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ABSTRACT. This paper provides some new bounds for 1—norms of positive
triangular matrices with monotonic column entries. The main theorem refines
a recent inequality of Vecchio and Mallik in the case of constant diagonal. The
results are shown to be in a sense best possible under the given constraints.
En route some partial order inequalities are obtained.

1. INTRODUCTION

This paper provides some new bounds for 1—norms of positive triangular matri-
ces with monotonic column entries. The main theorem refines a recent inequality
of Vecchio and Mallik [11] in the case of constant diagonal. We refer the reader
to Vecchio [10] and Vecchio and Mallik [I1] (and the reference therein) for discus-
sion of applications particularly those to stability analysis of linear methods for
solving Volterra integral equations. Other references on the topic include [3]-[7]
and [9].

The matrices of interest here are n x n truncations of infinite lower triangular
(real) matrices, i.e.
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Q1,1
Q21 Aa22

An = az1 azz 33 . (11)
Qp1 - : Apn—-1 Qnn

The following result was proven in [11].

Theorem 1.1. Assume that
(i) a;j >a>0,j=1,...,1,i=1,...,n,
(it) aj; > Qiy1;> -+ > ang, i =1,...,n,
and let

Amin = Min {aii}, (1.2)

=1,...,

and B, = [b; j] be the inverse of the lower triangular matriz A,,. Then

L2 (1.3)

min a

[Bnllr <

The result in (1.3 was first proven in the case of triangular Toeplitz matrices
in [10] and improved to the following in [2].

Theorem 1.2. Suppose that the sequence {a;}i>o satisfies

ag > ap > Ay > Ay > a > 0, (1.4)

for some constant a and all n and

ap
aq Qo
Co=1|a a a . (1.5)
a”I’L PRI . al aO
Then
2 n
1057 < % (1= pla,a)5T) (16)
a
where p 1s the inverse ratio defined via
plz,y) =1—=z/y, (1.7)
and, in particular
2
IC T < =, (1.8)

independent of ag and n.
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Here, we extend Theorem (to non-Toeplitz matrices) and refine Theorem
in the case of constant diagonal. In particular we will prove the following.

Theorem 1.3. Assume that the hypotheses of Theorem are satisfied and in
addition that

a11 < agp < - <. (1.9)
Then
2 Ap.n A, Qpn I_%-I + pla, anpn L%J
1Bl < —( : ) (1— p(a; nn) P ann) 27 ) (1.10)
a \ a, 2
In particular, if
a1 = A2 = "+ :an,n:a*) (1-11)
then
2 a,a* 5] + pla, a* 5]
1Balh < = (1 _ plead) pla. @) : (1.12)
a 2
and hence
2
1Bl < = (1.13)

independent of a*.

Note that triangular matrices satisfying arise in the study of linear groups
(see for instance [§]) and are particularly important in the theory of matrix de-
compositions.

The inequality in is in a sense best possible. In particular, for 0 < a < a*,
set

A (a,a*) = {A = [a;j]nxn | A satisfies (L.1)), (i), (ii) and (L.1TI)}.  (1.14)

We have the following theorem regarding optimality.

Theorem 1.4. For (0 < a < a*,

sup A7y = <1 _plea)lEl + g a*ﬂ“) . (1.15)

A€ An(a,a*) a 2

Proof. We need to show that the bound in ([1.12)) is attained. To that end, suppose
a;; =a* > 0fori—je{0,1} and a; ; = a otherwise. It is easy to verify in this
case, that for 1 < j <1 <n,

by = (~1)7 9L (1-%) =) (1.16)

a* a*
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and hence,

1A = > b
i=1
_ ii(l_g>tizﬂ :”_1i<1_g>bﬁ
— q* a* a* a*
=1 =0
l5]-1 [51-1
1 7 7
LT e ey
a* a* a*
=0 =0
D) [ 5] NEl
_ 2 (1 _ pla,a)lEl 4 pla,a) B 1.17)
a 2
O
Note also that
sup A7 = 2/a. (1.18)
A€U,,>1 An(a,a*)

The reader is referred to [I] for some discussion of bounds for inverses of ma-
trices of the form in ({1.1) when the condition of monotonicity within columns is
replaced with that within rows.

