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Communicated by M. S. Moslehian

Abstract. The investigation of C∗-algebras and Hilbert C∗-modules with
respect to the classical, the weak and the uniform weak Banach–Saks properties
is completed giving a full picture, in particular in the non-unital cases. This
way some open questions by M. Kusuda and C.-H. Chu are answered. Criteria
and structural characterizations are given. In particular, the weak and the
uniform weak Banach–Saks property turn out to be invariant under strong
Morita equivalence for non-unital C∗-algebras.

1. Introduction

The study of Banach–Saks type properties of Banach spaces was initiated by
S. Banach and S. Saks in [6] in 1930. They focused on Banach spaces of type
Lp([0, 1]) with 1 < p <∞. In the sequel a number of case studies appeared. Con-
crete results were discovered e.g. for Banach spaces of type C(X) where X has
been assumed to be a compact metric space (N. R. Farnum, [13]), for symmetric
sequence spaces and for certain compact operator algebras over them (J. Arazy,
[1]), for commutative and non-commutative C∗-algebras deriving criterions (C.-
H. Chu, [10], M. Kusuda, [19, 21, 22]), for Banach spaces of vector-valued func-
tions (C. Nuñez, [24]), for Hilbert C∗-modules (M. Kusuda, [19, 22]), and for
other types of Banach spaces. Concise expositions of known results for Banach
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spaces have been published e.g. by J. Diestel ([11, 12]). Related investigations
can be found in [18, 25, 27].

In the present paper we are interested in Hilbert C∗-modules over (non-unital,
in general) C∗-algebras and in C∗-algebras as particular classes of examples for
the study of various Banach–Saks type properties of Banach spaces. We are
going to demonstrate the overall invariance of three types of Banach–Saks prop-
erties in the context of strong Morita equivalence in this context, in particular
in the still incompletely understood case of non-unital C∗-algebras of coefficients
of full Hilbert C∗-modules. For the transfer of properties from the non-unital to
the unital case , and vice versa, we describe a general new method for Hilbert
C∗-modules. We get the full picture in the cases of the classical Banach–Saks
property, the weak and the uniformly weak Banach–Saks property. Also, we are
able to describe the inner structure of C∗-algebras and of Hilbert C∗-modules
with these properties following ideas by C.-H. Chu ([10]).

In the seek for good classes of coefficients of Hilbert C∗-modules the class of
C∗-algebras of compact operators (i.e. of dual C∗-algebras) has been emphasized
several times, [15, 16, 17]. In the present paper it is emphasized again as one
of the invariant with respect to strong Morita equivalence classes with weak and
uniformly weak Banach–Saks property. However, there are other invariant with
respect to strong Morita equivalence classes of C∗-algebras built from this class
by exact sequences. So it would be interesting to reveal more about the properties
of Hilbert C∗-modules over these other classes of C∗-algebras in the future.

Another motivation comes from general properties of unbounded regular oper-
ators on certain classes of Hilbert C∗-modules, because they seem to be related to
special kinds of convergence properties of nets and sequences in classes of Hilbert
C∗-modules over C∗-algebras of compact operators (i.e. over dual C∗-algebras),
cf. [16, 17]. The convergence conditions which serve as definitions of weak and
uniformly weak Banach–Saks properties might give hints for a geometrical un-
derstanding of the background of the theory of unbounded modular operators.

2. Preliminaries

C∗-algebras can be faithfully ∗-represented as norm-closed ∗-subalgebras of sets
of all bounded linear operators on fixed Hilbert spaces by the Gel’fand-Naimark-
Segal theorem. We use italics for their denotation like A. The symbol A∗∗ is
reserved for the bidual Banach space of A, a W*-algebra. The multiplier algebra
M(A) of a C∗-algebra A can be defined by M(A) = {a ∈ A∗∗ : aA ⊆ A,Aa ⊆ A},
[26].

A (left) pre-Hilbert C∗-module over a (not necessarily unital) C∗-algebra A is a
(left) A-module E equipped with an A-valued inner product 〈·, ·〉 : E × E → A,
which is A-linear in the first variable and has the properties:

〈x, y〉 = 〈y, x〉∗, 〈x, x〉 ≥ 0 with equality if and only if x = 0 .

