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ABSTRACT. Multipliers have recently been introduced as operators for Bessel
sequences and frames in Hilbert spaces. In this paper, we define the concept
of (Xg,X3) and (I°°, X4, X)-Bessel multipliers in Banach spaces and inves-
tigate the compactness of these multipliers. Also, we study the possibility of
invertibility of (I°°, X4, X)-Bessel multiplier depending on the properties of
its corresponding sequences and its symbol. Furthermore, we prove that every
(Xa, X;)-Bessel multiplier is a A-nuclear operator.

1. INTRODUCTION AND PRELIMINARIES

In 1991 Gréchenig [11] generalized frames to Banach spaces and called them
atomic decompositions. He also defined a more general notion for Banach spaces
called a Banach frame. Further work on atomic decompositions via group rep-
resentations appeared in 1996 by Christensen [7], and perturbation theory for
atomic decompositions was presented by Christensen and Heil [3]. For further
studies on Banach frames and atomic decompositions, we refer to [5, 6, 12, 14,

) ) ) ]

In [21], Schatten provided a detailed study of ideals of compact operators of
the form > mydr ® i, where {¢;} and {¢;} are orthonormal families, Balazs
replaced these orthonormal families with Bessel sequences to define Bessel mul-
tipliers for Hilbert spaces [2, 3, 1]. For Bessel sequences, the investigation of the
operator M = > mydy ® 1y, is very natural and useful and there are numerous
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applications of this kind of operators. In [22, 23, 24, 25], Stoeva and Balazs in-
vestigated the unconditional convergence of Bessel multipliers and characterized
a complete set of conditions for the invertibility of them. Bessel multipliers for
p-Bessel sequences in Banach spaces and for g-Bessel sequences in Hilbert spaces
were introduced in [16] and [17], respectively. In this paper, we introduce Bessel
multipliers for X -Bessel sequences in Banach spaces.

This paper is organized as follows: In Section 1, we present properties of a-dual
(K6the-dual) and S-dual of a BK-space and recall some basic properties of X4-
frames in Banach spaces. In Section 2, we define the concept of (X4, X) and
(1°°, X4, X;)-Bessel multipliers in Banach spaces and show that as operators, they
are well defined and bounded. In Section 3, we investigate the compactness of
these multipliers and study the invertibility of (1°°, Xy, X)-Bessel multiplier. The
dependency of the multipliers on their parameters is investigated in Section 4.
Finally, in Section 5, we prove that every (X, X)-Bessel multiplier is a A-nuclear
operator.

Throughout this paper, X is a Banach space, B(X) is the space of bounded linear
operators from X into X and X, is a complex sequence space; that is, a vector
space whose elements are sequences of complex numbers. All sequence spaces will
be assumed to include ¢, the set of finitely nonzero sequences [13]. A sequence
space Xy is called a BK-space, if it is a Banach space and all of the coordinate
functionals {a;} — a; are continuous. A sequence space X is called solid if when-
ever {ay} and {by} are sequences with {b;} € X, and |ax| < |by|, for each k € N,
then it follows that {ax} € Xy and |[{ax}||x, < [[{bk}|lx,- A sequence space Xy
is called an AK-space if it is a topological vector space and {ay} = lim,, p,({ax})
for each {ar} € X4, where p,({ax}) = {a1, a2, -+ ,a,,0,---}.

In [13], K6the has assigned for each sequence space X, two sequence spaces X7,
a-dual (Kéthe-dual) of Xy, with the following definition:

Xg = {{ak} : i |6Lkbk| < 00, V{bk} & Xd}7

k=1

and X7, B-dual of X, with this definition:

Xg = {{ak} : Zakbk converges, Y{by} € Xd} )

k=1

It is evident that X C X 5 . We note that a-dual and (-dual of a BK-space X,
are BK-spaces with respect to the norms

{ar}la = sup Z\akbﬂ (1.1)

HbeHix, <1 5

and

Hatls = sup > anbil, (1.2)

SIS v

respectively. Also if X is a solid BK-space, then X¢ = Xg [15, 29].
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Remark 1.1. We note that if X, is a solid BK-space, the norms defined in (1.1)
and (1.2) are equivalent by the open mapping theorem.

