylle = 0. (3.2)
On the other hand, by (2.16), and since lim n®r"~! = 0, it follows that

n—oo

e a+1 . o n
A: = (ﬁ) lim sup n HLp’(QD )H/@

67 + n—oo

e a+1
_ lim sup sup n®(1 — |2|?)?|¢’ (2)[*|o(2)[* !
sasy)  lmswsupnt(l- o)1 () ()

e a+1
- lim sup n®r" Lsup(1 — |2|2)?|4(2)|?
(sagy)  tmswntr sup(1 = 2]/ (2)
0.

(3.3)



ESSENTIAL NORM OF COMPOSITION FOLLOWED BY DIFFERENTIATION 129

Similarly, by (2.17) it follows that

B: =

<
-
<

> lim sup naHJw(SOn_l)Hﬁ

n—oo

n— o0 z€D

e
2c

e \%. . a n—

%> lim sup n® sup(1 — |2|*)?|o(2)[" " (2)]
e

) lim sup n®r" ' sup(1 — [2[*)%]¢"(2)]

n— oo z€D

2
. (3.4)

From (3.2), (3.3) and (3.4), we know that both sides of (3.1) are zero. Thus
for the case sup |¢(z)| < 1, our essential norm formula (3.1) is trivially true.
zeD
Therefore, in the following, we assume that

Q

sup [¢(z) = 1.
zeD
We first prove the upper bounded. Let L,, be the sequence of operators given
in Lemmas 3, 4, and 5. Since each L,, is compact as an operator from B¢ to B¢,
and DC,L,, : B* — B is also compact. Thus we have that

|DCylle < limsup|DC, — DC,L,|

n—oo

= limsup||DC,(I — L,)||

n—oo

= limsup sup |(DC,(I— Ly)f|5s

n—00 || fllga<l

< limsup sup |((I = Ln)f) (2(0))]1£'(0)] (3.5)

n—o0 ||fllga<l

+ limsup sup sup |((7 = Ln) )" (¢(2))ll¢'(2)](1 = |2*)” (3.6)

n—oo ||f|pa<l 2€D

+ limsup sup sup |((1 = La)f) (¢(2))]|¢"(2)(1 = [2[*). (3.7)

n—oo | f|lga<1 z€D

By Lemma 3 (ii), Lemma 4 (iib) , Lemma 5 (ii) and Cauchy’ integral formula,
we can obtain that

limsup sup [((1 = Ln)f)'(£(0))] [¢'(0)] = 0. (3.8)

n—00 ||f|px<1

Next we consider the term in (3.6)

I:= sup sup|((I — La)f)"((2))l¢' (2) P(1 = |2*)".

[ fllge <1 2€D
For any positive integer n > 1, let
Dy ={2€D:r, <|p(2)] < rus1},

where 7, is given by (2.3). Let k be the the smallest positive integer such that
Dy # 0. Since sup |p(2)| = 1, D, is not empty for every integer n > k, and
z€D
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D = J,~, D,. We divide [ into two parts:
Li:= sup  sup sup [((1 = La) f)"(0())lle'(2) (1 = |2*)7,

I fllga<1 k<i<N—12€D;

L= sup supsup [(I — L) f)"(0(2)[l¢'(2)*(1 = %),
Hf”BaSl NS?, ZGDZ'
where N is a positive integer chosen as follows.
Consider the term Iy, by (i) of Lemmas 3, 4, 5, Cauchy’s integral formula and
(2.16)

lim sup [; (3.9)

n—oo

= limsup sup sup sup [((7 = Ln) f)"((2) |l () (1 = [2]*)”
n—oo ||fllga<1 k<i<N—-1z2€D;

< sup(l — [2[%)7]¢(2)] limsup  sup sup (1 = Ln)f)"(0(2))]
z€D n—=00 | fllpa<1rp<|e(2)|<rn-1
= 0. (3.10)
Next consider the term I,
Iy:= sup sup sup (I = Ln)f)"(p(2)ll¢'(2)]*(1 = |2[*)"

[fllge <1 N<iz€D;

— sup  sup sup (I = La) )" (@)Ile’ () (1 = |2[*) P le(2) "1 (1 = IsO(Z)Iz)““ia“.
Il fll e <1 N<i z€D; lo(2)[F=1(1 = |p(2)[2)aFtiatt

Since

(P11~ ()i 2 i min Hyo (@)

and by Lemma 1, we have that

(2(a+1))“+1,

lim **" min  H, ,1(z) = .