We always suppose that the linear structures of A and E are compatible. A
pre-Hilbert A-module E is called a Hilbert A-module if E is a Banach space with
respect to the norm ‖x‖ = ‖〈x, x〉‖1/2. A Hilbert A-module is full if the range
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of the A-valued inner product on E is dense in A. If E, F are two Hilbert A-
modules then the set of all ordered pairs of elements E ⊕ F from E and F is a
Hilbert A-module with respect to the A-valued inner product 〈(x1, y1), (x2, y2)〉 =
〈x1, x2〉E + 〈y1, y2〉F . It is called the direct orthogonal sum of E and F .

Beside the Hilbert A-modules we shall consider A-linear bounded operators
T on them. The set EndA(E) of all bounded module operators on E forms
a Banach algebra, whereas the set End∗A(E) of all bounded module operators
which possess an adjoint operator inside EndA(E) has the structure of a unital
C∗-algebra. Note that these two sets do not coincide in general. An important
subset of End∗A(E) is the set KA(E) of “compact” operators, which is defined as
the norm-closure of the set K0

A(E) of all finite linear combinations of the specific
operators

{θx,y ∈ EndA(E) : x, y ∈ E , θx,y(z) = 〈z, x〉y for every z ∈ E}.

It is a C∗-subalgebra and a two-sided ideal of End∗A(E), and the C∗-algebra
End∗A(E) can be isometrically identified with the multiplier algebra of KA(E)
([28]). Note, that E is a right (full!) Hilbert KA(E)-module at the same time,
with KA(E)-valued inner product 〈x, y〉op = θx,y for x, y ∈ E. If E is a full Hilbert
A-module then the picture is symmetric - the C∗-algebras of coefficients A and
KA(E) have equal rights with respect to E.

Two C∗-algebras A and B are strongly Morita equivalent if there exists a left full
Hilbert A-module E which is a right full Hilbert B-module at the same time, with
the properties (i) 〈x, y〉Az = x〈y, z〉B for any x, y, z ∈ E, (ii) A and B act as the
module operator C∗-algebras of “compact” B-linear and A-linear operators on E
respectively. In this situation E is called an A-B imprimitivity bimodule. For the
A-B imprimitivity bimodule E there exists a related C∗-algebra L = KA(A⊕E)
over the orthogonal sum A⊕E of the Hilbert A-modules A and E. The C∗-algebra
L is called the linking algebra, cf. [7, 9]. The multiplier algebra M(L) contains
two orthogonal projections p, q such that 1M(L) = p + q, pLp = KA(A) = A,

qLq = KA(E) = B and qLp = KA(A,E) = E and pLq = KA(E,A) = Ẽ - the
dual to E B-A imprimitivity bimodule, cf. [9, §2]. So one may write

L =

(
A E

Ẽ B

)
.

3. A general construction

In the present section we are going to construct canonical extensions for any
full Hilbert C∗-module E over a non-unital C∗-algebra A that are full Hilbert
B-modules EB for a given C∗-algebra A ⊂ B ⊆ M(A) with a canonical A-linear
isometric embedding Γ : E → EB, where AEB ≡ Γ(E), and with ∗-isomorphic
C∗-algebras of adjointable bounded module operators End∗A(E) ≡ End∗B(EB) ≡
End∗M(A)(EM(A)) which are identified by the respective operator extensions of

bounded module operators via Γ, cf. [5, Thm. 2.3]. In particular, we associate
to every Hilbert A-module E over a non-unital C∗-algebra A a canonical Hilbert
A1-module EA1 := Ec over its unitization A1. It will be the right object to solve
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the open problems with the investigation of various Banach–Saks properties of
Hilbert C∗-modules and C∗-algebras in the non-unital case.

We rely on the respective canonical construction of a multiplier module EM(A) :=
Ed for any full Hilbert C∗-module E introduced by D. Bakić and B. Guljaš in
[4, 5]. Let Ed denote the Hilbert C∗-module End∗A(A,E) over the multiplier alge-
bra M(A) of A consisting of all adjointable bounded A-linear maps from A into
E. Its M(A)-valued inner product is defined by the formula 〈x, y〉 = x∗y. In [3,
Thm. 1.2] Ed is proved to be the largest essential extension of E in full analogue
to the respective property of multiplier algebras for C∗-algebras. Moreover, the
map Γ : E → Ed defined by aΓ(x) = ax with a ∈ A, x ∈ E is an isometric A-
linear embedding, and the image Γ(E) coincides with the subset AEd. The sets
of adjointable bounded C∗-linear operators on both Ed and on Γ(E) coincide,
i.e. End∗A(E) ≡ End∗M(A)(Ed). The Hilbert M(A)-module Ed is a full Hilbert

M(A)-module in case E has been a full Hilbert A-module. Now, define

EA1 := Ec := {x ∈ Ed : 〈x, x〉 ∈ A1} ,
EB := {x ∈ Ed : 〈x, x〉 ∈ B} .