It is proved in [15, 29], that the spaces X} and X 5 are isometrically isomorphic
with the norm defined in (1.2), when X, is a BK-AK-space. So by Remark 1.1,
we deduce that if X, is a solid BK-AK-space, then the spaces X and X7 are
isomorphic with the norm defined in (1.1) and there exist K, K’ > 0 such that

K'{a}llx; < Hardla < Kll{an}llx;, {an} € Xg~ Xg, (1.3)
where K’ can be set to 1.
Lemma 1.1. [10] Let {ex} be a Schauder basis of a normed space X. The canon-

ical projections P, : X — X, where P, (> 2, a;e;) = Y1, ae;, satisfy:
(1) dim (P, (X)) = n;

(”) Pan = PmPn = Pmin(m,n);'

(711) lim,, o P,(z) = z, for every x € X.

We note that sequence {my} is called semi-normalized, if

0< i%f |my| < sup |mg| < oco.
k

A sequence {¢r} C X is called norm bounded above, in short NBA (resp. norm
bounded below, in short NBB), if sup,, [|¢x|| < oo (resp. infy ||¢k|| > 0).

Definition 1.2. Let X be a Banach space and X,; be a BK-space. A countable
sequence {gi}72, in the dual X* is called an Xy-frame for X if

() {oe(f)} € Xa, [feX;

(ii) the norms || f||x and |[{gx(f)}|lx, are equivalent i.e., there exist constants
A, B > 0 such that

Allfllx < {oe(NHixa < Bllfllx, feX. (1.4)

The constants A and B are called lower and upper X -frame bounds, respectively.
If (i) and the upper condition in (1.4), are satisfied, then {gx} is called an X,
Bessel sequence for X with bound B. We call {g;} a tight X,-frame if A = B
and a Parseval X -frame if A =B = 1.

Definition 1.3. [!] Let {gx} be a sequence of elements in X* and {m;} C C.
We call {g;} a weighted X -frame for X, if the sequence {mygx} is an X -frame
for X.

Proposition 1.4. [5] Suppose that X, is a BK-space for which the canonical unit
vectors {ex} form a Schauder basis. Then {gr} C X* is an X}-Bessel sequence
for X with bound B if and only if the operator

T:{d} = digr,
s

is well defined (hence bounded) from X, into X* and ||T| < B.
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Definition 1.5. A sequence {fx} C X is called an X;-Riesz basis for X, if it is
complete in X and there exist constants A, B > 0 such that

Al{ertllx, < 1 efill < Bll{er}llx,, {en} € Xa. (1.5)
k=1

The constants A and B are called lower and upper X4-Riesz basis bounds, respec-
tively. If {fx} is an X -Riesz basis for span,{ fi}, then {fi} is called an X -Riesz
sequence.

Proposition 1.6. [28] Suppose that X4 is a reflexive BK-space for which the
canonical unit vectors {ex} form a Schauder basis. Assume that {1} C X* is an
X} -Riesz basis for X* with lower bound A and upper bound B. Then there exists
a unique sequence {sz} C X, which is an X4-Riesz basis for X with lower bound
1

% and upper bound %, such that

F=> vl feX,
k=1

9=> g, ge€X".
k=1

This sequence {1y} is unique and biorthogonal to {1}.

Throughout the following sections, since we use many results of [28, 29], we
need to assume that X is a reflexive Banach space and X is a solid, reflexive,
BK-space such that the canonical unit vectors {e;} form a Schauder basis.

2. MULTIPLIERS FOR X, ;-BESSEL SEQUENCES

Motivated by the multipliers for p-Bessel sequences [10], in this section, we will
extend multipliers in more general cases, i.e., for X -Bessel sequences.

