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ABSTRACT. We study composition operators acting between weighted Bergman
spaces with admissible Békollé weights. The boundedness and compactness of
composition operators are characterized in terms of the generalized Nevanlinna
counting function associated with the inducing map of the composition opera-
tor and the associated weight function of Bergman space. For a special case,
we also give the estimate of the essential norm.

1. INTRODUCTION

Let D denote the open unit disk in the complex plane and H(ID) the space of
all analytic functions on D. For a given non-negative integrable function o on D,
we denote LP(cdA) (p > 0) the space of measurable functions f with

1l = / F()Po(2)dA(2) < oo,

where dA is the normalized Lebesgue measure on D, and AP(cdA) = LP(0dA) N
H(D). If o(2) = (1 — |2|*)® (o > —1), then AP(cdA) is the well-known weighted
Bergman space AP. In this paper, we will consider the space A?(cdA) and study
the composition operator acting on this space.

For any analytic self-map ¢ : D — D, the composition operator Cy : H(D) —
H(D) is defined by Cyf = f o ¢. One of interesting subjects on studies of this
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operator is to characterize its operator theoretic property in terms of the func-
tion theoretic property of ¢. For the Hardy space H? or the weighted Bergman
space AP a consequence of the Littlewood subordination principle verifies that
all composition operators are bounded on H? or A?. However, it is known that
every analytic self-map of D does not induce a compact composition operator on
HP or AP. The classical Nevanlinna counting function N, plays a key role in the
study on compact composition operator on H2. For a given analytic self-map ¢

of D, Ny is defined by

No2)= 3 log— (2 D\ {6(0)}),

ety vl

where we understand that Ny(z) = 0 for z ¢ ¢(D) and w € ¢~ '(2) is repeated
according to the multiplicity of zeros of ¢ — z. This N, was used for establishing
a formula for the essential norm of Cy on H? by Shapiro [11]. As a consequence,
he proved that the compactness of Cy on H? is characterized by the condition
Ny(z) = o(—log |z|) as |z| — 1. Furthermore, he generalized N, as follows

Veotr= X el s 0z epy o

weg1(2) [w]

and also characterized the compactness of Cy on A2.

Smith [12] used the above generalized counting function to study composition
operators C, acting between different weighted Bergman spaces A2. When 0 <
p < ¢ < oo, Smith proved that Cyp : A2 — Aqﬁ is bounded (or compact) if and
only if Nygi2(2) = O((—log|z])@F24/P) (or o((—log|z|)@+P9/P)) as |z| — 1.
Since this result include the cases A”; = H? or A?, = HY, he also characterized
the boundedness and compactness of Cy acting between the Hardy space and
the Bergman space. Pérez-Gonzdlez, Rattyd and Vukoti¢ [7] also considered
the same characterization problem for the compactness of Cy : AP — A% (0 <
p < ¢ < o0). They proved that the condition du(z) = Nggio(2)dA(z) is a
vanishing 2 + g(« + 2)/p-Carleson measure also characterizes the compactness of
Cy: Ab, — Af.

On the other hand, Smith and Yang [13] considered the case Cy : AL, — A}
when 0 < ¢ < p. The boundedness of this case has a relation to the Carleson-type
embedding theorem. By using a method which is based on Khinchine’s inequality
and the atomic decomposition of f € AP, they proved that Cy : A — Aqﬂ (g <p)
is bounded if and only if the function

Ny py2(2)

D> e
S (1 — [z[2)2te

belongs to the space Lﬁ(dAa). They also showed that every bounded composi-
tion operator Cy : Af, — Aj (¢ < p) is also compact.

These results suggest a problem that what conditions on ¢ characterize the
boundedness and compactness of Cy acting between different weighted Bergman
spaces AP(0dA) with more general weight functions . Recently, Constantin [/]
studied this problem. Constantin’s characterizations are based on Carleson-type
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measure conditions for the pull-back measure induced by ¢ (see Theorem 2.11
below). Our aim in the present paper is to give another type characterization for
the boundedness and compactness of Cy acting between different spaces A?(o1dA)
and A%(c9dA). In order to investigate this problem, we shall need the following
counting function.

Definition. Let ¢ be an analytic self-map of D and ¢ a weight function on D.
We define the function N, as follows.

Noo(z)= Y o(w)  (zeD\{o(0)}).

weg=1(2)

As in the classical Nevanlinna counting function Ny, we understand that NV, ,(2) =
0 for z ¢ ¢(D) and w € ¢~ *(z) is repeated according to the multiplicity of ze-
ros of ¢ — z. Conventionally, we consider that Ny,(z) = 0 if z = ¢(0). When
o(z) = —log|z|, this Ny, coincides with Ng. So we call Ny, a generalized
Nevanlinna counting function associated to ¢ and o.

This generalized Nevanlinna counting function Ny, was first introduced by
Kellay and Lefevre in [3]. They used Ny, to study the compactness of Cy on
the weighted Dirichlet-type space H, which consists of all analytic functions f
on D such that [ |f'(z)[°0(2)dA(z) < co. They gave the characterization for
the compactness of C on the space H, by the growth condition of the general-
ized Nevanlinna counting function Ny ,. Their results inspired us to study the
composition operator on A?(cdA) and gave suggestions for the method of charac-
terizations for the boundedness and compactness of Cy : AP(01dA) — AP(02dA).

The main result of the paper is to characterize the bounded and compact
composition operator from AP(o1dA) into A?(c9dA) in terms of the behavior of the
above generalized Nevanlinna counting function. In section 3, we will consider the
operator Cy : AP(01dA) — A9(02dA) when 0 < p < ¢ < co. The first result in this
section says that the boundedness is characterized by the growth condition of this
counting function. The second one is to estimate the essential norm of Uy under
some restricted assumptions on p and g. Once this estimate is accomplished, we
get as a consequence the characterization of the compactness for 0 < p < ¢ < 0.
In section 4, we will investigate the case 0 < ¢ < p < oo. Applications of
well-known Khinchine’s inequality and the Hardy-Littlewood maximal function
play an important role in our argument of this section. The result shows that
the integrability condition of the generalized counting function characterizes the
boundedness of Cy,. Furthermore we prove that the bounded composition operator
Cy : AP(01dA) — A%(o2dA) is also compact when 0 < ¢ < p < o0.

