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MORITA EQUIVALENCE OF HILBERT C*-MODULES
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ABSTRACT. We give a direct definition of Morita equivalence for Hilbert C*-
modules, by introducing an explicit list of axioms for an imprimitivity bi-
module. We show that Hilbert C*-modules with unit vectors, over Morita
equivalent unital C*-algebras, are Morita equivalent, and Morita equivalence
is an equivalence relation in the category of left Hilbert C*-modules with unit
vectors.

1. INTRODUCTION

The notion of Morita equivalence of C*-algebras was first introduced by Rieffel
[5]. Two C*-algebras A and B are Morita equivalent if there exist a full Hilbert
left A and right B module such that the module actions commute with inner prod-
ucts. This module is called an A-B-imprimitivity bimodule. Morita equivalence
preserves some properties of C*-algebras but is weaker than C*-isomorphism.
Also two unital C*-algebras are Morita equivalent if and only if they are Morita
equivalent as rings [1]. Skeide introduced a notion of Morita equivalence be-
tween Hilbert C*-modules in [7], where two Hilbert C*-modules E and F over
C*-algebras A and B, respectively, are said to be Morita equivalent if there exist
an A-B-imprimitivity bimodule M, such that E ® M = F. Two full Hilbert
C*-modules E and F are Morita equivalent in the sense of Skeide, if and only
if the C*-algebras K4(F) and Kg(F') are isomorphic [6]. If two C*-algebras A
and B are Morita equivalent as Hilbert C*-modules over themselves, they will
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be Morita equivalent as C*-algebras, but the converse is not true. In [3], Joita
and Moslehian introduced a notion of Morita equivalence for Hilbert C*-modules,
based on the equivalence of the corresponding C*-algebras of compact operators,
which in case of full countably generated Hilbert C*-modules over o-unital C*-
algebras coincides with Skeide’s definition of stable Morita equivalence. In this
paper, we introduce a direct and constructive notion of Morita equivalence for
Hilbert C*-modules, based on the notion of imprimitivity bimodules.

The main advantage of our definition is that we give a explicit list of axioms for
the imprimitivity bimodule (like the original case of C*-algebras). However there
are certain drawbacks: we could show that our notion is an equivalence relation
only for Hilbert C*-modules with unit elements (Proposition 2.12). In this case,
we show that the three notions of Morita equivalence coincide.

2. MORITA EQUIVALENCE

We give an explicit list of axioms to define imprimitivity bimodules for Morita
equivalent Hilbert C*-modules (compare with [7] and [3]).

Definition 2.1. Let A and B be C*-algebras, and F and F' be left and right
Hilbert C*-modules over C*-algebras A and B, respectively. We say that £ and
F' are Morita equivalent, and write E ~,,,. F, if there exist an A-B imprimitivity
bimodule X, such that the following holds:

(1) X is a left F-module and a right F-module such that all the compatibility
conditions hold, for example

(a.€).x =a.(ex), x.(fb)= (z.f).b, (a€ A,be Bijec E,f € F,xe X).

(#7) There exist bilinear maps g(,) : X x X — Fand (,)r : X X X — F, linear
with respect to the second variable and conjugate linear with respect to the first
variable, such that

E(a'xay> :a'E<x7y>7 <xayb>F: <$,y>Fb, (:U,yEX,aEA,bEB).
(#7i) For each z,y,z € X,
e{z,y).2 = 2.(y, 2)r
(iv) For each z € X,e € F and f € F,
(e, ex)pe| < e[z, 2)pl, [p(@-fa )] < |fIP|e(z, )],

where in the left-hand sides, the absolute values are in B and A, respectively (for
instance, for a € F, |a| = <a,a>]19/2 € B).

(v) For Fy = (X, X)r and Ey =g (X, X), (Fy, Fy) g is dense in B and (Ey, Ey) 4
is dense in A.

(vi) For z,y € X,

sz, ) < ez, ) lsw )l Ko, v) el < [z 2) ey, v) el
(vii) For z,y,z,w € X,

(p(x,y).z,w)r = (z,p (y, ) W)p, By, 2)p,w) =g (x,0.(2,Y)F).

In this case, X is called an F-F-imprimitivity bimodule.
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From condition (v), it follows that Morita equivalent Hilbert C*-modules are
full. Moreover, if £ and F' are Morita equivalent, then the C*-algebras A and B
are Morita equivalent.

Now for x € X, let

1/2
lzlls = llata, )IE%  lalle = |z, 2)e

We claim that these define seminorms on X. We should only check the triangle
inequality.

