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ABSTRACT. Suppose that by, | 0, {bn}°_, ¢ 12, and b, = 2~ % b, for all
n € (2™,2™F1. In this paper, it is proved that any measurable and almost
everywhere finite function f(z) on [0,1] can be corrected on a set of arbitrarily
small measure to a bounded measurable function f(;v), so that the nonzero
Fourier—Haar coefficients of the corrected function present some subsequence
of {b,}, and its Fourier—Haar series converges uniformly on [0, 1].

1. INTRODUCTION

At first we recall the definition of the Haar system normalized in L?[0, 1](see
5)).
Set Ay = (0,1). An interval Agmyy = (535, ), k= 1,2,...,2" and m =

0,1,2,...,is called a dyadic interval. It is clear that

An = Aanl U A2n U {2’671 }

2m+

The Haar function associated with A is the function hy(z) = 1, and the Haar
function associated with A,,, n=2"+k, k=1,2,...,2", and m=0,1,2,...,
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is the following function:

27 for z € Ay, 1,
ho(z) = B (2) .= { —2% for x € Ay, (1.1)
0 for z ¢ [21, L.

The values of functions in points of discontinuity are equal to the average of
left and right limits at this point.

The Lebesgue measure of a measurable set E is denoted by mesFE. The char-
acteristic function of a set E is denoted by xg.

The notation L>°[0, 1] denotes the space of bounded measurable functions on
0, 1] with norm

1 lloe = Sup]{lf(m)l}-

z€[0,1
The spectrum of f(z) (denoted by spec(f)) is the support of {cx(f)}; that is,

the set of integers k for which cx(f) is nonzero, where {c,(f)}>°, is the Fourier—
Haar coefficients

cn(f) = /0 f(@)h,(z)dx (n>1).

Note that the Haar system is a basis for all L,[0,1], 1 < p < oo (see [10]); that
is, each function f(z) € L”[0, 1] can be represented by a unique series

ch(f>hn(x)a

which converges to f(z) in the L?[0, 1]-norm.
Note also that the Fourier—-Haar series of any continuous function converges
uniformly on [0, 1]. But it is not true for functions in space L>[0, 1]. For example,

it is not hard to see that the Fourier—Haar series of the function
[oe) oo

1 (or_ o
fol@) = 3 en(fdhn() = 3 —chyi (@) € L[0,1]
n=0 k=1
does not converge uniformly on [0, 1] and

{||Cn(f0)hn’|oo ‘ne Spec(fo)} =1.

The following question arises naturally: Is there a measurable set F of arbi-
trarily small measure such that a suitable change of the values of any function of
class L]0, 1] on E leads to a new modified function g(z) € L>[0,1], which the
Fourier series in the Haar system converges uniformly on [0, 1] and the nonzero
elements in the sequence {||c,(g)hn||s 22, are arranged in decreasing order?

In the present work, we prove that this question has a positive answer.

Theorem 1.1. For any € > 0 and each measurable and almost everywhere fi-
nite function [ on [0, 1], there exists a function f € L™ 0,1] wz’th~mes{aj €[0,1]:
f(z) # f(z)} < € such that the sequence {||c,(f)hn||con € spec(f)} is monotoni-

cally decreasing and the Fourier series of function f in the Haar system converges
uniformly on [0, 1].
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Note that the idea of correcting of the function to improve its properties is
due to Luzin (see [9]). The classical Luzin correction theorem states that any
measurable function can be made continuous by correcting its values on a set of
arbitrarily small measure (see [9]).

This important result is generalized by numerous authors. These generaliza-
tions are related to the fact that the correcting function possesses some additional
properties. In particular, the first generalization of that type belongs to Men’shov
and states that the correcting function has a uniformly convergent Fourier series
in the trigonometric system [11].

Further interesting results in this direction are obtained by many mathemati-
cians (see [1],[4], [5], [13], [14], [15]).

Note that a number of papers (see [3], [1], [5],[7],[12]) have been devoted to the
correction theorems, in which the absolute values of the nonzero Fourier coeffi-
cients (by Haar, Walsh, and Faber—Schauder systems) of the corrected function
monotonically decrease. Note the result of paper [6].

There exists a function U € L'[0, 1) with the strictly decreasing Fourier—Walsh
coefficients {c,(U)} \ such that, for every almost everywhere finite measurable
function on [0, 1], one can find a function g € L*>°[0,1) with mes{x € [0,1): g #
f} < e such that |cx(g)] = c(U), for all k € spec(g), and the Fourier—Walsh
series of g(z) converges uniformly on [0, 1).

