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ABSTRACT. In this paper, the relations between the Yang-Baxter equation
and affine actions are explored in detail. In particular, we classify the injective
set-theoretic solutions of the Yang—Baxter equation in two ways: (i) by their
associated affine actions of their structure groups on their derived structure
groups, and (ii) by the C*-dynamical systems obtained from their associated
affine actions. On the way to our main results, several other useful results are
also obtained.

The Yang—Baxter equation has been extensively studied in the literature since
[14]. Tt plays important roles not only in statistical mechanics, but also in other
areas, such as, quantum groups, link invariants, operator algebras, and the con-
formal field theory. In general, it is a rather challenging problem to find all
solutions of the Yang—Baxter equation. Following a suggestion given in [6], many
researchers have done a lot of work on studying a special but important class
of solutions, which are now known as set-theoretic solutions. See, for example,
[4, 5, 7,8, 9,10, 11, 13, 15] to name just a few, and the references therein.

The main aim of this paper is to explore the relations between the Yang-Baxter
equation and affine actions on groups. The main ideas behind here are motivated
by [7, 11, 13]. The rest of this paper is organized as follows. In section 1, we recall
some necessary background on the Yang-Baxter equation which will be needed
later. In section 2, we first introduce affine actions and some related notions;
then associate to every solution of the Yang-Baxter equation a regular affine
action of its structure group on its derived structure group (Proposition 2.5), and
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finally describe two constructions of solutions to the Yang-Baxter equation via
their associated affine actions. Our main results of this paper are given in section
3. We classify injective solutions of the Yang—Baxter equation in terms of their
associated affine actions (Theorem 3.3). We further obtain a connection with
C*-dynamical systems. It is shown that injective solutions can also be classified
via their associated C*-dynamical systems (Theorem 3.6). We end this paper
with an appendix, which provides a commutation relation for semidirect product
of solutions to the Yang—Baxter equation determined by cycle sets, which might
be useful in the future studies.

1. THE YANG-BAXTER EQUATION

In this section, we provide some background on the Yang-Baxter equation

which will be useful later. .

——
Let X be a (nonempty) set, and let X" := X x --- x X forn > 2.

Definition 1.1. Let R(z,y) = (a.(y), 3,(x)) be a bijection on X2 We call R a
set-theoretic solution of the Yang—Baxter equation (abbreviated as YBE) if

R12323R12 = R23R12R23 (1)

on X3 where Ri3 = R x idx and Ry3 = idy x R. The condition (1) is also
known as the braiding condition. We often simply call R a YBE solution on X.
Sometimes, we write it as Ry or a pair (R, X). A YBE solution R on X is said
to be

e involutive if R? = idxo2;

e nondegenerate if, for all x € X, a, and [, are bijections on X;

o symmetric if R is involutive and nondegenerate.

Some examples of YBE solutions are given in [15], where it is also shown that
YBE solutions are intimately connected with higher-rank graphs.

Standing assumptions: All YBE solutions in the rest of this paper are always
assumed to be set-theoretic and nondegenerate.

1.1. Two characterizations of YBE solutions. The following lemma is well-
known in the literature and also easy to prove.

Lemma 1.2. Let R(z,y) = (a.(y), By(z)). Then R is a YBE solution on X if
and only if the following properties hold true: for all x,y,z € X,

(1) apay = ao, 4)as, @),
(11) ﬁyﬁzr - ﬁﬁy(x)ﬁaz(y)’ and
(ili) Bag, () (aa(y)) = ap, @ (B:(y)) (Compatibility Condition).

Furthermore, R is involutive if and only if
Qo) (By(®)) =2 and  Bg,@)(a.(y) =y  forallz,yc X.

Let us associate to a given YBE solution an important object — its structure
group.
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Definition 1.3. Let R(z,y) = (a,(y), B,()) be a YBE solution on X. The struc-
ture group of R, denoted as Gr,, is the group generated by X with commutation
relations determined by R:

Gpry = gp<X;xy = a,(y)By(z) for all z,y € X>.

Sometimes we also write Gr, as Grx or Gx.

One can easily rephrase the characterization given in Lemma 1.2 in terms of
actions of structure groups (see, e.g., [7, 9]).

Corollary 1.4. A map R(z,y) = (au(y), By(x)) is a YBE solution on X, if and
only if
(i) « can be extended to a left action of Gg, on X,
(ii) B can be extended to a right action of Gr, on X, and
(ili) the compatibility condition in Lemma 1.2 (iii) holds.

