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Abstract. Let α > 0 and β > 1. In the present work, the necessary and suffi-
cient conditions for the boundedness and compactness of the integral operator
of the form

Lα,βf(x) := v(x)

∫ x

0

lnβ−1(xy )f(y)u(y)dy

(x− y)1−α
, x > 0,

from Lp → Lq, with locally integrable non-negative weight functions u and v,
in the case 0 < p, q < ∞, p > max(1/α, 1), provided u is non-increasing on
R+ := [0,∞) are found.

1. Introduction

For 0 < p <∞ we denote Lp := Lp(R+) the set of all measurable functions such

that ‖f‖p :=
(∫∞

0
|f(x)|pdx

)1/p
<∞. Let α > 0 and

Lα,βf(x) := v(x)

∫ x

0

lnβ−1(x
y
)f(y)u(y)dy

(x− y)1−α , x > 0. (1.1)

If v(x) = u(x) = 1 and β = 1, the operator (1.1) coincides with the classical
Riemann–Liouville fractional operator ([4], § 9.9). We study the problem of
necessary and sufficient conditions for the inequality

‖Lα,βf‖q ≤ C‖f‖p, (1.2)
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to hold with a constant C independent on f ∈ Lp which we assume to be least
possible. Boundedness and compactness criteria for the case 0 < β ≤ 1 in [16]
was found. Also in [7] criteria for operators with power-logarithmic kernels were
studied. If α = β = 1 the inequality (1.2) was completely characterized (see, for
instance, [14, 21]). The cases α > 1, β = 1 and α ∈ (0, 1), β = 1 were solved with
further generalizations in [13, 22, 23, 1, 12], [15, 19, 20, 18, 9, 10] .

Throughout the paper uncertainties of the form 0 · ∞ are taken to be zeros.
The relations A � B and B � A means that A ≤ cB, where the constant c
depends only on p, q, α, β and may be different in different places. If both A� B
and A� B, then we write A ≈ B. Z stands for the set of all integers, χE is the
characteristic function of E. The symbol p′ := p

p−1
, p 6= 1 denotes the conjugate

numbers of p, and the symbol � marks the end of a proof.

2. Preliminaries

Definition 2.1. Let k(x, y) ≥ 0 be the kernel of the operator of the form

Kf(x) := v(x)

∫ x

c

k(x, y)f(y)u(y)dy, 0 ≤ c ≤ x ≤ d ≤ ∞.

If there exists a constant D ≥ 1 such that

D−1k(x, y) ≤ k(x, z) + k(z, y) ≤ Dk(x, y), 0 ≤ c ≤ y ≤ z ≤ x ≤ d ≤ ∞, (2.1)

then we call a kernel k(x, y) from Oinarov’s class and denote k(x, y) ∈ O [17].

Standard examples of a kernel k(x, y) ≥ 0 satisfying (2.1) are

(i) k(x, y) = (x− y)α, α ≥ 0,
(ii) k(x, y) = lnβ(1 + x− y), k(x, y) = lnβ(x

y
); β ≥ 0,

and their combinations. Let b : [c, d] → [0,∞) be a strictly increasing differen-
tiable function and let

Kb : Lp(b(c), b(d))→ Lq(c, d),

be an operator of the form

Kbf(x) := v(x)

∫ b(x)

b(c)

k(x, y)f(y)u(y)dy, 0 ≤ c ≤ x ≤ d ≤ ∞, (2.2)

where a non-negative kernel k(x, y) satisfies the following definition.

Definition 2.2. k(x, y) ∈ Ob if there exists a constant D ≥ 1 such that

D−1k(x, y) ≤ k(x, b(z)) + k(z, y) ≤ Dk(x, y),

{
0 ≤ c ≤ z ≤ x ≤ d ≤ ∞,
0 ≤ b(c) ≤ y ≤ b(z).

(2.3)

Now we consider the operator of the form

Kf(x) := v(x)

∫ b(x)

a(x)

k(x, y)f(y)u(y)dy, (2.4)
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where the boundaries a(x), b(x) satisfy the following conditions:

(i) a(x) and b(x) are differentiable and strictly increasing on (0,∞);
(ii) a(0) = b(0) = 0, a(x) < b(x) for 0 < x <∞, a(∞) = b(∞) =∞.

Definition 2.3. k(x, y) ∈ Oab if there exists a constant D ≥ 1 such that

D−1k(x, y) ≤ k(x, b(z)) + k(z, y) ≤ Dk(x, y), z ≤ x, a(x) ≤ y ≤ b(z). (2.5)

The following theorems are taken from [30]. Theorem 2.2 is closely related to
the results of [2, 3, 5], [25, 26, 28, 29].

