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ABSTRACT. For an almost radial and typical weight v and any weight w, we
characterize the continuity, compactness and we estimate the essential norm of
weighted composition operators uCl,, acting from the weighted Banach spaces
of analytic functions HJ° into H;Y, in terms of the quotients of the w-norm

w

of the product of u with ¢™ and the v-norm of the nth power of the identity
function on D, where u : D — C and ¢ : D — D are analytic. As a consequence,
we estimate the essential norm of composition operators C,, (in terms of ¢™)
acting on p-Bloch spaces, for very general weights u. We also characterize
continuity and compactness of weighted composition operators uC, acting on
log-Bloch space.

1. INTRODUCTION

Let D be the open unit disk in the complex plane C. We denote by H (D)
the space of analytic functions on ID. For an analytic selfmap ¢ of D and a
function v € H(D) we define the linear operator uCl,, by uC,(f) := u(f o), for
f € H(D). The expression uC,, is known as the weighted composition operator
induced by u and ¢. Observe that when v = 1, uC,, is the composition operator
Cy,. When ¢ is the identity function, we have the multiplication operator M,
defined by M, (f) := u-f. The properties of uC,, that we study here are continuity,
compactness and its essential norm. Applications of these operators have been
found in semigroup theory and dynamical systems (see [I1] and [16]). In this
paper, we focus on the action of uCy, on certain weighted growth spaces. More

Date: Received: Dec. 2, 2013; Revised: Apr. 3, 2014; Accepted: Apr. 11, 2014.
* Corresponding author.
2010 Mathematics Subject Classification. Primary 46B33; Secondary 47B38, 30H30.

Key words and phrases. Weighted composition operators, growth spaces, Bloch space.
144



ASSOCIATED WEIGHTS AND WEIGHTED COMPOSITION OPERATORS 145

precisely, given a weight v : D — R™ which is a strictly positive, continuous and
bounded function, the weighted Banach spaces of analytic functions, or growth
spaces, are defined by

HF :={f e HD): [|f]

e = supv(2)|(2)] < o).

Initial interest in these Banach spaces focused on growth conditions of analytic
functions and their duals, which are connected to various areas such as complex
analysis, Fourier analysis, spectral theory and partial differential equations. See,
for example, [3].

It is clear that for each z € D fixed, the evaluation functional §, is bounded
on H° and satisfies ||0.|| > 1/ ||v||,, where || - || denotes the operator norm and
| |oo is the supremum norm. Thus, since the relation z — ||0,] is a positive and
continuous function, then the expression

-1
u(z) = ( sup {If(2)|}> , feH?, zeD
I fllrge <1

defines a positive continuous and bounded function v on ID. This function is called
the associated weight of v. Associated weights were introduced by Anderson and
Duncan in [1] and were studied further by Bierstedt, Bonet and Taskinen in [2].
The associated weight is a very important tool for studying the spaces H;°. It is
known that the space Hg is isometrically equal to Hp°; that is || f[| oo = |/ o
for all f € Hg°. It is also known that v > v > 0 on D. We refer to thve interested
reader to [2] and [4] for more properties of the spaces H° and their associated
weights.

The p-Bloch space, where p is a weight on D), consists of all holomorphic
functions whose derivatives are in H;°. That is,

B":={f e HD): [flls = ilelgu(Z)lf’(Zﬂ < oo}

When o > 0 and pu(z) := (1 —|z[*)®, B* is the so-called a-Bloch space, which is
customarily denoted by B*. Properties of B¢ can be found in [23]. When o = 1,
we have that B = B, which is the classical Bloch space. Properties of B can be

found in [22]. When pu(z) := (1 — |z|) log , B is the so-called log-Bloch

1—|z]
space, which is denoted by B'°#.