1.2. Constructing YBE solutions from old to new. There are several known
constructions of YBE solutions from old to new. For our purpose, we only intro-
duce two below.

» Dual of R. Let R(z,y) = (a,(y), By(x)) be a YBE solution on X. Define R°
on X? by
Rz, y) = (Baly), ay(2))  forall z,y € X.

We call R° the dual of R. 1t is also a YBE solution on X. Indeed, this can be
seen by switching x and y in the first two identities, and = and z in the third
one in Lemma 1.2. We give it such a name because we “dualize” the process
Yy = a,(y)By(x) in Ggy via yox = fy(x) o ay(y) (by switching the factors on
both sides).

Clearly, R°° = R.

Let ® : Gry — Grs, be defined via ®(z) := x for z € X and ®(ry) := youx for
all z,y € X. Since ®(zy) = ®(u(y)5y(x)) for all z,y € X, ¢ can be extended
to an anti-isomorphism from G, to G RS -

» Derived solution of R [7, 13]. Let R(z,y) = (a.(vy), 8,(z)) be a YBE solution
on X. Then

(2,9) ¥ (a(y), B,(2)) = (Qa, ) (B (@), B3, ()
determines a YBE solution
(2, 2(y)) = (aw(y), Ao, 0)(By (7)),
namely,
R (xay) = (yaay(ﬁagl(y)($)))‘

This solution R’ is called the derived solution of R.
The derived structure group Ag, of R is defined as

AR, = <X crey=1ye Oéy(ﬂa;l(y)(l‘)) for all z,y € X>.

As Ggy, Ag, is sometimes also written as Ag x or Ax.



AFFINE ACTIONS AND THE YANG-BAXTER EQUATION 713
Remark 1.5. It is often useful to think that Ag, and G, have the same gen-
erator set X with the relations
T oy =zo-1(Y) for all z,y € X,
equivalently, xy = = e a,,(y) for all z,y € X.

Remark 1.6. (i) If R(z,y) = (a,(y), ), then R'(z,y) = (y,ay(z)). Namely,
R = R°.
(ii) As in [13], one can also define another derived YBE solution

'R(z,y) = (ﬁx<@ﬁ;1(z)(y>>,$) for all z,y € X.

(iii) One can easily check the following: R is symmetric < 'R = R’ < R° is
symmetric < Ag, and Ag,_ are abelian < Ag, and Apg are abelian.

1.3. A distinguished action of Gr, on Ag,. Let R(z,y) = (. (y), By(x)) be
a YBE solution on X. By Corollary 1.4, both a and 7! can be extended to
actions of Gx on X. For our convenience, let

or(7,y) = O‘y(ﬁagl(y) (2)),

Vr(z,y) = ﬁm(a,@l(z)(y))
for all z,y € X. Similar to [13, Theorem 2.3], one has the following.
Lemma 1.7. ¢ is Gg, -equivariant with respect to the action «:

dr(ay(x), ay(y)) = ay(Pr(z,y)) for all x,y € Xand g € Gg,.

Proof. Notice that ¥ge(x,y) = ¢r(y,x) for all x,y € X. Now first apply [13,
Theorem 2.3] to R°, and then use the relation between R and R° to obtain the
following;:

ag-1pe (2, Yy) = Yo (ay-1(2), ag-1(y)) for all z,y € X, g € Gpy,

= a10r(Y, ) = dr(0y-1(y), g-1(x)) for all z,y € X, g € Gps,

= ay0r(Y, ) = dr(0y(y), ay(x)) forall x,y € X, g € Gg,.
We are done. ]

Let Autx(Ag, ) be the group of all automorphisms of Agr, preserving X.

Proposition 1.8 ([13]). Keep the above notation. The action a of Ggr, on
X induces an action of Gr, on Agr, preserving X. That s, there is a group
homomorphism from Gr, to Autx(Agy).

Proof. Notice that for all g € Gg,

ey =yedr(r,y)
= (1) @ y(y) = ag(y) @ Srlay(2),0p(y)  (replacing 2,y by ay(w), ay(y))
= ag(z) @ ay(y) = ay(y) @ ag(dr(z,y)) (by Lemma 1.7).

This implies that o, can be extended to an element in Autx (Ag, ), as desired. [

By Proposition 1.8, one has a generator preserving action o : Gr, ™~ Ag,.
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2. AFFINE ACTIONS ON GROUPS

For a given YBE solution, we associate to it a regular affine action (Proposition
2.5). This plays a vital role in section 3. Conversely, in subsection 2.3, we use the
two constructions of affine actions described in subsection 2.2 to construct new
YBE solutions.