Theorem 2.1. Let the operator Kb be an operator given by (2.2) with a strictly
increasing differentiable function b(x) ≥ 0 and k(x, y) ∈ Ob.
(a) If 1 < p ≤ q <∞, then

‖Kb‖Lp(b(c),b(d))→Lq(c,d) ≈ Ab,0 + Ab,1,

where

Ab,0 := sup
c≤t≤d

(∫ d

t

kq(x, b(t))vq(x)dx

)1/q
(∫ b(t)

b(c)

up
′
(y)dy

)1/p′

,

Ab,1 := sup
c≤t≤d

(∫ d

t

vq(x)dx

)1/q
(∫ b(t)

b(c)

kp
′
(t, y)up

′
(y)dy

)1/p′

,

(b) If 1 < q ≤ p <∞, then

‖Kb‖Lp(b(c),b(d))→Lq(c,d) ≈ Bb,0 +Bb,1,

where

Bb,0 :=

(∫ b(d)

b(c)

[∫ d

b−1(t)

kq(x, t)vq(x)dx

]r/q [∫ t

b(c)

up
′
(y)dy

]r/q′
up
′
(t)dt

)1/r

,

Bb,1 :=

∫ d

c

[∫ d

t

vq(x)dx

]r/p [∫ b(t)

b(c)

kp
′
(t, y)up

′
(y)dy

]r/p′
vq(t)dt

1/r

.

Theorem 2.2. For the operator defined by (2.4), we take a sequence of points
{ξk}k ∈ Z ⊂ (0,∞) such that

ξ0 = 1, ξk = (a−1 ◦ b)k(1), k ∈ Z,

and put

ηk = a(ξk) = b(ξk−1), ∆k = [ξk, ξk+1), δk = [ηk, ηk+1), k ∈ Z.

If 1 < p ≤ q <∞, then

‖K‖Lp→Lq ≈ A := A0 +A1,
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where

A0 := sup
t>0
A0(t)

= sup
t>0

sup
s∈[b−1(a(t)),t]

(∫ t

s

kq(x, b(s))v(x)qdx

)1/q
(∫ b(s)

a(t)

up
′
(y)dy

)1/p′

,

A1 := sup
t>0
A1(t)

= sup
t>0

sup
s∈[b−1(a(t)),t]

(∫ t

s

v(x)qdx

)1/q
(∫ b(s)

a(t)

kp
′
(s, y)up

′
(y)dy

)1/p′

.

Moreover, K is compact if and only if A <∞ and limt→0Ai(t) = limt→∞Ai(t) =
0, i = 0, 1. If 1 < q < p <∞, then

‖K‖Lp→Lq ≈ B :=

(∑
k∈Z

[
Brk,1 + Brk,2 + Brk,3 + Brk,4

])1/r

,

Bk,1 :=


∫ a(ξk+1)

a(ξk)

(∫ a−1(t)

ξk

kq(x, b(ξk))v(x)qdx

)r/q

×

(∫ a(ξk+1)

t

up
′
(y)dy

)r/q′

up
′
(t)dt


1/r

,

Bk,2 :=

{∫ ξk+1

ξk

(∫ t

ξk

v(x)qdx

)r/p

×

(∫ a(ξk+1)

a(t)

kp
′
(ξk, y)up

′
(y)dy

)r/p′

vq(t)dt


1/r

,

Bk,3 :=

{∫ b(ξk+1)

b(ξk)

(∫ ξk+1

b−1(t)

kq(x, t)v(x)qdx

)r/q

×
(∫ t

b(ξk)

up
′
(y)dy

)r/q′
up
′
(t)dt

}1/r

,

Bk,4 :=


∫ ξk+1

ξk

(∫ t

ξk

v(x)qdx

)r/p(∫ b(t)

b(ξk)

kp
′
(t, y)up

′
(y)dy

)r/p′

vq(t)dt


1/r

,

and the operator K is compact if and only if B <∞.
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In the proof of Theorem 3.1 below, we apply the Chebyshev inequality : if
F (x) ≥ 0 is non-increasing and G(x) ≥ 0 is non-decreasing on (a, b) ⊂ R, then∫ b

a

F (x)G(x)dx ≤ 1

b− a

∫ b

a

F (x)dx

∫ b

a

G(x)dx. (2.6)

In the section 4, we need the following theorem from ([8], Theorem 5.8).

Theorem 2.3. Each regular linear integral operator L acting from Lp to Lq,
where 0 < q < p <∞ and p ≥ 1, is compact.

Observe, that every bounded integral operator with a non-negative kernel is
regular.

3. Boundedness

Let M+ be the class of all measurable functions f : [0,∞)→ [0,+∞]. Without
a loss of generality we may and shall restrict the inequality (1.2) on f ∈M+.