The essential norm ||T'||X~Y of a continuous linear operator 7' : X — Y, where
X and Y are Banach spaces, is the distance from T to the space of compact
operators, that is, || T||X~Y = inf {||T — K|/ K : X — Y is compact}, where ||-|
denotes the operator norm. Notice that |||~ = 0 if and only if T is compact.
The essential norm of composition operators acting on weighted Banach spaces
of analytic functions was estimated by Bonet et al. in [4]. Montes-Rodriguez
in [14] and Contreras and Herndndez-Diaz in [6] extended the results in [4] to
weighted composition operators uC, mapping H;° into H;’. More precisely,
Montes-Rodriguez calculated the essential norm of uC, : H° — H;° in terms of
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a quotient involving the associated weight of v, under the requirement that the
weights v and w are radial, non-increasing and typical. Here, a weight v is called
typical if lim,_;- v(2) = 0. The above results have been extended in several
directions. For instance, in [13] MacCluer and Zhao estimate the essential norm
of C, acting on a-Bloch spaces. More recently, Manhas [12] was able to extend,
to very general weighted spaces of holomorphic functions on Banach spaces, the
results of Montes-Rodriguez in [14].

Also, in [4], Bonet et al. characterize the continuity and compactness of com-
position operators acting on H;° in terms of ¢" and the norm of the nth power
of the identity function on D, under the technical requirement that v is radial,
typical and non-increasing. Recently, the above results have been extended by
many authors to Bloch-type spaces. The first of these results was obtained by
Wulan, Zheng, and Zhu ([19]) and is stated as follows:

Theorem 1.1. [19] Let ¢ be an analytic self-map of D. Then C,, is compact on
B if and only if

Jim [l = 0.
Zhao in [21] gave a formula for the essential norm of C, : B* — B” in terms of
an expression involving ¢". More precisely, he showed that for o, 5 > 0

alps [ €\ _ . 1" || o
|15 " :<—> lim sup n®~! ||¢" = lim su 5%
|| S@He 20& n—»oop ||(70 ||85 n_)oop ||gn||Ba
where g,(z) = 2" for z € D and n € N. Hence, it is natural to ask if the above
relation is also valid when C, maps B*' to B*?, where p; and py are weights on
D.

Recently Hyvérinen, Kemppainen, Lindstrém, Rautio, and Saukko [9] have
extended Zhao’s result above. Using new properties of the associated weight and
Montes-Rodriguez’s results, they calculated the essential norm of uC, on H;°, in
terms of ", under the technical requirements that the weight v is radial, non-
increasing and tends to zero toward the boundary of . We state their result
here as follows

Theorem 1.2. [9] Suppose that u: D — C and ¢ : D — D are holomorphic. Let
v and w be radial, non-increasing and typical weights. Then

|uC, ||+ e = lim sup —HUSO it :
oo ||gnllaze
Evidently, the assumptions on the weights are imposed so that Montes-Rodriguez’s
theorem in [14] is applicable. Hyvérinen et al. do not consider the so-called log-
arithmic Bloch spaces B* with p given by

(=) = sup(1 — |2])° (log 2 )6,

z€D I |Z|
where the parameters a > 0 and § > 0 are fixed, and we have replaced the number
e, in the original definition given by Stevi¢ in [17], by the number 2. Clearly, the
above weight is not decreasing on (0,1). Recent results concerning continuity
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and compactness of composition operators C,, on logarithmic Bloch spaces were
obtained by Castillo et al. in [5] and by Garcia et al. in [8]. Furthermore, in [5],
the authors give an estimation of ||C'<p||flog_)8“ in terms of ¢". Hyvérinen et al.
in [9] furthermore did not consider the case when p; is a non-radial weight given

by
pi(2) = (2= Re(2))(1 — [2]) or pi(z) = (2 —Im(2))(1 — |z]).

The objective of this paper is to apply the arguments in [9] to more general,
non-radial weights. In this paper, we estimate the essential norm of uC,, between
Hy° and H;P when v is a typical and almost-radial weight, as defined in the
next section. We apply this result to characterize the symbols ¢ for which C,,
is continuous, and the ¢’s for which C, is compact between B*' and B*2, for
more general weights p; and po in terms of ™. We also are able to characterize
the weights u and symbols ¢ for which uC, is continuous and compact on the
log-Bloch space.

Throughout this paper, constants are denoted by C' or C, (if depending only
on v). These constants are positive and may differ from one occurrence to the
next.

