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ABSTRACT. We establish some identities or inequalities for the Hausdorff mea-
sure of noncompactness for operators L € B(X,Y) when X = /¢, (1 <p < 0)
andY =¢ X =0, (1 <p<oo)andY = fly; X = by and ¥V = ¢
X =co(A),c(A),lo(A) and Y = {o,. These identities and estimates are used
to establish necessary and sufficient conditions for the operators to be com-
pact. Furthermore, we apply a result by Sargent to establish necessary and
sufficient conditions for operators in B(bvg, fs) and B(¢1,Y) to be compact,
where Y = weo, Voo, [¢]oo-

1. INTRODUCTION

There are two important and useful methods for the characterizations of com-
pact linear operators between BK spaces, namely the application of the Hausdorff
measure of noncompactness and a result by Sargent [10].

The first method is based on the fundamental result by Goldenstein, Gohberg
and Markus, for instance in [18, Theorem 4.2], and has been used in several recent
papers, for instance in [3, 4, 8, 9, 12, 13, 14, 15]. It can, however, only be applied
when the final space has a Schauder basis. In such cases, many authors modified
the proof of [10, Theorem 2.15] to obtain sufficient conditions for the compactness
of operators which are not necessary, in general.
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One prominent case where the first method fails is the characterization of
compact linear operators from /¢, the space of absolutely convergent series, into
(s, the space of bounded sequences. The characterization of those compact
operators was given in [16, Theorem 5|. To the best of the authors’ knowledge
this result or a modified version have only been used in a few papers, for instance
in [11, Theorem 4.8 (vi), (b)], [9, Proposition 2.5] and [3, Lemma 3.13, Corollary
3.14 7.].

We are going to both use the first method and apply [16, Theorem 5] or some
modification to establish new characterizations of compact linear operators. To
be able to give a more detailed survey, we need a few useful and customary
notations.

A recent characterization of compact operators on /o, can be found in [I,
Lemma 4.1(a)].

Let w be the set of all complex sequences © = ()3 ;. By lx, ¢, co and ¢, we
denote the sets of all bounded, convergent, null and finite sequences, respectively;
we also write £, = {x € w: > 7 |x’ < oo} for 1 < p < oo, and bs and cs for
the sets of all bounded and convergent series.

We write B(X,Y) for the set of all bounded linear operators between the
normed spaces X and Y’; the operator norm of L € B(X,Y) is

IL] = sup [L(2)]-

Applying the first method, we establish identities or estimates for operators
LeB(X,)Y)when X =/, (1<p<oo)andY =¢; X =/, (1 <p < o0) and
Y =/l.; X = bug, the intersection of ¢y and the space of all difference sequences in
p and Y = ¢; and X = ¢p(A), c(A), lo(A), the spaces of all difference sequences
in ¢y, c and /o, and Y = /. These identities and estimates are used to establish
necessary and sufficient conditions for the operators to be compact.

The second method is applied to establish necessary and sufficient conditions
for operators in B(bvy, l~) and B({1,Y) where Y = Wy, Vs, [¢]oo t0 be compact,
where Wy, Vs and [c]o, are the sets of all strongly C} bounded sequences, of all
difference sequences in we,, and of all strongly bounded sequences, respectively.

We also give simple proofs for the characterizations of the classes of matrix
transformations from X into Y, when X = ¢g(A), ¢(A), loo(A) and Y = l; and
X =/ and Y = Weo, Voo, [€]oo-

2. NOTATIONS AND KNOWN RESULTS

We list the most important notations and known results which will be used
throughout the paper.

Let e and e™ (n = 1,2,...) be the sequences with e, = 1 for all k, and e =1
and e =0 (k # n).

Let X be any subset of w and 2z € w be given. Then we write 271 % X = {a €
w:a-z=(apz);2; € X} and XP =, " *cs for the f—dual of X, that is,
a € XP if and only if Y7 | axxy converges for all z € X.