Obviously, the sets EB ⊆ Ed are invariant under the action of B ⊆ M(A).
Furthermore, for any positive functional f : M(A)→ C vanishing on B ⊆M(A)
the bilinear form f(〈., .〉) is a semi-inner product on Ed. Therefore, the triangle
inequality gives

f(〈ax+ by, ax+ by〉)1/2 ≤ f(〈ax, ax〉)1/2 + f(〈by, by〉)1/2

for any a, b ∈ B, x, y ∈ Ec. Since the set of all positive functionals on M(A)
that vanish on B ⊆ M(A) characterizes precisely elements of the subset B in
M(A) the set EB turns out to be a B-module. So EB is a Hilbert B-module
which contains the isometric copy Γ(E) of the Hilbert A-module E in such a way
that AEB = Γ(E). In terms of [3, Def. 1.1] the triple (EB, B,Γ) is an essential
extension of the Hilbert A-module E.

Denote by π : B → B/A and by q : EB → EB/E the quotient maps. The left
action of the C∗-algebra B/A on the B/A-module EB/E is defined by π(a)q(x) =
q(ax) for any a ∈ B, x ∈ EB, cf. [5, Def. 1.4]. Moreover, EB/E can be equipped
with a B/A-valued inner product setting 〈q(x), q(y)〉 = π(〈x, y〉) for any x, y ∈
EB, turning EB/E into a Hilbert B/A-module, [5, Thm. 1.6].

Now, let us resort to the case of B = A1, the unitization of A. Consider the
exact sequence 0 → E → Ec → Ec/E → 0 of Hilbert C∗-modules. In this final
step we shall prove that the Banach space Ec always splits into a direct sum of
the Banach spaces E and an isometric copy of the Hilbert space Ec/E. Consider
the short exact sequence

0→ E → Ec → Ec/E → 0

and an orthonormal basis {eα : α ∈ I} of the Hilbert space Ec/E. Let ρ : A1 → A
be the linear bounded map which is the projection onto the first summand in the
direct sum decomposition A1 = A + C1. Define a candidate for a new norm on
Ec setting

‖x‖c := ‖ρ(〈x, x〉Ec)‖
1/2
A + |(idA1 − ρ)(〈x, x〉Ec)|1/2 .
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The only non-trivial part is to demonstrate subadditivity of ‖·‖c. Since the second
summand is generated by a single state on A1 it fulfils the triangle inequality. So
we focus on the first summand. Let f be a state on A. Then f ◦ ρ is a state
on A1, and f(ρ(〈·, ·〉Ec))1/2 is a semi-norm on Ec fulfilling the triangle inequality.
For given elements x, y ∈ Ec fix a (existing by [8, Lemma 2.3.23]) state f0 on A
such that f0(ρ(〈x+ y, x+ y〉Ec))1/2 = ‖ρ(〈x+ y, x+ y〉Ec)1/2‖. Then

‖ρ(〈x+ y, x+ y〉Ec)‖1/2 = ‖ρ(〈x+ y, x+ y〉Ec)1/2‖
= f0(ρ(〈x+ y, x+ y〉Ec))1/2

≤ f0(ρ(〈x, x〉Ec))1/2 + f0(ρ(〈y, y〉Ec))1/2

≤ ‖ρ(〈x, x〉Ec)1/2‖+ ‖ρ(〈y, y〉Ec)1/2‖
= ‖ρ(〈x, x〉Ec)‖1/2 + ‖ρ(〈y, y〉Ec)‖1/2

So the mapping ‖ · ‖c is really a norm the equivalence of which to the Hilbert
norm on Ec follows from the way of construction of it as a special norm on A1

equivalent to the C∗-norm on A1, combined with the A1-valued inner product on
Ec.

