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Abstract. In this paper we investigate weighted composition operators be-
tween weak and strong vector-valued Bergman spaces and Hardy spaces, and
give some estimates of their norms.

1. Introduction

Let D be the open unit disk of the complex plane C, ϕ be an analytic self-map of
D; that is ϕ(D) ⊂ D, and u a scalar-valued analytic function on D. The weighted
composition operator uCϕ on analytic functions on D is defined by:

uCϕ(f)(z) = u(z)f(ϕ(z)).

When u(z) ≡ 1, we just get the composition operator Cϕ, Cϕ(f)(z) = f ◦ ϕ(z).
Also if ϕ(z) = z, the identity function, then we get the multiplication opera-
tor Mu, Mu(f)(z) = u(z)f(z). Various aspects of composition operators have
been studied over the past several decades. We refer to monographs by Cowen-
MacCluer [6] and Shapiro [17] for an overview of the work before the mid-1990s.

Recently, as an extension of composition operators, weighted composition op-
erators have been studied quite extensively on different spaces of scalar-valued
analytic functions (for example, see [5, 15, 16, 18, 22]). Now there is an interest
on studying these operators acting on spaces of vector-valued analytic functions.
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Weak compactness of composition operators on such analytic vector-valued func-
tion spaces were studied in [4, 14]. In [10, 12], Esmaeili and Mahyar, Laitila and
Tylli characterized bounded and (weak) compact operator-weighted composition
operators on these kind of spaces. Laitila, Tylli and Wang [13] studied compo-
sition operators from weak to strong vector-valued Bergman and Hardy spaces.
In [21], Wang presented some necessary and sufficient conditions for weighted
composition operators to be bounded on vector-valued Dirichlet spaces.

Let X be a complex Banach space and p ≥ 1. The vector-valued Bergman
space Ap(X) consists of all analytic functions f : D → X such that

||f ||Ap(X) =

(∫
D
||f(z)||pXdA(z)

) 1
p

< ∞,

where dA is the normalized area measure on D. Also, the vector-valued Hardy
space Hp(X) is the set of all analytic functions f : D → X for which

||f ||Hp(X) = sup
0<r<1

(∫
T
||f(rζ)||pX dm(ζ)

) 1
p

< ∞,

where dm(ζ) is the normalized Lebesgue measure on the unit circle T = ∂D. In
the case X = C, we write Ap(X) = Ap and Hp(X) = Hp. By taking p = 2,
the scalar-valued spaces A2 and H2 become Hilbert spaces. The following weak
version of vector-valued spaces were considered by e.g. Blasco [2] and Bonet,
Domanski and Lindstrom [4]: the weak spaces wAp(X) and wHp(X) consist of
all analytic functions f : D → X for which

||f ||wAp(X) = sup
||x∗||≤1

||x∗ ◦ f ||Ap , ||f ||wHp(X) = sup
||x∗||≤1

||x∗ ◦ f ||Hp ,

are finite, respectively. Here x∗ ∈ X∗, the dual space of X. Refer to [1, 3, 13] for
more information about vector-valued Bergman and Hardy spaces.

It is well known that for every analytic map ϕ : D → D, the operators
Cϕ : Ap(X) → Ap(X) and Cϕ : Hp(X) → Hp(X) are bounded, and also Cϕ

is bounded on wAp(X) and wHp(X), (for example, see [4] or [14]). We consider
the infinite dimensional complex Banach space X, since wAp(X) = Ap(X) and
wHp(X) = Hp(X), for p ≥ 1 and any finite dimensional Banach space X. For
any infinite dimensional complex Banach space X, Ap(X) 6= wAp(X) (Hp(X) 6=
wHp(X)) and ||.||wAp(X) is not equivalent to ||.||Ap(X) on Ap(X) (||.||wHp(X) is not
equivalent to ||.||Hp(X) on Hp(X)), for example, see [13, Proposition 3.1] or [11,
Example 15].

Our aim in this paper is, by using the main idea in [13], to estimate the norms
of weighted composition operators between wAp(X) and Ap(X), and also between
wHp(X) and Hp(X), for p ≥ 2. This is motivated by the fact that between scalar
function spaces weighted composition operators are usually much more complex
than unweighted composition operators. Our results are now generalizations to
scalarly weighted composition operators of results from Laitila, Tylli and Wang
[13], where unweighted composition operators were considered. As an application,
we obtain the corresponding estimate of norm for the multiplication operator. We
also see that, for the case p = 2, the boundedness of the weighted composition
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operator between weak and strong vector-valued Bergman spaces (resp. Hardy
spaces) is equivalent to membership in Hilbert-Schmidt class of the operator be-
tween the corresponding scalar-valued Bergman space (resp. Hardy space).