Theorem 3.1. Let max( 1
α
, 1) < p ≤ q <∞, β > 1. Let v ∈M+ and u ∈M+ is

non-increasing on [0,∞).
I) If α + β > 2 then the inequality(∫ ∞

0

(Lα,βf(x))q dx

)1/q

≤ C

(∫ ∞
0

f(x)pdx

)1/p

, f ∈M+, (3.1)

holds if and only if A+B <∞, where

A0(α, β) := sup
t>0

A0(t)

= sup
t>0

(∫ ∞
t

v(x)q(ln 2x
t

)(β−1)qdx

x(1−α)q

)1/q(∫ t
2

0

up
′
(y)dy

)1/p′

,

A1(α, β) := sup
t>0

A1(t)

= sup
t>0

(∫ ∞
t

v(x)qdx

x(1−α)q

)1/q
(∫ t

2

0

(ln
t

y
)(β−1)p′up

′
(y)dy

)1/p′

, (3.2)

A := A0(α, β) + A1(α, β),

and

B0(α, β) := sup
t>0

B0(t)

= sup
t>0

sup
s∈[ t

2
,t]

(∫ t

s

v(x)q(x− s)(α+β−2)qdx

)1/q
(∫ s

t
2

up
′
(y)dy

y(β−1)p′

)1/p′

,

B1(α, β) := sup
t>0

B1(t)

= sup
t>0

sup
s∈[ t

2
,t]

(∫ t

s

v(x)qdx

)1/q
(∫ s

t
2

(s− y)(α+β−2)p′ u
p′(y)dy

y(β−1)p′

)1/p′

,
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B := B0(α, β) +B1(α, β).

Moreover, C ≈ A+B.
II) If 1 < α + β < 2 then the inequality (3.1) holds if and only if A + D < ∞,
where

D := sup
k∈Z

Dk = sup
k∈Z

sup
t∈(2k,2k+1]

(∫ 2k+1

t

v(s)qds

s(2−α−β)q

)1/q (∫ t

2k−1

up
′
(s)ds

s(β−1)p′

)1/p′

. (3.3)

Moreover, C ≈ A+D.

Proof. (I) (α + β > 2). We have

Lα,βf(x) = v(x)

∫ x
2

0

lnβ−1(x
y
)f(y)u(y)dy

(x− y)1−α + v(x)

∫ x

x
2

lnβ−1(x
y
)f(y)u(y)dy

(x− y)1−α

:= L1f(x) + L2f(x), f ∈M+.

If y ∈ (0, x
2
), then

L1f(x) ≈ v(x)

x1−α

∫ x
2

0

(ln(
x

y
))β−1f(y)u(y)dy.

We see that, for β > 1, (ln(x
y
))β−1 satisfies (2.3). Since

ln

(
x

y

)
= ln

(x
z

)
+ ln

(
z

y

)
≤ ln

(
2x

z

)
+ ln

(
z

y

)
, 0 < z < x, 0 < y < z/2,

and

ln

(
x

y

)
≥ 1

2

(
ln

(
2x

z

)
+ ln

(
z

y

))
⇔ ln

(
x

y

)
≥ 1

2
ln

(
2x

y

)
= ln

(√
2x

y

)

⇔
√
x

y
≥
√

2⇔ y ≤ x

2
,

so

ln

(
x

y

)
≈ ln

(
2x

z

)
+ ln

(
z

y

)
,

Therefore, the inequality (3.1) implies(∫ ∞
0

v(x)q

x(1−α)q

(∫ x
2

0

(ln(
x

y
))β−1f(y)u(y)dy

)q

dx

)1/q

≤ C0

(∫ ∞
0

f(x)pdx

)1/p

,

(3.4)
for f ∈M+, with C0 ≤ C and it follows from Theorem 2.1, that A ≈ C0. On the
other hand, if y ∈ [x

2
, x],then x

y
− 1 ∈ [0, 1]. By using ln(1 + γ) ≈ γ, (γ ∈ [0, 1]),

we can write the following

ln(
x

y
) = ln(1 +

x− y
y

) ≈ x− y
y

.
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So, we obtain

L2f(x) ≈ v(x)

∫ x

x
2

(x− y)α+β−2f(y)
u(y)

yβ−1
dy.

The kernel (x− y)α+β−2, for α + β > 2, satisfies (2.5). Therefore, the inequality
(3.1) implies(∫ ∞

0

v(x)q

(∫ x

x
2

(x− y)α+β−2f(y)
u(y)

yβ−1
dy

)q

dx

)1/q

≤ C1

(∫ ∞
0

f(x)pdx

)1/p

,

(3.5)
for f ∈ M+,with C1 ≤ C and it follows from Theorem 2.2, that B ≈ C1. More-
over, (3.1), is equivalent to (3.4) and (3.5), so that C ≈ A+B.
(II) (1 < α + β < 2) Now we continue the proof of theorem for second case. We
have the same arguments to the proof of part (I) for L1f(x). However, with the
condition on α, β, operator L2f(x) coincides with the Riemann–Liouville frac-
tional operator. The inequality (3.1) implies(∫ ∞