Lemma 2.1. Suppose that {¢r} C X is an X-Bessel sequence for X* with bound
B'. Then the following statements hold:

(i) Let {4} € X*. Suppose that there exists P > 0 such that ||| < P for each
k€N, and m = {m} € X4. Then the operator M = My, (4,),() : X — X
defined by:

Mo (00,060 (F) = Y muton(f)én, f € X,
k=1
is well defined and bounded with || M| < KPB'||{m}| x,-

i1) Let {ip} C e an Xg4-Bessel sequence for X with bound B, and m =
3) L X b X4-B ) X with bound B d
{my} € 1>°. Then the operator M' = M’ : X — X defined by:

m, (k) (V)

M, 6000 () = ka¢k(f)¢ka fex,
k=1

is well defined and bounded with ||M'|| < KBB'|[{mk}||c-



150 M.H. FAROUGHI, E. OSGOOEI, A. RAHIMI

Proof. (i) First, we prove that {377_, myr(f)dr )52, is Cauchy in X. Consider
1,7 € N, 7> j. Then we have

| Z mik(Noell = sup | Y ma(f)dil9)|
k=j+1 geX* [lgll<1 k=j+1
< Pl s Y bl (@21)

gex~llgl<1 S5,

Since Xj and X¢ are isomorphic, {¢x(9)}72,;,, € Xg. By (1.1) and (2.1), we
have

I kawk Joell < PIAIma} = pi({miDlix,  sup  {w(9) 1 i lla

< Plfllmx} = pi({mad)llx,  sup  [{or(9)}iZillas

geX ™ llgll<1

hence by (1.3), there exists K > 0 such that

X3

I Z mpe(f)oell < KP[fIII{me} —pi({mid)llx,  sup  [{ow(g)}il

k=j+1 geX™ [lg]I<1
< KPB'||f|I{mx} — p;({mu})llx,

Since the canonical unit vectors {ej} form a Schauder basis for X4, by Lemma
L1, limy [{me} — pi({me})llx, = 0. Therefore {37 muthp(f)¢r}52, is Cauchy
in X and so M is well defined.

Now we show that M is bounded. For this we have

M) = ||ka¢k Vol = sup [ muathi(f)e(g)

geX* llgll<1 54

geX™ llgll<1y
hence by (1.1) and (1.3), we have
IMAI < PlAT{mxe  sup [{ok(9)}]a

geX* llgll<1

< KPBflII{mdllx,, fe X,
So, [MI| < KPB||{my}|x,:

(ii) Since {my} € [*°, we have

[k ()] < [{malloo Ok (F)], K €N,

since {¢(f)} € X4 and X is a solid BK-space, {ﬁfnw’“' } € X4 and we have

[{rmatpon () HIxa < T Hloo {08 (F) Hlxa- (2.2)
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Now we prove that {377, my P (f)or 52, is Cauchy in X. Consider 4,5 € N,
i > j. Since {mpr(f)}2,41 € Xa and {dr(9)}72,,1 € X, by (1.1), we have

%

|| Z m(feel = s | > mitn(£)on(9)
< {mvn(H} = pi{me(HDlx, sup [[{6r(9)}H -

geX llgll<1

Similar to the proof of (i), we can deduce that {37, muthr(f)éx 22, is Cauchy
in X. Therefore, M’ is well defined.
Now we show that M’ is bounded. For this by (1.1), we have

IM'fIl = Hkawk )orl| = XSUHP” 1|ka¢k(f)¢k(9)|
geXllgll<t -
< H{mkW( )} x, exiuHP”qH{%(g)}Haa

hence by (2.2) and (1.3), we have

M A < I Hloo {0k () HIx, KB
< KBB'[{mi} ]l /Il

So [M']| < KBB'[[{my} oo B

Remark 2.2. Suppose that the unit vectors { F} }, the sequence of coefficient func-
tionals associated to the canonical basis {e,} of Xy, forms a basis for XJ. Then
by [5, Corollary 3.3], the mapping M in part (i) of Lemma 2.1, is also well defined
and bounded, if the {1} is assumed to be an X -Bessel sequence for X.

Definition 2.3. Let {¢;} C X be an Xj-Bessel sequence for X* with bound B’.
Suppose that {¢,} C X* and ||¢]| < P, for each k € N and m = {m;} € X,.
The operator M = M, (4,),(n) : X — X defined by:

Mm7(¢k)v(¢k)<f) = Z mkwk(f)@w
k=1

is called an (X4, X)-Bessel multiplier for sequences {¢x } and {¢x}. The sequence
m is called the symbol of M and {¢,} and {¢;} are called its corresponding
sequences.