Let A be a group. Denote by Aff(A) the semidirect product

AF(A) = Aut(A) x A,

where (S,a)(T,b) = (ST,aS(b)) for all S,T € Aut(A) and a,b € A. Aff(A) acts
on A via (S,a)b = aS(b).

Definition 2.1. Let G and A be groups. An affine action of G on A is a group
homomorphism p : G — Aff(A).

By definition, any affine action p : G — Aff(A) has the following form:
pgla) =b(g)my(a) for all g€ G and a € A,

where 7 : G — Aut(A) is a group homomorphism, called the linear part of p, and
b: G — A, called the translational part of p, is a 1-cocycle with respect to 7 in
coefficient A:

b(g192) = b(g1)my, (b(g2))  forall g1, 90 € G.

We sometimes simply write p = (m,b), and also write b(g) as b, for convenience.
Recall that a group action is called regular if it is transitive and free.
The following lemma should be known. But we include a proof below for
completeness.

Lemma 2.2. An affine action p = (w,b) of a group G on a group A is reqular if
and only if b is bijective.

Proof. (=): Since p is regular, for arbitrary x and y in A there is a unique g € G
such that p,(z) = y. Letting z = e and y € A arbitrary shows that b is surjective.

Now suppose that b(g1) = b(gs) for some g1, g» € G. Then py, () = b(g1)7,, (e) =
b(g2)my,(€) = pg,(€). So g1 = g2 as p is free. Thus b is injective.

(«<): Let z,y € A. Since b is bijective, there is a unique hy € G such that
b(hy) = x, and further a unique g € G such that b(ghg) = y. Then p,(x) =
b(g)my(x) = b(g)my(b(ho)) = b(gho) = y. Thus p is transitive.

To show that p is free, suppose that there are ¢i, g, € G such that p,,(x) =
pg,(x) for some z € A. Then b(gy)my, (x) = b(g2)m,,(x). Since b is surjective,
there is ¢ € G such that b(g) = x. Hence b(g1)7y, (b(9)) = b(g2)my,(b(g)); that
is, b(g19) = b(g2g). But b is injective, g1g = ¢29, and so g; = go. Therefore, p is
free. 0J

Definition 2.3. Let p’ be an affine action of a group G on a group A; (i = 1,2).
A group homomorphism ¢ : A; — A, is said to be G-equivariant relative to

(o', p?) if
gpop;:pzogp for all g € G. (2)
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That is, for every g € GG, the following diagram commutes:

If, furthermore, the above ¢ is bijective, then p! and p? are said to be conjugate.

Remark 2.4. (i) Let p' = (7,0%) (i = 1,2). Tt is easy to see that (2) is equivalent
to

1_ .2
pomy, =T, 0P,

2 1
by =pob,
for all g € G. So, in particular, ¢ is also G-equivariant relative to (7!, 72).
(ii) If o' is surjective, then using the definition of 1-cocycles, it is easy to see

that the second identity in (i) above determines the first one. In fact, from the
second one has, for all g, h € G,

bgn = ©(bgn) = bymy(br) = p(by)ep (g (b))

= my(by) = (g (by)) (as by = (b))
= my(p(by)) = (my (1)) (as 0y = o(by))
=T op=yporm, (as b'(G) = Ay).

2.1. Affine actions associated to YBE solutions. This subsection shows why
we are interested in affine actions. We should mention that these actions are also
considered in [13] in a different terminology.

Proposition 2.5 (and Definition). Any YBE solution R on X induces a reqular
affine action p* of Gx on Ax.

The action pX is called the affine action associated to Rx and also denoted as
Pry OT even just p if the context is clear.

Proof. The proof is completely similar to [13, Theorem 2.5]. We only sketch it
here. By Proposition 1.8, there is an action a: Gx ~ Ay.
Step 1: Extend the mapping

p: X = Gx X4 Ax, ©+— (x,7)
to a group homomorphism
pa:Gx — Gx X4 Ax.
To do so, one needs to check that
p(2)p(y) = plaz(y))p(By(x))  forall z,y € X.

But
p(x)p(y) = (z,2)(y,y) = (zy,z ® a.(y)),
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and similarly

Pl ())p(By(2)) = (2 (y)By(2), aw(y) @ ) (By(2))).