0

v(x)q

(∫ x

x
2

(x− y)α+β−2f(y)
u(y)

yβ−1
dy

)q

dx

)1/q

≤ D0

(∫ ∞
0

f(x)pdx

)1/p

,

(3.6)
for f ∈M+. Moreover, (3.1), is equivalent to (3.4) and (3.6), so that C ≈ A+D0.
We show, that D0 � D � C which implies C ≈ A+D. To this end we construct
a new operator and apply the block-diagonal method. Put ∆k := (2k, 2k+1] and
define

L
(1)
k f(x) := v(x)χ∆k

(x)

∫ x

2k
(x− y)α+β−2f(y)

u(y)

yβ−1
dy,

L
(2)
k f(x) := v(x)χ∆k

(x)

∫ 2k

2k−1

(x− y)α+β−2f(y)
u(y)

yβ−1
dy,

Lk := L
(1)
k + L

(2)
k , L(1) :=

∑
k∈Z

L
(1)
k , L(2) :=

∑
k∈Z

L
(2)
k , L := L(1) + L(2).

Since the operators L(1) and L(2) are block-diagonal, then by ([27], Lemma 1) we
have for p ≤ q

‖L‖ := ‖L‖Lp→Lq ≈ sup
k∈Z
‖Lk‖Lp(2k−1,2k+1]→Lq(2k,2k+1] =: sup

k∈Z
‖Lk‖. (3.7)

Observe, that (∫ ∞
0

v(x)q

(∫ x

x
2

(x− y)α+β−2f(y)
u(y)

yβ−1
dy

)q

dx

)1/q

≤ ‖Lf‖q ≤
(∫ ∞

0

(Lα,βf(x))q dx

)1/q

, f ∈M+, (3.8)

and it trivially follows from the left side of (3.8), that D0 ≤ ‖L‖. Fix k ∈ Z and
put vk := vχ∆k

. If x ∈ ∆k and y ∈ [2k−1, x) then 1
x−y ≥

4
3x
. Hence, the inequality

‖Lkf‖Lq [∆k] ≤ ‖Lk‖‖fχ[2k−1,2k+1]‖p, f ∈M+,
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implies the Hardy inequality(∫ 2k+1

2k−1

vk(x)qdx

x(2−α−β)q

(∫ x

2k−1

f(y)
u(y)

yβ−1
dy

)q
dx

)1/q

� ‖Lk‖‖fχ[2k−1,2k+1]‖p

for all f ∈ M+. Then, applying ([30], Lemma 2.1), the lower bound ‖L‖ � D
follows for p ≤ q from (3.7). Hence, from the right hand side of (3.8) we obtain
D � ‖L‖ � C. Thus, the lower bound C � A+D is proved.
The opposite estimate C � A+D will be established, if we show that ‖L‖ � D.
Denote

J :=

∫ x

2k−1

(x− y)α+β−2f(y)
u(y)

yβ−1
dy.

To this end we prove first that for x ∈ ∆k

J � 1

x2−α−β

(∫ x

2k−1

f(y)p
[∫ y

2k−1

u(t)p
′
dt

t(β−1)p′

] 1
p′

dy

) 1
p (∫ x

2k−1

u(y)p
′
dy

y(β−1)p′

) 1

p′2

. (3.9)

Set

h(α, β) :=

[∫ y

2k−1

u(t)p
′
dt

(x− t)(2−α−β)p′t(β−1)p′

]
,

and write

J =

∫ x

2k−1

{
f(y)h(α, β)

1
pp′
}{

h(α, β)
− 1
pp′ (x− y)α+β−2 u(y)

yβ−1

}
dy

(applying Hölder’s inequality)

≤
(∫ x

2k−1

f(y)ph(α, β)
1
p′ dy

) 1
p

×
(∫ x

2k−1

u(y)p
′

(x− y)(2−α−β)p′y(β−1)p′
h(α, β)−

1
pdy

) 1
p′

(calculating the second factor)

≈
(∫ x

2k−1

f(y)ph(α, β)
1
p′ dy

) 1
p
(∫ x

2k−1

u(y)p
′
dy

(x− y)(2−α−β)p′y(β−1)p′

) 1

p′2

.

Let x ∈ ∆k, y ∈ (2k−1, x). Since

1

(x− t)(2−α−β)p′
,

is increasing with respect to t ∈ (2k−1, y) and

u(t)p
′

t(β−1)p′ ,

is decreasing, by Chebyshev’s inequality (2.6) and an elementary inequality,

bγ − aγ ≈ bγ−1(b− a), b > a > 0, γ > 0,
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we find that∫ y

2k−1

u(t)p
′
dt

(x− t)(2−α−β)p′t(β−1)p′
≤ 1

y − 2k−1

∫ y

2k−1

u(t)p
′

t(β−1)p′dt

∫ y

2k−1

dt

(x− t)(2−α−β)p′

≈ 1

y − 2k−1

(
(x− 2k−1)1−(2−α−β)p′ − (x− y)1−(2−α−β)p′

)[∫ y

2k−1

u(t)p
′
dt

t(β−1)p′

]

≈ 1

(x− 2k−1)(2−α−β)p′

[∫ y

2k−1

u(t)p
′
dt

t(β−1)p′

]
≈ 1

x(2−α−β)p′

[∫ y

2k−1

u(t)p
′
dt

t(β−1)p′

]
, x ∈ ∆k.

