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ABSTRACT. In this paper, we study the concept of harmonic functionals for
certain Banach algebras such as generalized Fourier algebras. For a non-
zero character ¢ on Banach algebra A, we also characterize the concept of
¢-amenability in terms of harmonic functionals. Finally, for a locally compact
group G we investigate the space H, , of o-harmonic functionals in the dual
of generalized Fourier algebra A,(G). The main result states that G is first
countable if and only if ¢ is adapted if and only if H, , = C¢,.

1. INTRODUCTION AND PRELIMINARIES

For a locally compact group G and 1 < p < oo, Herz [6] introduced the generalized
Fourier algebra of G denoted by A,(G). Elements of A,(G) can be represented,
nonuniquely, as w = > - (f; * ¢;), where f; € L*(G) , g; € LY(G), %+% =1,
3(x) = g(a1) and 3, [fill ]l < o0. Then

lulla, = inf > fillolllgilly = w =" _(fi * i)
i=1 i=1

determines a norm on A,(G). When p = 2, A,(G) coincides with the Fourier
algebra As(G) introduced by Eymard [4].

For 1 < p < oo we denote by L(LP(G)) the space of all continuous linear
operators on LP(G), equipped with the usual operator norm | - ||,p, and let
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Ap ¢ M(G) — L(LP(G)) be the left regular representation of the measure al-
gebra M(G) on LP(G) defined by A\, (u)(f) = p = f, where p € M(G), f €
LP(G) and p = f = [, f(y"'x)du(y). Let PMy(G) be the weak*-closure of
Mp(M(G)) in L(LP(G)), where the closure is with respect to the weak* topology
o(L(LP(Q)), LP(G)®LY(G)). The space PM,(G) called the space of p-pseudo-
measures on G. It is well known that PM,(G) can be identified with the dual
of the generalized Fourier algebra A,(G). When p € M(G) the dual action of
Ap(1) on AL(G) is defined by A, (u)(u) = [, u(x)dp(x) for all u € A,(G). With
the usual operations of pointwise addition and multiplication, A,(G) is a com-
mutative semisimple regular and Tauberian Banach algebra.

Let M A,(G) be the multiplier algebra of A,(G); that is, the set of all continuous
functions v on G such that vu € A,(G) for all u € A,(G). With the multiplier
norm

[vllar = inf {[luvlla, : v € Ay(G), ulla, <1}

MA,(G) is a Banach algebra containing A,(G) as an ideal with decreasing norms
|- lar <[ - [|4,- There is a natural M A,(G)-module action on PM,(G) defined
by (v-T,u) = (T,uv) for all u € A,(G), v € MA,(G) and T € PM,(G).

Let A be a Banach algebra. We denote by A(A) the set of all non-zero char-
acters, bounded multiplicative linear functionals on A. For ¢ € A(A), Kaniuth,
Lau and Pym [11, 12] introduced and investigated a notion of amenability for Ba-
nach algebras called ¢-amenability; see also [1, 2, 9, 19]. In fact, A is said to be
¢-amenable if there exists m € A™ such that m(¢) =1 and m(f-a) = ¢(a) m(f)
for all f € A* and a € A, where f-a € A" is defined by (f - a)(b) = f(ab) for all
b € A. Any such m is called a ¢-mean. An element a of A is called ¢-mazximal
if it satisfies [|a|]] = ¢(a) = 1. Let S7' denote the collection of all ¢-maximal
elements of A. It is easy to see that S(f is a convex semigroup. We denote by

*

gw the weak*-closure of S(f in A*.

Let (B,]| - ||5) be a Banach algebra containing the Banach algebra (A, | - ||.4)
as a two-sided ideal with decreasing norms || - ||z < || - [|4 and let ¢ € A(A).
Then we can extend ¢ to an element in A(B) whic is equal to ¢ on A, we denote
this extension still by ¢. It is easy to see that Sg‘ C Sf. For each b € Sf,
we denote by I, 4 the norm closure of the set {a —ab : a € A} in A and set
Iy ={a € A: ¢(a) = 0}. Following [3], the elements of H, 4 := I, 4 are called
b-harmonic functionals. We note that

Hyy={f € A" :b-f = [},

It is well known that A(A,(G)) can be canonically identified with G. More pre-
cisely, the map x — ¢,, where ¢,(u) = u(x) for u € A,(G), is a homeomorphism
from G onto A(A,(G)). For each z € G we set

