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Abstract. An operator T ∈ B(H) is called k-quasi-∗-class A if T ∗k(|T 2| −
|T ∗|2)T k ≥ 0 for a positive integer k, which is a common generalization of
∗-class A and quasi-∗-class A. In this paper, firstly we prove some inequalities
of this class of operators; secondly we consider the tensor products for k-quasi-
∗-class A operators, giving a necessary and sufficient condition for T ⊗ S to
be a k-quasi-∗-class A operator when T and S are both non-zero operators; at
last we prove that the spectrum is continuous on the class of all k-quasi-∗-class
A operators.

1. Introduction and preliminaries

Let H be a separable complex Hilbert space and C be the set of complex num-
bers. Let B(H) denote the C∗-algebra of all bounded linear operators acting on
H. If T ∈ B(H), we shall write kerT and ranT for the null space and range of
T respectively. Also let α(T ) =dim kerT , β(T ) =dim kerT ∗ and let σ(T ), σa(T )
denote the spectrum, approximate point spectrum of T . Let p = p(T ) be the
ascent of T ; i.e., the smallest nonnegative integer p such that ker T p = ker T p+1.
If such integer does not exist, we put p(T ) = ∞. Analogously, let q = q(T ) be the
descent of T ; i.e., the smallest nonnegative integer q such that ranT q =ranT q+1,
and if such integer does not exist, we put q(T ) = ∞. An operator T ∈ B(H) is
called upper (resp. lower) semi-Fredholm if ranT is closed and α(T ) < ∞ (resp.
β(T ) < ∞). If T ∈ B(H) is either an upper semi-Fredholm operator or a lower
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semi-Fredholm operator, then T is called a semi-Fredholm operator, and the in-
dex of a semi-Fredholm operator T ∈ B(H), denoted by ind(T ), is given by the
integer ind(T ) = α(T )− β(T ). If both α(T ) and β(T ) are finite, then T is called
a Fredholm operator. An operator T ∈ B(H) is called Weyl if it is Fredholm
of index zero and Browder if it is Fredholm of finite ascent and descent. The
essential spectrum σe(T ), the Weyl spectrum σw(T ) and the Browder spectrum
σb(T ) of T ∈ B(H) are defined by σe(T ) = {λ ∈ C : T − λ is not Fredholm},
σw(T ) = {λ ∈ C : T−λ is not Weyl}, and σb(T ) = {λ ∈ C : T−λ is not Browder}.

Let H, K be complex Hilbert spaces and H⊗K the tensor product of H, K; i.e.,
the completion of the algebraic tensor product of H, K with the inner product
〈x1 ⊗ y1, x2 ⊗ y2〉 = 〈x1, x2〉〈y1, y2〉 for x1, x2 ∈ H, y1, y2 ∈ K. Let T ∈ B(H)
and S ∈ B(K) . T ⊗ S ∈ B(H⊗K) denotes the tensor product of T and S ; i.e.,
(T ⊗ S)(x⊗ y) = Tx⊗ Sy for x ∈ H, y ∈ K.

Recall that T ∈ B(H) is called p-hyponormal for p > 0 if (T ∗T )p − (TT ∗)p ≥
0 [10]; when p = 1, T is called hyponormal. And T is called paranormal if
‖ Tx ‖2≤‖ T 2x ‖‖ x ‖ for all x ∈ H [10, 11]. And T is called normaloid if
‖T n‖ = ‖T‖n for all n ∈ N(equivalently, ‖T‖ = r(T ), the spectral radius of T ).
In order to discuss the relations between paranormal and p-hyponormal and log-
hyponormal operators (T is invertible and log T ∗T ≥ log TT ∗), Furuta, Ito and
Yamazaki [12] introduced a very interesting class of operators: class A defined by

|T 2| − |T |2 ≥ 0, where |T | = (T ∗T )
1
2 which is called the absolute value of T and

they showed that class A is a subclass of paranormal and contains p-hyponormal
and log-hyponormal operators. Recently Duggal, Jeon and Kim [7] introduced
∗-class A(i.e., |T 2| − |T ∗|2) ≥ 0) operators.

Definition 1.1. T ∈ B(H) is called a k-quasi-∗-class A operator for a positive
integer k if

T ∗k(|T 2| − |T ∗|2)T k ≥ 0.

when k = 1, called quasi-∗-class A operator, see [25].

For more interesting properties on k-quasi-∗-class A operators, see [7, 21, 22].
It is clear that

the class of ∗-class A operators ⊆ the class of quasi-∗-class A operators ⊆ the
class of k-quasi-∗-class A operators

and
the class of k-quasi-∗-class A operators ⊆ the class of (k + 1)-quasi-∗-class A

operators.
We show that the inclusion relations above are strict, by an example which

appeared in [13].