Example 2.4. Let X = X; =", 1 < p < oo. Suppose that {Ey} is the
sequence of coefficient functionals associated to the canonical basis {ey} of Xg.
Denote {1/)].3} = {%El, EQ, Q%El, E3, Q%El, cet }, {¢k} = {61, €9,€3,€4,€5," - } and
{me} = {1,5,5.5.%,---}. Then ||| < 1, for each k € N, {¢} C I? is a
Parseval l9-frame for 19 and {my} € [P. Therefore M (60), (1) @5 @ (I7,17)-Bessel

multiplier.

Definition 2.5. Let {¢r} C X be an X-Bessel sequence for X* with bound
B’. Suppose that {1} C X* is an Xy-Bessel sequence for X with bound B and
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m = {my} € 1°°. The operator M' = M/

(S5 (n) X — X defined by:

My (o000 (F) = D mucthe(f)
k=1

is called a (1%, X4, Xj)-Bessel multiplier for sequences {¢;} and {¢x}. The se-
quence m is called the symbol of M’ and {¢} and {¢;} are called its correspond-
ing sequences.

We shall denote My, (4,),w,) by M and M;%(d)k)’(wk) by M’.

Remark 2.6. We note that since X and X, are reflexive spaces, the definition of
(X4, X;)-Bessel multiplier can be expressed by:

M=1,D,U,

where T}, from X" ~ X, into X*™* ~ X is the synthesis operator of X-Bessel
sequence {¢y}. The mappings D,, : I — X4, Dp,({cx}) = {mpcr} and U : X —
12, U(f) = {vr(f)}, are well defined operators. Also, by Definition 2.5, M’ can
be shown by:

M' =Ty, D,,Uy,,
where T}, from XJ* ~ X, into X™ ~ X is the synthesis operator of X-Bessel
sequence {¢y}. The mapping D,, : Xq — X4, Dn({c}) = {mrcr} is a well
defined operator and Uy, from X into Xy, is the analysis operator of the Xg-
Bessel sequence {1 }. In this case, M’ can also be written by:

M = T, Unnyo

where T}, is the synthesis operator of Xj-Bessel sequence {¢;}, and U, is
the analysis operator of the weighted X -Bessel sequence {1}, where {m;} is a
sequence of weights.

Proposition 2.7. Suppose that M is an (X4, X};)-Bessel multiplier. Let ¢y, # 0,
for each k € N and {¢r} C X be an X4-Riesz sequence. Then the mapping

m = M (60),01);
is ingective from X4 into B(X).

Proof. Suppose that My, (6,), ) = M/ (6), (), Where m’ = {m} € X4. Then

Y ope s Mk (f)ok =D pey M (f) P, for each f € X. Since {¢} is an Xy4-Riesz
sequence, by [28, Theorem 4.8], myr(f) = mjr(f), for all f € X and k € N.
Since for each k € N, there exists f € X such that ¢, (f) # 0, my = m;. O

Corollary 2.8. Suppose that M’ is a (I1°°, X4, X)-Bessel multiplier. Let 1y # 0,
for each k € N and {¢r} C X be an Xy4-Riesz sequence. Then the mapping

!
m = Mo (60), 000
is injective from X4 into B(X).

Proposition 2.9. Assume that M’ is a (I1°°, X4, X};)-Bessel multiplier for X} -
Riesz basis {1} C X* with bounds A and B and for X4-Riesz basis {¢r} C X
with bounds A" and B'. Then

AA KmiHloe < IM']] < KBB'[[{my}]oo-
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Proof. Part (ii) of Lemma 2.1, gives the upper bound. By Proposition 1.6, {x}
has a blorthogonal sequence {wk} C X, such that {3} is an X-Riesz basis with
bounds L and L and wk(wl) = 0y, for all k,7 € N. Therefore, we have