2. SOME ADDITIONAL PROPERTIES OF ASSOCIATED WEIGHT

A weight v is called radial if v (|z|) = v(z) for all z € D. We say that two
weights v and w are equivalent if there is a C' > 0 such that

%v(z) <w(z) < Cu(z)

for all z € . In this case, we write v ~ w. A weight v is called essential if
v ~v. In [9], the authors showed that if a weight v is radial, typical and v|( )
is non-increasing, then v is essential. We call v almost radial if there is a radial
w ~ v. For instance, the weight given by v(z) = (2—Re(z))(1—|z|) is typical and
almost radial. We prove the following useful properties of associated weights of
almost-radial weights. More properties of associated weights can be found in [2]
and [1]. Here a real function h is called almost decreasing if there is a C' > 0 such
that h(x) > Ch(y) for all x < y. We include a proof for the reader’s convenience.

Lemma 2.1. Ifv is an almost-radial weight, then the following statements hold:

(1) v is almost radial,
(2) 00,1y is almost decreasing.
(3) For each o € (0,1) there are C, > 0 and ¢ = ¢y, > 0 such that

rev(ro) = Cyuro(r)

for all r € (0,1).
(4) If v is additionally typical, then v is typical.

Proof. Assume that v is almost radial, so that in turn, there is a radial weight
such that for all z € D

1

oz S 0(e) < Cupl2). (21)
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We claim that for all z € D

Cig@ <(2) < Cufi(2), (2.2)

Indeed, if zp € D then (see [2], Property 1.2 (iv)) there is an f, € Hg° such
that || foll o < 1 and v (29) |fo (20)| = 1. Therefore, since p < C,v, the function

ho = &~ fo satisfies ||hol| 7 < 1. Hence, we have that
v n

1 1
= > ho (z = == -
G = "= G
This proves our claim above, and since f is a radial weight, (2.2) implies that v
is almost radial. Thus the item (1) is proven.

Suppose that 0 < r; < rp < 1. Then thereis an fo € H;® such that || fo| oo <1
and SUP||f||Hgo§1{|f(7‘1)|} = |fo(r1)]. Choose a € R such that sup,_,, |fo(z)] =
| fo(ree')| and put g(z) = Cigfo(zeio‘) for all z € D. Then using the relations
(2.1) we have [|g||ee < || foll g < 1. Hence, by definition of v and the Maximum
Modulus Principle, we can write

1 1 .
> - io
57(712) - ‘g (7’2)‘ Cg |f0 (TQQ )’
1 1
™ G > g
1 1
> — = —
= Cg |f0 (7"1)| 0327(7“1)

Thus ¢ is almost decreasing on (0, 1) and the item (2) is showed.

Fix rg € (0,1) and put tg = log(rg) < 0. Since pu is radial, h given by h(t) =
—log (jz (e)) is convex on (—o0,0). Thus by definition of support line of a convex
function, there is a ¢ € R, depending only on the lateral derivatives of h at t,
such that h(t) > h(tg) +c(t — to) for all t € (—o0,0). Hence, setting r = e’ yields

~ - - 1
Cur§i () 2 7§ (r0) 2 10 (r) > ZrT ().
The proof of the item (3) is now completes.

Finally, since v is typical, then p is typical and radial. It follows that x is

typical. In turn, it also follows that v is typical, since v ~ f. O

Auxiliary weights © were considered by Bonet et al. in [4] (see also [9]).

Definition 2.2. Given a weight v on D, the auxziliary weight of v, denoted by v,

is defined by
-1

where W is the whole numbers, go(z) = 1 and g,(z) = 2" for z € D and n € N.

From the definition of the auxiliary weight, it is clear that v satisfies the following
useful properties:
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(a) v is strictly positive.
(b) v is continuous and bounded.
(c) v is radial.

Furthermore, for each z € D, we have

{M:"GW} c {I£)]: Il < 1}

ygnHHgo
Therefore, for all z € D, we have that
v(z) > v(2).

The equivalence of v and v for an almost radial weight v, as well as the prop-
erties of both, will be crucial in the proofs of our results. Similar results were
obtained by Hyvérinen et al. in [9] but under the condition that the weight v
is radial, non-increasing and typical, in fact, their argument was taken from [4],
however this last reference has a little mistake which was corrected in [9] imposing
the non-increasing condition.