SA4 = {u € Ay(G) : ulla, = u(z) = 1}

and
SM—fy e MALG) : ||v||py =v(x) =1}.
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Let e € G be the identity element of G. We recall from [17, Lemma 1.1] that

SET = {F € A(G)" : ||F| = F(¢.) = 1}.
Now suppose that z € G and L, is the left translation by x on A,(G); that is,
L,u(y) = u(z~ty) for all u € A,(G) and y € G. Then as shown in [3, p. 216],
SA = L,(S4) and

S ={F e A4(Q)" : |F = F(¢) = 1}.
In [18, Lemma 3.1], it is proved that for each z € G, A,(G) has a ¢,-mean in

@w*. Recall that for each o € SM | we denote by I, the norm closure of the set
{u—uo:ueA,(G)} and set I, = {u € A,(G) : u(z) = 0}.

In this paper, for a separable Banach algebra A and ¢ € A(A), among the
other things, we show that A has a ¢-mean in S_g‘w it and only if Hy , = C¢ for
some b € S(f. Specifically, for a locally compact group G, we prove that G is first
countable if and only if the space H,, of o-harmonic functionals in PM,(G) is
equal to Cg, for some z € G and o € SM.

2. HARMONIC FUNCTIONALS

We commence with the following lemma whose proof is inspired by [10, Theo-
rem 4.1].

Lemma 2.1. Let A be a separable Banach algebra and let ¢ € A(A). Then the
following statements are equivalent.

(a) A has a ¢-mean in gw .
b) There is an element b € S7* such that ||ab™ — ¢(a)b™|| — 0 for all a € A.
@

Proof. (a)=(b). Suppose that (b;) is a dense sequence of the unite bale of A and
let (7;) be a sequence of positive real numbers such that 22, 7; = 1. Choose

the increasing sequence (ny) of positive integers such that (Z?Zl )™ < Y. By

assumption and [11, Theorem 1.4] and its proof, there is a net (a,) € S3' such
that

laaa — d(a)aq|| — 0
for all for all a € A. We choose a sequence (a,,) C S, inductively to satisfy
lak, .0k, am — am|| < Ym
for 1 <k; <m,1<j<n,, and
|biagy -y @, — S(Di) | < Yim
for 1 <i,k; <m, 1< j<n,. Then the element

b:= ifymam € Sf

m=1
is the required element. Indeed, the rest of the proof is similar to the proof of
[10, Theorem 4.1] and so we omit it. O
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Theorem 2.2. Let (B, || - ||g) be a Banach algebra which contains the separable
Banach algebra (A, || - ||.4) as a two-sided ideal such that || - ||g < || - |4 and let
¢ € A(A). Then the following statements are equivalent.

(a) There is b € S5 such that Hy 4 = Co.

(b) A has a ¢-mean in S_(fw*.
(c) There is b € 53,4 such that Hy 4 = Co.

Proof. (a)=(b). Suppose that Hy 4 = C¢ for some b € S§. Then it follows from
Iy € Iy and [(j = C¢ that I} 4 = I,. Now, for each n € N consider the element

1~ .
by = —
0 anJ
7j=1
in Sf. Thus for each a € A we have

2
lim ||(a — ab)b,||4 < lim —|la|l4 = 0.
n—oo n—oo n

Since I, = I, 4, it follows that

lim ||ab,||4 =0

for all @ € I,. Choose by € S;;‘. Then aby — ¢(a)by € I, for all @ € A. For each
n € N define a,, := bgb,. Thus, (a,) C S;;‘ and for each a € A,

Jim [Jads, — ¢(a)an o = T |[(aby — b(a)bo)ba s = 0.

It is clear that any weak® cluster point of (a,) is a ¢-mean in gm .

(b)=(c). Suppose that (b) holds. Then there is an element b € S3' such that
|ab™ — ¢(a)b™|| — 0 for all a € A by Lemma 2.1. It is easy to see that b" - f = f
for all f € H, and n € N. Thus,