A BK space is a Banach sequence space X with continuous coordinates P,
(n=1,2,...) where P,(z) = z, for each sequence = (z3);>, € X; a BK space
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X D ¢issaid to have AK if 2™ = > xpe® — x (m — oo) for every sequence
z = (2)%2, € X; 2™ is called the m-section of the sequence .

Let (X, ]| -||) be a normed space, and Sy = {r € X : ||z|| = 1} and By = {x €
X : ||z|| < 1} denote the unit sphere and closed unit ball in X. If (X, -|) is
a normed sequence space, then we write |la||y = sup,cpc | > p; arax| for a € w
provided the expression on the right—hand side exists and is finite which is the
case whenever X is a BK space and a € X? [19, Theorem 7.2.9].

Let A = (anr)py—; be an infinite matrix of complex numbers, X and Y be
subsets of w and x € w. We write A, = (a,;)%%, and A* = (a,;)22, for the se-
quences in the nth row and kth column of A, A,z =3 1 | @k, Az = (Apx)5,
(provided all the series A,z converge), and X4 = {x € w : Az € X} for the
matrix domain of A in X. Also (X,Y) is the class of all matrices A such that
X C Yy 50 A€ (X,Y)if and only if A, € XP for all n and Az € Y for all
r e X.

Let T' = (tux)o=1 be a triangle, that is, t,, # 0 for all n and t,, = 0 for
k > n, and X be a normed sequence space with || - ||. Then || - || x, is defined by
|zl x; = ||Tx|| for all x € X7p; it is clear that || - || x,. is a norm on Xr. Moreover,
if X is a BK space with || - || then so is X7 with || - || x;, by [18, Theorem 4.3.12].
If z is a sequence with 2, # 0 for all k, and T is the diagonal matrix with z on
the diagonal, then 27! x X = X7 becomes a BK space with [|z]|.-1.x = ||z - z||
for all x € X, whenever X is a BK space.

The following well-known result gives the relation between B(X,Y") and (X,Y)
for BK spaces X and Y, and will frequently be used throughout.

Proposition 2.1. ([19, Theorem 4.2.8], [5, Theorem 1.9]) Let X and Y be BK
spaces.

(a) Then we have (X,Y) C B(X,Y), that is, every matriz A € (X,Y) defines an
operator Ly € B(X,Y), where Ly(z) = Az for all x € X.

(b) If X has AK then we have B(X,Y) C (X,Y), that is, every operator L €
B(X,Y) is given by a matric A € (X,Y), where Ax = L(x) for all x € X.

We recall that a linear operator L between infinite dimensional Banach spaces
X and Y is said to be compact if its domain is all of X and, for every bounded
sequence (z,) is X, the sequence (L(x,)) has a convergent subsequence in Y.

Let (X, d) be a complete metric space and M x denote the class of all bounded
subsets of X. We write B,.(z9) = {z € X : d(x,x0) < r} for the open ball of
radius r > 0 and center in 2o € X. The function y : Mx — [0, 00) with

X(Q)—inf{5>O:QC UBrk(xk), T € X, Tk<5(k—1,2,...,n;n€]N)}

k=1
is called the Hausdorff measure or ball measure of noncompactness ([18, Defini-
tion 2.1]). It has the following known properties for all @, @1, Q2 € Mx ([18,
Proposition 2.3 (d), (f), (i)])
@1 C Qo implies x(Q1) < x(Q2) (monotonicity); (2.1)
X(Q) = 0 for every compact set @ ; (2.2)
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if X is a Banach space, then y also satisfies

X(Q1 + Q2) < x(Q1) + x(Q2) (algebraic semi-additivity). (2.3)

Let X and Y be Banach spaces and y; and ys be Hausdorff measures of non-
compactness on X and Y. Then an operator L : X — Y is called (x1,x2)-
bounded if L(Q) € My for all Q € M, and if there exists a constant C' > 0
such that

x2(L(Q)) < C - x1(Q) for all Q € M. (2.4)
If an operator L is (1, x2)-bounded then the number
| LIl (1 x0) = inf{C > 0: (2.4) holds} (2.5)
is called the (x1, x2)—measure of noncompactness of L.
We write ||L|ly = || L|l(x1,x2), for short, and call ||L]|, the Hausdorff measure of
noncompactness of the operator L ([10, Definition 2.24]).