Throughout this paper, the notation a < b means that there exists a positive
constant C' such that a < Cb. Moreover, if both a < b and a 2 b hold, then one
says that a ~ b.

2. PRELIMINARIES

In this section, we introduce an admissible Békollé weight function ¢ and a
composition operator on weighted Bergman spaces A?(cdA). We shall need some
lemmas on the space A?(cdA) or the weight o, so we also describe them.
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For each a € D, let ,(z) be the Mobius transformation of I interchanging a
and 0, that is ¢,(2) = (a — 2)/(1 —a@z). Recall that the pseudohyperbolic metric
p on D is defined by p(z,a) = |p.(z)|, and the pseudohyperbolic disk E(a,r) is
the set

E(a,r)={z€D : p(z,a) <1},
for a € D and r € (0,1).
2.1. Admissible Békollé weight. For each a > —1, let dA, denote the nor-
malized measure on D defined by dA,(z) = (a+1)(1—1z|*)*dA(z). For p > 1 and

a > —1, the class B,(«) consists of all weight functions o with the property that
there is a constant C' > 0 such that for every S(a) = {p.(z) : Re(za) <0}, a € D,

</S(a) 0dAa> ' (/S(a) UidAa):/ < C{Aa(5(a))}",

where p’ is the conjugate exponent of p. Note that we put S(0) = D.
Békollé [2] proved that this condition characterizes the boundedness of the
Bergman projection P, defined by

f(w)
P, = | ————dA,
16)= [ Emtaw)
on LP(odA).
Theorem 2.1 ([2] Békollé). Let 1 < p < oo and o > —1. For a weight function
o, the following conditions are equivalent:

(i) P, is a bounded projection from LP(cdA) onto AP(cdA).
(ii) The sublinear operator P, defined by

By [ )

D |1 — @Z|a+2
is bounded on LP(ocdA).
(iii) The z-variable function o(z)/(1 — |z]*)* belongs to By(«).

An(w)

This result is very useful to study on the space AP(cdA). For instance, Luecking
[9] showed the following dual relation of AP(cdA).

Theorem 2.2 ([9] Luecking). Let 1 < p < oo and a > —1. If a weight function
o satisfies the condition a(z)/( —|21))* € B,(«), then the dual space of AP(cdA)

can be identified with AY (o~ b v dA,y) under the integral pairing

/ 1z (=), (2.1)

where p’ is the conjugate exponent of p.
As an application of Theorem 2.2, we have the following lemma.

Lemma 2.3. Suppose that 1 < p < oo, a > —1 and a weight function o satisfies
o(z)/(1 = |2]*)* € By(«). If a bounded sequence {f;} in AP(cdA) converges to
0 uniformly on compact subsets of D, then {f;} also converges to 0 weakly in

AP(adA).
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Proof. Take a function h € Ap/(af%dAap/) where p’ is the conjugate exponent of
p. For any € > 0, there is a continuous function g with compact support such
that

UD R — 9 o) 5 (L= o)™ dA(z) |

By the integral pairing (2.1) in Theorem 2.2, we have that

1(fy ) \ JULERE - 51902 + fEadAu(

/m A — g(2)]dAa(z /|fg Jlg(2)ldAa(2)
— (1) + (1)

< €. (2.2)

(2.3)
By applying the Holder’s inequality to (), (2.2) gives that
I < U lm%dA] | [/ h(z) = 9(2) ar(z) " (1= )7 dA(: ﬂ
D D
< eIl 2.4)

for any j > 1.
On the other hand, since g has a compact support supp(g) and f; — 0 uni-
formly on supp(g) as j — oo, we see that

(11) = / IS4 =0 (o). (2.5)

Thus (2.3), (2.4) and (2.5) show that

limsup [(f;, h)a| < sup | fjllo €,

j—o0 i>1
for each h € A” (a_p?dAap/). Since {f;} is bounded and e > 0 is arbitrarily, this
implies that {f;} converges to 0 weakly in AP(cdA). O

In this paper, o denotes a non-negative continuous function on [0, 1) such that
o(r) < 1forre0,1). For z € D we write o(z) = o(]z|) and call such o a weight
function on D. Our arguments in proofs of main results are based on the above
results and require some growth conditions on o, so we will consider the following
conditions.

Definition. A weight function o is called an admissible Békollé weight if o
satisfies

(Wh) i (‘ )‘ ) € B,,(a) for some py > 1 and o > —1,

(W) o is non-increasing on [0, 1),
(Ws3) o(r)/(1 — r%)*? is non-decreasing on [0, 1) for some ¢ > 0.

Lemma 2.4. Let p > 0 and o be an admissible Békollé weight function. Then
for each f € AP(0dA),
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| 171l
0 VES s

I /1l
( ) ’f( )| S O’(Z)l/p(l _ |Z‘2>1+2/P'

Proof. Since a(z)/(1 — |2|*)* € B,, (), it follows from Lemma (3.1) in [J] that

s ([ y a(w)dA<w>)’1’ 141l (26)

for r € (0,1) and z € D. For w € E(z,r), we may assume that |z| < |w| without
loss of generality. Since ¢ is non-increasing, we have that
o(w) < o(z).