So, (3.9) is proved. From the definition D we have[∫ x

2k−1

u(t)p
′
dt

t(β−1)p′

] 1
p′

≤ D

[∫ 2k+1

x

vk(s)
qds

s(2−α−β)q

]− 1
q

, x ∈ (2k−1, 2k+1]. (3.10)

Applying (3.9), Minkowskii’s inequality and (3.10) we write∫
∆k

v(x)q
(∫ x

2k−1

(x− y)α+β−2f(y)
u(y)

yβ−1
dy

)q
dx

≤
∫

∆k

vk(x)q

x(2−α−β)q

(∫ x

2k−1

f(y)p
(∫ y

2k−1

u(t)p
′
dt

t(β−1)p′

) 1
p′

dy

) q
p (∫ x

2k−1

u(t)p
′
dt

t(β−1)p′

) q

p′2

dx

≤

(∫ 2k+1

2k−1

f(y)p
(∫ y

2k−1

u(t)p
′
dt

t(β−1)p′

) 1
p′

×

(∫ 2k+1

y

vk(x)q

x(2−α−β)q

(∫ x

2k−1

u(t)p
′
dt

t(β−1)p′

) q

p′2

dx

) p
q

dy


q
p

� D
q
p′

∫ 2k+1

2k−1

f(y)p
(∫ y

2k−1

u(t)p
′
dt

t(β−1)p′

) 1
p′
(∫ 2k+1

y

vk(x)qdx

x(2−α−β)q

) 1
q

dy


q
p

≤ Dq

(∫ 2k+1

2k−1

fp

) q
p

and the upper bound ‖L‖ � D follows by Jensen’s inequality and the required
C � A+D is proved. �

Theorem 3.2. Let p > max( 1
α
, 1), 0 < q < p < ∞ and 1

r
:= 1

q
− 1

p
. Let v ∈M+

and u ∈M+ is monotone decreasing on [0,∞).
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I) If α + β > 2 then the inequality (3.1) holds if and only if A + B <∞, where

A0(α, β) :=


∫ ∞

0

(∫ ∞
t

v(x)q(ln x
t
)(β−1)qdx

x(1−α)q

)r/q

×
(∫ t

0

up
′
(y)dy

)r/q′
up
′
(t)dt

}1/r

,

A1(α, β) :=

{∫ ∞
0

(∫ ∞
t

v(x)qdx

x(1−α)q

)r/p

×

(∫ t
2

0

(
ln
t

y

)(β−1)p′

up
′
(y)dy

)r/p′

v(t)qdt

t(1−α)q


1/r

,

A := A0(α, β) + A1(α, β),

Bk,0(α, β) :=

{∫ 2k

2k−1

(∫ 2t

2k
v(x)q(x− 2k)(α+β−2)qdx

)r/q

×

(∫ 2k

t

up
′
(y)dy

y(β−1)p′

)r/q′

up
′
(t)dt

t(β−1)p′


1/r

,

Bk,1(α, β) :=

{∫ 2k+1

2k

(∫ t

2k
v(x)qdx

)r/p

×

(∫ 2k

t
2

(2k − y)(α+β−2)p′up
′
(y)dy

y(β−1)p′

)r/p′

v(t)qdt


1/r

,

Bk,2(α, β) :=


∫ 2k

2k−1

(∫ 2k+1

t

v(x)q(x− t)(α+β−2)qdx

)r/q

×
(∫ t

2k−1

up
′
(y)dy

y(β−1)p′

)r/q′
up
′
(t)dt

t(β−1)p′

}1/r

,

Bk,3(α, β) :=


∫ 2k+1

2k

(∫ 2k+1

t

v(x)qdx

)r/p

×
(∫ t

2k

(t− y)(α+β−2)p′up
′
(y)dy

y(β−1)p′

)r/p′
v(t)qdt

}1/r

,
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B :=

(∑
k∈Z

(
Brk,0(α, β) + Brk,1(α, β) + Brk,2(α, β) + Brk,3(α, β)

))1/r

.

Moreover, C ≈ A + B.
II) If 1 < α + β < 2 then the inequality (3.1) holds if and only if A + D < ∞,
where

D :=

∑
k∈Z

∫ 2k+1

2k

v(s)q

s(2−α−β)q

(∫ 2k+1

s

v(t)qdt

t(2−α−β)q

)r/p(∫ s

2k−1

up
′
(t)dt

t(β−1)p′

)r/p′
ds

1/r

=:

(∑
k∈Z

Dr
k

) 1
r

.