It is known that if X and Y are infinite dimensional Banach spaces and L €
B(X,Y), then

IL|ly = x(L(Bx)) = x(L(Sx)) ([10, Theorem 2.25]) (2.6)
and
L is compact if and only if ||L||, =0 ([10, Corollary 2.26 (2.58)]). (2.7)

3. MAIN RESULTS

Throughout, let ¢ denote the conjugate number of p for 1 < p < oo, that is,
g=o0forp=1,g=p/(p—1)for 1 <p<ooandq=1"for p=oco. We write
| - ||, for the BK norms on ¢, (1 <p < c0), that is,

00 1/p
=], = (Z \a:k|p> for 1 < p < oo and ||z]|e = sup |zx| for p = co.
k
k=1

If A = (@)= is any infinite matrix, we write A"~ and A>"< for the
matrices with the first r rows and the first  columns replaced by zero sequences,
respectively.

Proposition 3.1. Let 1 <p<ooc andY =corY =/l.

IfL € B((,,Y), then L is given by an infinite matriz A € ({,,Y) as in Proposition
2.1 (b).

(a) If Y = ¢, then the Hausdorff measure of noncompactness of L satisfies the
imequalities.

1
3t (sup15571,) < 2 < i (swp )70, ) 0 ()
where B is the matriz with the rows B, = A, — (ag)32, forn = 1,2,... and

ap = lim, oo Qup for k=1,2,....
(b) If Y = U, then the Hausdorff measure of noncompactness of L satisfies the
inequality

osuﬁusnm(wMMwa. (3.2)
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Proof. Since /), is a BK space with AK for each p with 1 < p < oo, the first part
is clear.

(a) If follows by [2, Theorem 3.4] and the the fact that (; and {, are norm
isomorphic that

1
5 limsup (Sup ||B§T>Hq> < [IL1x < limsup (Sup ||B§T>||q) :

7r—00 n T—00

Since obviously [|B" |, > 1B, > 0 (r = 1,2,...) for each n € N, the
limits exist in the last two inequalities. Hence we have established the inequalities
in (3.1).

(b) Let P, : oo — Lo for r € IN be defined by P,(z) = 2™ for all z € £, and
R, = I — P,, where [ is the identity on /.. We also write B = B_@p, for short.
Then it follows by (2.6), the monotonicity (2.1), algebraic semi—additivity (2.3)
of x and (2.2), and by [10, Theorem 1.23 (b)] and the fact that (; and ¢, are
norm isomorphic

0 < [[Llly = x(L(B)) < x(P:(L(B))) + x(R:(L(B))) = x(R+(L(B))

<sup [[R,(L(2))]| = Ry o L|| = [[La<r1> || = sup |47l
r€B n

= sup || A" |, for all 7 € IN.

This yields the inequalities in (3.2). O
Applying (2.7) and Proposition 3.1, we obtain

Corollary 3.2. Let 1 < p < oo. We use the notations of Proposition 3.1.
(a) If L € B(l,,c), then L is compact if and only if

lim <sup HB;DH(]) = 0.

(b) If L € B({p, ) and

i (sup 4571, ) 0. (33)
then L is compact.

We note that the condition in (3.3) is only sufficient, but not necessary, in
general, for an operator L € B({,, {~) to be compact. To see this, let L : £, — {
be defined by L(z) = z; - e for all x € ¢, hence L is compact. Also L is given by
the matrix A with the rows A, = e for n = 1,2,..., but the limit in (3.3) is
equal to 1, since sup,, [|[A5"”||, = 1 for all r € IN.

If 1 < p < oo the result of Corollary (3.2) (b) can be improved by applying
[19, Theorem 8.3.9] and using the transpose AT of the matrix A that represents
the operator L € B({,, ).