Example 1.2. Given a bounded sequence of positive numbers {αi}∞i=0. Let T be
the unilateral weighted shift operator on l2 with the canonical orthonormal basis
{en}∞n=0 by Ten = αnen+1 for all n ≥ 0, that is,
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T =


0
α0 0

α1 0
α2 0

. . . . . .

 .

Straightforward calculations show that T is a k-quasi-∗-class A operator if and
only if αnαn+1 ≥ α2

n−1 for all n ≥ k. So if αkαk+1 < α2
k−1 and αnαn+1 ≥ α2

n−1 for
all n ≥ k+1, then T is a (k+1)-quasi-∗-class A operator, but not a k-quasi-∗-class
A operator.

In this paper, firstly we prove some inequalities of this class of operators; sec-
ondly we consider the tensor products for k-quasi-∗-class A operators, giving a
necessary and sufficient condition for T ⊗ S to be a k-quasi-∗-class A operator
when T and S are both non-zero operators; at last we prove that the spectrum
is continuous on the class of all k-quasi-∗-class A operators.

2. Tensor products for k-quasi-∗-class A operators

At first, we shall prove some inequalities of k-quasi-∗-class A operators.

Theorem 2.1. Let T ∈ B(H) be a k-quasi-∗-class A operator for a positive
integer k. Then the following assertions hold.

(1) ‖ T n+2x ‖‖ T nx ‖≥‖ T ∗T nx ‖2 for all x ∈ H and all positive integers
n ≥ k.

(2) If T n = 0 for some positive integer n ≥ k, then T k = 0.

Proof. (1) Since it is clear that k-quasi-∗-class A operators are (k+1)-quasi-∗-class
A operators, we only need to prove the case n = k. Since

〈T ∗k|T ∗|2T kx, x〉 = 〈T ∗kTT ∗T kx, x〉 =‖ T ∗T kx ‖2,

and

〈T ∗k|T 2|T kx, x〉 = 〈|T 2|T kx, T kx〉 ≤‖ |T 2|T kx ‖‖ T kx ‖=‖ T k+2x ‖‖ T kx ‖ .

We have that

‖ T k+2x‖‖T kx ‖≥ ‖T ∗T kx ‖2

for all x ∈ H for T is a k-quasi-∗-class A operator.

(2) If n = k, it is obvious that T k = 0. If T k+1 = 0, then T k+2 = 0. So we have
that T ∗T k = 0 by (1). Hence we have that ‖T kx‖2 = 〈T ∗T kx, T k−1x〉 = 0 for all
x ∈ H. So T k = 0. The rest of the proof is similar.

�

Let T ⊗ S denote the tensor product on the product space H ⊗ K for non-
zero T ∈ B(H) and S ∈ B(K). The operation of taking tensor products T ⊗ S
preserves many properties of T ∈ B(H) and S ∈ B(K), but by no means all
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of them. For example the normaloid property is invariant under tensor prod-
ucts, the spectraloid property is not (see [23] pp. 623 and 631); and T ⊗ S is
normal if and only if T and S are normal [16, 26]; however there exist paranor-
mal operators T ∈ B(H) and S ∈ B(K) such that T ⊗ S is not paranormal
[1]. Duggal [6] showed that for non-zero T ∈ B(H) and S ∈ B(K), T ⊗ S is
p-hyponornal if and only if T , S are p-hyponornal. This result was extended to
p-quasihyponormal operators, class A operators, log-hyponormal operators and

class A(s, t) operators((|T ∗|t|T |2s|T ∗|t)
t

s+t ≥ |T ∗|2t, s, t > 0) in [19, 20, 27], re-
spectively. The following theorem gives a necessary and sufficient condition for
T ⊗ S to be a k-quasi-∗-class A operator when T and S are both non-zero oper-
ators, which is an extension of [7] Theorem 3.2.

Theorem 2.2. Let T ∈ B(H) and S ∈ B(K) be non-zero operators. Then
T ⊗ S ∈ B(H ⊗ K) is a k-quasi-∗-class A operator if and only if one of the
following assertions holds:

(1) T k = 0 or Sk = 0.
(2) T and S are k-quasi-∗-class A operators.

Proof. It is clear that T ⊗ S is a k-quasi-∗-class A operator if and only if

(T ⊗ S)∗k(|(T ⊗ S)2| − |(T ⊗ S)∗|2)(T ⊗ S)k ≥ 0

⇐⇒ T ∗k(|T 2| − |T ∗|2)T k ⊗ S∗k|S2|Sk + T ∗k|T ∗|2T k ⊗ S∗k(|S2| − |S∗|2)Sk ≥ 0

⇐⇒ T ∗k|T 2|T k ⊗ S∗k(|S2| − |S∗|2)Sk + T ∗k(|T 2| − |T ∗|2)T k ⊗ S∗k|S∗|2Sk ≥ 0.