Since o(r)/(1 — r%)1*? is non-decreasing for some § > 0, on the other hand, we
have that

(1= |2 *o(w) = (1= [wf)*o(2).
Combining this with the relation 1 — |2]|*> ~ 1 — |w|? for w € F(z,r), we obtain
that

(1= 12)""o(w) 2 (1= [2*)* o (2),
and so o(w) 2 o(z). These imply that o(w) =~ o(z) for w € E(z,7). By (2.6),
we have that

£ S {o@AEE MY I flls ~ {o(2)A = 1222} 77 (1o,

and so we get the first estimate (i).
Furthermore, the subharmonicity of |f'|P gives that

PP < ﬁ [E )

By noting that o(w) ~ o(z) and 1 — |2]? ~ 1 — |w|? for w € E(z,r), we have that

PO S S @ = ePPotidw. D

From [I, Theorem 3.1}, we see that

A1 = L) + /D ()P (1= [2[*)Po(2)dA(2). (2.8)
By applying (2.8) to the last integral in (2.7), we obtain the second estimate
(ii). O

In the above proof, we needed an equivalent norm (2.8) for || f||,. We also have
another formula for || f||,. Note that the following lemma holds for any weight
function o without conditions (W;) ~ (Ws).

Lemma 2.5. Let p > 0 and o be a weight function. Then it holds that

111~ o+ [ 17 /| 1 (108 ) atryrar f aae)
for f € H(D).
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Proof. Recall that if ¢ is in the Hardy space H?, then |g|P has the least harmonic
majorant and it is equal to the Poisson integral

PlaPl) = [ P elg (el

where P(z,e"?) = Re% is the Poisson kernel for D and ¢* is the radial limit of

g. Combining this with the Riesz Decomposition theorem, we have that

P o i6 * (16 pde
lg()I" = | Plz,e")|g"(e")|"5— — [ log
0 m D

Here dpg» denotes the Riesz measure of |g|P. In particular, we put z = 0, then
we obtain that

1 —wz

dpygp (w).

w—z

1
lolle =19 + [ tog - dpign ()
p |wl
Since it is known that the Riesz measure of |g|? (see [11, p.1035 (3.2)]) is given
by
dpggpp (w) = p?lg(w)["?|g (w) *dA(w),
we have that
_ 1
191z = |9(0)|p+p2/D|9(lU)|p |9/ (w)[*log mdA(@U% (2.9)

for g € HP.
Now we take an f € H(ID) and r € (0,1). Since the dilated function f,.(z) =
f(rz) is analytic in D and continuous on the closure of D, (2.9) gives that

/0 ’ \f(rew)]pﬁ = |f(0)]P —i—pQ/D | f (rw) P72 £/ (rw)|*r? log ialA(w)

27 lw|
r

=U@V+ﬁjyﬂav%ﬂam%

Multiplying the above formula by 2ro(r), integrating with respect to r from 0 to
1 and applying Fubini’s theorem, we get

Hﬂ@z%ﬂ@?érdﬂw

+mﬁ4v@wQW@W{/j@gé)ﬁmmﬁdma

which completes the proof. O

dA(z).

2|

In order to formulate our results, we need to introduce another weight function.
For each weight o, we put

we(z) = /|Z|(t — |z])o(t)dt (z € D).

Then we see that w, is non-increasing, convex and w,(z) — 0 as |z| — 1. Fur-
thermore w, has the following property.
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Lemma 2.6. If o is an admissible Békollé weight function, then it holds that
we(r) m (1 —1%)%0(r)
for every r € [0,1).

Proof. Since o is non-increasing, we have that

1
1
We(r) = / (t—r)o(t)dt < 50‘(71)(1 22,
Since o(r)/(1 — r?)*? is non-decreasing for some § > 0, we have that

a(r)

1
U)O—(T> > m/r (t - 7”)(1 — t>1+5dt
1
> 1—r%)2
Z et aeTa )
We accomplish the proof. O

2.2. Composition operators on AP(cdA). Now we show that each Mobius
transformations ¢, always induce a bounded composition operator on AP(cdA).
This property ensures that we may consider the operator Cy under the assumption

$(0) = 0.

Proposition 2.7. Letp > 0, pg > 1 and o > —1. Suppose that o is an admissible
Békollé weight function. For each a € D, C,,, is a bounded composition operator
on AP(cdA).

Proof. Equation (2.8) and the change of variables formula give that
1Ce. f1IG = [f(a)[” + /D [ ()P l0(0a(2))P(1 = lpa(2) )P0 (pa(2)) T, (2)dA(2),

where J,,, (2) denotes the real Jacobian of ¢, at z. By straightforward calculations
we have that

| oa(@a(DP(L = lpa(2)) 2 0, (2) = (1 — |22
Lemma 2.6 shows that
(1= lpa(2)[*)?0(pa(2)) = wolpal2)) and  wy(z) = (1 - [2*)?0(2).
Since it follows from [3, Lemma 2.1] that
wo(2) ® ws(pa(2)) (2 €D), (2.10)
by an application of equation (2.8) once again, we obtain that

1Ce. flIE < 1f (@) + [LFII5,
for each f € AP(0dA). This implies that C,, (AP(cdA)) C AP(cdA). The closed
graph theorem shows that C,,, is bounded on A?(cdA). O
The following result is an immediate consequence of Proposition 2.7.

Corollary 2.8. Let p > 0, pg > 1 and a > —1. Suppose that o is an admissible
Békollé weight function. Then any analytic self-map ¢ of D induces a bounded
composition operator Cy on AP(cdA).
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The following change of variables formula help us in the arguments in our main
results.

Lemma 2.9. Let p > 0, ¢ be an analytic self-map of D and o a weight function.
Then it holds that

I 061z = L1GO)P + [ 1717 {/Mrz M§M@,

for f € H(D). Here Ny(r,z) denotes the partial counting function for ¢ defined
by
r
Nofrz)= >, gy (z€D\ {90} r € (0,1)).

wed™1(2), lw|<r

Proof. Recall Stanton’s formula ([5, Theorem 2]) for integral means of subhar-
monic functions on D. If u is a positive subharmonic function on D and ¢ is an
analytic self-map of D, then it holds that

| w5 = utoo) + [ Nroydu) e ©.1)

where dp, is the Riesz measure of u. Applying this formula to the positive
subharmonic function z — |f(2)|P, we obtain the desired formula. O

Next we formulate the following sub-mean value property for the generalized
counting function Ny, . We will need this property in the proofs of our results.

Lemma 2.10. Let t € (0,1) be fized and o a weight function. For any analytic
self-map ¢ of D with ¢(0) = 0, it holds that

Nowo (2) S !