Proposition 3.3. Let 1 < p < oco. If L € B(ly,{x), then L is compact if and
only if
lim (supHA;KHq) =0. (3.4)

T—00
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Proof. Let L € B({,,{) and L be given by the matrix A € (¢,, {~). We apply [19,
Theorem 8.3.9] with X = ¢, and Z = ¢;, BK spaces with AK,Y = Z° = (, and
XP =, to obtain A € ({,, () if and only if C' = AT € (¢1,¢,); also ||L|| = || L¢||
by [16, Lemma 2]. Now A € ({,, ) implies ||L| = sup,, [|An|l¢; = sup, [[Anlly as
before in the proof of Proposition 3.1 (b). It follows by (2.6), [10, Theorem 2.15
] and since obviously C<"> = (A>"<)T" that

ILclly = x(Le(Bry)) = lim (SHPHRr(Lo(w))Hq) = lim [|R; o Ll

T—00
Z‘GBgl

= lim ||Lc<r>|| = lim HL(C<r>)T|| = lim ||LA>r<||
r—00 r—00 r—00

- tun (sup 147771, )
Since L, is compact if and only if Lo is compact by [16, Theorem 3], (3.4) now
follows from (2.7). O

We note that the statement of Proposition 3.3 is known and can be found, for
instance, in [16, (b), p. 85].

The use of the transpose of the matrix A fails in the case of p = 1, since E? =l
and (% = ¢;. In this case, the characterization of compact operators is given in
[16, Theorem 5]. Since we are going to use this result, we state it here for the
reader’s convenience in a slightly modified version.

Lemma 3.4. ([16, Theorem 5]) If L € B({1,{), then L is compact if and only
of

lim  sup |ank, — Gniy| = SUDP |Gpk, — Qn,|

m—00 1<n<m n

uniformly in ki and ko (1 < ki, ky < 00). (3.5)

Now we consider the space bvg = {x € w: Y~ | — 25_1] < 00} N ¢, where
xo = 0; we use the convention that any term with an index less than or equal to
0 is equal to zero.

Theorem 3.5. (a) If L € B(bug, c), then L is given by an infinite matriz A as in
Proposition 2.1 (b), and the Hausdorff measure of noncompactness of L satisfies
the inequality

1
3t (s 107 ) < 10 < i (swplCE7le) . (30)

where C' = (cnr)py=y 5 the matriz with cu), = Zle Qnj — Y for n,k =1,2,...
and v, = lim,,_, o 2521 an; for k=1,2,....
(b) If L € B(bvy,c), then L is compact if and only if

lim (sup ||C’;T>||Oo) = 0. (3.7)

n

(c) If L € B(bvy, ), then L is compact if and only if
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k1 ko
E anj — E anj
j=1 j=1

uniformly in k1 and ky (1 < ky, ko < 00). (3.8)

k1 k2

lim sup Z Apj — Z Qnj

m—o00
1<n<m =1 =1

= sup
n

Proof. (a) Since bug is a BK space with AK with respect to the norm defined
by x| = > re; |tk — Zrt1| (z € bvg) by [19, Theorem 7.3.5 (i)], it follows from
Proposition 2.1 (b) that L € B(bvy,c) is given by a matrix A. By [19, Example
8.4.2A], we have A € (bvy, ¢) if and only if

k

PILE

Jj=1

< oo and aj = lim a,j exists for each k.

n—oo

sup
n,k
We define the matrix C' = (Cok)pk=1 DY Car = Z?Zl an; for n,k = 1,2,....
Obviously the limits oy exist if and only if the limits v, = lim,, . G, exist for
each k. Thus we obtain by [19, Example 8.4.1A] that A € (bvo, c) if and only if
C € (4,c). Furthermore, Abel’s summation by parts yields for each m € IN
m -1
Z ApkTh = Cnk(Tk — Ta1) + CpmTi, for each fixed n € IN and each x € buy.
k=1 1

3

B
Il

Since C’n € l, for each n € IN and = € byy C ¢o, we obtain A,x = C’nx for all
n € IN and all x € byy, where y = (2, — Tg41)52,, hence

La(x) = La(y) for all x € bug, where y = () — Tg11)72 - (3.9)

Also by [18, 7.3.4], buy and ¢; are equivalent, and also x € Sy, if and only if
y € Sy, since ||z|| = ||y|l;. Thus we obtain from (2.6) and (3.9)

Ll = [[Lally = x (La(Sews)) = x (La(Se)) = [ Lelly

Finally, (3.1) with C' in place of B and p = 1, that is, ¢ = oo, yields (3.6).