2. PRELIMINARIES AND NOTATION

In order to prove Theorem consider the partial order on the set V,, of
(arbitrary length) tuples (ay, as, ..., a;) with

b>a; >ay > >a,=a (2.1)
defined via

v <z if z is a suffix of v (2.2)
where z = (21, 29,...,2) is a suffix of v = (vy,v9,...,0,) if m > k and v =
(U1, Um—k, 21, 22, - - -, 2k). For convenience, if w = (wq,ws,...,w,) we will
write the r+ k—tuple (wy,ws, ..., w,, 21, 29, ..., 2;) as (w; z). In addition, denote

the length of v by I(v) = k. The value v, will be referred to as the initial value
of v.

For a triangular double sequence {d; ;}j<i<n satisfying 0 < d,; ; < 1forj <i<n
and

Y diy<a<l, j=12...,n-1 (2.3)
i=j+1
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define the function D via

D(v)=d -d g vy * Ay 0, (2.4)

Vg,V —1 Vk—1,0k—2

for v = (vy,v9,...,0p).
Note that it follows directly from the definition of D, the inequality in ({2.3)
and the non-negativity of {d; ;} that D(v) < D(z) for v < z.

Lemma 2.1. Consider a set of tuples {vi,va, ..., vg}. If v, <z for 1 <i <k
and v; A vj fori # j (i.e. {vi,va,..., vy} forms an antichain that is bounded
above by z) then

D(z) > D(vy1) + D(va) + -+ - + D(vg). (2.5)
Proof. Let zy be the least upper bound for {vy, vy, ..., vi}, i.e. 2o = min{w =<
z:v; 2w, 1 <i<k}. Clearly, zo < z. We will show that
k
Z D(vi) < D(z2). (2.6)
i=1

The result is immediate for £ = 1. Hence suppose holds for 1 <k < K.
Now, suppose that there exists a z3 < z; and aset S C {1,2,..., K} such that
2§ HSH SK—l,Vi < Z3 leES, andvi%z;;, if 1 € S°.
then by induction, we have

D(v;) < D(z3) + Y D(vy). (2.7)
Z 2

€S5S¢

Considering the set {z3} U {v; : i € S°} and applying induction again we have
the inequality in (2.6)).

Otherwise v; is of the form v; = (w;; (¢;);23), ¢ = 1,2,..., k, where ¢, # t; for
I #jand z3 = (231, ..., 23(z;)) = Z2. In this case, by (2.3 ,

ZD(VI) S ZD((tz ZdtZ 23,1 Z3 Z3 Zdtz 23,1 — )
- - (2.8)

and the proof is complete. O

The following lemma will be crucial.

Lemma 2.2. For fized s > 1, set S;s = 0 fori < s, S;5 =1 and for s +1 <
m < n, inductively,

m—1
s — Z dm,isi,s- (29)

Then, for @ C {s+1,...,n}, we have
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S Sis <ag a4+l (2.10)
1€Q

.....

Spm.s = > D(v) (2.11)

Note that in ([2.11]), the summation is over all tuples v = (vi,v2, ..., V(v)) With

m =0 > Uy >+ > Uyy) = S. (2.12)
Now, define
Li,= Y D) (2.13)
oo

We will show inductively that

Ly, <ab. (2.14)
First note that by and the definition of x,,

Lyo=doiis+dspos+deygs+ -+ dps < @, (2.15)

Thus assume that (2.14)) is true for £ < K. Then, since x1 > x5 > -+ > x,,

Lfg,s = Em: di,sLﬁgl < 2’"‘: di,sxl‘K_l < xf_l Em: di s < xf (2.16)

i=s+1 i=s+1 i=s+1
Now, define the sets

Ri={v e Vys2<i(v) <[Q[ +1} (2.17)
and
Ro={veV,sv=_(»i....5), i€ Q} (2.18)
and consider the quantity
lQl
Ho = ) Lns=D Sis (2.19)
k=1 i€Q
= Y D(v)- Y D(v). (2.20)
VER, VvER2

We will prove that for all sets (), Hy > 0. The result will then follow from
(2.20) and the inequality in ([2.14]).
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We define the following scheme for matching elements z in Ry with (possibly
empty) subsets S(z) of R, such that D(z) > >° g,y D(v) and {S(z)[z € R} is
a partition of Ry. In particular for 2 <t < n, set