Lemma 2.3. If v is an almost radial, then there is a C, > 0 such that for all
zeD

v(z) > Cyo(2). (2.3)

Proof. Since the function given by ¥ (z) = gg; is continuous on the compact set

{zeD:|z] <1}, thereis a Cy > 0 such that ¥(z) < C} for all such z. Hence it
suffices to verify Inequality (2.3) for all z € D such that < |z| < 1.

Indeed, let zy be such a point, that is, let us suppose that ro = |2o| € (%, 1).
Lemma 2.1 implies that there are ¢ > 0 and K, > 0 such that
~ Kq} ~
v (ro) > — sup v(r)re.
o re(0,1)
Now, we choose ng € Z such that ng < ¢ < ng+ 1. Then 7§ < rj° and r¢ > rmot!
for all » € (0,1). Hence we obtain that

~ K -
v(rg) > —= sup o(r)r"ot?
0" re(0,1)
lgwilie  lgnos
= B 0 =Moo
T TOO

—1
K, Ty K, K,
Boloup 8 ) = Kogry) = Kogay).
2 (mEW ||gm||H3<>>

Here, we have used the assumption that rq > % and the fact that v is a radial
weight. The proof follows from the fact that there is a C;, > 0, depending only
on v, such that v (|zg|) < C,v (29), since v is an almost radial weight. O

Corollary 2.4. If v is an almost radial weight, then v ~ 0.
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3. CONTINUITY OF uC, BETWEEN THE SPACES H*°

Now that we have established that v ~ v for an almost radial weight v, we
can now extend the continuity results in [9]. Although the arguments below are
standard, we provide them for the sake of completeness. Furthermore, we can
apply our result to characterize continuous composition operators from the p;-
Bloch space (being 1 an almost radial weight) into the uo-Bloch space, where ps
is any weight. This characterization generalizes recent results due to Castillo et
al. in [5] and Garcia et al. in [8]. Furthermore, as an application of our result,
we obtain a new characterization of continuous weighted composition operators
from B'°¢ into itself.

Theorem 3.1. Let ¢ be a holomorphic self-map of D, w € H(D). Let v,w be
weights on D, where v is almost radial. Then uCy, maps H3° into Hy if and only
of

K = sup 1"l

< 00. (3.1)
new || nll oo

Proof. Let us suppose first that uC, : H;* — Hg’ is continuous. For each

n € W we set f,(z) = i ;:H(Z)oo’ where g, are the functions in Definition 2.2.

Then f, € Hy°, because || f,| g = 1. Hence, we have

[[ug™ || rgs
sup T2 g G (f)llnge < luCy] < .
new ||gn||H3° new
On the other hand, suppose that Relation (3.1) holds. Since v is an almost
radial weight, then by Lemma 2.3, there is a constant C, > 0, depending only on

v, such that

Hence

2€D W sed U (p(2))
< C,supsup wWﬁ@len (=)
neWw zebD gn Hge

u n
_ Csw ™| e
neW || gnll g

< C K < . (3.2)
Therefore, for any f € H>® we have

[WCo (Nl = supw() fu=)] 1S (2()
w(:)lu2)

oo SUPp —————
I/l sup =225
< CoK |l

and the operator uC,, : H;* — H;° is continuous. 0J

u(p(2))
u(p(2))

IA

We now point out two applications of Theorem 3.1.
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Corollary 3.2. Let ¢ be an analytic self-map of D. Let pq, o be weights on D,
where py is almost radial. Then C, is continuous from B*' to B*? if and only if

n
o 120 _

new HgnHBm

Proof. Indeed, C,, is continuous from B! to B2 if and only if there exists M > 0
such that ||Cy, (f)|lgue < M| fllgu, for all f € B*. But f € B* if and only
it f* € HY [ fllpa = [ e and [Cp (g = l¢'Co (f)]l g - Hence Cp
B* — Btz is continuous if and only if ¢'Cy, is continuous from HpS to Hp;. By
Theorem 3.1, this continuity occurs if and only if

e PPN [ e

new NL-H Hg’n+1HBM1 B new HgnHHﬁ‘i
The statement of the corollary follows. |

Example 3.3. The statement of Corollary 3.2 in the special case that p;(z) =
(1 —1z]) log <1—i|2|> appeared recently in [5]. A result appearing in [8] gives the

statement of the corollary in the case that ju;(2) = (1 —|z|)*log” (ﬁ) with
a>0and 3> 0.
A second application of Theorem 3.1 is the following new characterization of

the holomorphic functions u and self-maps ¢ on D such that uC, is continuous
on B¢, The characterization involves the weight wj,g, which is given by