Let B denote the set of all sequences {b,}7°, of the form

by, =2"%b,  forne (2™ 2", (1.2)

where {b,,}>°_; is a sequence with

by, \, 0 and Z b2, = +oc. (1.3)
m=0

Theorem 1.1 follows from a more general theorem.

Theorem 1.2. Suppose that {b,} € B, € > 0 and that f is measurable and almost

everywhere finite function on [0,1]. Then there exists a function fe L>|0, 1] with
the following properties:

(1) mes{z € [0,1] : f(z) # f(2)} <e,
(2) cu(f) =bp,n € speg(f), N
(3) limy, 0 || fozl Cn(f)hn - f||oo = 0.

The following result follows from Theorem 1.2.

Corollary 1.3. For any € > 0 and each measurable and almost everywhere fi-
nite function f on [0,1], there exists a function f € L*=[0,1] with mes{z €
0,1] = f(z) # f(x)} < € such that the sequence {||c,(f)hnlloo: n € spec(f)} is

monotonically decreasing and the Greedy algorithm of modified function converges
uniformly on [0, 1].
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Recall that the Greedy algorithm is a method to approximate an element f € X
(f=>0 ar(f)ve ) (see [2]) by the sequence {G,,(f, 1) }oo_,,

m

Gm(f0) = Z o (k) () Vo i),

k=1

where ¢ = {3}, is a basis in a Banach space X and 0 = {o(k)}2, is a
permutation of the positive natural integers such that

HCLU(]C)<f)wU(k)HX > Haa(k+1)<f)wcr(k+l)HX> k= 17 27 ceee

One can pose the following problems.

Problem 1.4. Can the values of any function f € L*°[0, 1] be modified on a set of
small measure such that the absolute values of the nonzero Fourier coefficients of
corrected function with respect to trigonometric system are arranged in decreasing
order?

Problem 1.5. Can the corrected function f(z) in Theorem 1.1 be chosen to be
continuous on [0, 1]?

2. PROOF OF MAIN LEMMAS

A function g is called dyadic step function if g(z) = Ein:l VEXa, (7), where

ﬁk = (%, 2%), and the value of g in point 2% is equal to the average of left
and right limits (k = 0,1,...,2"). For each function ¢ we will denote g(z + 0)
and g(x — 0) right and left limits in point x, respectively ( In the paper, we will

assume that g(—0) = g(40) and ¢g(1 +0) = g(1 — 0)).

Lemma 2.1. Let {b,}5°, be a sequence satisfying the following conditions:

lim ||b,hn|e = 0, (2.1)
n—oo
Z |bph(7)]* = 400, almost everywhere on [0, 1], (2.2)
n=1

and let numbers v #0, € >0, 6 >0, Ny € N, and dyadic interval A = («, )
be given. Then there exist a measurable set E C A, a dyadic step function
g(x) and a polynomial in the Haar system Q(z) = Z?f:zvo €nbnhn () (where €, =

0 or 1) such that
(1) mesE > (1 — e)mesA,

(2)
o(z) = vy ifr el
0 if © ¢ |ov, B,

(3) llg — Qlle <6,
(4) Q(z) =0 for all x ¢ [, F],

(5) max,<ment || 3om y, Enbnhinlloo < 2L

£
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Proof. At first, we prove the lemma in the case when v > 0.
By (2.1), (2.2), and Arutyunyan’s theorem (see [1]), it follows that the following
conditions are true almost everywhere on [0, 1]:

lim su bphn(z) = +00, 2.3
llﬂllolgfz byh,(x) = —o0. (2.4)

We denote by Ey C A the set of all points for which conditions (2.3) and (2.4)
are true. Obviously mesFy = mesA. We take a natural number N > Ny such
that mesAy < mesA and

buhn(z)] <& Va € Ey,¥n> N, (2.5)

5= min{g,%}. (2.6)

At first the numbers {N,}2°, and sets {G,}22, will be constructed with some
property. We denote by N7 the least natural number m > N for which

where

Ni+1
Z byl ( , Y] for some = € Ej.
Let
Ni1+1 47
= Ey: —_ . 2.
Gl {‘T € 0 nz;v bnhn(m) ¢ [ c 77]} ( 7)