In the rest of the paper, letter c will stand for positive constants and not nec-
essarily same in each occurrence. Also, the notation A ≈ B means that there is
a positive constant c such that A/c ≤ B ≤ cA.

2. Main Results

We first give the following basic estimates.

Proposition 2.1. Let X be any complex Banach space and 1 ≤ p < ∞. Then

||uCϕ : wAp(X) −→ Ap(X)|| ≤
(∫

D

|u(z)|p

(1− |ϕ(z)|2)2
dA(z)

)1/p

and

||uCϕ : wHp(X) −→ Hp(X)|| ≤ sup
0<r<1

(∫
T

|u(rζ)|p

1− |ϕ(rζ)|2
dm(ζ)

)1/p

.

Proof. By the well-known inequality from [20, 23] we have

|f(z)| ≤ ||f ||Ap

(1− |z|2)
2
p

,

for any f ∈ Ap and z ∈ D. Thus, for f ∈ wAp(X), we have

||f(z)||pX = sup
||x∗||≤1

|(x∗ ◦ f)(z)|p ≤ 1

(1− |z|2)2
sup

||x∗||≤1

||x∗ ◦ f ||pAp

=
1

(1− |z|2)2
||f ||pwAp(X).

Hence

||uCϕf ||pAp(X) =

∫
D
|u(z)|p||f(ϕ(z))||pX dA(z)

≤||f ||pwAp(X)

∫
D

|u(z)|p

(1− |ϕ(z)|2)2
dA(z).

In the case of Hardy spaces, for any analytic map f : D → C we have

|f(z)|p ≤ ||f ||pHp

1− |z|2
z ∈ D,

see [9, 23]. If f ∈ wHp(X), then

||f(z)||pX = sup
||x∗||≤1

|(x∗ ◦ f)(z)|p ≤ 1

1− |z|2
sup

||x∗||≤1

||x∗ ◦ f ||pHp

=
1

1− |z|2
||f ||pwHp(X).
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Consequently

||uCϕf ||pHp(X) = sup
0<r<1

∫
T
|u(rζ)|p||f(ϕ(rζ))||pX dm(ζ)

≤||f ||pwHp(X) sup
0<r<1

∫
T

|u(rζ)|p

1− |ϕ(rζ)|2
dm(ζ).

�

For our main results we need the following Dvoretzky,s well-known theorem:

Lemma 2.2. [7] Suppose that X is an infinite-dimensional complex Banach
space. Then for any ε > 0 and n ∈ N, there is a linear embedding Tn : `n

2 → X
such that

(1 + ε)−1

( n∑
j=1

|aj|2
)1/2

≤
∥∥∥∥ n∑

j=1

ajTnej

∥∥∥∥
X

≤
( n∑

j=1

|aj|2
)1/2

for any scalars a1, a2, · · · , an and some orthonormal basis {e1, · · · , en} of `n
2 .

We also need the following lemma which is cited from [19, Theorem 2] and [8,
Theorem 1].

Lemma 2.3. Suppose that 2 ≤ p < ∞, then
(i) The sequence (k2/p−1) is a bounded coefficient multiplier A2 → Ap.
(ii) The sequence (k1/p−1/2) is a bounded coefficient multiplier H2 → Hp.

Theorem 2.4 below provides a function-theoretic characterization of bounded
weighted composition operators between Bergman spaces and this characteriza-
tion is related to a Hilbert-Schmidt condition between the corresponding scalar
spaces, see Liu and Yu [15].

Theorem 2.4. Let X be any complex infinite-dimensional Banach space and
2 ≤ p < ∞. Then

||uCϕ : wAp(X) −→ Ap(X)|| ≈
(∫

D

|u(z)|p

(1− |ϕ(z)|2)2
dA(z)

)1/p

.

In the case p = 2, the equality holds.

Proof. From Proposition 2.1, it is sufficient to prove there exists a positive con-
stant c such that

||uCϕ : wAp(X) −→ Ap(X)|| ≥ c

(∫
D

|u(z)|p

(1− |ϕ(z)|2)2
dA(z)

)1/p

.

Suppose that x ∈ X with ||x|| = 1 and define g : D → X by g(z) = x. Then g is
an analytic function on D, and ||g||wAp(X) = 1, so that

||uCϕ||p ≥ ||ug ◦ ϕ||pAp(X) =

∫
D
|u(z)|p dA(z).