Wiog(2) = [bg log (I_LH)] N

This weight is radial and typical. It is also non-increasing, that is, wig(2) >
wieg(s) for all z,s € D such that |z| < |s|. Therefore, wy,, is essential (see [9]);
that is, we have that wjeg ~ Wiog.

Corollary 3.4. Suppose that u: 1D — C and p : D — D are holomorphic. Then
uC,, is continuous on B'°8 if and only if the following are satisfied:

(n+ D) [[Ju (")l gos

(1) su < 00, and
new ||gn+1||3w10g
(2) sup L (")l pros

neN ”gnHBlog
where 1, J,, - H(D) — C are defined by

LUE) = [ Fouds, and 17 = [ 160
0 0
Proof. Recently, Ye showed in [20] that under the present assumptions on u and

¢, continuity of uC, on B8 holds if and only if both of the following conditions
are satisfied
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UIOg(Z>
) s ()

UlOg(z) ’
(2) sup —=—=[¢'(2)u(z)| < oo,
zeD Ulog ((p(Z))
where v is the weight on D given by

) = (1~ 2D 10 (2.

This weight is essential, because it is equivalent to the weight 1., on D given by

thog(2) = (1 = |2]) log (1—L|z|) |

which is radial, typical and non-increasing. Thus since the weight wi,e is also
essential (because is radial, typical and non-increasing), the Proposition 3.1 in [6]
implies that «'C, is continuous from Hg‘l’og to H;;)g and that ¢ C, is continuous
from Hgf;g to H° | where 1) = ¢'u. By Theorem 3.1, the continuity of these two

Viog ?
operators is equixc;glent to the compound statement
. .
sup ———= < 00 and sup ———= < Q.
new HgnHHgo new HgnHHOO
log Vlog

However, we have that

1
”gnHHg‘iog = TZ—H Hgn-‘rlHB“’log )
L P P
1
n _ n+1
e gy = = 1 (0) g
The statement of the corollary follows. Il

We note here that the technique used in the proof of Corollary 3.4 was used in
[10).

4. THE ESSENTIAL NORM OF uC,

In this section, we extend Theorem 1.2 to the case where v is almost radial and
typical and w is any weight on ID. To do so, we will use the following well-known
fact (see [7, 15] or [18]). The proof of a similar result for Bloch-type space is
actually explicitly stated in the reference [5].

Lemma 4.1 ([18]). Let v, w be weights onD. Let T : H;® — H:° be a continuous
operator when HX° and HZX are given the topology of uniform convergence on
compact subsets of D. T : H® — H is compact if and only if

i (|7l = 0

for each bounded sequence {f,} C HZ° such that f, — 0 uniformly on compact
subsets in D.
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Lemma 4.1 will now be used to prove the following essential norm estimate for

uCl,

Lemma 4.2. Suppose that u : 1D — C and ¢ : D — D are holomorphic. Let v, w
be weights on D, where v is almost radial, and suppose that uC, is bounded from
H* to Hy. Then there is an M, > 0 such that

oo _, Joo . w(z)
Gl 755 < M, T sup =2y ).

v r—1- lp(2)|>r U(SO(Z))
Proof. For each r € (0, 1), define K, : H(D) — H(D) by K,(f) = f., where f, is
the dilation of f given by f,.(z) = f(rz). Since f, for these values of r is bounded
and v is bounded by definition, we have that f, € H;° for such r’s. Furthermore,
if r € (0,1) is fixed and {f,} is a bounded sequence in H°® such that f, — 0
uniformly on compact subsets in D, then

1 (fu)ll e < ||v||oo|81|1<p [fn(2)] =0,
as n — 00. Hence, for these values of r, K, is compact on H;° by Lemma 4.1. By
the boundedness assumption on uCy,, we have that uC,K, is compact between
these spaces as well, for all r € (0, 1).