Since all polynomials in the Haar system are step functions, then, from the
definition of Ny by (2.5) and (2.7), we obtain mes G; > 0, and

> buha(2) > buha(z) +

n=N
If mesEy \ G1 = 0, we assume that N, = Ny and G, = 0, for all s > 1 and that
construction of numbers {Ny}22, is completed. In the other case, we denote by
Ny the least natural number m > N for which
Nao+1

4
th = , Y] for some x € Ey \ G;.

if x € G, then - <4 or s

It is not hard to see that Ny > N; and mes Gy > 0, where
No+1

o= {r e B\Ci s Y buhale) ¢ [~ ])

From this and (2.5), we have

4
N baha(e) € [-—,q] Yk < No,Vr € B\ G,
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and

if x € G5, then — 7y <4 or T <s

N No
> baha(z) > baha(z) +
n=N n=N

If mes (Ep \ (G UGs)) = 0, we assume that Ny = Ny and G, = (), for all s > 2
and that construction of numbers {N,}22 is completed.

Hence we can define { Ny},—1 and sets {G,}s—1 by finite or infinite steps induc-
tion such that for each s > 1 satisfy the following conditions:

N<N <Ny<---<N,<---

Ns+1
—{z e B\ (U b 2.
G = re B\ (UG 3 =2, (28)
k 4
> buha(z) € [—g, 7, V< N, Vo€ B\ (UZLGy), (2.9)
n=N
Ng . N _
itz € G, then |3 buha(z) — 7| <For |3 bahale) + 2| <5, (2.10)
n=N n=N

Taking into account the relations (2.3),(2.4), and (2.8), we obtain

mes(Ep \ | J G) =

Z mes G, = meskEy.
We take a natural number sy > 1; so that
%0 = 3 €
G,) = Gi> (1= %) mesBy = (1- ) mesA.
mes(L_J ) ZZ_;mes > ( 4) mesFy 1) mes

Note that if we have a finite number steps in construction of numbers { Ny},
then we can take as sy the breaking step.
Let £y = J2, G5. Obviously we have

mesE, > (1 — Z) mesA. (2.11)

Now define a polynomial Q(x) as follows:
M

Qz) = Z €nbnhn (T), (2.12)

n=Np
where M = Ny, and
it A,NA=0,
if n <N,
if (A, N Ey) C G, for some s € [1, so],
otherwise.

(2.13)

_ o O O



BEHAVIOR OF FOURIER COEFFICIENTS AND UNIFORM CONVERGENCE 787

From (2.8), (2.9), (2.12), and (2.13), we get

“ 4
1> ebaha(@)] < =, Va € [0,1],Ym € [Ny, M),
n=N <

Q(ZL’) =0ifz §§ [a>ﬁ]7

and
if v € Ggand x € A, for some s € [1,s0] and n > N, then (A, N Ey) C Gs.

This immediately yields that if z € Gy, s € [1, 5], and n > N, then ¢, = 0 or
hn(x) = 0. Clearly for each point x € G, s € [1, 5], we have

Q(z) = > enbyhn(x) = Z buhin(z) + Y enbuhn(x) = Z boha(z). (2.14)

By (2.10) and (2.14), we have
if z € By, then |Q(z) — | <6 or |Q(z) + 4%\ < 0.
Let
Ey={zcF :|Qx) -~ <d}, A={zecFE |Q)+ 4§| < b} (2.15)

It is clear that F1 = Fy|JA and Ey (A = 0.
From (2.6), (2.11), and (2.15), we have

O:/OlQ(:c)dx:/AQ(x)dx: e [ Qe

= (x)dx + : Q(:v)dx—i—/AQ(:v)d:v

A\E

§4§ mes(A\ Ey) + (7 + 0) mesEs + (—4?7 +4) mesA

4
<7 mesA + v mesA + §( mesEy + mesA) — T esA
£

4
=37 mesA — 2 mesA.
€

Clearly
mesA < % mesA.
Then (see (2.11) and (2.16))
mesFEy > (1 — ) mesA.
Let .
L

D::{chzj

eN:i <Y st Qz+0)#Qx—0)},

and let
E := E\D, mesE = mesEy > (1 — ) mesA.
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Define
v ifexek,
g(z) == { Q) ifz¢ EUD,
srt0soe0) e,

From the definition of function g(z), we deduce that g(z) is a dyadic step
function and
G+ 0)+gr—0)  Qu+0)+Q—0)

sup g () — Q(x)] = sup| : - _ <5
zeD zeD

From this and (2.15), we have

lg = Qllec = sup |g(x) — Q(x)| = max{sup |y — Q(z)|,sup [g(z) — Q(x)[} < 0.
z€[0,1] zeE z€D
The lemma is proved in the case v > 0.