They are obviously equal.
Step 2: Let p : Gx x, Ax — Ax be the second projection to Ax, and let

b:=popg. Then b is a 1-cocycle with respect to the action Gx A Ax:
b(gh) = b(g) ® ay(b(h)) for all g, h € Gx.
In fact, for all g, h € X,
b(gh) = ppc(gh) = p((g, 9)(h, h)) = p(gh, g ® ay(h)) = g e ay(h),
and

b(g) ® ag(b(h)) = pra(g) @ ag(ppa(h)) = g ® ag(h).
Step 3: Check that b is bijective (see [13, Theorem 2.5]). O]

Remark 2.6. In what follows, we will frequently use that the simple fact that
b(z) = =, for all z € X, in the associated affine action p* = («, b) obtained from
Proposition 2.5.

2.2. Two constructions of affine actions. In this subsection, we construct
two new affine actions from given ones.

1° Lifting. This generalizes a construction given in [1, 2|, which plays key roles
in these works.

Let A and H be two groups, and let § : H — A be a homomorphism. Suppose
that p = (m,b) is a regular affine action of G on A and that o is an action of G
on H, such that 6 is G-equivariant relative to (o, )

ooy=myo0 for all g € G.
Introduce a new multiplication - on H via
Ty = TOh-10(2)(Y) for all x,y € H. (3)
Then the lifting of p from A to H is defined as
pe(y)=z-y for all z,y € H.

Conclusion 1. The lifting p is an affine action of (H,-) on H. Furthermore, 6 is
(H, -)-equivariant relative to (p, po b1 08).

Pictorially, one can summarize the above as follows: for all ¢ € G and h €
(H ) ')7

H-2H s H--"_sH
0 0 0 0
A— A ~ A— A

T Pr—=100(h)
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Proof. One can show that (H,-) is indeed a group: - is closed and associative, the
identity is (still) e, and the inverse of = in (H,-) is 0y-109(z)(7). The verification
is tedious and left to the reader.

Also, p is an affine action of (H,-) on H. In fact,

ﬁzl-zg (y) = (xl . 332)01)—109(”:52)(9)

= 901057100(“)(1‘2)01;*109(1;1%,109(1 (mg))(y) (by (3))
= T10p-109(a1) (T2) Tb-1(0(21)0(o, - 100(11)(@)))(3;) (as 0 is a homomorphism)
= T10h-100(xy) (T2) 041 (0(21 ), 109(z1)9(x2)))(y) (as 6 is G-equivariant)
= T10h-100(21) (T2) Ob-1(0(21) )b~ 100(zs) (V) (as b is a 1-cocycle w.r.t )
= T10h-100(21) (T20b-100(22) (Y)) (as 0 is an action)
= T10p-10p(z1) (P2 (Y)) (by (3))
= P (P> () (by (3))-

Furthermore, po b~ o f is an affine action of (H,-) on A. For this, since 6 is
G-equivariant for (o, ) and b is 1-cocycle with respective to m, one has

b_l o) 9(h1 : hg) = b_l(G(hl)G o) Ub—l(O(hl (hg))
= b7 (O(ha) 1 (o) (B (h2)))
=btof(h)b "t ob(hy).

Hence, for all hy,hs € H and a € A, we get

pb—log(hl.}m)(a) = b(b_l o Q(hl)b_l o 9(hg))ﬂ'b—log(hl)bflog(}w)(a)

and

pb—loe(hl)pb—loe(hg)(a)
= pb—loe(hl)(b(bil 0 0(h2)))Tp-100(1s) (@)
=bb o e(hl))ﬂ'b—log(hl)(b(b_l 0 0(h2)))mp-100(hy)(a))
= b(b™" 0 0(h1))Ty-10n(y) (b6 0 O(h2)) ) To-100(h1 o—106(hs) (@)-
This implies
Pb=100(h1-he) = Pb=1o0(h1)Pb—106(hs)

as b is a 1-cocycle with respect to .
Using the property that 6 is G-equivariant relative to (o, 7) again, we have, for
all x, 2 € H,

0(p=()) = 0(20b-100()) () = 0(2)0(01-109(2) ()
= bb~(0(2))Tp-100(2) (0(2))
= pbfloﬁ(z)(9<m))‘

Thus 0 0 p. = py-109() © 0, as desired. O
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2° Semidirect product. Let p be an affine action of G on A, and let j = (7, D)
be a regular affine action of G on A. Suppose that 6 : G ~ G is an action of G
on G such that

0,(b 7b) = (b 79, )0,  forall g€ G,h € G. (4)
Then the semidirect product of p and p via 0 is defined as
pxgpGixgG— Aff(A x A)
(9.h) = (py. 0 b0 by 057Y).