Now let r € (0,1) be fixed, and let {r,} be a sequence in (0,1) such that
rn, /" 17. Then there is an N € W such that

sup [ fry (w) = f(w)] <

b
|w|<r ||u||H5)°

L

where )

w(z

L= lim sup ———|u(z)|.
=17 |o(2)|>s v((2))

Since uC, K, : H)* — Hy is a compact operator, then
luCyll 71 < fJuCy = uC K,
Furthermore, if f € H® satisfies || f|| ;o = 1, then
I(uCe = uCeKan) (Nl = supw(z) [ul2)l fry (#(2)) = £ (0(2))]
Now, if |p(z)| < r, then

w(z) [u(2)| [fry (p(2)) = F(p(2))] < L.
On the other hand, if |¢(z)| > r we have that

w(z) [u)]f (e < [fllag

wll-

w(z)

v ((2))

Ju(z)]

Moreover, since v is almost radial, there is a C,, > 0 such that for all z € D,

w(z)
w(z) [u(z)] [ fry (0(2))] < HfHHgom lu(z)| < Co=——=

N
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It follows that

w(z)

0] IU(Z)I) 11l zge -

Hence, we obtain the estimate

[uCl || 715 < uCy — uC, Koy || < L+ (1+C,) sup =—— 2 |u(z)|.
v v o lo(z)|>r U (¢(2))

Letting » — 17, we can deduce that there is an M, > 0 such that

Ju(z)]

00, o0 _ w(z)
[uC, |7~ < M, lim  sup —— 4
v r—1- lp(2)|>r U(QO(Z))

O

Remark 4.3. If ¢ is an analytic self-map of D, uq, uo are weights on D with gy
almost radial and C,, is continuous from B** to B#?, then since || f|| zu; = || /|| oo
w1

and ||Cy, (f)|lgee = 19'Cy ()|l g forall f € B*, we have that ¢'C,, is continuous
K2

from Hp7 to Hp;. Hence the argument in the proof of the above result implies

that

K1 —BH . NZ(Z) /
ICII7" 57 < My, lim sup ———[¢/(2)]. (4.1)
v : r—1- lo(2)|>r Nl(w(z))

Now we are prepared to state and prove the main result of this section.

Theorem 4.4. Suppose that u: D — C and p : D — D are holomorphic. If v,w
are weights on 1D and v is typical and almost radial and uC,, is bounded from H°
to HyX, then

(| we™ || o

[uC, || "% ~ lim sup : (4.2)
‘ oo ||gnllmze
Relation (4.2) denotes that there is an M, such that
L luee™ || e Hp—H : lue” || s
limsup ———= < [|[uCy||.v v < M, limsup ———=. 4.3
3, P gl = 1Ml by e

Proof. Let n € N. Then f, = gn/ ||gnl|y satisfies ||fn|| g = 1. Now, for any

compact operator K from Hy° to H°, we have that

[uCp = K| = |[(uCy = K) (fu)ll g 2= 1uCo (fu)l e = M ()l s -

The reader can verify that f, — 0 uniformly on compacta. Using this fact and
Lemma 4.1, we can take the limsup of all three quantities in the above chain of
inequalities as n — oo to deduce that

n
IG5~ > Timsup [uC,y () = limsup 12 145
n—oo w n—oo ||gn||H5°

Therefore, the leftmost inequality in the Relations (4.3) is proven. We now prove
the rightmost inequality there.
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Let r € (0,1) be fixed again, and let N € W. Then by Lemma 2.3 there is a
C, > 0 such that

sup vl o sup w(z)uz)|
@l V(p(2)) s 0(p(2))
n
B N 11 1 5]
n>N ||9n||Hg° lo(2)|>r 0<n<N ||gnHH;;°

The second inequality above uses the fact that |p(z)] < 1 for all z € D. On the
other hand, uC, is bounded from HZ° to H;° by assumption, so by Inequality
(3.2), there is a C, > 0 such that

w(2)|u(z)| < Coo (p(2)).
Hence, we have that

sup sup |u(2)|w(2) <C, sup U(SO(Z))’
o(z)|>r 0<n<N  [|gnllHze o()>r | 9no | oo

where ||gn,|| g = max {HgnHHoo :0<n< N}. Therefore, since v is a typical
weight, we conclude that

)

lo(z)|>r ”gno”HSO

This fact and Lemma 4.2 together imply that there is a C, > 0 such that for all
N eW

—0as r—1".