For any α ∈ I the setMα = {y ∈ Ec : q(y) = eα} is not empty and, moreover,
the difference of any two elements ofMα belongs to EcA = Γ(E) ⊆ Ec, i.e. these
sets are sufficiently rich. Now, for any α ∈ I select an element yα ∈ Mα such
that q(yα) = eα. By construction

〈eα, eβ〉Ec/E = (idA1 − ρ)(〈yα, yβ〉Ec) = π(〈yα, yβ〉Ec) = 〈q(yα), q(yβ)〉Ec/E

for any α, β ∈ I. Therefore, fixing an index α ∈ I, we have

1 = 〈eα, eα〉1/2Ec/E

= inf
y∈Mα

‖y‖c

= inf
z∈Γ(E)

‖yα − z‖c

= inf
z∈Γ(E)

‖ρ(〈yα − z, yα − z〉Ec)‖1/2 + 〈eα, eα〉1/2Ec/E

forcing infz∈Γ(E) ‖ρ(〈yα − z, yα − z〉Ec)‖ = 0. Thus, there has to exist a sequence
{zα,k : k ∈ N} ∈ Γ(E) ⊆ Ec with the property limk→∞ ‖ρ(〈yα − zα,k, yα −
zα,k〉Ec)‖ = 0. In other words, the sequence {zα,k : k ∈ N} ∈ Γ(E) is a Cauchy
sequence, and since Γ(E) is complete in Ec there exists a norm-limit zα of {zα,k}
inside Γ(E) ⊆ Ec. However, ρ(〈yα − zα, yα − zα〉) = 0 in A. So for every element
eα of the selected orthonormal basis of Ec/E we obtain an element y′α ∈Mα such
that ρ(〈y′α, y′α〉Ec) = 0 and (idA1 − ρ)(〈y′α, y′α〉Ec) = 〈eα, eα〉Ec/E. Now, consider
the linear subspace Hc of Ec which arises as the norm-closed linear hull of the
selected elements {y′α : α ∈ I} ⊂ Ec. By construction, Ec = Γ(E) + Hc and
Hc is isometrically isomorphic to the Hilbert space Ec/E, since π(〈y, y〉Ec) =
〈q(y), q(y)〉Ec/E for any y ∈ Hc by construction.

It is not clear to us, whether the splitting works always for general C∗-algebras
A ⊂ B ⊆ M(A) and general Hilbert A-modules E, or not, since the Hilbert
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B/A-module EB/E might not contain neither orthonormal basises nor module
frames, cf. [23]. Here some further investigations have to be made in the future.

We would like to shed some light on the construction of the Hilbert A1-module
Ec from the Hilbert A-module E in the case of non-unital C∗-algebras A and full
Hilbert C∗-modules. If A = E it is just the construction of an unitization of the
C∗-algebra A, i.e. A1 = Ec as a Hilbert A1-module. However, in more general
situations the construction of Ec from E has the character of a maximally possible
extension of E keeping the coefficients of the extended C∗-valued inner product
still in A1. Full Hilbert A-modules E give rise to full Hilbert A1-modules Ec by
this construction.

Example 3.1. Let A be a non-unital C∗-algebra and E be a full Hilbert A-
module. The key idea of the previous proof was to complete E to the extend to
force the extension to be a full Hilbert A1-module, where A1 = A+ C1. The first
idea which comes to mind is an operation like “adding an identity to a Hilbert C∗-
module” analogous to the existing minimal C∗-extension of C∗-algebras which is
unique up to isometric ∗-isomorphisms. However, the construction of Ec from E
celebrated in the previous proof has more of a minimax principle as the following
example shows. For the C∗-algebras K(l2) and B(l2) of all compact and bounded
linear operators on the separable Hilbert space l2, respectively, set

A =

 K(l2) 0 0
0 B(l2) 0
0 0 B(l2)

 ,

E =

 K(l2) 0 0
0 B(l2) 0
0 0 K(l2)

⊕
 K(l2) 0 0

0 K(l2) 0
0 0 B(l2)

 .

Two corresponding minimal extensions of the Hilbert A-module E to Hilbert
A1-modules are

E1 =

 K(l2) + C1 0 0
0 B(l2) 0
0 0 K(l2)

⊕
 K(l2) 0 0

0 K(l2) 0
0 0 B(l2)

 ,

E2 =

 K(l2) 0 0
0 B(l2) 0
0 0 K(l2)

⊕
 K(l2) + C1 0 0

0 K(l2) 0
0 0 B(l2)

 .