Moreover, C ≈ A + D.

Proof. (I) (α+β > 2) Arguing similarly to the proof of Theorem 3.1 part (I) and
using Theorems 2.1, 2.2, we can see our aim in this part.
(II) (1 < α+ β < 2) Since L is a block-diagonal operator using ([27], Lemma 1),
we have

‖L‖ ≈

(∑
k∈Z

‖Lk‖r
) 1

r

, q < p, (3.11)

and it is sufficient to show, that ‖L‖ � D. Let

h(x) :=
χ∆k

(x)

x(2−α−β)q2/r

∫ x

2k−1

[∫ s

2k−1

up
′
(t)dt

t(β−1)p′

] r
q′
[∫ 2k+1

s

vk(t)
qdt

t(2−α−β)q

] r
p
up
′
(s)ds

s(β−1)p′


q
r

.

Applying Hölder’s inequality, we find

Jk :=

(∫
∆k

v(x)q
(∫ x

2k−1

(x− y)α+β−2f(y)
u(y)

yβ−1
dy

)q
dx

) 1
q

≤
(∫

∆k

v(x)qh(x)
r
q dx

) 1
r

×
(∫

∆k

v(x)qh(x)−
p
q

(∫ x

2k−1

(x− y)α+β−2f(y)
u(y)

yβ−1
dy

)p
dx

) 1
p

.
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Changing the order of integration and integrating by parts, we have∫
∆k

v(x)qh(x)
r
q dx =

∫ 2k+1

2k−1

vk(x)qh(x)
r
q dx

=

∫ 2k+1

2k−1

vk(x)q

x(2−α−β)q

∫ x

2k−1

[∫ s

2k−1

up
′
(t)dt

t(β−1)p′

] r
q′

×

[∫ 2k+1

s

vk(t)
qdt

t(2−α−β)q

] r
p
up
′
(s)ds

s(β−1)p′
dx

=

∫ 2k+1

2k−1

[∫ s

2k−1

up
′
(t)dt

t(β−1)p′

] r
q′
[∫ 2k+1

s

vk(t)
qdt

t(2−α−β)q

] r
q
up
′
(s)ds

s(β−1)p′

=
p′

r

∫ 2k+1

2k−1

[∫ 2k+1

s

vk(t)
qdt

t(2−α−β)q

] r
q

d

[∫ s

2k−1

up
′
(t)dt

t(β−1)p′

] r
p′

=
p′

q

∫ 2k+1

2k−1

[∫ 2k+1

s

vk(t)
qdt

t(2−α−β)q

] r
p [∫ s

2k−1

up
′
(t)dt

t(β−1)p′

] r
p′ vk(s)

qds

s(2−α−β)q

=
p′

q

∫
∆k

[∫ 2k+1

s

vk(t)
qdt

t(2−α−β)q

] r
p [∫ s

2k−1

up
′
(t)dt

t(β−1)p′

] r
p′ vk(s)

qds

s(2−α−β)q

=
p′

q
Dr
k.

Thus, from (3.12)

Jk � Dk

(∫
∆k

v(x)qh(x)−
p
q

(∫ x

2k−1

(x− y)α+β−2f(y)
u(y)

yβ−1
dy

)p
dx

) 1
p

. (3.12)

Now we show, that

sup
t∈∆k

(∫ 2k+1

t

v(x)qh(x)−
p
q dx

x(2−α−β)p

) 1
p (∫ t

2k−1

up
′
(s)ds

s(β−1)p′

) 1
p′

� 1. (3.13)

Let t ∈ ∆k. We write∫ 2k+1

t

v(x)qh(x)−
p
q dx

x(2−α−β)p
=

∫ 2k+1

t

v(x)qdx

x(2−α−β)p

×


∫ x

2k−1

[∫ s

2k−1

up
′
(t)dt

t(β−1)p′

] r
q′
[∫ 2k+1

s

vk(x)qdx

x(2−α−β)q

] r
p
up
′
(s)ds

s(β−1)p′


q
r

1

x(2−α−β)q2/r


− p
q

=

∫ 2k+1

t

v(x)qdx

x(2−α−β)q

∫ x

2k−1

(∫ s

2k−1

up
′
(t)dt

t(β−1)p′

) r
q′
[∫ 2k+1

s

vk(z)qdz

z(2−α−β)q

] r
p
up
′
(s)ds

s(β−1)p′

−
p
r
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≤

(∫ t

2k−1

[∫ s

2k−1

up
′
(t)dt

t(β−1)p′

] r
q′ up

′
(s)ds

s(β−1)p′

)− p
r

=

(
r

p′

) p
r
(∫ t

2k−1

up
′
(s)ds

s(β−1)p′

)− p
p′

,

and (3.13) follows. Applying the arguments from the proof of Theorem 3.1 with
p = q we see, that(∫

∆k

v(x)qh(x)−
p
q

(∫ x

2k−1

(x− y)α+β−2f(y)
u(y)

yβ−1
dy

)p
dx

) 1
p

� ‖fχ[2k−1,2k+1]‖p.