N O™ || oo
HuCMf“ —Hy < ¢ 1lim sup —wN(z)]u(z)| < C, sup —H L ) (4.4)

=1 o) [>r v(p(2)) n>N || Gnll g
The statement of the theorem now follows by letting N — oo in the above chain
of inequalities. O

Since a linear operator on a normed vector space is compact if and only if

its essential norm is 0, the following statement is an immediate consequence of
Theorem 4.4:

Corollary 4.5. Suppose that u : D — C and ¢ : D — D are holomorphic. If v, w
are weights on D and v is typical and almost radial and uC,, is bounded from H°
to HY, then uC, is compact from Hy° to HZY if and only if

n
N

n=0 || gnl e

=0.

Next, we apply Theorem 4.4 to obtain the following statement, which estimates
the essential norm and characterizes the compactness of C, between p-Bloch
spaces:

Corollary 4.6. Suppose that ¢ : D — D is holomorphic. Let uy, ps be weights
on D, and suppose that p, is typical and almost radial and C, is bounded from
B#t to B*2. Then the following statements hold:
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(a) We have that

O Q™| o n
||C¢HE#1HB”2 ~ limsupw — lim sup ™| Bz

n—oo ||gnllHge n—oo  ||gnllBe

(b) C, : B" — B*2 is compact if and only if

lim 1
n= || gnl
Proof. Statement (a) above immediately implies (b), so we prove (a). We proceed
in a way that is similar to the start of the proof of Theorem 4.4. That is, we have
that .
1C, |15 P > lim sup Il
o ~ noo lgnllsm

On the other hand, Remark 4.3 implies that exists a constant C),, > 0 such that

- . NZ(Z) /
ICI5" P < €y lim sup = ¢ (2)].
7 M- o(2)|>r 11(p(2))
Thus, the inequalities (4.4) in the second part of the proof of Theorem 4.4, implies
that I/
- : © " |l g
||C¢||f#1 B < C,, imsup ——=

f i P

The statement in the corollary follows. |

Example 4.7. When pu4(z) := (1 — |z|) log <1_i‘z|> and p is any weight, Corol-

lary 4.6 reduces to a result appearing in [5]. When p;(2) := (1 — |2])® log” (1_3|Z|>
with « > 0 and § > 0, and py is any weight, Corollary 4.6 reduces to a recent

result in [8] about compactness of C,.

As an additional application of Theorem 4.4, we give the following charac-
terization of the holomorphic self-maps ¢ of D and the holomorphic functions
u: D — C that induce a compact uC, on B8,

Corollary 4.8. Suppose that u: 1D — C and ¢ : D — D are holomorphic. Then
uC,, is compact on B8 if and only if the following conditions hold

0 i D1 e
n—0o0 ||gn+1 ||Bwlog

=0, and

L, (¢™)] g0
(2) lim M =0
= ||gnll pros

where I, and J, are defined as in Corollary 3./.

)

Proof. Ye in [20] showed that uC,, is compact on B'°8 if and only if the following
are satisfied:

: Ulog(z) / . an
<1) |%0(g|r217 Wiog (90(2)) |u (Z)| B 07 d
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; UlOg(Z) /
(2) |g0(g|121’ Ulog (QO(Z)) ’()0 (Z)U(Z)’ - O
The above conditions together Corollary 4.3 in [0] imply that «'C, : Hi — H®
and YC, : Hp® — HJ® are compact, where ¢ = ug’. By Corollary 4.6 (b), the
compactness of these two operators is equivalent to the statement that both of
the following conditions hold:

||u’g0”||H3f ||¢<Pn||H3f
lim ——>* =0, and lim ———= =
n—oo Hgnangolog n—oo HgnHH’?fo
The statement in the corollary now follows. 0
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