1/2
P

Lemma 2.2. For e € E, we have ||e||g = |||¢e]|| -

Proof. For each e € E, [le|| = [la(e, )|l = [llel*]la = [[le]ll4- O
Proposition 2.3. Forz,y € X, ||z +y|le < ||zl + ||y &

Proof. Given z,y € X, we have

lz+ylE = lelz+y.2+ylle
< Nz, @) e + sty s + et ) P + sy, )14
By (vi), |e{x, y)* < [|le(z, 2)[[|e(y, y)|. Hence
lzdz, p)le = ez, 9)Pla < Il ) le-lley, w)lla = lzlzlyle
Therefore, [l + yll% < l|zll% + lwlE + 2l<lellylle = (lzlle + lyle)* O

We have defined equivalence of a left and a right Hilbert C*-module. If we
define the equivalence between two left (or two right) Hilbert C*-modules, this
yields an equivalence relation. If E is a right Hilbert A-module, then FE is a
left Hilbert A-module with the same inner product and the left module action
ae=ca*and \e=e), (A\€C,ec E,ac A). We denote this module by E.

Definition 2.4. Two left Hilbert C*-modules E and F' over C*-algebras A and
B are Morita equivalent if E ~,;,,. F. In this case, we write E =, F'.

For C*-algebras A and B, it is clear that A and B are Morita equivalent as
C*-algebras if and only if A and B are Morita equivalent as Hilbert C*-modules
over themselves, in the sense of Definition 2.1.

As discussed earlier, Morita equivalent Hilbert C*-modules in the sense of Def-
inition 2.4 are automatically full. On the other hand, in the category of full
Hilbert C*-modules, two Hilbert C*-modules E and F for C*-algebras A and B
are Morita equivalent in the sense of [3] if and only if the C*-algebras A and B are
Morita equivalent [3, Proposition 2.8]. Therefore, the notion of Morita equiva-
lence in the sense Definition 2.4 is stronger than the notion of Morita equivalence
introduced in [3]. In terms of imprimitivity bimodules, for equivalence of E and
F, the authors in [3] require the existence of an A-B imprimitivity bimodule X,
but we also require X to have compatible module structures over £ and F and
to be an E-F imprimitivity bimodule.

Proposition 2.5. Let Fy and Ey be two left Hilbert C*-modules over C*-algebras
Ay and As, and let Fy and Fs be right Hilbert C*-modules over C*-algebras By
and BQ. ]fEl ~ Mor Fl and E2 ~ Mor F2 then E1 & Eg ~ Mor F1 & FQ.
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Proof. Let X; and X5 be Ei-F| and FE>-F, imprimitivity bimodules, respectively.
Then X7 ® X5 is an Ay ®uin As-B1 @min B2 imprimitivity bimodule. Moreover,
X1 ® Xy is a left Banach F; ® Es-module and right Banach F} ® Fh-module
with (e1 ® e3) (21 ® 12) = €171 ® eax9, and (11 @ 2) (f1 @ f2) = 211 ® 22 fo,
respectively. The compatibility conditions are easily verified.

Define p,op, (11 ® T2, Y1 ® y2) = £, (T1, Y1) @k, (T2, y2) and (21 @ 22,41 ® y2>F1®F2
= (21,Y1) p, ® (T2, Y2) , - Then all the axioms are satisfied. O

If F; and F5, are right Hilbert C*-modules over C*-algebras B; and By, then

the left Hilbert C*-modules Flfé/Fg and ﬁ ® E can be identified. Using this
fact we have the following corollary.

Corollary 2.6. Let £y, Es Fy and F; be left Hilbert C*-modules over C*-algebras
Al, AQ, Bl and BQ. [fEl =~ Mor F1 and EQ =~ Mor F2 then El ® E2 =~ Mor Fl ® FQ.

Definition 2.7. Let E be a left Hilbert C*-module over a unital C*-algebra A.
An element e € E is called a unit vector if 4(e,e) = 14, and similarly for right
Hilbert modules.

Theorem 2.8. If unital C*-algebras A and B are Morita equivalent, and E and
F are left and right Hilbert C*-modules on A and B, with unit vectors ey and fy,
respectively, then E ~yro,. F.

Proof. Suppose that X is an A-B-imprimitivity bimodule. We claim that X is an
E-F-imprimitivity bimodule. For this, first, we show that X is a left E-module
and a right F-module.

Fore € E and z € X, let e.x =4 (e, eg).z. This module action has compatibil-
ity conditions, for example

(a.€).x =4 (a.e,ep).x = aale, ep).x = a.(e.x).