Thus, (3.12) brings

‖Lkf‖q � Dk‖fχ[2k−1,2k+1]‖p.
Consequently, ‖Lk‖ � Dk and by (3.11) ‖L‖ � D. �

4. Compactness

Theorem 4.1. Let max( 1
α
, 1) < p ≤ q < ∞. Let v ∈ M+ and u ∈ M+ is

monotone decreasing on [0,∞).
I) If α + β > 2 the operator Lα,β from Lp to Lq is compact iff, A+B <∞ and

lim
t→0

Ai(t) = lim
t→∞

Ai(t) = 0, i = 0, 1,

lim
t→0

Bi(t) = lim
t→∞

Bi(t) = 0, i = 0, 1.

II) If 1 < α + β < 2 the operator Lα,β from Lp to Lq is compact iff, A+D <∞
and

lim
t→0

Ai(t) = lim
t→∞

Ai(t) = 0, i = 0, 1, (4.1)

lim
k→−∞

Dk = lim
k→+∞

Dk = 0. (4.2)

Proof. (I) (α + β > 2) Since in this case, we have Oinarov–kernel, therefore the
proof of compactness follows from representation of the operator by sum of a
compact operator and an operator with a small norm and using Theorems 2.1,
2.2.
(II) (1 < α + β < 2) Necessity. Since the operator Lα,β is compact, then Lα,β is
bounded from Lp to Lq and it follows from Theorem 3.1 that A+B <∞. We use
the well-known fact that a compact operator maps a weakly convergent sequence
into a strongly convergent one. Put

ft(x) =
χ[0, t

2
](x)(ln( t

x
))(β−1)(p′−1)up

′−1(x)(∫ t
2

0
(ln t

y
)(β−1)p′up′(y)dy

)1/p
, t > 0.

Then ‖ft‖p = 1 and for any fixed g ∈ Lp′ we have by Hölder’s inequality that∣∣∣∣ ∫ ∞
0

ft(x)g(x)dx

∣∣∣∣ ≤ (∫ t
2

0

|g(x)|p′dx
)1/p′

→ 0, t→ 0.

Therefore, ft → 0 is a weakly convergent sequence, and by the hypotheses, we
have

lim
t→0
‖Lα,βft‖q = 0.
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However, using Oinarov–kernel condition

‖Lα,βft‖q =

(∫ ∞
0

vq(x)

(∫ x

0

(ln x
y
)β−1ft(y)u(y)dy

(x− y)1−α

)q
dx

)1/q

� A1(t).

Consequently, limt→0A1(t) = 0. With the same argument with the sequence

fs(x) =
χ[0, s

2
](x)up

′−1(x)(∫ s
2

0
up′(y)dy

)1/p
, s > 0,

we obtain limt→0A0(t) = 0. The second condition in (4.1) follows from the
compactness of the dual operator L∗α,β on applying similar observations. Let

fk,t(x) =
χ[2k−1,t](x)( u(x)

x(β−1) )
p′−1(∫ t

2k−1(
u(y)

y(β−1) )p
′−1dy

)1/p
, t ∈ [2k, 2k+1], k ∈ Z.

Hence, ‖fk,t‖p = 1 and for any fixed g ∈ Lp′ we have by Hölder’s inequality that∣∣∣∣ ∫ ∞
0

fk,t(x)g(x)dx

∣∣∣∣ =

∣∣∣∣ ∫ 2k+1

2k
fk,t(x)g(x)dx

∣∣∣∣ ≤ (∫ 2k+1

2k
|g(x)|p′dx

)1/p′

→ 0,

when k → ±∞. Therefore, fk,t → 0 weakly, and we have

lim
k→±∞

sup
t∈[2k,2k+1]

‖Lα,βfk,t‖q = 0.

If x < 2k−1, then Lα,βfk,t(x) = 0, so for all x > t we write,

‖Lα,βfk,t‖q ≥
(∫ ∞

t

vq(x)

(∫ t

2k−1

fk,t(y)u(y)dy

(x− y)2−α−βyβ−1

)q
dx

)1/q

≥
(∫ 2k+1

t

vq(x)

(∫ t

2k−1

up
′
(y)dy

(x− y)2−α−βy(β−1)p′

)q
dx

)1/q

�

(∫ 2k+1

t

v(x)qdx

x(2−α−β)q

)1/q (∫ t

2k−1

up
′
(s)ds

s(β−1)p′

)1/p′

, t ∈ [2k, 2k+1].