Therefore the sufficiency is clear.
To prove the necessary. Suppose that T ⊗ S is a k-quasi-∗-class A operator.

Let x ∈ H and y ∈ K be arbitrary. Then we have

〈T ∗k(|T 2| − |T ∗|2)T kx, x〉〈S∗k|S2|Sky, y〉 + 〈T ∗k|T ∗|2T kx, x〉〈S∗k(|S2| − |S∗|2)Sky, y〉 ≥ 0. (2.1)

It suffices to prove that if (1) does not hold, then (2) holds. Suppose that T k 6= 0
and Sk 6= 0. To the contrary, assume that T is not a k-quasi-∗-class A operator,
then there exists x0 ∈ H such that

〈T ∗k(|T 2| − |T ∗|2)T kx0, x0〉 = α < 0 and 〈T ∗k|T ∗|2T kx0, x0〉 = β > 0.

From (2.1) we have

α〈S∗k|S2|Sky, y〉+ β〈S∗k(|S2| − |S∗|2)Sky, y〉 ≥ 0

for all y ∈ K, that is,

(α + β)〈S∗k|S2|Sky, y〉 ≥ β〈S∗k|S∗|2Sky, y〉 (2.2)

for all y ∈ K. Therefore S is a k-quasi-∗-class A operator. We have

〈S∗k|S∗|2Sky, y〉 = ‖S∗Sky ‖2 and 〈S∗k|S2|Sky, y〉 ≤ ‖Sk+2y‖‖Sky ‖.

So we have

(α + β)‖Sk+2y‖‖Sky‖ ≥ β‖S∗Sky ‖2 (2.3)
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for all y ∈ K by (2.2). Because S is a k-quasi-∗-class A operator, from [21]

Lemma 2.1 we can write S =

(
S1 S2

0 S3

)
on K = ran(Sk)

⊕
ker S∗k, where S1

is a ∗-class A operator (hence it is normaloid by [21] Theorem 2.6). By (2.3) we
have

(α + β)‖S2
1η‖‖η‖ ≥ β‖S∗η ‖2≥ β‖S∗1η ‖2 for all η ∈ ran(Sk).

So we have

(α + β)‖S1 ‖2= (α + β)‖S2
1 ‖≥ β‖S∗1 ‖2= β‖S1 ‖2,

where equality holds since S1 is normaloid.
This implies that S1 = 0. Since Sk+1y = S1S

ky = 0 for all y ∈ H, we have
Sk+1 = 0. Since S is a k-quasi-∗-class A operator, by Theorem 2.1 (ii) we have
that Sk = 0. This contradicts the assumption Sk 6= 0. Hence T must be a k-quasi-
∗-class A operator. A similar argument shows that S is also a k-quasi-∗-class A
operator. The proof is complete.

�

3. Spectral continuity for k-quasi-∗-class A operators

Let {τn} be a sequence of compact subsets of C. Then its limit inferior is
defined by

lim inf{τn}={λ ∈ C : there exists λn ∈ τn such that λn −→ λ}
and its limit superior is defined by

lim sup{τn}={λ ∈ C : there exists λnk
∈ τnk

such that λnk
−→ λ}.

If lim inf{τn}=lim sup{τn}, then lim {τn} is defined by this common limit. A
map p, defined on B(H), whose values are compact subsets of C, is said to be
upper (resp. lower) semi-continuous at T , if Tn −→ T then lim supp(Tn) ⊂ p(T )
(resp. p(T ) ⊂ lim infp(Tn). If p is both upper and lower semi-continuous at T ,
then it is said to be continuous at T and in this case lim p(Tn) = p(T ).

For every T ∈ B(H), σ(T ) is a compact subset of C. The function σ viewed
as a function from B(H) into the set of all compact subsets of C, equipped with
the Hausdorff metric, is well known to be upper semi-continuous, but fails to be
continuous in general. Conway and Morrel [3] have carried out a detailed study of
spectral continuity in B(H). Recently, the continuity of spectrum was considered
when restricted to certain subsets of the entire manifold of Toeplitz operators in
[9, 17]. It has been proved that σ is continuous in the set of normal operators
and hyponormal operators in [15]. And this result has been extended to quasi-
hyponormal operators by S. V. Djordjević in [4], to p-hyponormal operators by
Hwang and Lee in [18], to (p, k)-quasihyponormal, M-hyponormal, ∗-paranormal
and paranormal operators by Duggal, Jeon and Kim in [8], and to quasi-class
(A, k) operators by Gao and Fang in [14]. In the following, we extend this result
to k-quasi-∗-class A operators.
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In the following, we prove that spectrum σ is continuous on the set of all
k-quasi-∗-class A operators.