1—00 xe[’ri,""i+1}

Therefore, for an arbitrary ¢ > 0, we can find N > k£ + 1, and N large enough
such that for any ¢ > N,

e = e@pie] < (55) " e

Then by the above inequality and (2.6), we have that

liisolipfz < ((m)aﬁ-l +€)

dimsup supsup sup (1= o))" (T = L)) (e()) i o) I )P0~ |2
n—oo || fllga<l N<izeD;

e o+l ot 2 i—1 218
| == I-1L, a 1-—
= ((gagm)  *+2) o, U = Lol sup sup e’ (e ™ (0= 217)

< ((ﬁ)“*l +&) 11 = Lal Jsvuggiauzw(soi)lla

a+1

e a+1 .
< _ 5 NI (o* . 11
< (Gasn) +E)?Vu51 170 ()l (3.11)

Where the last inequality follows from the (iii) of Lemmas 3, 4, and 5.
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From (3.10) and (3.11), it follows that the term in (3.6) is less than

e a+1 i
(=) 4 ) sl (s

Employing the similar argument as that of (3.6), we get the term in (3.7) is
less than

((55) +2)smpilaate s,

where ¢ and N are given as above (N may be not the same, we can choose the
bigger one). Hence

(&

a+1 .
DCll. = <<—> ) T (o
¢l 2 ((5agm) +2) sl @l

e\ , .
+((52) +¢) sl I le™ s
2cv N<j
Since ¢ is an arbitrary positive number, we obtain that

e a+1 . - i
IDCel = () msuw el (s +

< A+ B.

e\, « i
=) timsupi®|ly (0" )]ls

2 1—00

That is the upper estimate.

Now, we still suppose that sup |¢(z)| = 1. We prove the lower estimate. Take
zeD

every compact operator K : B* — BP?. Then for each sequence {f}}ren in B2
with || fgllze < 1, and fi converges to zero weakly in B®, it follows that

Tim (| fillgs = 0.
Therefore,

IDC, — K| = lin sup I(DC, — K) fillss = lin sup I1DCo(fi)l -

Choose a sequence {ay}ren in D such that |p(ax)| — 1 as k — oo. For any a > 0
consider the functions f; defined by

1— 2 1 22
A9 = (a+ )Ll 0= ol
(1 —plar)z)* (1= plar)2)
Clearly fi(z) converges to zero uniformly on compact subsets of ID. Notice that

L fe@P s (L e

(1= plar)z)*+! (1 = plax)z)>*?

| 2

fi(z) = ala+ 1)p(ar)

and

V() = ala+1)*(p(az))? 1 — [p(ar)
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Thus it follows that

File(an) =0, fl(e(ar)) = —

alo + 1)(p(ar))?
(1 = lp(ar) )+t

(3.12)

and

e £ ala+1)

° (1 — Je(ar)?)?

(1= [2D)*(1 = lp(ar)])?

1 — |p(ay)
(1 = [2))*(1 = [e(ax)])

20t 42042 B+ 1)20!

+a(a+1)

< ala+1) =
(1 —=1[z*)e (1 —=1[z*)e
From which it follows that
I fellse < 1fe(0)] + Ba(a + 1)2H. (3.13)
Let E:(?) = £1(2) /|l fullz. Then || fx|lz= = 1, and fi converges to zero uniformly

on compact subsets of D. Then by (3.12) and (3.13), it follows that
IDCle 2 tmsup [DCL( s

> 1iﬁsogp||DC¢<ﬁ>||ﬁ
DG
Ty AT
(1 P (elan) (@) + F(o(an)) e )
= e 7e(0)] + 3a(a + 1)2e7
e (L7 PP (o) (¢ (00)
oo |f(0)] + 3a(a + 1)20+1 -
_ limeup 1 oo+ 1)(1 — a2)l (@) lan)
koo [fi(0)] + 3a(ar+ )20 (1~ lp(a) )+t
e I (1 — Jaul2)?l (@)

k—o0 |fk(0)‘ + 3- 2a+1 (1 — ’gp(ak)P)aJrl :
Since
i [£0)] = lim ((@+ D(1 = [plag) ) = a1 = [p(@)}?) = o

we obtain that

L A= PP

CT 322t e (1= Je(2)P)eH
On the other hand, we consider the following term

e a+1 o n

Gazm)  "Mels
e a+1 o n—
= (5=5=) " R sup(t — [Pl ()
2( 1) zeD

o+
= Li+ Lo.