A
, el e 1525, e ()l
M > -
1M = sup T 2 sup [l e oA
lmasl I
< i 2.3
P 23

Since {¢ } is an Xy4-Riesz basis for X with lower bound A’ and the canonical unit
vectors {eg} form a basis for X, by (1.5), we have

[¢ll > A', i eN. (2.4)

Also, since {¢~k} is an X4-Riesz basis for X with upper bound % and the canonical
unit vectors {ex} form a basis for X, by (1.5), we have

- 1
ES T (25)
Now by (2.4) and (2.5), we have
i
up | £ 2 A )
Therefore by (2.3), || M'|| > AA'[[{m}||o- O

3. COMPACTNESS AND INVERTIBILITY OF MULTIPLIERS

The compactness of Bessel multipliers are investigated by Balazs in [2]. Also,
in [22, 23, 24, 25], Stoeva and Balazs characterized a complete set of conditions
for the invertibility of multipliers.

Lemma 3.1. With the notations of Definitions 2.3 and 2.5, the following asser-
tions are true:

(i) If M is an (X4, X};)-Bessel multiplier, then M is a compact operator.

(it) If M is a (1°°, X4, X};)-Bessel multiplier and m = {my} € co, then M’ is a
compact operator.

Proof. (1) We define the finite rank operator

f)= Z m k() bk,
k=1

where {my}, {¢r} and {1} are same as Definition 2.3. Then we have

M — Mgl = sup sup | > mui(f)on(g)]
FeXIfI<tgexlgl<t oot

< sup o oswp > fmk(Hen(e),  (3.1)

FeXNFIISTgeX llgll<1 ), Ty
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since {m}32 i € Xa and {on(9)}72 k41 € Xg, by (3.1), (1.1) and (1.3), we
have

IM = Mgl < sup Plfl[[{mr} —px({mi})llx,  sup  [{ox(9)}Ha
rex,IfI<1 gex~ [lgl<1

< KPB'|[{mi} — px({mui})|x.-

Since the canonical unit vectors {e;} form a Schauder basis for X,, by Lemma
L1, limg [[{mg} — pxc({ms«})]| = 0 and so M is a compact operator.

(ii) For a given m € c,, let m® = (my,ma,--- ,my,0,0,---). Then by part (ii) of
Lemma 2.1, we have

! !
1M (60, 00) — M,

i /
m® senwoll = 1M (g, |

< |lm—mV|| KBB.
Since m € co, lim; |[m — m® ||, = 0, and the proof is evident. O

Here is an example which shows that a (I°°, X4, X;)-Bessel multiplier may not
be a compact operator, if m = {my} ¢ co.

Example 3.2. Let X = X; = I’, 1 < p < oo. Suppose that {Ey} is the
sequence of coefficient functionals associated to the canonical basis {ey} of Xg.
Denote {¢n} = {E} and {¢r} = {ex}. Then My, . is an (1,1, 1;)-Bessel
multiplier but it is not a compact operator, if X s infinite dimensional.

Proposition 3.3. Suppose that M’ is a (I1°°, X4, X};)-Bessel multiplier and m =
{my} is semi-normalized. Then the following assertions hold:

(1) If {¢r} is an Xg-Riesz basis for X and {¢r} is an X4-frame for X, then M’
18 1njective.

(i) If {1} is an X} -Riesz basis for X* and {¢r} is an Xj-frame for X*, then
M’ is surjective.

Proof. The proof is evident by Remark 2.6 and [28, Propositions 3.4, 4.5]. O

In the following theorem, we investigate the invertibility of M’ and determine
the formula for (M’)~!.

Theorem 3.4. Suppose that M’ is a (1°°, X4, X}})-Bessel multiplier and m =
{my} is semi-normalized. Then the following statements hold:

(i) If {¢Yx} € X* is an Xj-Riesz basis for X* and {¢r} C X is an X}-Bessel
sequence for X*. Then M’ is invertible on X if and only if {¢r} is an X4-Riesz
basis for X.

(ii) If {&n} C X is an X4-Riesz basis for X and {¢r} C X* is an X,-Bessel
sequence for X. Then M’ is invertible on X if and only if {1y} is an X}-Riesz
basis for X*.