Hence∫
{z∈D:|ϕ(z)|2<1/2}

|u(z)|p

(1− |ϕ(z)|2)2
dA(z) ≤ 4

∫
D
|u(z)|p dA(z) ≤ 4||uCϕ||p.
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So, it is sufficient to prove that there exists a positive constant c such that

||uCϕ||p ≥ c

∫
{z∈D:|ϕ(z)|2≥1/2}

|u(z)|p

(1− |ϕ(z)|2)2
dA(z).

Let λk = k2/p−1/2, for any n ∈ N, we define functions fn as follows

fn(z) =
n∑

k=1

λkz
kTnek,

where Tn is the linear embedding in Lemma 2.2, and thus ||Tn|| = 1 and ||T−1
n || ≤

(1 + ε) and (e1, · · · , en) is an orthonormal basis of `n
2 . Since for 2 < p < ∞ the

sequence (k2/p−1) is a coefficient multiplier A2 → Ap, there exists c > 0 such that
for x∗ ∈ X∗ with ||x∗|| ≤ 1, we have

‖x∗ ◦ fn‖Ap =‖
n∑

k=1

λkz
kx∗Tnek‖Ap

=||
n∑

k=1

λkx
∗(Tnek)z

k‖Ap

≤c

(
n∑

k=1

|x∗(Tnek)|2
)1/2

≤ c.

It follows that ‖fn‖wAp(X) ≤ c. Thus, Fatou’s lemma implies that

‖uCϕ‖p ≥c−p lim sup
n→∞

‖uCϕfn‖p
Ap(X)

=c−p lim sup
n→∞

∫
D
|u(z)|p‖

n∑
k=1

λkϕ(z)kTnek‖p
X dA(z)

≥ c−p

(1 + ε)p
lim sup

n→∞

∫
D

(
n∑

k=1

k4/p−1|ϕ(z)|2k

)p/2

|u(z)|p dA(z)

=
c−p

(1 + ε)p

∫
D

(
∞∑

k=1

k4/p−1|ϕ(z)|2k

)p/2

|u(z)|p dA(z)

≥ c1c
−p

(1 + ε)p

∫
{z∈D:|ϕ(z)|2≥1/2}

|u(z)|p

(1− |ϕ(z)|2)2
dA(z)

and the last inequality is derived by Lemma 2.3 [13]. As ε > 0 is arbitrary, we
obtain the desired lower bound estimate.

In case p = 2, change the functions fn as follows

fn(z) =
n−1∑
k=0

√
k + 1zkTnek .
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Since ((k + 1)1/2zk) is orthonormal in A2, ‖x∗ ◦ fn‖2
A2 ≤ 1, for any x∗ ∈ X∗ with

||x∗|| ≤ 1. By the same argument as in the case 2 < p < ∞, we can get

‖uCϕ‖2 ≥ 1

(1 + ε)2

∫
D

∞∑
k=0

(k + 1)|ϕ(z)|2k|u(z)|2 dA(z)

≥ 1

(1 + ε)2

∫
D

|u(z)|2

(1− |ϕ(z)|2)2
dA(z).

As ε → 0, the claim follows immediately. �

The following theorem provides a function-theoretic characterization of bounded
weighted composition operators between Hardy spaces and this characterization
is related to a Hilbert-Schmidt condition between the corresponding scalar spaces,
refer to Matache [16].

Theorem 2.5. Let X be any complex infinite-dimensional Banach space and
2 ≤ p < ∞. Then

||uCϕ : wHp(X) −→ Hp(X)|| ≈
(∫

T

|u(ζ)|p

1− |ϕ(ζ)|2
dm(ζ)

)1/p

. (2.1)

In the case p = 2, the equality holds.

Proof. If u = 0, then the result is obvious. So we may set u 6= 0. If∫
T

|u(ζ)|p

1− |ϕ(ζ)|2
dm(ζ) < ∞,

then |ϕ(ζ)| < 1 a.e. ζ ∈ T, so that (1 − |ϕ(ζ)|2)−1 =
∞∑

n=0

|ϕ(ζ)|2n a.e. on T.

Monotone convergence and the subharmonicity of |up(·)ϕ2n(·)| imply that∫
T

|u(ζ)|p

1− |ϕ(ζ)|2
dm(ζ) =

∞∑
n=0

sup
0<r<1

∫
T
|u(rζ)|p|ϕ(rζ)|2n dm(ζ)

≥ sup
0<r<1

∫
T

|u(rζ)|p

1− |ϕ(rζ)|2
dm(ζ).