I1DCo|le =

(3.14)
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Where

e a+1
L= (_) a+1 1 — 2\g n—1{, ./ 2’
= (qary) 2 e BRI G)

e a+1
Ly = (—) n™ sup (1 — 27 |e(2)]" ¢ (2) %
2(a+1) o (2)]>s

here s € (0,1). For Ly, by (2.16) it follows that

e a+1
Li: = (—> n®tt sup (1 — |Z|2)ﬁ|¢(z)|n_l|¢/(2>|2
2(a+1) ()] <s
e a+1
_ sup(1 — |2]?)?| (= 2>n0‘+18n_1-
(2<a+1)) (sup(1 = [=PYle'(2)
Thus
limsup L; = 0.

n—oo

For Ly, by Lemma 1, it is clear that

Ly: = (m) nt s (1= [P () e P
() (VI e o))

2a+1)/ e (1= (2)2)ot

(1 )¢ )

e >a+1 11
57 1 n*" Hy a1 (rn) sup )
<2(Oé +1) w(x)l>s (L= lo(z)[?)et

where 7, is defined in (2.3). Since

2 1)\ o+l
lim na+1Hn,a+l<Tn) = (M) ,
n—oo (&
we have that
: : e \of! (1 =12 (2)?
limsup L, < limsup (—) n** H, oi1(r,) sup
n—00 n—00 2(CY + 1) e " lp(2)|>s (1 - |¢(2)|2)a+1

_ (e Nert2lat et (L 2P)e (o)
E <2(0‘+1)> ( ¢ ) oeios (L= [P
_ sy LTRPPEP

lp(2)|>s (1 - ‘¢<2)|2)a+1

Therefore,

‘ e a+1 o n
limsup (=) s (") s
1— 2\B1, A 2
<lim sup ( 121 |f (?J
=1 (1= [p(2)]?)°

1— 2\B1, A 2
< limsup( =) ‘i (6;?1’ )
o@)—1 (1= e(2)[?)

(3.15)
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From (3.15) and (3.14), it follows that

1 € atl s « n
ICNe 2 5 (g gyy) Imswnt el

A
m. (3.16)

Next we proceed to prove the other lower bound in a similar way as above. We
still choose a sequence {ay}reny in D such that |¢(ax)| — 1 as k — oo. For any

a > 0 consider the functions gy defined by

L= lpla)l (1= fp(an)[*)?

) = e e U= plane

Clearly gx(z) converges to zero uniformly on compact subsets of . Moreover,

(1 — leo(an) e (ar)
(1 = plax)z)+2

(1 - ‘@(ak>’2)m —ola+1
- plageyrt D

9i(2) = ala +2)

9 (2) = a(a + 1)(a +2) (1 — p(ag)z)o+?

k
o (1= (@) P e
o e ) )

9

and

, 1 p(an) (1~ folan)?)?
(=) < ale + a1 T T Y T a2 i - e

ala+2)2°T + a(a + 1)2972

<
- (1 —z[*)
 29%1g(3a + 4)

(1 —[z[*)~

Besides,

6(0) = (a +2)(1 = [o(ar)*) — a(1 = |(ax)[*)* — 0, k — o0.
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We choose the test functions gk(z) 9k/1lgk|| - Then it follows that

|DCylle > 1lgflSUPHDC (9x) 8o
(k)5

> limsup || DC.

 k—oo
= i sup 1200l

k—o0 | grl| 5=
sy 0= 10719 (0(01) (2 ()2 + o' () ()|

oo |k (0)| + 2t 1a(3a + 4)
i sup (L1919 (o) ()

b 196(0)] + 2 (30 1 4)
1 a(l = |ag|*)?|e(ar)|l¢" (ar)]

20t a(3a + 4) (1= [op(ar)?)*
1 . (1= 12P)°l¢"(2)]

= —— limsup
20 (3a +4) o)1 (1= lp(2) )"

On the other hand, using the similar proof as that of (3.15), we have that

= hm sup

e @ (7 n—
(52) mIe (e lls
1— 2\B|,
< lim sup (1 -1z |902(Z)|
s—1ige)>s (1= [p(2)[2)®
_ 2\B1, M
< lim sup (1 —1z[%) |s02(2)|_
lp(2)]—1 (]' - |90<Z>| )a

Then it is clear that

1 1 — 2\B|, A
DG > i L)
20 B +4) o)1 (1= le(2)?)
B
= 1
5071 (30 1 4) (8.17)
From (3.16) and (3.17) we obtain the lower bound for the essential norm. This
completes the proof. O

The following result is an immediate consequence of Theorem 2.

Corollary 3.6. Let 0 < o, < oo and ¢ € S(D). Suppose that the operator
DC, : B* — BP is bounded. Then DC, : B* — B’ is compact if and only if
tim sup ¥ I (")l = 0
and
lim sup n||J (" )l = 0.

Combing Theorem D with our Corollary 2, it is easy to obtain Corollary 3
below.
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Corollary 3.7. Let 0 < o, < oo and ¢ € S(D). Suppose that the operator

D

Cy,: B — B8 is bounded. Then the following statements are equivalent.
(a)
limsup n®|| I (¢")|lg =0 and limsupn®||J (" )| = 0.

n—oo n—o0

(b)

/ 2 1— 2\6
w POPOERY :
e—1 (1 — |p(2)2)e ez)l=1 (1= |p(2)?)*
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