In the case that M’ is invertible, (M')™" = M’ , . - - where {1} C X and

{(Ek} C X are X4-Riesz basis for X and Xj-Riesz basis for X*, respectively.

Proof. (i) By Remark 2.6, M' = Ty, D,,,Uy,. Suppose that {1} and {¢;} are
X-Riesz basis for X* and X,;-Riesz basis for X, respectively. Then by [28,
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Propositions 3.4, 4.5], Ty, and Uy, are invertible and also D,,, since m is semi-
normalized. Therefore M’ is an invertible operator. By Proposition 1.6, there
exist a unique X,-Riesz basis {1);} € X and a unique X’-Riesz basis {¢} C
X*, which are biorthogonal to {¢x} and {¢x}, respectively. Since m is semi-
normalized, - = {mik} € [*° and we have

! / _ /
Mis), g © M) = M<;>,<zﬁk>,<q§k><; mie(f)en)

o0 o0

- Z 1 . @(Z My (f)or) i

- m;
=1 k=1

= 3 Y il Débn
b k=1

=1
= D i)
=1

= f, fexX

Conversely, suppose that M’ is an invertible operator. Since {¢y} is an X}-
Riesz basis for X*, by [28, Propositions 3.4, 4.5], Uy, and so Ty, are invertible.
Therefore {¢y} is an X}-Riesz basis by [28, Proposition 3.4].

(ii) The proof is similar to the first part. O

Theorem 3.5. Let M’ be an invertible operator on X. Suppose that {my} =
m € [°°. Then the following statements hold:

(i) If {¢n} € X* (resp. {myr}) is an Xg4-Bessel sequence for X with bound B
and {¢r} C X is an X}-Bessel sequence for X*, then {¢y} is an X} -frame for
X

(i1) If {ox} C X* is an X[ -Bessel sequence for X* and {{} C X* is an X4-
Bessel sequence for X, then {{y} (resp. {mpir}) is an Xq-frame for X.

Proof. (i) By assumption it is enough to find a lower frame bound for {¢;}. Let
g € X*. For g = 0, the lower bound condition is trivially fulfilled. Now let g # 0.
Since M’ is invertible, by (1.1) and (1.3), we have

lgll = [[(M™)~ M g|| < [MTH[| Mg
= MY sup [(f, M) = (IMTH sup | mudi(f)ék(9)]
feX|ifli1 FeX|fl<t 45
< 1M sup [[H{mudn () Hixall{r(9)
fexilfi<t
< Mmoo sup [{k() Hixa[H{ok(9) Hla
fex,lIfl<1
< [IM I oo BE {01 (9) Hixs -

(ii) The proof is similar to the above argument. O
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Theorem 3.6. Suppose that the canonical unit vectors {ex} and {Ey} form bases
for X4 and X, respectively. Let {¢r} be an X4-Riesz basis for X and {1y} be
an Xg4-Bessel sequence for X and non-NBB. Assume that m = {my} € l> and
my # 0, for some k € N. Then M’ is not invertible on X .

Proof. Suppose that M’ is an invertible operator on X. By Remark 2.6, M’ =
T, Uy - Since {¢y} is an X4-Riesz basis, by [28, Propositions 3.4, 4.5, Tj, is
invertible and so {my1} is an X}-Riesz basis for X*. Hence, there exists D > 0
such that

Dl{edll < I ewmuinlls {ex} € X5 (3.2)
k=1

Since the unit vectors { E)} form a basis for X, by [5, Lemma 3.1] and (3.2), we
have

D = Dllejl| < [lm;ell, j € N. (3-3)
Since m € [, by (3.3) {¢} is NBB, which is a contradiction. O

4. DEPENDENCY OF PARAMETERS

In this section, we investigate the behavior of the Bessel multipliers when the
parameters are changing.
We note that X; and X7 denote the closed unit balls of X and X*, respectively.