Obviously, E1 and E2 are minimal extensions of the sought kind, however they
are non-isomorphic as Hilbert A1-modules. So the construction of

Ec =

 K(l2) + C1 0 0
0 B(l2) 0
0 0 K(l2)

⊕
 K(l2) + C1 0 0

0 K(l2) 0
0 0 B(l2)


gives a more correct result, the maximum of all possible minimal essential ex-
tensions of the Hilbert A-module E to a Hilbert A1-module. The Hilbert space
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Hc ⊆ Ec constructed in the proof above equals to

Hc =

 C1 0 0
0 0 0
0 0 0

⊕
 C1 0 0

0 0 0
0 0 0


in the present example.

4. The classical Banach–Saks property

The aim of the reminder of the present paper is to complete the classification
of C∗-algebras and Hilbert C∗-modules which are Banach spaces with (classical,
weak, uniform weak) Banach–Saks properties. Special emphasis is put on the
invariance of Banach–Saks properties with respect to strong Morita equivalence.
We focus on the still open non-unital case since the appropriate results for the
unital case have been discovered by Cho-Ho Chu and M. Kusuda in [10, 19, 20,
21, 22].

A Banach space E has the Banach–Saks property if every bounded sequence
{xn}n ⊂ E has a subsequence {xn(k)}k such that the derived from it sequence of
partial arithmetic means converges in norm, i.e.

lim
k→∞

∥∥∥∥(xn(1) + xn(2) + · · ·+ xn(k))

k
− y
∥∥∥∥ = 0

with some y ∈ E. It is known that Banach spaces E with the Banach–Saks
property have to be reflexive as normed spaces, [11, p. 85]. Therefore, C∗-algebras
with the Banach–Saks property have to be finite-dimensional linear spaces, i.e.
a finite direct sum of unital matrix algebras ([22, Lemma 3.1]). The following
proposition has been proved by M. Kusuda for the unital case, cf. [22, Thm. 3.6]:

Proposition 4.1. Let A be a (non-unital, in general) C∗-algebra and E be a
full Hilbert A-module. Suppose, that E has the Banach–Saks property. Then A
has to be finite-dimensional as a linear space, i.e. A is a finite direct sum of
unital matrix algebras. In particular, any full Hilbert A-module over a non-trivial
non-unital C∗-algebra A does not possess the Banach–Saks property, neither such
C∗-algebras A themselves.

Proof. Let A be a non-unital C∗-algebra and E be a full Hilbert A-module. Sup-
pose, E has the Banach–Saks property. Construct the Hilbert A1-module Ec from
A and from E. By the results of the previous section the Hilbert A1-module Ec
can be written as a direct sum of the Banach subspace Γ(E) of Ec and of a Ba-
nach space Hc which is isometrically isomorphic to the Hilbert space Ec/E. Both
the isometric copy Γ(E) ⊂ Ec and the Hilbert space Hc have the Banach–Saks
property, by supposition or as a matter of fact, respectively. So the (full) Hilbert
A1-module Ec has the Banach–Saks property, too, since it is the direct sum of
two Banach spaces with that property. By [22, Thm. 3.6] the C∗-algebra A1 has
to be finite-dimensional as a Banach space, i.e. it has to be a matrix algebra with
finite center. However, for non-trivial non-unital C∗-algebras A their unitization
A1 is never a finite-dimensional C∗-algebra, a contradiction. �
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Corollary 4.2. Let A be a (non-unital, in general) C∗-algebra. Then A has the
Banach–Saks property if and only if A is reflexive as a Banach space.

The fact follows immediately from the general representation theory of C∗-
algebras because a C∗-algebra is reflexive as a Banach space if and only if it
is finite-dimensional as a linear space. It is non-trivial since for Banach spaces
reflexivity does not imply the Banach–Saks property, in general.

Corollary 4.3. Let A be a C∗-algebra with Banach–Saks property and E be a
Hilbert A-module. Then E has the Banach–Saks property.

Proof. We know that A has to be finite-dimensional and unital. Since any two-
sided ideal of A is finite-dimensional, too, and has the Banach–Saks property, we
can assume E to be full, without loss of generality. Moreover, the C∗-algebra
admits a faithful trace functional tr(·), and the norms ‖〈., .〉‖1/2 and tr(〈., .〉)1/2

are equivalent on E. So E admits a C-valued inner product tr(〈., .〉) and, hence,
the structure of a Hilbert space. However, Hilbert spaces are known to possess
the Banach–Saks property, so does E. �

5. The weak Banach–Saks property

More interesting is the weak Banach–Saks property which is defined in the
following way: if for any given weakly null sequence {xn}n of a Banach space E,
one can extract a subsequence {xn(k)}k such that the derived from it sequence of
partial arithmetic means converges in norm to zero, i.e.