(b) The statement is an immediate consequence of (3.6) and (2.7).

(¢) As in the proof of Part (a), we obtain A € (bvg, £oo) if and only if C' € (¢4, ()
and L is compact by Lemma 3.4 if and only if (3.5) holds with ¢, 4, and &, , in
place of a, x, and ayx,, which is (3.8). O]

Remark 3.6. Similarly as in the proof of Proposition 3.3, we may apply [19,
Theorem 8.3.9] with X = byy and Z = ¢, BK spaces with AK, Y = Z8 = {,
and X? = bs (by [19, Theorem 7.3.5 (ii)]) to obtain A € (bvy, o) if and only if
C = AT € (¢1,bs). Since {; and bs are BK spaces, we have by [10, Theorem 3.8
(a)] that C' € (¢1,bs) if and only if D € (¢1, ), where D is the matrix with the
rows D, = Z;‘:l Cjforn=1,2,.... So Lp is compact by Lemma 3.4 if and only
if (3.5) holds with d,, , and d, x, in place of a,x, and a,x,, that is,

n n n n
lim sup E gy — E (ko E gy j — E (ko
j=1 j=1 j=1 j=1

M—00 1<n<m | %
uniformly in &y and ky (1 < ky, ky < 00).

= sup
n
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Next we consider some spaces of difference sequences. Let A = (0,1)5%_; be
the matrix of the first order difference, that is, d,, = 1, 0, ,—1 = —1 and 5nk =0
otherwise. Its inverse is the matrix ¥ = (on)p3=y With o = 1for 1 <k < n
and o, =0 for k >n (n=1,2,...). If X is any of the spaces ¢y, ¢ or {o,, then
we write X (A) = Xa. We need the following results.

Proposition 3.7. Let R denote the transpose of the matriz ¥ and n = (n)22,.
Then we have
(a) a € (co(A))? if and only if

Ra € ¢, and Ra € n™ ' * (o (3.10)
(b) a € (£so(A))P if and only if
Ra € ¢y and Ra € n~ ' x cp; (3.11)

furthermore (c(A))P = (€s(A))P.
(c) If a € (X(A))P, then we have

Zakxk = Z(Rka)(Akx) forall z € X. (3.12)
k=1 k=1

Proof. (a), (b) If X = ¢y or X = l, we apply [11, Theorem 3.2 and Remark 3.3
(a)] with T'= A and S = ¥ to obtain a € (X(A))? if and only if Ra € X# = ¢4,
which is the first condition in (3.10) and (3.11), and W € (X, ¢y), where W is
the matrix with the rows W,, = Ry,a-e™ for m = 1,2,.... Now we have by [19,
Example 8.4.5A] W € (co, ¢p) if and only if

oo
supz |wWimk| = sup(m|Rnal) < oo,

LC— m
which is the second condition in (3.10), and

lim w,,, = lim R,,a =0,

m—00 m—00

which is redundant. Furthermore, we have by [17, (21.1)] W € (¢, c) if and
only if limy, oo D pey [Wink| = limy, .o m|Rya| = 0, which is the second condition
in (3.11). Thus we have shown (a) and (b) for ¢y and £,.
The sufficiency of the conditions in (3.11) for a € (¢(A))” follows from the fact
that c(A) C loo(A) implies (£ (A))P C (c(A))5.
Conversely, we assume a € (c(A))?. Since (¢(A))? C (co(A))?, the first condition
in (3.11) holds by (a). Also n € ¢(A) implies the convergence of the series
>, kay. This implies the second condition in (3.11) by [10, Corollary 3.16].
(c) The statement for X = ¢y or X = {4, follows from [I1, Theorem 3.2 (3.4)
and Remark 3.3 (a)], and also for X = ¢, since (c(A))? = ({s(A))?, as we have
just shown. O