PO PE /s t)Nas,wo(w) dA(w)  (t<|z] <1).

Z

Proof. Fix z € D\ tD and r € (0,1). Since Ny(r,.(-)) is subharmonic on
D\ {p.71(0)} =D\ {a} and tD Cc D\ {a}, we have that

No(r:2) = Nolr00) S 5 [ Nolrpufw)dA(w).

By the change of variables, we have that

(1—1z[*)
C Ny(r, . (w))dA(w) = Ny(r, w)—_4dA(w).
) E(zt) 11— Zuw|
Since |1 — zw|* ~ (1 — |2]?)* for w € E(z,t), we obtain that

1
Ny(r,2) S

_— Ny(r,w)dA(w
S BT Sy oA

for r € (0,1). Multiplying the above inequality by o(r) and integrating with
respect to r from 0 to 1, we get

/ Ny(r, 2)o (1—1\21 7 /EW) dA(w)/01N¢(r,w)a(r)dr. (2.11)
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Now we fix w € E(z,t). Since t < |z| < 1, we see that 0 ¢ E(z,t), and
so ¢ := inf{jv] : v € E(z,t)} > 0 where E(z,t) = {w € D : |p(w,z)| < t}.
Since ¢(0) = 0, Schwarz’s lemma shows that each v € D with w = ¢(u) satisfies
¢ < |w| < |u]. Thus we have the following inequalities

€ o= Jul) € (= )

for |u| < r < 1. These give that

/N¢rw Z /log—a drﬁ%/\/'qb,%(w). (2.12)

Jul

log

On the other hand, the 1nequahty r— |u] <log oy for lu| < r <1 gives that

Ny, (2 / Ny(r,z)o (2.13)
By inequalities (2.11) ~ (2.13), we obtain the desired inequality. O

At the end of this section, we quote the results on characterizations for the
boundedness and compactness of Cy : AP(01dA) — A?%(o2dA) by O. Constantin.

Recently, Constantin [3, 1] obtained some properties of A?(cdA) under condi-
tion (W1). In [1], Constantin proved the Carleson-type embedding theorem for
AP(o0dA). For a given weight o and an analytic self-map ¢ of D, we define a
positive Borel measure p by

ue) = [ ataa)
¢~H(E)
for any Borel set F of D. Since it holds that
ICofllz = [ 1fooPoda= [ 17pan
D D

Constantin’s Carleson-type embedding theorem [1, Theorems 3.1~3.3| indicate
the following results.

Theorem 2.11 ([!] Constantin). Let po > 1, a > —1 and 0; (j = 1,2) be weight
functions. Suppose that o1(2)/(1 —|2]*)* € Byy(a). For A € D and r € (0,1), let
Dy, denote the disk {z € D : |z — A <r(1 —|A|)}. For any analytic self-map ¢
of D, the followings hold.

(i) For 0 <p < g < oo, Cy: AP(01dA) — Al(02dA) is bounded if and only if

q/p
/ o9 dA =0 / o1 dA (IN| = 1),
¢~ (D) Dy

and Cy : AP(01dA) — A%(oydA) is compact if and only if

a/p
/ oo dA =0 / o1 dA (IA] — 1),
¢~ (D) Dy»

for some r € (0,1).
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(i) For0 < q<p<oo, Cy: AP(01dA) — A% (o2dA) is bounded if and only if

fd)_l(D/\,T) 0-2 dA
fD}\,r 01 dA

DA\~

belongs to LP/*=D(a,dA) for some r € (0,1). In this case Cy is also
compact.

Remark 2.12. In the above theorem, we see from the proof of it that the choice
of {p, q} is independent of py.

These results have the following corollary. It plays an important role in the
proof of our results below, but its proof is very easy. Thus we state the result
without the proof.

Corollary 2.13. Let m be a positive integer. Under the same assumptions in
Theorem 2.11, Cy : AP(01dA) — A% (02dA) is bounded (or compact) if and only
if Cy Amp(aldA) — A™M(09dA) is bounded (or compact, respectively).

3. THE CASE 0 < p < g < o0

Theorem 3.1. Let o1 be an admissible Békollé weight function, oo a weight
function and 0 < p < g < co. For any analytic self-map ¢ of D, C,, : AP(01dA) —
Al(oydA) is bounded if and only if

Nosony(2) = Olw, (2)7) (12| = 1) (3.1)

Proof. First suppose that (3.1) holds and consider the case ¢ > 2 and ¢(0) =
By condition (3.1), we can choose a constant K > 0 and o € [1/2,1) such that

Ny (2) < Kwo, (2)7, 2 €D\ roD. (3.2)
For fixed f € AP(0,dA), by Lemma 2.9, we have that

icutlly, < 150+ [ @ @F [ Nt ot baa). - @3)

Put

n = [ e {/ Nalr o b dA(2),

G N e A )

By noting our assumption ¢ — 2 > 0, Lemmas 2.4 (i) and 2.6 give that
P I N 1

£(:)] _ o~ e (3.4)

{o1(z) A =222} 7 wo(2) 7

By Lemmas 2.4 (ii) and 2.6, we have that
IL£112 I1£112

f o1 ~ LAl . 3.5
Fels {o1(2)(1 = [2)2}P (1 = [212)?  wo(2)7 (1 — |2]?)? &
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Hence it follows from (3.4) and (3.5) that

L) S max ——— e, /{ / 1N¢<r,z>a2<r>rdr}dA<z>. (36)

21<r0 w, (2)7 (1 — |2[2)?

Now we consider the function g(z) = z + 1. Then ||Cygll2, = [|¢ + 1||2, < 27. By
an application of Lemma 2.9 to g, we have that

/TOD {/01 Nalr Z)UQ(T)W} dA(z) < 2°.

Combining this with (3.6), we have that
24
L(f) < max - fle-. 3.7
()5 o I 37

Fix z € D\ 7oD. As in inequality (2.12), we obtain that

1
/ Ny(r, z)oa(r)dr < l/\/qwc,2 (2).
0 To

Combining this with (3.2), we have that

L(f)SK LF()T2F (2)Pws, (2) P dA(2).