Similarly, we can define module actions for F' using f;. We define an F-valued
inner product for X by

glx,y) =a (x,y).e0, (x,y € X,e € F).
We have
glx,y).z = (a{x,y).€0).2 =4 (x,y).(€0.2) = (a{z,y)aleo, €0)).2 =a (z,Y).2,
and
vy, 2)r = v.(fo-(y,2)B) = (v.fo) (v, 2) B = (x.(fo, fo)B)-(¥, 2) B = .(y, 2) B,
which gives (iii). For (iv),

(ex,e.x)p = fo.(e.x,e.x)p = fo.{ale,e0).x,4 (€, €0).7) .
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Let b = (4{e, eq).z,4 (e,e0).x)p and a =4 (e, eg). Then

ez, e.x)r|% = (fo.b, fo.b) s = b*{fo, fo) b =b"b = |b]?

= [{ale, eq).z,4 (e, €0).7)|* = |{a.z,a.2) 5|

< llall*Kz, 2)I* = llale, o) |*[{z, 2} B[
= |lale, eo)i(e. o) I*[(z, x) I
< llafe, &)I*-Laleo, eo) 1. [{z, 2)5|* = [le]|*[{z, z) 5[

On the other hand,

(@, 2)pl* = (fo-(z,2)5, fo-(z,2)p)B = (2, 2)p1.(z, 2)p = [(z,2)5|".

For (vi),

(e, y)|* =4 (e{x,y).6 (2, 9)) =4 (e0-a(z.y), €0-a(z, )
=4 (z, y)aleo, €0)alz, y) < llalz, z)llaly, y).

On the other hand, ||g(z,z)| = |||g(z, z)||| 4, and

|E<:L',l‘>|?4 —A <A<x7x>‘€0w4 <:L‘,JZ>.60> —A <:L',l‘>A<60,60>A<CL’,ZE>* = |A<ZL',.T>|2,

and (vi) follows.
For (vii), we have

((z,y).2,w)r = (a{z,y).€0.2, W) p = {a{x,y)a{eo, €0).2, W) F
<A<xay>'sz>F = <Zn4 <yax>'w>F-

This completes the proof. Il

Clearly, if fo is a unit vector for the right Hilbert C*-module F' over a unital
C*-algebra B, then fj is a unit vector for the left Hilbert C*-module F' over B.

Corollary 2.9. Let E and F be left Hilbert C*-modules over the unital C*-
algebras A and B, with unit vectors. Then A and B are Morita equivalent, as
C*-algebras if and only if E and F' are Morita equivalent, as Hilbert C*-modules.

Corollary 2.10. Any two left Hilbert C*-modules E and F over a unital C*-
algebra A, with unit vectors, are Morita equivalent. In particular, E =y A,
where A is considered as a left Hilbert A-module.

Corollary 2.11. Every two Hilbert spaces are Morita equivalent as Hilbert C-
modules.

It follows from Theorem 2.8 that in the category of full Hilbert C*-modules
with unit vectors over unital C*-algebras, the notion of Morita equivalence in the
sense of Definition 2.4 coincides with Morita equivalence in the sense of [3]. Also,
in the category of full countably generated Hilbert C*-modules with unit vectors
over unital C*-algebras, these two notions coincide with the Skeide’s notion of
stable Morita equivalence [6].

Proposition 2.12. In the category of full left Hilbert C*-modules with unit vec-
tors over unital C*-algebras, Morita equivalence is an equivalence relation.
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Proof. Let E and F' and G be full left Hilbert C* -modules having unit vectors
over the unital C*-algebras A and B and C, respectively. By Corollary 2.9,
E =y E. If E =y, F, then A is Morita equivalent to B, and since the Morita
equivalence of C*-algebras is an equivalence relation, B is Morita equivalent to
A and by Corollary 2.9, F =), E. Transitivity follows similarly. OJ

Example 2.13. (i) For unital C*-algebras A, B, and Hilbert spaces H, K, let
E=A®H and FF = K® B, then F and F are left and right Hilbert C*-modules
on A and B, respectively, with module actions
a(d @h)=ad @h, (kV)b=koVb, (a,d € A bl € B ,heHkeK).
and inner products
pla®h,d @by = (h,hYad”, (k@b Kk Qb)) = (k K"V

Choose a vector h € H of norm one, and let ¢g = 1 ® h. Then

E<60,€0> =FE <1 & h, 1® h> = ||h||21 =1.
Similarly, we can find fy € F with (fo, fo)r = 1. Hence if A and B are Morita
equivalent, then A ® H ~ . K ® B.