So, the upper bound estimate is obtained from Proposition 2.1.
For the lower bound estimate, if ||uCϕ : wHp(X) → Hp(X)|| is finite, we first

note that
||uCϕ||p ≥ ||ug ◦ ϕ||pHp(X) = ‖u‖p

Hp ,

where g(z) = x ∈ X with ‖x‖ = 1. So u has a.e. radial limits u(ζ) = limr→1− u(rζ)
on T. Again we have∫

{ζ∈T:|ϕ(rζ)|2<1/2}

|u(rζ)|p

1− |ϕ(rζ)|2
dm(ζ) < 2‖u‖p

Hp ≤ 2||uCϕ||p.

So we only need to prove that there exists c > 0 such that

||uCϕ||p ≥ c

∫
{ζ∈T:|ϕ(rζ)|2≥1/2}

|u(rζ)|p

1− |ϕ(rζ)|2
dm(ζ).
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Let λk = k1/p−1/2 and define

fn(z) :=
n∑

k=1

λkz
kTnek,

where the linear embedding Tn is the same as in Lemma 2.2, ||Tn|| = 1 and
||T−1

n || ≤ (1+ ε) and (e1, · · · , en) is an orthonormal basis of `n
2 . Since for 2 < p <

∞ the sequence (λk) is a bounded coefficient multiplier H2 → Hp, there exists
c > 0 such that for x∗ ∈ X∗ with ||x∗|| ≤ 1, we have

‖x∗ ◦ fn‖Hp = ||
n∑

k=1

λkx
∗(Tnek)z

k‖Hp ≤ c

(
n∑

k=1

|x∗(Tnek)|2
)1/2

≤ c.

Thus ‖fn‖wHp(X) ≤ c and by using Fatou’s lemma and Lemma 2.3 [13], we have

‖uCϕ‖p ≥c−p lim sup
n→∞

‖uCϕfn‖p
Hp(X)

≥c−p lim sup
n→∞

∫
T
|u(rζ)|p‖

n∑
k=1

λkϕ(rζ)kTnek‖p
X dm(ζ)

≥ c−p

(1 + ε)p
lim sup

n→∞

∫
T

(
n∑

k=1

k2/p−1|ϕ(rζ)|2k

)p/2

|u(rζ)|p dm(ζ)

=
c−p

(1 + ε)p

∫
T

(
∞∑

k=1

k2/p−1|ϕ(rζ)|2k

)p/2

|u(rζ)|p dm(ζ)

≥ c1c
−p

(1 + ε)p

∫
{ζ∈T:|ϕ(rζ)|2≥1/2}

|u(rζ)|p

1− |ϕ(rζ)|2
dm(ζ).

Take ε = 1, then

‖uCϕ‖p ≥ c

∫
T

|u(rζ)|p

1− |ϕ(rζ)|2
dm(ζ).

As r → 1,

‖uCϕ‖p ≥c lim sup
r→1

∫
T

|u(rζ)|p

1− |ϕ(rζ)|2
dm(ζ)

≥c

∫
T

|u(ζ)|p

1− |ϕ(ζ)|2
dm(ζ).

In case p = 2, change the functions fn as

fn(z) :=
n∑

k=1

zk−1Tnek.

Since (zk) is orthonormal in H2, ‖x∗ ◦fn‖2
H2 ≤ 1, for any x∗ ∈ X∗ with ||x∗|| ≤ 1.

The rest of the proof is similar to those of previous theorem. �

By taking u(z) ≡ 1, we have the following corollary which is the Theorems 2.2
and 3.2 of [13], for 2 ≤ p < ∞.
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Corollary 2.6. Let X be any complex infinite-dimensional Banach space and
2 ≤ p < ∞. Then

||Cϕ : wAp(X) −→ Ap(X)|| ≈
(∫

D

1

(1− |ϕ(z)|2)2
dA(z)

)1/p

and

||Cϕ : wHp(X) −→ Hp(X)|| ≈
(∫

T

1

1− |ϕ(ζ)|2
dm(ζ)

)1/p

.

Letting ϕ(z) ≡ z (it is impossible in (2.1), since the finiteness in the right-
hand side of (2.1) implies |ϕ(ζ)| < 1 a.e. ζ ∈ T except u(z) = 0), we obtain the
corresponding result for the multiplication operator.

Corollary 2.7. Let X be any complex infinite-dimensional Banach space and
2 ≤ p < ∞. Then

||Mu : wAp(X) −→ Ap(X)|| ≈
(∫

D

|u(z)|p

(1− |z|2)2
dA(z)

)1/p

.
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