D\roD
By Lemma 2.4 and 2.6, we have that

f(2)* S %lf(@lp‘?-

~Y
Woy (2) 7

So we obtain that
L(f) S K[| f]e” / P2 (2) P (2)dA(2).

Since it holds that

o (2) = / L eDoy(ryrdr < / 1 (log i) ci(yrdr,  (3.8)

2| T .| 2|

Lemma 2.5 gives that

/DIf(Z)Ip‘zlf’(z)lzwm(Z)dA(Z) S 115,

and so we obtain that I(f) < K/ f||%,. Combining this with (3.3) and (3.7),
we see that Cy(AP(01dA)) C A%(o9dA), that is Cy : AP(01dA) — Al(02dA) is
bounded by the closed graph theorem.

When the case 0 < ¢ < 2, we choose a positive integer m such that mqg > 2.
Since the condition (3.1) implies that

Nowoy (2) = Owo, (2)) (2] = 1),

the above arguments show that Cy : A™(01dA) — A™9(09dA) is bounded. Thus
it follows from Corollary 2.13 that C, : AP(0;dA) — A%(02dA) is also bounded.
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For the case ¢(0) # 0, we may consider the composition map ® = @4 © ¢.
Then ®(0) = 0. Equation (2.10) shows that

Nawo, (2) _ Nowo, (Po10)(2) N Ny (0(0)(2))
)17 Woy ()17 War (Ps(0) (2)) "7

for any z € D. Since |pg40)(2)] — 1 as [z| — 1, we see that ® also satisfies the
condition (3.1), and so Cg : AP(01dA) — A%(02dA) is bounded. By Proposition
2.7, Cy = CoC is also bounded from AP(oydA) into A?(oadA).

220
Finally, we prove that (3.1) is a necessary condition for the boundedness of

Cy: AP(01dA) — Al(09dA). Fix z € D with |z| > 1/3 and put
(1 _ |Z|2)a+2—2/p
01(2)7 (1 — Zw)ot?’

By [, Lemma 2.1] (see also [3, Lemma 3.1}), it holds that

o1(z)
/|1_Zw|p(a+2) o1(w)dA(w) ~ (1 — |z[2)ple+2)-

for z € D. So this implies that f, € AP(01dA) and || f.]|,, < 1. It follows from
Lemma 2.9 that

(et 2 [ Itz { / Nalrwloa(ryrdr b dAw)
> [ V@) PN, ()4

Wo, (2

w € D.

fo(w) =

2 [ @A, (0)0A), 59
Since |1 — zw| & 1 — |2|? for w € E(z, 52, Lemma 2.6 gives
(a +2)?|z]?

[fo(w)[*2] fo(w)[* ~

oy (2)7 (1 — |2[2)2

Combining this with (3.9), we have that

: i /
7 Ny o, (w)dA(w) < 1, 310
Wal(z)5(1 |22)2 (e, 12081 &, 2( YdA(w) ( )

for any z € D with |z| > 1/3. Since it holds that |z| > %M for |z| > 1/3, Lemma
2.10 and (3.10), we obtain that

Ny, (2
“’—() <1, for |z > 1/3.
Wo, (2)7
This implies that (3.1) is true. We accomplish the proof. O

Next we will show that the compactness of Cy : AP(0;dA) — A%(02dA) is
characterized by the following condition

Nypoy (2) = 0(wo, (2)7) (2] = 1).
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To prove this, we estimate the essential norm ||Cy||. for the case p > po, ¢ > 2
and ¢(0) = 0. Since the essential norm ||Cy||. is defined to be the distance from
Cy to the closed ideal of compact operators, that is

|Cslle = inf{||Cy — K| : K is compact from AP(o1dA) into AY(c2dA)},

where ||Cy — K || denotes the operator norm of C, — K, the compactness of Cy is

characterized by the condition ||Cys||e = 0. Hence our object is to estimate ||Cy||.

in terms of Ny, (2)/ We, (2)9/P. For our aim, we need some preliminary results.
For the Taylor series expansion of f € H(D) and any integer n > 1 we put

Rnf(z> = Z akzk7 EAS D:
k=n

and K, = I — R, where I f = f is the identity operator. The following Lemma
3.2 and Corollary 3.3 hold for any weight function o.

Lemma 3.2. If1 <p < oo and f € AP(cdA), then || K, f — fllo — 0 as n — oc.

Proof. For f € AP(odA) and r € (0,1), the dilated function f, is in the Hardy
space HP. Since 1 < p < oo, Proposition 1 and Corollary 3 in [15] imply that
there exists a constant C' > 0 such that

o ioyp @0 Tl
| immenrg <c [ e

forallr € (0,1) and n > 1. Multiplying both sides by 2rc(r) and integrating with
respect to r from 0 to 1 give | K, f||2 < C||f||%, and so sup{||K,| : n > 1} < .
By applying [15, Proposition 1] once again, we have that ||K,f — f|l, — 0 as
n — oo for each f € AP(cdA). O

Corollary 3.3. If 1 < p < o0, then ||R,f|lo — 0 as n — oo for each f €
AP(adA). Moreover, sup{||R,|| : n > 1} < co.

Proof. The second assertion of this corollary is verified by the principle of uniform
boundedness. So we omit the details of the proof. O

Lemma 3.4. Suppose that 1 < p < oo with p > pg, a« > —1 and o is the weight
function satisfied o(2)/(1 — |z]*)* € By, (). For each f € H(D), it holds that

I,

[Rnf(2)] S

Iflle <TG +a+2)
(IDO'dA)l/p; (v + 2)

for all z € D and n > 1. Here I'(x) is the well-known Gamma function.

Proof. First note that the assumption p > po implies that o(2)/(1—|2|?)* € B,(«)
by Holder’s inequality. Since it follows from Theorem 2.1 that the Bergman
projection P, is bounded from LP(cdA) onto AP(cdA), we have that

fnf(w) 14 (w).