In the case when v < 0, we consider the sequence {a,}32, with a, = —b,
and number 7' = —~. It is easy to see that the sequence {a,}32, also satisfies
conditions (2.1) and (2.2) and ' > 0. Applying Lemma 2.1 for sequence {a, }>°,
numbers 7' > 0, €, 0, Ny € N, and dyadic interval A = («, ), one can find a
measurable set £ C A, a dyadic step function ¢’'(z), and a polynomial in the
Haar system Q'(z) = ZnM:NO €nanhy,(x) (where €, = 0 or 1) such that

(1) mesE > (1 — e)mesA,
(2)

(3) Hg — Q| <9,
(4) Q' (z) =0 for all = ¢ [a, 3], "

(5) maxyycment || S0 xy €athalloe < 2

If we choose g(z) = —¢'(z) and Q(z) = —Q'(z) = — ZanNo enanhy,(x) =
SM No Enbnhin (), then, from the above, we get the truthfulness of Lemma 2.1 in
the case when v < 0.

Lemma 2.1 is proved. O

Lemma 2.2. Let {b,}5°, € B, and let numbers Ny > 1, ¢ > 0, 6 > 0 and
dyadic step function f(x) be given. Then one can find a dyadic step function
g(x), measurable set E C [0,1], and a polynomial in the Haar system of the form
Qz) = Zn No Enbnhin (), where €, =0 or 1, such that

(1) meskl > 1 — ¢,

(2) g(x) = f(x) for all x € E,
Ei\lg Qlloo <6,

4) maxyy<m<nr || D ome ng €nbnfin]loo <

< 8l

€

Proof. Taking into account (1.1)—(1.3), we obtain that the sequence {b,}°°, sat-
isfies conditions (2.1) and (2.2).
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D SV
D.{Qj.2§2,]1,2,... ,

F@)=> "v-xa, (@), for z € [0,1]\ D, (2.16)

Let

and let

-~

where A, = (ay,3,) are dyadic intervals that satisfy » ", mesﬁn = 1 and
ﬁjﬂﬁz =0 (i # j). We can assume that v, # 0,n=1,...,ng.

Successive applications of Lemma 2.1 yield measurable sets E,, C ﬁn, dyadic
step function g,(x), and polynomials

No—1
Qu(x)= > eabihi(r), n>1 N, A e=1oro,
k=Npn_1
satisfy, for all n = 1,..., ny,
Qn(z) =0 if 2 ¢ [an, B, (2.17)
Y ifee E,,
() = 2.18
() {0 if 2 ¢ [, ), (2.18)
l|gn — Qnlloo < 2779, (2.19)
mesE, > (1 — ¢) mesA, (2.20)
and
- 4|7l
y, max ] > enbihillo < - (2.21)
k=Np—1
Let
no M
Q=> Qu= Y exbghy where M = N,, — 1, (2.22)
n=1 k=Nop
and let
no no
E=JE, g=> g (2.23)
n=1 n=1

The definition of intervals A,,, (2.20), and (2.23) immediately yield the assertion
(1) in the statement of lemma.
By using (2.17)-(2.23), we obtain that g(x) is a dyadic step function and

llg— Qlle <9, g(z)= f(x) forx € F.

For a given m € [Ny, M], there is a unique nn € [1, ng] such that m € [Ny, Nai1).
Thus

k=No n=1 k=Ng
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From this, (2.16), (2.17), and (2.21), we have

81 Il

m
<
max || > ebphl < :

No<m<
k=N
Lemma 2.2 is proved. 0

3. PROOF OF THEOREM 1.2.

Proof. Let € € (0,1), and let f(z) be an arbitrary measurable and almost ev-
erywhere finite function on [0,1]. By Luzin’s theorem (see [9]) one can find a
continuous function g(z), defined on [0, 1], such that

mes{x € [0,1] : f(x) # g(z)} <e/2.
One can find a sequence of dyadic step function { f,(x)}22, such that

N
m 1> fo=glle =0 |[falloe - 275 n>2 (3.1)
n=1

N—oo

Further, by using induction and Lemma 2.2, we construct sequences of dyadic
step function {g, ()}, a sequence of polynomials

mp—1

Qn(z) = Z exbrhi(x), (g =0o0r1,n=1,2,...)