Theorem 4.1. Let M be an (X4, X})-Bessel multiplier for sequences {1y} C X*
and {¢r} C X, where B’ is the upper Bessel bound for {¢r} and ||| < P, for
each k € N. Then the operator M depends continuously on m,{¢y} and {¢p}
in the following sense: Let {1/),(;)} C X* and {¢g)} C X be sequences indexed by
leN.

(i) Let m) — m in Xy4. Then for | — oo, I M) (800, (00) — Mimei). )| = 0

(id) Let {u (f)} converges to {U(f)} in 1, for cach € Xy. Then forl = ox,
HM (o) () Mm,(%L(m)“ — 0.

(i) Let {gbkl (9)} € X5, for each g € X* and {gbg)( )} converges to {¢r(g)} in
Xj, for each g € X7. Then forl — oo, [|[M 6), ) — Mo (61), ) || = 0.

(iv) Let the assumptions in parts (i), (ii) and (#ii) hold. Then for I — oo,
HMm(l),(qs;{l)),(wl(c”) = Mo (1), | = 0.
Proof. (i) Since m() — m in Xy, for each ¢ > 0 there exists an N, > 0 such that
for all I > N,
Im® —m|x, <e,
hence, by part (i) of Lemma 2.1, we have
1Mo (90,00 = Mo woll = 1M - (60,00l

< |mY —m||x,KPB

< eKPB'
(ii) By assumption, for each € > 0 there exists an N, > 0 such that for all [ > N,

S (/) — (A <ellfll. fex. (4.1)
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So,
G < elfll+ Wu(D < (e+ P)IFI, kEN, feX.

Therefore, ||¢,il)|| <P+e
Now by (1.1), (4.1) and (1.3) we have

1M, 0 00, = Mungon o (DIl = 11D mu(y”(F) = w(1)exl
k=1

o0

= sup | w8 () — k() (o)

gex+llgl<1 4=

gs%pw,i”—wk)(f)! sup — [[{&r(9)} lallmllx,

geX*,|lglI<1
SgM(?—%ﬂﬂWWmKH
< el fllllmlx, KB, feX.

So, |’Mm,(¢k)7(¢g>) - Mm,(¢k)7(¢k)|| < ¢llm||x, KB’
(iii) By assumption, for each € > 0 there exists an N, > 0 such that for all | > N,

{6\ (9)} — {on()}x; < ellgll, g€ X*. (4.2)
Since {¢x} C X is an Xj-Bessel sequence with bound B’, by (4.2), we have
{6\ ()} Ixs < ellgll + 1{ox(9)}xs < (e + B)gll-

So, {qb,(gl)} is an X}-Bessel sequence for X* with bound B’ + e.
Now by (4.2), (1.1) and (1.3), we have

1M, 401 0 () = Moo (D = 1D mun())(@5) = )l
k=1

=  sup |kawk(f)(¢§f)—¢k)(g)\

gex+lgl<1 =

< KP[IfllImllx, sup {6l (9)} — {on(9)}x;

geX,|lgll<1

< eK|mllx, Pl f1-

So, HMm7(¢I<€l))7(¢k) - Mm:(¢k)v(¢k)” < eK|mlx,P.

(iv) By the above assertions, for [ bigger than the maximum N needed for the
convergence conditions we have

1M, 40,00y = Mmool < IM 0 40y o) = My, g0 o)l

”Mm,w?),w,i”) - Mm,wk),(w,i”)”

+

M, g,y — Mmool

< eKPB' + 6||m||Xde + EHmHXdKB/.

O
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Theorem 4.2. Let M’ be a (I%°, X4, X)) Bessel multiplier for Bessel sequences
{tp} C X* and {¢r} C X, where B and B’ are the upper Bessel bounds for {1}
and {¢r}, respectively. Then the operator M' depends continuously on m, {1y}
and {¢r} in the following sense: Let {¢,(j)} C X* and {gbg)} C X be sequences
indexed by | € N.

(i) Let m®) — m in 1°°. Then for | — oo, HMJn(U’(%) (wk) = M, ool = 0.