(1 —wz)etz @

Rof(2) = Pa(Ruf)(2) = /
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Furthermore, by using the self-adjointness of R,, and the expansion

1 T+ ae+2),
(1_@2:)01—%2 _Z j'F(a+2) (U}Z) )
we obtain that
> —|—a—|—2
Ry < 3 S [wiebddaw. @

Holder’s inequality and the condition o(2)/(1 — |2]?)* € B,(«) show that

[ 1fwllebdanw < | [ 1fwpatiaw)

| [ 1o o) Fo - P aaw)]|

<l
(JpodA) "
By (3.11) and (3.12) we obtain the desired estimation. O

==

(3.12)

Theorem 3.5. Let o1 be an admissible Békollé weight function, oo a weight
function, po < p < q < o0 and q > 2. Suppose that ¢ is an analytic self-map of
D with ¢(0) =0 and Cy : AP(01dA) — A (o2dA) is bounded. Then it holds that

No oy (2)

|Cs |2 ~ lim sup . (3.13)

l2l=1 Wy, (2)7

Proof. First we prove the upper estimate. Since Cy = CyR,, + Cy K, and CyK,
is compact, it holds that

|Cslle < lminf ||CyR,||. (3.14)
Take f € AP(01dA) with || f|l,, < 1 and fix ¢ € (1/2,1), arbitrarily. By Lemma

3.4 and the assumption ¢(0) = 0 we have |R,, f(¢(0))| = 0, and so an application
of Lemma 2.9 to R, f gives that

CoRatll, S [ IR IR {/Nww@um}mu

{lzI<t}

t [ R RY @ | [ Nt oatrirar  aace)
{lz[>t}

(3.15)
It follows from Lemmas 2.4, 2.6 and 3.4 that

R f ()" [(Raf) (2]

oo . q—2
17l M+a+2), 1
< i , t’ max R, 1%,
o)\ 2= i@y ) B !

Jj=
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for |z| <t. Since sup,,>; [|R,|| < oo by Corollary 3.3 and

/{z|<t} {/01 No(r, Z>U2<T)Td7’} dA(z) < o0

by the proof of Theorem 3.1, we see that the first integral in (3.15) converges to
0 as n — oo uniformly on the unit ball of AP(cdA).

On the other hand, the same argument as in the proof of Theorem 3.1 shows
that

1
1
/0 Ny(r, z)oa(r)rdr < ;N@%Z(z), t<lz] <1,

and so we have that

/{|Z|>t} R f ()] 2|(Raf)( {/ Ny(r, 2)o(r )rdr} dA(2)
<[ RO G N, (AC)
{lz|>t}

l2[>t W, (2)P

N¢7‘UO (Z) _ q
S /{I RO P (A, 316)
z|>t
By Lemmas 2.4 and 2.6 we have that
Rn q—p
R < IBIIe g e
Wey (2) 7

Combining this with (3.16) and (3.8) and using Lemma 2.5, we obtain that

/{lm} [Ro f ()| (R f)'( {/ Ny(r, 2)oa(r )rdr} dA(z)

Now
S supHR |t sup ey ) )
2>t Wy, (2)
forany n > 1 and ¢t € (1/2,1).
Taking the supremum over the unit ball of A?(c;dA) and letting n — oo in
(3.15), we have that

?

hSES

Ny, (2
hmmf |CsR,||? <t sup ¢—62<g),
2>t woy (2)7
for all t € (1/2,1). Letting t — 1 in the above inequality, by (3.14), we obtain
that
N¢,wa2 (Z)

|Cl[? < lim sup 7
2=1 way (2)7

Next we prove the lower estimate in (3.13). For any sequence {z;} C D with
|zj| = 1 as j — oo, we put
(1= |z )er22r

T , weD.
a1(25)7 (1 = Zjw)o+?

ij (w) =
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Then we see that {f. } is bounded in AP(c1dA) as in the proof of Theorem 3.1,
and converges to 0 uniformly on compact subsets on D as j — oo. Lemma
2.3 implies that {f.,} converges to 0 weakly in AP(01dA), and so we see that
IKfllos — 0 as j — oo for all compact operators K : AP(g1dA) — A%(o2dA).
These facts give that

1Cslle 2 lim [|Co /s, 117, (3.17)

As in the proof of (3.9), Lemma 2.9 gives that

Cotulleez [
E(z J

7 2

for all j > 1. By Lemma 2.6, it follows that

) [ fey )" £, (W) PN, (w)dA(w), (3.18)

(o +2)%|z]?
aq )
Wo, (2j)7 (1 — |24]2)?

). Since |z;| > % if 7 is sufficiently large, Lemma

(3.19)

[fey )21 f2, (w) | =

1|2
2

for j > 1 and w € E(z,
2.10 gives that

1
No o, (27) S —/ Ny, (w)dA(w). (3.20)
P U= ) e, oy
By (3.18), (3.19) and (3.20) we obtain that
N¢7WU (’Z)
|Zj|2 —Qg S HCqﬁfz]-Hggv
Woy Zj)p

for sufficiently large j. Combining this with (3.17), we have that

Ny, (2
i 205 <y
70 Wy (25)7
Since {z;} C D with |z;| — 1 is arbitrarily, we get the desired lower estimate of
|Cslle- This completes the proof. O

Corollary 3.6. Let o1 be an admissible Békollé weight function, oo a weight
function and 0 < p < q < co. Suppose that ¢ is an analytic self-map of D which
Cy : AP(01dA) — A% oadA) is bounded. Then Cy : AP(01dA) — Al(02dA) is
compact if and only if

N, (2) = 0(we (2)7) (2] = 1). (3.21)

Proof. In the view of the proof of Theorem 3.1, we can assume that ¢(0) = 0
without loss of generality. Since the case p > py and ¢ > 2 is an immediate
consequence of Theorem 3.5, it is enough to prove that the case 0 < p < pg and
0 < g < 2 because the rest of cases are verified by quite the same argument. Since
we can choose a positive integer m = m(p, q) such that mp > py and mq > 2, we
see that Cy : A™P(01dA) — A™(09dA) is compact if and only if

q

Nisony (2) = 0oy (2)m0) (|2 = 1).
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So, by an application of Corollary 2.13, we see that condition (3.21) also charac-
terizes the compactness of Cy : AP(01dA) — A%(o2dA) for the case p < py and
q < 2. Il

4. THE CASEO0 < g<p< 0

In the proof of Theorem 4.1 below, we shall need Khinchine’s inequality and
the Hardy—Littlewood maximal function. Recall that the Rademacher functions
29

{r;(t)} are defined by
1 t—
rolt) = { -1 t—[t] <1,

ri(t) =ro(2t) (5= 1).