lim
k→∞

∥∥∥∥(xn(1) + xn(2) + · · ·+ xn(k))

k

∥∥∥∥ = 0 ,

then E is said to admit the weak Banach–Saks property. Note, that the weak
Banach–Saks property inherits to any (closed) subspace of a Banach space with
weak Banach–Saks property by definition. Beside this, if A is a non-unital C∗-
algebra and A1 = A + C1 is its unitization, then A has the weak Banach–Saks
property if and only if A1 has the weak Banach–Saks property, [10]. For C∗-
algebras and Hilbert C∗-modules as classes of Banach spaces we prove the fol-
lowing fact relying on a key result by M. Kusuda [22, Thm. 2.2] and on a new
technique for a certain standard extension of full Hilbert C∗-modules over non-
unital C∗-algebras.:

Theorem 5.1. Let A and B be two strongly Morita equivalent C∗-algebras and E
be an A-B imprimitivity bimodule. The following four conditions are equivalent:

(i) A has the weak Banach–Saks property.
(ii) B has the weak Banach–Saks property.
(iii) E has the weak Banach–Saks property.
(iv) L has the weak Banach–Saks property.

Proof. By [22, Thm. 2.2] the first three conditions are equivalent if either A or
B are unital. If neither A nor B are unital then the conditions (i) and (ii) are
equivalent and imply condition (iii). So we are going to show that for non-unital
A and B condition (iii) implies both conditions (i) and (ii).
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Let A be a C∗-algebra and E be a full Hilbert A-module with the weak Banach–
Saks property. Consider the derived Hilbert A1-module Ec of E, cf. third section.
As demonstrated Ec can be decomposed into the direct sum of two Banach spaces,
Γ(E) ⊂ Ec isometrically isomorphic to the Hilbert A-module E and Hc isomet-
rically isomorphic to the Hilbert space Ec/E. Both these summands admit the
weak Banach–Saks property by supposition or by the equivalence of the condi-
tions (i) and (iii) above for the C∗-algebra of all complex numbers C, so does their
direct sum Ec. Because Ec is a full Hilbert A1-module, the already proven equiv-
alence (i)≡(iii) for unital C∗-algebras forces A1 to admit the weak Banach–Saks
property, and so its Banach subspace A has the weak Banach–Saks property, too,
what is to demonstrate.

The equivalent conditions (i)-(iii) imply L to admit the weak Banach–Saks
property since L has a block structure consisting of these building blocks and
of their (anti-)isomorphic copies. Conversely, if L has the weak Banach–Saks
property then each of its linear subspaces admits the same property. �

6. The uniform weak Banach–Saks property and structure
theorems

Relying on the classical results by N. R. Farnum [13] and by C.-H. Chu [10] we
can derive a number of concrete results from Theorem 5.1. The key role is played
by dual C∗-algebras, i.e. by C∗-algebras that admit a faithful ∗-representation in
some C∗-algebra KC(H) of all linear compact operators on some Hilbert space
H, cf. [2]. C.-H. Chu proved in [10] that a C∗-algebra A has the weak Banach–
Saks property if and only if A admits a finite chain {Ii} of two-sided norm-closed
ideals such that I1 = {0}, In = A and any Ii+1/Ii, i = 0, ..., n − 1, is a dual
C∗-algebra. So the class of dual C∗-algebras is one large class of C∗-algebras with
weak Banach–Saks property, cf. [16, 17]. Note, that the class of dual C∗-algebras
is invariant under strong Morita equivalence. Another class of such C∗-algebras
can be constructed by taking finite block-diagonal direct sums of C∗-algebras
with weak Banach–Saks property. However, there are far more C∗-algebras with
weak Banach–Saks property, even unital ones, which can be easily constructed:

Example 6.1. Let A be any non-unital dual C∗-algebra, for example A = c0

or A = KC(l2). Then the unitization A1 of A always serves as an example of
a non-dual, unital C∗-algebra with weak Banach–Saks property. Indeed, {0} /
A / A1 = A + C · 1. The example is non-trivial since the short exact sequence
0→ A→ A1 → A1/A = C→ 0 does not split as an exact sequence of C∗-algebras
for any non-unital dual C∗-algebra A. (It always splits as an exact sequence of
Banach spaces.)