TJ={veR:l(v)=t}, (2.21)
and recursively in t > 2, for z € 7, let
S(z) = {v € Ry|v is a maximal element in the set W(z)}. (2.22)
where
W(z) ={w e Rolw =z and w ¢ | | S(v)}. (2.23)
vermy

Here, again, the maximality in (2.22) is with respect to the given partial order
on Vp s

Now, fix z € J; for some 2 < ¢t < n and suppose {vy,vo} C §(z) with vy # vs.
The fact that vi 4 vy and vy £ v follows from the maximality in (2.22). We
then have that Lemma [2.1] is applicable and

D> Y D). (2.24)
veS(z)

as required. In addition, by the definition of W we have that the sets S(z),
z € R, are pairwise disjoint. To see that Ry C UZGR1 S(z), first suppose v € R,.
Let K, be a maximal chain in V,, s such that v € K, and set 7; = K, N R =
{z1,22,...,2,} and T, = Ky, N Ry = {v1,Va,...,V,}, where vi > vy > -+ > v,
and z; > z9 > --- > z,. Note that || 73] = ||Q|| and || 73] < ||Q|| (since the only
possible initial values for tuples are those in @) and by (2.22), v; € S(z;) for

1 <i <r and in particular v € J,cx, S(z). Since (J,cr, S(z) C Ry by (2.22),
the result is proven. [

3. PROOF OF THE MAIN THEOREM

In this section we prove Theorem [1.3]
First note that the lower triangular matrix B, = [b;;] = A, ! satisfies bss =
1/ass and

3
L

bms = _am,jbj,sa (31)

)

s

<.
Il

for 1 <s <m <mn, where a,, ; = (am j/amm) for 1 < j < m < n (see for instance

).
Define h; ; = a; b, j for 1 < j <i <mn, sothat hys =1 and for 1 <s <m <mn,

hms = _am,jhj,s- (32)

)

3

s

<.
I

We have the following lemma (contrast with Equation (2.3) in [I1]).
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Lemma 3.1. Suppose that [a; ;] satisfies the hypotheses of Theorem . Then
hij = Sij — Sij+1, (3.3)

for1 <j <i<n, where {S;;} is as in for the nonnegative double sequence
{d; ;} defined via

Amj = Qm-1j — Qm.j, (3.4)
for 1 <j <m <n. In addition, is satisfied with

n
a
Ty = max g di; <1— = I. (3.5)
t=s,...,n—1 ’ Ap.n
1=t+1 >

Proof. First, note that by (3.4)), (ii) and ((1.9)

a'm_lvj am7]
A, = Cm1j = QO j = - >0, (3.6)
Am—1,m—1 Am,m
and
- a
— s — =] — I _
§ Ainj = Qjj — O =1 a <1 a <L (3.7)
m:j+1 n,n n,n
In addition, for s +2<m <n,s=1,2...,n,
m—1 m—2
hm,s - hm—l,s = § _am,jhj,s + E :am—l,jhj,s
j:s j:S
m—2
= E (&m_Lj — OémJ)hj,s - am,m—lhm,m—la (38)
j=s
and hence since dp,m—1 = Cm—1.m-1 — Cmm—1 = 1 — Qpm—1,
m—2 m—1
P = Y ihjs + (1= 1) mm1 = Y A jhijs. (3.9)
j=s Jj=s

In addition,

m—1 m—1
Sm,s - Sm,erl = E dm,iSi,s - § dm,iSi,erl
=S i=s+1

m—1

= dm,sss,s + Z dm,i(‘si,s - Si,s-l—l)
i=s+1

m—1

= dm,s<Ss,s - Ss,s+1) + Z dm,i(Si,s - Si,s+1)

i=s+1
m—1
= Z dm,i(Si,s - Si,s-{—l)a (310)

since S 511 = 0.
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Comparing (3.9) and (3.10) and noting that h,s = 1 = S5 — Sss41 and
hs+1,s = 0415 = (1 - as+1,s) —1= ds-l—l,sSs,s —1= Ss—l—l,s — Ps+1,5+1y the result
follows. O

We are now in a position to prove Theorem [I.3]