Khinchine’s Inequality. Let 0 < p < oo. There are constants 0 < A, < B, <
oo such that, for any positive integer m and any complex numbers {c;}™, it

j=1
holds that
m g 1| m
Ap(Z\Cj\2> S/ > i)
j=1 0 |j=1

The Hardy-Littlewood Maximal Function. Let M]f] denote the Hardy-
Littlewood maximal function for f, that is

MIFI(z) = sup —A(B(; 7 / lrlaa

={weD:|w-z <d}. Since we can find a positive constant ¢
1) C B(z,¢(1 — |z]%)) for z € D, it holds that

[t] <3

o= O
IAIN

p

p m 2
dt < B, (Z ych) :

=1

where B(z,0)
(2,

such that
)
e [f1dA S Mf](z) (z€D). (4.1)
(1= 121*)? Jeey
Moreover the Hardy-Littlewood maximal theorem (see [0, Theorem 4.3]) says
that M[f] € L? and | M[f]|lzr S ||fllee for f e LP (1 <p < 00).
In our proof of Theorem 4.1, we adapt Luecking’s approach in [10] or the

method by Smith and Yang in [13] to weighted Bergman space with admissible
Békollé weight. By using the same modification of Luecking’s method and a c-adic
decomposition of the disk D, Constantin [1] proved the Carleson-type embedding
theorem for AP(cdA). In order to construct a suitable test function, however, we
will use an e-separated sequence of I instead of a c-adic decomposition of .

Theorem 4.1. Let o1 be an admissible Békollé weight function, oo a weight
function and 0 < ¢ < p < co. For any analytic self-map ¢ of D, Cy, : AP(01dA) —
Al(o9dA) is bounded if and only if

0% ¢ Lt (oydA). (4.2)

Moreover, if Cy : AP(01dA) — A%(02dA) is bounded, then it is also compact in
this case.
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Proof. By the same argument in proofs of Theorem 3.1 or Corollary 3.6, we may
only prove the case ¢(0) =0, p > py and g > 2.

First suppose that condition (4.2) holds and prove that C, : AP(01dA) —
Al(o9dA) is bounded. By Lemma 2.5, it is enough to prove that

INEISIE {/’N¢rzwx>nw}dA<>

for any f € AP(01dA). To prove this, we will divide the integral over D into two
integrals over 1ID> and ]D)\ iD. Asin the argument on inequality (3.7) in the proof
of Theorem 3.1, however, we see that

Jser e { [ v o bas)

1
< max /115,
1<% wo (2) 7 (1 — |22)2

Hence we may only consider the integral over D\ 1D. Since ¢(0) = 0, it follows
from inequality (2.12) that

1
/ Ny(r, z)oa(r)rdr S Ny, (2)
0

for z €D\ }lﬁ. Combining this with Lemma 2.10, we have that

[ e {/“qun@aﬂ yrar a2

s [r@rarer? Nos (0)dA(w) £ AAG2)
T sy

By noting that xp. 1y(w) = Xp,1)(2) and 1 — 2|2 = 1 — |w|? for w € E(z, ),
and applying Fubini’s theorem, we have that

/|f |2 f (=) (ESERE | BE { ” N¢waz( )dA(w)}dA(z)

QA;{ém}Jﬂ@P”U’ PdA(z } w@w Afw).

4

Since [13, Lemma 2.4] gives that

1
1l ﬂf|dA<<————————/” Fl1dA,
/E(w 1 (1= |w[*)? Jpw,)
we obtain that

/D\i )2 (2 {/ Ny(r, 2)oa(r )rdr}dA( )

N oy (W)

Sé{émdﬂ@WM@}afmgﬂMM- (4.3

’2
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By applying Fubini’s theorem to the last formula in (4.3) once again, we have
that

4}\ ﬁ| ()21 f (2 {/ Ny(r, z)o(r )rdr}dA /|f VOH (2)dA(2),

i (4.4)

where

_ N oy (W) y
H(z) = /E(Z,;) (1w A

Furthermore Holder’s inequality gives that
pP—q

[ @A)

[/]f Vo (2)dA(z ] [/H Vo (z) adA(z)| . (4.5)

Since 01(z) ~ oy(w) and 1 — |z|* = 1 — |w|* for w € E(z,3), it follows from
Lemma 2.6 and inequality (4.1) that

o1\ 2 Nw(,w
H<z>5#[ﬂ o () )

(1—]z?)? w)(1 = [w]?)?
Now
< % / Md A(w)
(1= 12172 Jpe 1) wo(w)
Now
<Soi(z) M {"5—] () (zeD).
Wey
Thus the Hardy-Littlewood maximal theorem shows that
{/ H(Z)piz0'1<2’)_?z‘1dz4(z)‘| ’ HM{ ¢w52} ,
D Way LP—4 (01dA)
Now
< ’ Yooy . (4.6)
Wor  |lLP=4 (01dA)

Inequalities (4.3) ~ (4.6) and condition (4.2) imply that

JINEISIE {/ Nalr2Jon(r)rdr f dA(:) <

and so Cyf € Al(09dA) for any f € AP(01dA). This indicates the boundedness
of Cy : AP(01dA) — A%(oydA).