(#7) For a compact topological space X and a C*-algebra A, E = C(X, A) is a

left Hilbert C'(X)-module with module actions

(f-9)(x) = f(z)g(z) (f € C(X), g€ E)

and inner product

cx)(9,9)(x) = o(g(x)g™) (9,9 € B,z € X),

where ¢ is a fixed bounded positive linear functional on A. Choose a € A with
p(aa*) = 1. Let go € E be the constant function with value a. Then for each
r € X, p(go(x)go(x)*) = 1. Hence ¢(x)(g0,90) = 1. Therefore, if X and Y are
homeomorphic, then for any C*-algebras A and B, C(X, A) ~pr C(Y, B), as
left and right Hilbert C*-modules over C'(X) and C(Y'), respectively.

Proposition 2.14. If A is a C*-algebra, and E., F are left and right Hilbert A-
modules such that there exist eg € E, fo € F, with 0 #4 (€0, e0) = (fo, fo)a =
ty € Z(A), and Aty = A, then E ~prr F.

Proof. Let aeg,eq) = to. Without loss of generality, we may assume that
|lto]] = 1. We know that A is an A-A-imprimitivity bimodule, with inner products
afa,b) = ab* and (a,b)4 = a*b. We claim that A is also an E-F-imprimitivity
bimodule. Define the module actions by

ex =4 (e,eq)x, x.f =x(f fo)a, (x€Ae€E feF).
and the E-valued and F-valued inner products by
gla, by =4 (a,b).eq, (a,b)r = fo.(a,b)a (a,b€ A).
For each z,y,z € A, we have
BT, y).2 =4 (T, y).€0.2 = 2Y".€0.2 = LY} (€0, €0) 2 = TY 92,

.y, 2)r = . fo-(y,2)a = T.fo.y" 2z = wtoy" 2 = wY*to2.
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For (iv), let e € E,z € A and let 4(e,eq) =t. Then
(e.x,e.x)p = fo.(e.x,ex) s = fo.(e.x)"(e.x)
= Jo-(afe, e0)x))"(ale; eo)x) = fo.(x*t"tx).
In particular, for a = x*t*tz,
[e.x,e.x)p|* = (fo.a, fo.a)a = a*(fo, fo)aa = a*toa = x*t tatgr*t tx.
By Cauchy-Schwartz inequality,
£t =4 (e, eoly{esco) < lales Ml afeor o) = [l
Hence
l(e., e.x)p|* < a*|e||*toxtox™||e||*toxto < ||e||*|to||*z* ztor™ 2.

On the other hand, (z,z)r = fo.(x,z)4 = fo.z*z. Therefore,

[z, 2)p|? = (fo.r"z, fo.r*s) s = 2 wtox*

and the result follows.
For (vi), we have
? = [a(z,y).eo” = |zy*.eol® =4 (xy*.eo, 2y .€0) = xy*toya’*
1/4 » 1/4 sy,1/2 o, 1/2 1/4
= (ats 'yt 2t = (") (wa)tg? (a = wty")

|{,y)

=4 (@ y)afa,y)"t"” < [lafa, a)llaty, vt
= [lzts Pyyty? = llaty > lyy*ts.
On the other hand, g(z,z) =4 (z,x).eg, thus
ez, 2)|| = [la(ale, z).co,a (@, z).co)[| /2
= ||a(zx*.eq, xx*.e0) ||}/
/),

= ||z toxx*||M? = ||t
and

‘1/2 —

12y, ¥)| = |a(yy™ .o, yy™ o) (yy*toyy™)? = yy'ty”*,

from which (vi) follows. For (vii),
(elx,y).z,w)p = fo{a(z,y).2,w)a = fo{xy toz,w)a = fo.2"tjyr"w = fo.z"yx tow
and
(2,8 (y, 7). w)r = fo(2,4 (Y, T).co.w) 4 = fo.(z, yx"tow)a = fo.2"yz"tow.
This completes the proof. O

The condition Aty = A, in the above proposition, is necessary in order to get
the condition (v) of the Definition 2.1. When this is not satisfied, one may define

Eoz{to.e:eGE}, Foz{toffEF},

and observe that E, and Fj, are Hilbert At,-modules, and similar to the above

argument, show that Atg is a Ey-Fp-imprimitivity bimodule, therefore Fy ~ /0,
.
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Definition 2.15. [2] Let A and B be C*-algebras and E be a left Hilbert A-
module and F' be a right Hilbert B-module. We say that F and F' are isomorphic
if there is a bijective map ® : £ — F and a C*-isomorphism ¢ : A — B such
that (® (e2), P (e1))5 = ¢ (4 (e1,e2)) for all e1, e € E.