((f = f(")@),a) = ((b"-f—[f(b")9) a)
= (f,ab" = ¢(a)b") — 0
for all @ € A. This shows that f(b")¢ — f in the weak® topology of A* and

consequently f € Co, as required.
The implication (c)=-(a) is trivial. O

Remark 2.3. Recall that a Lau algebra 4 is a Banach algebra which is the pre-
dual of von Neumann algebra M such that the identity element € of M is a
multiplicative linear functional on A. In this case, the e-means of norm one are
nothing but the topological left invariant means on A*; see [14] for details. A
is called left amenable if there is a topological left invariant mean on A*. Ex-
amples of Lau algebras include the group algebra L'(G) of a locally compact
group or hypergroup G, the Fourier algebra and the Fourier-Stieltjes algebra of
a locally compact group. Other examples are the measure algebra M (S) of a lo-
cally compact semi-topological semigroup or hypergroup S and the predual of a
Hopf-von Neumann algebra. For a more recent example of Lau algebras, consider
the Fourier-Stieltjes algebra of a topological group as defined in [16]. For a Lau
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algebra A, the e-maximal elements are precisely the positive linear functionals of
norm one in 4 and hence span A. In view of [15, Lemma 2.1], the set of states
in the predual of a von Neumann algebra is weak* dense in the set of states in its
dual space. In particular,

SA" = (F e A" ||F|| = F(e) = 1},

Thus, by Lemma 2.1 and Theorem 2.2 for a separable Lau algebra A the following
statements are equivalent.

(a) A is left amenable.

(b) There is a state b in A such that ||ab™ — e(a)b”|| — 0 for all a € A.

(c) There is a state b in A such that H, . = Ce.

For any T' € PM,(G) we denote by suppT" the support of 7" which is defined
as follows: x € suppT if ¢, is the weak™ limit of operators T"- v, where v € A,(G)
or equivalently, = € supp7 if and only if there is a net (u,) in A,(G) such that
Uy - T — ¢, in the weak™ topology of PM,(G); see for details [13, p.267] and [7,
Proposition 10].

If G is first countable and 1 < p < oo, then by a same argument for the case
p = 2; see [5, Corollary 6.9], we can show that A,(G) is norm separable. Following
[20] for each z € G, we call o € S¥ adapted if {y € G : o(y) = 1} = {z}.

Theorem 2.4. Let G be a locally compact group and let x € G. Then the
following statements are equivalent.

(a) There is an adapted o € SM

(b) G is first countable.

(¢) There is o € SM such that ||vo™||a, — 0 for allv € I,.

(d) There is o € SM such that H,, = Cg,.

(e) There is o € SM such that I, = I,,.
(f) There is an adapted o € S2.

Proof. (a)=(b). Suppose that o € SM is adapted and let U be a compact
neighborhood of e. For each n € N define

Un:{er:|a(x)—1|<l}.

n

Continuity of ¢ implies that {U, : n € N} consists of neighborhoods of e. Let V'

be a compact neighborhood of e, without loss of generality we can assume that
V is open and V C U. Let

d=inf{lo(x) —1|: x € U\V}.

Since U\V is compact and ¢ is adapted and continuous, it follows that d > 0.
We can find m € N such that % < d. Thus U, C V for all n > m. This shows
that {U, : n € N} is a base of neighborhoods of e and so G is first countable.
Implications (b)=-(c) and (b)=-(d) follow from Lemma 2.1 and Theorem 2.2.
(d)<(e). This follows from I, C I, and I} = Cg,.
(e)=(f). Let T € H,, and choose y € suppT'. Then thereis a net (u,) C A,(G)

such that u,-T vy ¢y. Moreover, 0-(uq-T) = u,-T for all a. Now, given uy € S,,.
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Then we have

lim(uy - T ug) = lim{o - (ug - T'),ug)

= <0 ' (by? U0>
= o(y)
On the other hand,

li;n(ua-T,uo) = ¢y('LLO)

= up(y)
= 1.

Therefore, y = x by assumption and so supp? = {z}. Thus T' € C¢,.
Finally, (f)=(a) is trivial. O

A group G is called amenable if there exists a continuous linear functional
m € L>®(G)* such that m(L.f) = m(f) for all f € L*(G) and a € G. It is
well known that A,(G) has a bounded approximate identity if and only if G is
amenable. Now, we have the following lemma whose proof is omitted, since it
can be proved similarly to [3, Lemma 3.2.2].

Lemma 2.5. Let G be an amenable locally compact group and let x € G. Then
I, has a bounded approzimate identity for all o € SM.

We recall that for each © € G the ideal I, has a bounded approximate identity
if and only if G is amenable; see for example either [18, Proposition 3.9] or [11,
Corollary 2.3]. Thus, we have the following result by Lemma 2.5 and Theorem
2.4.

Proposition 2.6. Let G be a first countable locally compact group. Then G is
amenable if and only if I, has a bounded approzimate identity for all o € SM.
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