Conversely, we will prove that the boundedness of Cy, : AP(01dA) — A%(o2dA)
gives condition (4.2). To do this, we choose an e-separated sequence {z;} C D,
that is

inf{|p(zj,2x)| : j#k}=¢>0.
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By this condition, we can assume inf;>; |z;| > 0 without loss of generality. Now

we put

(L lzP)*r

o)y (1—%2)77
)

g]'(z)_ (ZEID)ajZl)v

C] 7"3

(2) (€D, tel0,1))

J=1

for some {¢;} € ¥ and the Rademacher functions {r;(¢)}. Then these functions
fi are in AP(o1dA) and

sup, [ fellow S (Zlcjlp> : (4.7)
tefo,1 =1

This inequality is verified by Theorems 2.1 and 2.2. In fact, Theorem 2.2 shows
that

1 illoy ~ sup{|{fe, h),| = h € AY (01" 7 dAay), ||h]| < 1}.

Here || - || denotes the norm of the space A¥ (01_%dAap/). Since

01(2) 01 7 (2)(1— |2
—————— € By(a) = € By(a),
L= le)> ~ " (1 —=[z*)e '
Theorem 2.1 shows that P, : L¥ (07" 7 dAay) — AP (017 7 dAgy) is bounded and
h(w) = P,h(w) for w € D. Hence we have that

Zeri(t) (1 -z
<ft7h>azz JJ'()_< ‘]| ;
PR o1(z)7
As in the proof of Lemma 2.4, it holds that

1

7

o P 1— 12 Oé+2—%
[/ Ul(z)_pdAap/(z)] ~ (1= |2 )1 (4.9)
E(Zjvr)

o1(z;)7
for each r € (0,1) and j > 1. By (4.8), (4.9) and Hélder’s inequality, we have
that

2)&-{-2—%

- h(z;). (4.8)

[(fe: Mol S Z lej1[h ()] / 01(2)_561/1@/(2)]

3=
e
k)l\l
Q
S
—~
N
SN—
|
s
QL
D
Q
%\
—~
N
SN—
—_ 1
=

< [ZMV’] : Z|h(2‘j)|p

Lj=1

Since {z;} is e-separated, [0, Theorem (3.12)] gives that

1
[Zrhazj)rp’ [ e il
j=1 E(zj,r)

P

S M7l
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and so we obtain the desired inequality (4.7).
Since Cy : AP(01dA) — Aq(agdA) is bounded, (4.7) shows that

[1Z 0,00 oadA < [ < (Zicﬂp>

: 2
7j=1

By integrating the above inequalities from 0 to 1 with respect to t, and applying

Fubini’s theorem and Khinchine’s inequality, we get

/D(i e )g@dAg/D(/;

7j=1
Our assumption g > 2 shows that

o0

> 950 00

j=1 J

dt) 09 dA.

q

g9 dA

2\ 3
) UQdA.

Combining these inequalities with Lemma 2.9, we obtain that

Z:_/ 1931195 N o, dA S <Z|C |p>
=1

q

It holds that

| 2512

o1(z)? (1 — |2

‘ 2

2+24 ~ |g]|q 2|g]

on E(z;, 1), and so

lfv%() Alz) (& z
Z‘]‘q 2 )2+2§ §<Z‘Cj‘p> < oQ.

o1(z5) ( — |2/ j=1

This inequahty implies that the sequence

{fE iy Nowoy (2)d <z>}
()7 (1= |5[)*% |

belongs to the dual of l4. Hence we see that
= [fE(zj,;)/\@,waQ(z)dA(Z)

q 24924

Loz (=172

To derive the integrability condition (4.2) from this, we choose an e-separated

sequence {z;} in D such that the disks E(z;, 1) cover D. By Lemma 2.10, we
have that

P
pP—q

1

Nowo,(2) S 72303
? (1= 1[21%)? Jpey

No oo, (W)dA(w)
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for z € D\ iD. Then

L) e (Bt

fE(z,%)N@waQ(w)dA(w) 7
Z:/E(z] ) ( Wy (2)(1 — |2[2)2 > o1(z)dA(z)

Since 1—|2|> = 1—|z;]%, 01(2) = 01(2;), and 80 we, (2) ~ w,, (z;) for z € E(z;, 3),
we have that

(IE b Noor, >dA<w>> P . (IE@@NM (w)dA(w)) W .

(2)(1 = |2?)? wo, (27) (1 = [2[?)?
(fE(Z N¢w”2 )dA(w))"Z o1(z;)

wo (25) (1 = |2;*)

for z € E(z;,1). By noting that A(E(z;,1)) ~ (1 — |z;|*)? and applying Lemma
2.6, we obtain that

P

Nowny \ 7~ Joiy 3 Nows, (WdA)\P=e
/D\}l]D)( Way ) A2 Z( Woy (25)(1 = |2]2)? o1(z)(1 = 1%1%)

1 N¢7w02 (w)dA(w)
(5 )

= 5
< 0.

bS]

]
| [
Q

Since the integrability on }lﬁ is clear by the inequality
1
1
/\@WU2 (2) < / Ny(z,r)rog(r)dr < log ﬂ,
0 z

we obtain that

Finally we show that Cy : AP(01dA) — A%(02dA) is also compact. Take a
bounded sequence {f;} in AP(c1dA) which converges to 0 uniformly on compact
subsets of D. By Lemma 2.3, we see that {f;} also converges to 0 weakly in
AP(01dA), and so it is enough to show that ||Cy f;||,, — 0 as j — co. By Lemma
2.9, this is equivalent to

lim / )2 {/ Ny(r, 2)oa(r )rdr}dA( ) = (4.10)

Since it holds that
1
/ {/ Ny(r, z)ag(r)rdr} dA(z) < o0
rD 0
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for any r € (0,1), we get that

i [5G {/ Nolr, () dA(2) =0

for any r € (0,1). As in the arguments in (4.3) ~ (4.6), we have that

[ @i { [ v aetrarf aae
sferf %M(wwm)

pP—q

sae, | [ (%) " A |

for r € (0,1) and 5 > 1. Since the boundedness of Cy implies that the last
integral above can be made arbitrarily small by choosing r sufficiently close to 1,
we obtain (4.10), and so the proof is complete. O
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