Proposition 2.16. Let A and B be o-unital C*-algebras, F a left A-Hilbert C*-
module and F' a right B-Hilbert C*-module. If E and F are isomorphic and there
is a strictly positive element to =4 (eq, eq) € Z(A), then E ~pror F.

Proof. If tg =4 (ep, €9) € Z(A) is a strictly positive element in A then
¢ (to) = (P (eo) , @ (e0)) 5 € Z(B)

is a strictly positive element in B.

Since A and B are isomorphic, A and B are Morita equivalent and A is an A-B-
imprimitivity bimodule, with the bimodule structure a.x = azx and 2.b = zp~! (b)
and inner products 4(x1,x2) = x1xy and (z1,29)p = @ (xx2). Similar to the
proof of Proposition 2.14, one can show that A is an E-F imprimitivity bimodule,
hence E ~yr F. O

The assumption on the existence of the strictly positive element ¢, in the above
proposition can not be dropped, even if A and B are commutative and unital.
For example, let X = Y U Z be a compact space, where Y and Z are disjoint,
non-empty, open subsets of X, which are homeomorphic. Then C'(X) is a left
and a right C'(X)-module with inner products

coo(f.9) = faxy, (f.9)cwx) = faxz, (f.g€ C(X)).

In this case, o(x)(f, f) is supported in Y, for any f € C'(X), hence it could not be
a strictly positive element of C'(X). Take an isomorphism ¢ : C'(Y) — C(Z) and
identify C'(X) with C(Y) @ C(Z). Let 0 : C(Y) @ C(Z) — C(Z) @ C(Y) be the
flip isomorphism. In Definition 2.15, put ® := o to (yp ®y~') : C(X) — C(X)
and ¢ = id, then C(X), as a left C'(X)-module, is isomorphic to C(X), as a right
C(X)-module, but C(X) » 0 C(X), as no imprimitivity bimodule could satisfy
condition (v) of Definition 2.4.

Acknowledgement. The first and second authors were in part supported by
grants from IPM (91430215 & 92470123) and the third author was supported
in part by a grant of the Romanian National Authority for Scientific Research,
CNCS-UEFISCDI, project number PN-II-ID-PCE-2012-4-0201.

REFERENCES

1. W. Beer, On Morita equivalence of nuclear C*-algebras, J. Pure Appl. Algebra 26 (1982),
no. 3, 249-267.

2. D. Baki¢ and B. Guljas, On a class of module maps of Hilbert C*-modules, Math. Comm.
7 (2002), 177-192.

3. M. Joita and M.S. Moslehian, A Morita equivalence for Hilbert C*-modules, Studia Math.
209 (2012), 11-19.

4. 1. Raeburn and D. Williams, Morita Equivalence and continuous trace C*-algebras, Amer-
ican Mathematical Society, Ptrovidence, 1998.



110 M. AMINI, M.B. ASADI, M. JOITA, R. REZAVAND

5. M.A. Rieffel, Induced representations of C*-algebras, Advances in Math. 13 (1974), 175—
257.

6. M. Skeide, Classification of Eg-semigroups by product systems, Mem. Amer. Math. Soc. (to
appear), arXiv:0901.1798v3.

7. M. Skeide, Unit vectors, Morita equivalence and endomorphisms, Publ. Res. Inst. Math.
Sci. 45 (2009), 475-518.

! DEPARTMENT OF MATHEMATICS, FACULTY OF MATHEMATICAL SCIENCES, TARBIAT
MODARES UNIVERSITY, TEHRAN 14115-134, IRAN.

2 ScHOOL OF MATHEMATICS, INSTITUTE FOR RESEARCH IN FUNDAMENTAL SCIENCES
(IPM), TEHRAN 19395-5746, IRAN.

FE-mail address: mamini@modares.ac.ir

3 SCHOOL OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, COLLEGE OF SCI-
ENCE, UNIVERSITY OF TEHRAN, ENGHELAB AVENUE, TEHRAN, IRAN.
E-mail address: mb.asadi@khayam.ut.ac.ir, rezavand@khayam.ut.ac.ir

4 DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BUCHAREST, STR. ACADEMIEI NR.
14, 70109 BUCHAREST, ROMAINIA.

5 CURRENT ADDRESS: DEPARTMENT OF MATHEMATICS, FACULTY OF APPLIED SCIENCES,
UNIVERSITY POLITEHNICA OF BUCHAREST, SPL. INDEPENDENTEI NR. 313, BUCHAREST,
060042, ROMANIA.

E-mail address: mjoita@fmi.unibuc.ro



	1. Introduction
	2. Morita Equivalence
	References