Conclusion 2. The semidirect product p X4 p is an affine action of G' xg G on
A x A.
Proof. First notice that (4) guarantees that the mapping

(g,h) — (my, b o e b

is a group homomorphism from G x4 G to Aut(A x A). The tedious verification
is left to the reader.
We now show the following identity:

0,(b=pnb) = (b~ pg, )0,  forall g € G and h € G. (5)
In fact, one has
0,(hihs) = 0y(h1)0y(hs) for all g € G, hy,hy € G

= (0 (hih2)) = b(8y(h1)8,(hs))
= b(0,(b(b(hy)7n, (b(hs)))) = b(6, (hl))ﬁgg(hl)(gﬁg(hg)) (as b is a 1-cocycle)

= 00,0~ pn, (b(hs)) = Doy (1) (b(0y(R2))) (by the definition of p)
= 0y (b~" b)) = (b~ foy (1) b)0y-

Set I' :=pxgp. In order to show that I' is an affine action, it suffices to check
that

F(g,h)(g’,h’) = F(g’h)F(g/,h/) for all g,gl c G, h, h/ € é
For this, let y € G, and let t € G. We have

Lignyrw) (s 1) = Liggr no, (n) (Y5 1)

= (Pgg (), Pro, ) b0y d ™' (1))

= (pog (U), Proy ) bO,0, 071 (t))

= (pgg (1), Pnbb™" i, (h’)be Oy (1))

= (g (), PrbOgb~" i DO (1)), (by (5))

and
LoDy (U, t) = gy (0g (), POy b~ (1))

= (pepy (y); Phwgi)_l(ﬁh’ 599’5_1 (t)))-
We are done. O
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When 6 is the trivial action, then the condition (4) is redundant and the cor-
responding affine action is just the direct product of p and p.

An application of the above semidirect product construction is given in the
appendix.

2.3. Constructing YBE solutions. Let us first recall the following result.

Theorem 2.7. [11] Let G be a group. Then following two groups of data are
equivalent:
(1) There is a pair of left-right actions («, B) of the group G on G, which is
compatible (i.e., gh = og(h)Br(g) for all g, h in G).
(2) There is a reqular affine action p = (7,b) of G on some group A.

Proof. This is proved in [L1]. Since the idea of the proof will be useful later, we
sketch it below.
(i)=(ii): Let A := G as sets but the multiplication ® on A is given by

g© h=ga,1(h) for all g,h € G,
namely,

gh =g ® ay(h) for all g,h € G.
This implies that the identity mapping “id” is a (bijective) 1-cocycle with respect
to a.

(il)=(1): Set
ag(h) :=b"lom,0b(h) and PBu(g):= a,(h) " gh

for all g, h € G. O

Remark 2.8. (i) Let G and A be groups. Given a regular affine action p of G
on A, by Theorem 2.7 and [l 1, Corollary 3], one obtains a YBE solution on G
given by R(g,h) = (ay(h), Br(g)) for all g,h € G.

(ii) Let R be a YBE solution on X, and let p* be its associated regular affine
action of Gx on Ax (see Proposition 2.5). From (i) above, there is a YBE solution
R on Gx. From its construction, one can see that this is nothing but the universal
extension of R mentioned in [11, Theorem 9.

Remark 2.9. This remark shows that there is a natural generalization of the
relation [y (g) = oz;gl(h) (g) holding for symmetric YBE solutions (see Lemma 1.2).

Let us return to the proof of (i)=(ii) in Theorem 2.7. The property of b := id
being a 1-cocycle with respect to a gives
9O h=ga,-1(h)= g&;l(h) for all g,h € G,
which implies
gh =g ® ay(h) for all g,h € G.
In particular,
g=a,g") for all g € G.

To distinguish, we write g as the inverse of g in A, while g~*

usual.

as the inverse of g in G as
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If (e, B) is a compatible pair, then we claim

Br(g) = ag, - © Adg5(9),
where Adm acts on A.
Indeed, since (v, 3) is a compatible pair, one has
9O h=gag(h) =hfa _,m(9)

= g © ag(h) = ag(h)Bu(g)

= Bi(9) = ag(h) (g © ay(h))
= ag(h) ™1 © aa,my-1 (9 © ag(h))
= Qg (h)-1 [aag(h)(ag(h)_l) ®©go ozg(h)] (as ay € Aut(A))

= iy [y © g © ay ()]
= 0yt © Adg 5(9)-

This proves our claim.