k=mpn_1

and a sequence of sets {£,}22 ;| satisfying the following conditions:

[Gnlloe < 277" (n > 2), (3.2)
2, N2 abidulle <2707, (33)
k=mn_1
mesk, >1—eg27 "1 (3.4)
gn(@) = fulz) Vo € By, (3.5)
> (@i —g)|| <e27t, (3.6)
j=1 0

At first step, let us apply Lemma 2.2 for fi(z) and find set Ej, dyadic step
function g;(x), and polynomial in the Haar system of the form

mi1—1

Qi(x) = > eabihi(z), e =0or1,

k=1
satisfying the following conditions:
gi(z) = g1(z) = fi(), T € By,
mesE; > 1 — 272,
191 = Qullo < 277,
191100 < 87| filloo + 2271
It is easy to see that the conditions (3.4)—(3.6) are true for n = 1.
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Assume that dyadic step functions g,(x), 1 <n < g¢—1, sets Ey, Es, ..., E,_1,
and polynomials

mp—1

Qn(x) = Z exbrhy(z), I<n<qg—1,me=1,

k:mnf 1

are chosen in such way that the conditions (3.4)—(3.6) are fulfilled for all n < g—1.
Now we construct function g,(z), a polynomial @Q,(z), and set E, and show that
the conditions (3.2)—(3.6) hold for n = q.

Let
q—1

Hy(x) = fy(z) = ) [Qu(x) = Gul@)]. (3.7)

n=1

From above, (3.1), and (3.6), one can find

1 Hqlloo < & 27470

It is not hard to see that the function H,(z) is a dyadic step function. By ap-
plying Lemma 2.2, we obtain set E,, dyadic step function g,(x), and polynomial
in the Haar system of the form

mg—1

Qq() = Z exbrhy (),

k=mg_1

where ¢ is equal to 0 or 1, which satisfy the following conditions:

gq(x) = Hy(z), x € By, (3.8)
mesE, > 1 —¢g279 1 (3.9)
19 — Qqlloe < 272D, (3.10)
s, N3 bl <7 2 <2700 (3a)
We put
q—1
Ga() = fy(@) = [Hy(x) = go(0)] = D (Q;(x) = G(2)) + g4(2). (3.12)
j=1
By (3.8), we have
9q(x) = fy(x), Vo e E,. (3.13)
By employing the relations (3.6), (3.7), and (3.10)—(3.12), we find that
q—1
1Galloe < [[D (@5 =G|+ llgalloe < 27+ (3.14)
j=1

o0
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From this and (3.7), (3.10), and (3.12), we get

q q—1

Y@= =|D_(Qi—3)+Qs—3
j=1 - j=1 o
qg—1
= ||H, — (fq_Z[Q”_§”]> + Q4 — 94
n=1 oo
= |Qq — gqll,, < 277D, (3.15)

Clearly we prove that the statements (3.2)—(3.6) are true for n = gq. (see (3.9),
(3.11), (3.13)~(3.15)).
We put

fl@) =" gala).

Obviously (see (3.1),(3.2),(3.4),(3.5))

f(x) € L0, 1],

f(x) =g(x), for x € ﬁ E,, and mes(ﬁ E,)>1-

n=1 n=1

DN ™

Consequently,

mes{z € [0,1] : f(z) = f(x)} > mes(ﬂ E,)—mes{x € [0,1] : f(x) # g(z)} > 1—e¢.

From (3.3) and (3.6) it follows that the series

00 oo mg—1
k=1 q=1 k=mq_1

converges to the function f(x) uniformly in [0, 1]. Therefore

1 ~ ~
abe= [ Folu@de=a(p, k=12
0
and Theorem 1.2 is proved. O

Remark 3.1. Note that Lemma 2.2 is true with assumptions (2.1) and (2.2), which
are weaker than assumption {b,}>%, € B. That would yield a more general result.

Suppose that the sequence {b,}>2 ; satisfies the conditions (2.1),(2.2), and that
f is measurable and almost everywhere finite function on [0, 1]. Then there exists

a function ]76 L]0, 1] with the following properties:

(1) mes{z € [0,1] : f(x) # f(2)} <e,
(2) ea(f) = bn, 1 € spec(f),

(3) limposos || 22001 en(f)hn — ]?Hoo = 0.
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