Proposition 3.8. We have
(a) A € (co(A),ls) if and only if

sup Hflnﬂl < 0o, where A, = RA,, = (Z anj> (3.13)
n =k

k=1



CHARACTERIZATION OF COMPACT OPERATORS BETWEEN BK SPACES 9

and
sup |mR,,An| < 0o for each n; (3.14)
(b) A€ (l(A),ls) if and only if (3.13) holds and
lim mR,,A, =0 for each n; (3.15)

furthermore (¢(A), loo) = (loo(A), lo).
(c) If A€ (X(A),l), then we have

Az = A(Az) for all x € X(A) (3.16)

and
[ Lall = [IL 4] (3.17)

where A € (X, s).

Proof. All the statements for X = ¢y or X = /,, are an immediate consequence
of [11, Theorem 3.4, Remark 3.5 (a), Theorem 3.6] and the fact that ({n, lo) =
(Co, goo)

The inclusion ({y(A), ) C (c(A), ly) is clear.

Conversely we assume A € (¢(A), ls). This clearly implies A € (¢o(A), l) and
so the condition in (3.13) holds. Also A € (c¢(A), ls) implies A, € (c(A))? for
all n, and since (c(A))? = (£s(A))? by Proposition 3.7 (b), the condition in
(3.15) follows from the second condition in (3.11). Now the conditions in (3.13)
and (3.15) imply A € (V(A),l), and so we have also shown (c(A),ls) C
(lolA), L),

The identity in (3.17) is a consequence of that in (3.16) and the fact that the BK
norms of the spaces co(A), ¢(A) are the same; (3.17) for ¢o(A) follows from [10,
Theorem 3.6]; for £ (A) from [10, Remark 3.5] (which gives (3.16) for ((A))
and the definition of the norms of the operators L4 and L 4. Finally, clearly (3.12)
implies (3.16) for ¢(A) and (3.17) follows from the definition of the norms of the
operators L4 and L ;. Indeed, we have the relations

[Lall = sup [|Lazlle. = sup |[[Li(Az)[le, =

ZEBC(A) ZEBC(A)

= sup [|L;(A%)e = sup [[Laylle.. = [ILall (3.18)
AzEB, yeB.

and the proof is completed. O

Theorem 3.9. Let X denote any of the spaces ¢y, ¢ and lo,. If A € (X(A),ly)
then L, is compact if and only if
> — 0. (3.19)

) = lim (supi 'i (U j
! TN k= =k

Proof. Let A € (X(A),ls). Then we have A € (X, () and Az = A(Az) for
all z € X(A) by Proposition 3.8 (c¢) and (3.16). Since (X, ly) = (co, ) by [19,
Example 8.4.5A], we obtain A € (X, () if and only if B = AT € (¢,4,) by [19,

lim (sup A>r<

T—00
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Theorem 8.3.9], and by [10, Theorem 2.28], L5 € B(¢1, (1) is compact if and only
if

k _
n=r

lim | sup by, = lim | sup Qkn
w( 2| M) W(,ﬁZm)

= lim <sup A< ) = lim (sup )A;K )
r—00 k 1 r—00 n 1
= lim (supz Za”j> = 0.
" k=r |j=k

Finally, since L ; is compact if and only if Ly is compact by [16, Theorem 3]
and L, is compact if and only if L ; is compact by (3.16) , we have proved the
statement of the theorem. O

Finally, we consider the spaces ws, and [¢| related to the concepts of strong
C} boundedness and strong boundedness, studied by Maddox [7] and Kuttner
and Thorpe [0], respectively, where

1 n
Woo = {:c € w:sup (E Z |xk|> < oo} and []oo = 07! * (W ).
k=1

n

It is well known that w., is a BK space with the norm || - ||,,., defined by

vl
2] we = sup o Z |zx| for all z € weo.
k=2v
We also consider the space voo = (We)a. For v = 0,1,..., we write ) and

max, for the sum and maximum taken over all indices k£ with 2V < k < 2v+1 — 1,
and