Proof of Theorem Employing Lemma and the definition of {h;;}, we

have

n

1AZ = 1Bally = max D bl

1<j<n 4—
i=j
|1

= ax ) a(si,j—si,ﬁrl) : (3.11)
1=7 >

Now, fix 1 < j <n. We have, by the nonnegativity of {5; ;}, that

D IS = Sijal = 185 = Sijul + 18515 — Sl +
i=j
> (Sij = Sigr) + > (Sije1 — Sij)
1€Q1 ZEQ?
< 155 = Signl #1515 = Sisgal + D> Sig+ D Sij,
1€Q1 lGQf
(3.12)

where Ql = {j +2<1 < 7’L|Si7j > Si,j+1}~
Noting that SjJ‘ = 1, Sj,j-‘,—l =0, Sj-i-l,j =djt1,5 < 1 and Sj+1,j+1 =1, we have

from (3.12)) that
E 1Sij = Sigrl < 2+ E Sij+ E Sij1- (3.13)
i=j i€Q1 1€Qy

Letting y = ||@Q1]] < n—j—1, recalling x; <1—a/a,, =2 < 1 and employing
Lemma [2.2] gives

SIS = Sinl < (Itatta?)+ (I+a+- a7
=)

L—avtt 1 —gn Wt 2 gyt gn-(y+h)
+
11—z 11—z

11—z

(3.14)
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By the convexity of the function f defined via f(t) = x!, we have that z¥™! +

WD > g2l 4 g M/21 - Thus, returning to (3.11)), we obtain

as

10.

11.

wln/2) 4 g Tn/2]
21—z

mini{aiﬁi} 11—z

1A <

_ (=afann) Bl +(1-a/ann) 5]
_ 2! 2 : (3.15)
a1 a/amn

In the case when a;,; = a* for all i, (3.15)) gives
2 (1—(1/(1*)(%w —i—(l—a/a*)L%J

AL <= 1=
HnHl—a 2 )

(3.16)

required. [

REFERENCES

. K. S. Berenhaut and P. T. Fletcher, On inverses of triangular matrices with monotone
entries, J. Inequal. Pure Appl. Math., 6 (2005), no. 3, Article 63, 11 pp.

. K. S. Berenhaut, D. C. Morton, and P. T. Fletcher, Bounds for inverses of triangular

Toeplitz matrices, STAM J. Matrix Anal. Appl., 27 (2005), no. 1, 212-217.

H. Brunner, M. R. Crisci, V. B. E. Russo and A. Vecchio, A family of methods for Abel

integral equations of the second kind, J. Comput. Appl. Math., 34 (1991), pp. 211-219.

H. Brunner and P. J. van der Houwen, The Numerical Solution of Volterra Equations, CWI

Monographs 3, North-Holland, Amsterdam, 1986.

P. Henrici, Applied and Computational Complex Analysis, Vol. 1, John Wiley & Sons, New

York, 1974.

P. Linz, Analytical and Numerical Methods for Volterra FEquations, SIAM, Philadelphia,

1985.

M. Meneguette, A note on bordered isoclinal matrices, J. Comput. Appl. Math., 17 (1987),

pp. 375-377.

M. Suzuki, Characterization of linear groups, Bull. Amer. Math. Soc., 75 (1969), pp. 1043—

1091.

A. Vecchio, Stability results on some direct quadrature methods for Volterra integro-

diferential equations, Dynam. Systems Appl., 7 (1998), no. 4, pp. 501-518.

A. Vecchio, A bound for the inverse of a lower triangular Toeplitz matriz, SIAM Journal

on Matrix Analysis and Applications, 24 (2003), no. 4, pp. 1167-1174.

A. Vecchio and R. K. Mallik, Bounds on the inverses of monnegative lower triangular

Toeplitz matrices wih monoonicity properties, Linear and Mulilinear Algebra, 55 (2007),

no. 4, pp. 365-379.

I DEPARTMENT OF MATHEMATICS, WAKE FOREST UNIVERSITY, WINSTON-SALEM, NC

27109, USA.

E-mail address: berenhksQwfu.edu , guyrt7@ufu.edu , vishng7@wfu.edu



	1. Introduction
	2. Preliminaries and notation
	3. Proof of the main theorem
	References