Lemma 3.1. Let T be a k-quasi-∗-class A operator for a positive integer k. Then
the following assertions hold:

(1) If T is quasinilpotent (i.e., σ(T ) = {0}), then T is nilpotent.
(2) For every non-zero λ ∈ σp(T ), the matrix representation of T with respect

to the decomposition H = ker(T−λ)
⊕

(ker(T−λ))⊥ is: T =

(
λ 0
0 B

)
for some operator B satisfying λ /∈ σp(B) and σ(T ) = {λ} ∪ σ(B).

Proof. Suppose T is a k-quasi-∗-class A operator for a positive integer k. (1) holds
by [22] Corollary 2.2. If λ 6= 0 and λ ∈ σp(T ), we have that ker(T−λ) reduces T by

[21] Lemma 2.5. So we have that T =

(
λ 0
0 B

)
on H = ker(T −λ)

⊕
(ker(T −

λ))⊥ for some operator B satisfying λ /∈ σp(B) and σ(T ) = {λ} ∪ σ(B). �

The Berberian extension theorem shows that given an operator T ∈ B(H),
there exists a Hilbert space K ⊇ H and an isometric ∗-isomorphism T → T ◦ ∈
B(K) preserving order such that σ(T ) = σ(T ◦) and σp(T

◦) = σa(T
◦) = σa(T ).

See details in the following lemma:

Lemma 3.2. [2]. Let H be a complex Hilbert space. Then there exists a Hilbert
space K such that H ⊂ K and a map ϕ : B(H) −→ B(K) such that

(1) ϕ is a faithful ∗-representation of the algebra B(H) on K, i.e., ϕ(S+T ) =
ϕ(S) + ϕ(T ), ϕ(λT ) = λϕ(T ), ϕ(ST ) = ϕ(S)ϕ(T ), ϕ(T ∗) = (ϕ(T ))∗,
ϕ(I) = I and ‖ϕ(T )‖ = ‖T‖ for any S, T ∈ B(H) and λ ∈ C.

(2) ϕ(A) ≥ 0 for any A ≥ 0 in B(H).
(3) σa(T ) = σa(ϕ(T )) = σp(ϕ(T )) for any T ∈ B(H).

Theorem 3.3. The spectrum σ is continuous on the set of k-quasi-∗-class A
operators for a positive integer k.

Proof. Suppose T is a k-quasi-∗-class A operator for a positive integer k. Let
ϕ : B(H) −→ B(K) be Berberian’s faithful ∗-representation of Lemma 3.2. In
the following, we shall show that ϕ(T ) is also a k-quasi-∗-class A operator for
a positive integer k. In fact, since T is a k-quasi-∗-class A operator, we have
T ∗k(|T 2| − |T ∗|2)T k ≥ 0. Hence we have

(ϕ(T ))∗k(|(ϕ(T ))2| − |ϕ(T )∗|2)(ϕ(T ))k

= ϕ(T ∗k(|T 2| − |T ∗|2)T k) by Lemma 3.2 (1)

≥ 0 by Lemma 3.2 (2).

So we have that its Berberian extension T ◦ = ϕ(T ) is also a k-quasi-∗-class A
operator for a positive integer k. By Lemma 3.1 we have that T belongs to the
set C(i) (see definition in [8]). So we have that the spectrum σ is continuous on
the set of k-quasi-∗-class A operators for a positive integer k by [8] Theorem 1.1.
This completes the proof. �
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Corollary 3.4. The Weyl spectrum σw is continuous if and only if the Browder
spectrum σb is continuous on the set of k-quasi-∗-class A operators for a positive
integer k.

Proof. Suppose T is a k-quasi-∗-class A operator for a positive integer k. By
Theorem 3.3 and [24] Theorem 2.2, we have that Browder’s theorem holds for T .
Hence Corollary 3.4 holds by the remark of [24] or the equivalence between (ii)
and (iii) of [5] Theorem 2.2. �
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24. S. Sánchez-Perales and S. V. Djordjević, Continuity of spectra and compact perturbations,
Bull. Korean Math. Soc. 48 (2011), 1261–1270.

25. J.L. Shen, F. Zuo and C.S. Yang, On operators satisfying T ∗|T 2|T ≥ T ∗|T ∗|2T , Acta
Math. Sinica (English Ser.) 26 (2010), 2109–2116.

26. J. Stochel, Seminormality of operators from their tensor products, Proc. Amer. Math. Soc.
124 (1996), 435–440.

27. K. Tanahashi, Tensor products of log-hyponormal operators and of class A(s, t) operators,
Glasgow Math. J. 46 (2004), 91–95.

College of Mathematics and Information Science, Henan Normal University,
Xinxiang, Henan, 453007, P.R. China.

E-mail address: gaofugen08@126.com
E-mail address: l.xiaochun@tom.com


	1. Introduction and preliminaries
	2. Tensor products for k-quasi--class A operators
	3. Spectral continuity for k-quasi--class A operators 
	References