Therefore,

sup
t∈[2k,2k+1]

‖Lα,βfk,t‖ � sup
t∈[2k,2k+1]

Dk(t).

Consequently, limk→±∞Dk = 0. Sufficiency. We follow on applying similar argu-
ments from ([19], Theorem 3). Let 0 < a < b <∞ and

Paf = χ[0,a]f, Qbf = χ[b,∞)f, Pabf = χ[a,b]f.

Then

Lα,βf = (Pa + Pab +Qb)Lα,β(Pa + Pab +Qb)f

= PaLα,βPaf +QbLα,βQbf +QbLα,βPabf +QaLα,βPaf + PabLα,βPabf.
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We consider each operator from the sum separately and prove, that Lα,β is
compact as a limit of compact operators. For instance, let va := vχ[0,a] and
ua := uχ[0,a]. Then

PaLα,βPaf(x) = va(x)

∫ x

0

lnβ−1(x
y
)f(y)ua(y)dy

(x− y)1−α ,

and, applying Theorem 3.1, we see, that

‖PaLα,βPa‖Lp→Lq � ( sup
0<t<a

A0(t) + sup
0<t<a

A1(t) + sup
{k:2k<a}

Dk).

Hence, by (4.1) and (4.2), we have,

lim
a→0
‖PaLα,βPa‖Lp→Lq = 0.

Similarly, we find that

lim
b→∞
‖QbLα,βQb‖Lp→Lq = 0,

lim
b→∞
‖QbLα,βPab‖Lp→Lq = 0,

lim
a→0
‖QaLα,βPa‖Lp→Lq = 0.

To prove that PabLα,βPab is compact we suppose without a loss of generality, that
both factors on the right hand side of (3.2), (3.3) are finite, that is∫ ∞

t

vq(x)dx

x(1−α)q
∈ (0,∞),

and ∫ t
2

0

ln(β−1)p′(
t

y
)up

′
(y)dy ∈ (0,∞),

also ∫ 2k+1

t

v(s)qds

s(2−α−β)q
∈ (0,∞),

∫ t

2k−1

up
′
(s)ds

s(β−1)p′
∈ (0,∞),

for all t ∈ (0,∞), k ∈ Z. The kernel of the integral operator PabLα,βPab is

ϕa,b(x, y) := v(x)χ[a,b](x)
lnβ−1(x

y
)

(x− y)1−αu(y)χ[a,x](y)χ[a,b](y).

Then

J :=

(∫ ∞
0

(∫ ∞
0

|ϕa,b(x, y)|p′dy
)q/p′

dx

)1/q

=

(∫ b

a

vq(x)

(∫ x

a

ln(β−1)p′(x
y
)up

′
(y)dy

(x− y)(1−α)p′

)q/p′
dx

)1/q
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≤
(∫ b

a

vq(x)

(∫ x

0

ln(β−1)p′(x
y
)up

′
(y)dy

(x− y)(1−α)p′

)q/p′
dx

)1/q

=

(∫ b

a

vq(x)

(∫ x/2

0

ln(β−1)p′(x
y
)up

′
(y)dy

(x− y)(1−α)p′

)q/p′
dx

)1/q

+

(∫ b

a

vq(x)

(∫ x

x/2

ln(β−1)p′(x
y
)up

′
(y)dy

(x− y)(1−α)p′

)q/p′
dx

)1/q

.

Hence, using instruction of the proof of Theorem 3.1,

J �
(∫ b

a

vq(x)

x(1−α)q

(∫ x/2

0

ln(β−1)p′(
x

y
)up

′
(y)dy

)q/p′
dx

)1/q

+

(∫ b

a

vq(x)

x(2−α−β)q

(∫ x

x/2

up
′
(y)dy

y(β−1)p′

)q/p′
dx

)1/q

<∞.

By well-known result ([6], Chapter XI, Sec 3.2) it implies, that PabLα,βPab is
compact. Therefore, Lα,β is compact as a limit of compact operators. �

Theorem 4.2. Let p > 1
α
, 0 < q < p < ∞ and 1

r
:= 1

q
− 1

p
. Let v ∈ M+ and

u ∈M+ is monotone decreasing on [0,∞). Then
I) If α+β > 2, the operator Lα,β : Lp → Lq, is compact if and only if A+B <∞.
II) If 1 < α + β < 2, the operator Lα,β : Lp → Lq, is compact if and only if
A + D <∞.

Proof. (I) (α + β > 2) It follows from Theorems 2.1, 2.2, and applying Ando’s
theorem (see [11, 17] and [24]).
(II) (1 < α + β < 2) Necessity follows immediately from Theorem 3.2 and to
prove sufficiency we apply Ando’s theorem, its extension ([8], Theorem 5.5) and
Theorem 2.3 ( see also [11, 17]). �
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