A third Banach–Saks type property of Banach spaces has been introduced
by C. Nuñez in [24]. A Banach space E has the uniform weak Banach–Saks
property if there is a null sequence {δn}n of positive real numbers such that, for
any weakly null sequence {xn}n in E with uniform bound ‖xn‖ ≤ 1 and for any
natural number k, there exist natural numbers n(1) < n(2) < · · · < n(k) such
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that
‖xn(1) + xn(2) + · · ·+ xn(k)‖

k
< δk .

C.-H. Chu has shown in [10, Thm. 2] that C∗-algebras are Banach spaces for
which the uniform weak and the weak Banach–Saks properties are equivalent. In
[22, Thm. 2.2, Cor. 2.3] M. Kusuda found that for full Hilbert C∗-modules over
unital C∗-algebras both these properties are equivalent. Moreover, for full Hilbert
C∗-modules over C∗-algebras with weak Banach–Saks property again both these
properties hold at the same time, cf. [19, Thm. 2.3] and [22, Thm. 2.2]. So we
can formulate an analog to Theorem 5.1:

Theorem 6.2. Let A and B be two strongly Morita equivalent C∗-algebras and E
be an A-B imprimitivity bimodule. The following four conditions are equivalent:

(i) A has the uniform weak Banach–Saks property.
(ii) B has the uniform weak Banach–Saks property.
(iii) E has the uniform weak Banach–Saks property.
(iv) L has the uniform weak Banach–Saks property.

In particular, conditions (i)-(iv) hold in case either A or B or E or L have the
weak Banach–Saks property. Conversely, either of conditions (i)-(iv) implies A,
B, E and L to have the weak Banach–Saks property.

Theorem 6.2 gives the opportunity to describe the inner structure of Hilbert
C∗-modules with the weak or uniform weak Banach–Saks property.

Proposition 6.3. Let A be a C∗-algebra and E be a full Hilbert A-module with the
weak or uniform weak Banach–Saks property. Then there exist a finite sequence
{Ei : i = 0, ..., l} of norm-closed A-submodules of E and a sequence {Ii : i =
0, ..., l} of two-sided norm-closed ideals of A such that

(i) Il = A, Ii−1 ⊂ Ii and Ii−1 is a two-sided ideal of Ii for any i = 1, ..., l.
(ii) The C∗-algebra I0 and the factor C∗-algebras {Ii/Ii−1 : i = 1, ..., l} are
dual C∗-algebras.

(iii) El = E, Ei−1 ⊂ Ei and the Hilbert A-modules Ei are full Hilbert Ii-
modules for any i = 0, ..., l. In particular, the values 〈x, y〉 belong to Ii for
any x ∈ Ei and any y ∈ Ej with j ≥ i, i, j = 0, ..., l. The factor modules
Ei/Ei−1 are Hilbert C∗-modules over the dual C∗-algebras Ii/Ii−1.

Proof. Since the full Hilbert A-module E has the weak or the uniform weak
Banach–Saks property, the C∗-algebra of coefficients has the same property by
Theorem 6.2, as well as the linking algebra L. By [10] there exists a finite sequence
{Ji : i = 0, ..., l} of two-sided norm-closed ideals of L such that the C∗-algebra J0

and the factor C∗-algebras Ji/Ji−1, i = 1, ..., l, are dual C∗-algebras, Ji−1 ⊂ Ji,
and Ji−1 is a two-sided ideal of Ji for any i = 1, ..., l, and Jl = L. For the pair of
orthogonal projections p, q associated to the linking algebra L of E set Ei = pJiq
and Ii = pJip for i = 0, ..., l. The sets Ii are C∗-algebras and the sets Ei are full
Hilbert Ii-modules, i = 0, ..., l. The demonstration of the particular properties of
these sets listed in the proposition above is an easy exercise. �
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As a conclusion we have characterized two strongly Morita equivalent classes of
C∗-algebras which admit the weak and uniform weak Banach–Saks property: the
C∗-algebras of compact operators (i.e. the dual C∗-algebras) and the C∗-algebras
constructed by finite chains of growing ideals the pairwise quotients of which
are again C∗-algebras of compact operators. The latter class may be divided
into a countable set of strongly Morita invariant subclasses by the length of the
decomposing chains of ideals.

In a forthcoming paper we will study modular analogues of the Schur and of
various types of Banach–Saks properties for Hilbert C∗-modules ([14]).

Acknowledgement. The authors are grateful to the referee for his/her valu-
able comments.
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