(i) Let {wl ()} € Xu, for each f € X and let {w,g (f)} converges to {¢w(f)}
in Xq, for each f € X;. Then for | — oo, ||M’ ) = M}, 0w ll =0

(i) Let {qﬁk (9)} € X, for each g € X* and let {(b/(g (9)} converges to {¢r(9)}
in X}, for each g € X{. Then for | — oo, HM 6O ) = M, ool = 0.

(iv) Let the assumptions in parts (i), (ii) and (m) hold. Then for | — oo,
M/

Proof. (i) Since m® — m in [, for each € > 0 there exists an N, > 0 such that
forall l > N,

”m(l) - m”oo <€,

hence, by part (ii) of Lemma 2.1, we have

/ / . /

M) (0,0 — Mmool = 1Mp0 60,0l
< |m" —m|KBB'
< ¢KBB'.

(ii) By the assumption, for each € > 0 there exists an N, > 0 such that for all
[ >N,

(9} = {0, < ellfIl £ € X (4.3)
Since {¢} C X* is an X -Bessel sequence with bound B, by (4.3), we have

oL ()M Ixa < el £l + e (F)YIxa < (e+ B)IIFL.
Now by (1.1), (4.3) and (1.3), we have

[e.e]

HMTIn,(m),(w}(j))(f) = M 0,0 (NI = sup ’ka(fﬂg)(f) — Ui(f))on(9)]

geX™ llglI<1 k=1
< sup  {ma(@y — v (O Hxa{o(9)} I xe
geX* |lglI<1
< eKB'|m| f]-

o, M (60).(v) = M, o well < elmlloe KB
by a snmlar argument of part (ii) and Theorem 4.1, we can deduce the rest of

the proof. O
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5. A-NUCLEAR OPERATORS IN BANACH SPACES

The theory of trace-class operators in Hilbert spaces was created in 1936 by
Murray and von Neumann. Ruston [19, 20] extended this concept to operators
acting in Banach spaces. Trace class operators on Banach spaces are called nu-
clear operators. Dubinsky and Ramanujan [9] generalized this idea to A\-nuclear
operators.

Let E and F' be normed linear spaces and A be a BK-space, whose elements are
sequences of complex numbers. Then A(E) denotes the (vector sequence) space
of all vectors x = (xy), x1, € E such that {(x;,a)} € X for each a € E*. We define

ex(r) = ”?nglp({m,a)}),

where p is a norm on \.

Definition 5.1. [18] Let T be a linear map on the normed space E into another
space, F'. We define T' to be a A-nuclear map if T" admits the representation

Tx = Zak<x7uk>yk7 YIS E7
k=1
where ||ug|| is bounded above for each k € N, o« = (o) € A\, y = (y) € \*(F)
and there exists L > 0 such that e «(y) < L. In this case

Ny(T) = inf p(a).
Let Ny(F, F) denotes the set of all A-nuclear maps on E into F.

Theorem 5.2. [18] Let E, F and G be normed linear spaces. Then we have the
following assertions:

(i) If T € Nx(E,F) and S € L(F,G), then SoT € N\(E,G) and N\(SoT) <
ISIINA(T).

(i) If T € L(E,F) and S € Nx(F,G), then SoT € Ny(E,G) and Nx(SoT) <
NAS)IIT.

Theorem 5.3. [18] Let 6 = {dx} be a fired member of A\. Then the map D :
[ — X defined by D(u) = (ugdy) is a A-nuclear map and Ny(D) = p(d).
Theorem 5.4. [13] Let T € L(E,F). The map T is A\-nuclear if and only if it

can be factorized as follows:
T=QoDoP,

where P and @ are continuous linear maps from E into [*° and from X into F,
respectively, and D is as defined in Theorem 5.5.

Theorem 5.5. Let M be an (Xg4, X})-Bessel multiplier for sequences {1} C X*
and {¢r} C X, where B’ is the upper Bessel bound for {¢r} and ||| < P, for
each k € N. Then M is a A-nuclear operator with

NA(M) < PB'||m||x,-

Proof. By Remark 2.6, M = T, D,,U. So by Theorems 5.3, 5.4 and 5.2, we deduce
that M is a A-nuclear operator and N,(M) < PB'|m||x,. O
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