[o.¢]
W={acw: |alw = 2"max,|ay| < oo}.
v=0

Theorem 3.10. Writing Zu for the sum taken over all indices n with 2* < n <
20+ 1, we have

(a) A € ({1, ws) if and only if

1
S;ll? (2_uzﬂ|a”k|) < o0; (3.20)
(b) A€ ({1,v) if and only if
1
S;EIF (Q—MZ#ICLM — an_l,k!> < 00; (3.21)

(c) A€ (4y,]c]e) if and only if

1
sup | =>_ |nan, — (n — Dan_1x| | < oc. (3.22)
ke 2m = ’
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Proof. (a) We apply [19, Theorem 8.3.9] with X = ¢; and Z = W, a BK space
with AK with respect to || - ||y by [4, Proposition 2.4 (b)], and Y = Z” = w,, by
[3, Proposition 1.2 (c)] to obtain A € (1, wy) if and only if B = AT € (W, ().
Since, by [4, Proposition 2.4 (c)],

. 1
oy = ol =sup (55 Janl ) on W?
we obtain by [10, Theorem 1.23 (b)] B € (W, {4 ) if and only if

. 1 1
swwmwzm{;zmm):m{gzmm)=%(ﬁzmm)<m
n n,v n,v My

(b) We have by [10, Theorem 3.8 (a)] A € ({1, v ) if and only if C' = (cnp)popey =
A-A € ({1, ws). Since ¢ = apk, — ap_1 % for all n and k, (3.21) is an immediate
consequence of (3.20).

(c) We have by [10, Theorem 3.8 (a)] A € (¢1,[c|) if and only in D(n) - A €
(41,v5) where D(n) is the diagonal matrix with the sequence n on its diagonal.
Now (3.22) is an immediate consequence of (3.21). O

Finally we give the characterizations for compact operators L € B(¢1,Y"), where
Y is any of the spaces Wy, Voo OT [(]no.

Theorem 3.11. Writing >, and >_ . for the sums taken over all indices n
with 24 < n < 2M+L — 1 gnd 2#2 < n < 2#2+1 — 1 we have:
(a) If L € B({1,ws), then L is compact if and only if
1
_Zuzank

lim [ su su
j—00 (1§k2j 202 > b

uniformly in py and ta (0 < py, po < 00). (3.23)
(b) If L € B({1,vs), then L is compact if and only if

1 1 1
_Zmank - o1 Zmank — %Z#2ank

Q11

. 1 1
lim | sup |;—(agm+1_4 kT G2mq k) — (a2u2+1,1,k —agua_1p)| | =
j—o0 \1<k<y | 2M 212
1 1
SUP B (Agu+1_yp — Gom 1 k) — 27(612#2“ Lk — G2ea_1k)

uniformly in py and ps (0 < pq, pg < 00). (3.24)
(c) If L € B({1,[c|s), then L is compact if and only if

1
lim ( Sup |5.- ((2H1+1 — Dagm+_1; — (2 — 1)@2#1—1,1@) -
J—00 \1<k<;

o1
1 pa+1 2
_2? ((2 - 1)a2u2+1_1’k - (2 —_ 1)0’2“2—1,]6) e
Sup o (<2M1+1 — 1)a2“1+171,k — (2“1 — 1)&2#1_1’]6) —

1

_% ((2u2+1 _ 1)a2#2+1717k _ (2u2 _ 1)&2;@_17;@)
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uniformly in py and ps (0 < pq, pa < 00).  (3.25)

Proof. (a) This is the case p = 1 in [3, Corollary 3.14 7.(7.1)7].

(b) By Theorem 3.10 (a) and (b), we have A € ({1,vs) if and only if C' =
A - A€ (f1,wy) and so the condition in (3.24) is an immediate consequence of
that in (3.23).

(c) By Theorem 3.10 (b) and (c), we have A € ({1, [c]~) if and only if D(n)-A €
(/1,v5) and so the condition in (3.25) is an immediate consequence of that in
(3.24). O
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