In particular, if the YBE solution R on G determined by («, 3) is symmetric,
then A is abelian [11]. So in this case Ad, (¢ € A) is nothing but the identity
mapping on A.

Making use of Theorem 2.7, Remark 2.8, and the constructions of affine actions
in subsection 2.2, we get two constructions of YBE solutions on groups.

Lifting revisited. Let Rx be a YBE solution. In the lifting construction on
affine actions, let G = Gx, A = Ay, and p be the affine action associated to Ry.
Then (3) becomes

Ty = 209)(Y) for all x,y € H.

In this case, p,(y) = x-y is a regular affine action, and so it yields a YBE solution
on (H,-).

Semidirect produ~ct revisited.~ Let Ry and Ry be two YBE solutions. Let
G=Gx, A= Ax, G =Gy, and A = Ay in the semidirect product construction
on affine actions. Suppose that 6 is an action of Gx on Gy satisfying (4). In this
case,

P %o p" (9. 1) = (py P © ),
and p¥ % p¥ is also regular. It follows that p* x4 p" determines a YBE solution,

say R, on Gx Xy Gy. Notice that if € is the trivial action, then R is nothing but
the trivial extension of Ry and Ry in the sense of [7] (also, see [15, 2.2 2°]).

3. CLASSIFYING SOLUTIONS OF THE YANG-BAXTER EQUATION VIA THEIR
ASSOCIATED AFFINE ACTIONS

In this section, we state and prove our main results in this paper. We classify all
injective YBE solutions in terms of their associated regular affine actions (Theo-
rem 3.3). Furthermore, a connection with C*-dynamical systems is obtained: All
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injective YBE solutions can also be classified via their associated C'*-dynamical
systems (Theorem 3.6).

Let Rx be a YBE solution. Denote by ¢ and ¢4 the natural mappings from
X into Gx and Ay, respectively.

Definition 3.1. If /s is injective, then Rx is said to be injective.

It is known from [13] that i is injective if and only if so is t4. Also, every
symmetric YBE solution is injective.
Let Ry and Ry be two YBE solutions. Recall that a mapping h : X — Y

is a YB-homomorphism between Rx and Ry, if Ry(h x h) = (h x h)Rx. This
amounts to saying that

) (h(y)) = Mo (y)) and By (A(y)) = h(B7 () (6)

for all x,y € X. In this case, we also say that Ry is homomorphic to Ry wvia h.
Of course, if h is bijective, then Ry and Ry are called isomorphic.
If Ry and Ry are symmetric, then only one of the two identities in (6) suffices.

Proposition 3.2. Let Ry and Ry be two arbitrary YBE solutions. If Rx 1is
homomorphic to Ry via h, then h induces group homomorphisms hg : Gx — Gy
and hy : Ax — Ay such that ha is Gx-equivariant relative to (p~, p¥ o hg).
If h is furthermore bijective, then p* and p¥ o hg are conjugate.
o

Proof. For convenience of notation, let Rx(x1,22) = (e (22), 8 (x1)) for all

Ty, %5 € X, and let Ry (y1,12) = (@), (42), B}, (y1)) for all yy,y, € Y.

Notice that since h : X — Y is a YB-homomorphism between Ry and Ry, it
is easy to check that h can be extended to a group homomorphism, say hq, from
Gx to Gy. Indeed, it follows from (6) and the definition of Gy that

h(o ())h(By (x)) = ath(ay (h()) By (P(x)) = h(x)h(y)

for all z,y € X. Obviously, p¥ o hg is an affine action of G'x on Ay.
Similarly, one can extend h to a group homomorphism, say h,, from Ax to
Ay. In fact, repeatedly using (6) yields

h(z (y)) ® h(agx, (B (x)))
— a)(h(y)) ® ah(ax (R (B (2)))
= iy (h(y)) OCY{ JC)(h(y))(ﬁ}l/(y)(h(x)))

for all z,y € X. But the definition of Ay gives
h(z) e oy, (B(y)) = oy (h(y)) @ aly (5h(y (h(z))),

h

>

&
[ ]

=
o

[~

S
I

h(z) e aZ(x)(h(y))
haX (y)) @ by (B (@) forall 2,y € X.
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In what follows, we show that h, is G x-equivariant relative to p* and pY¥ o hg.
By Remark 2.4 it is equivalent to show

&{G(g)(hA(a)) = ha(c (a)) for all g € Gx,a € Ax, (7)
ha(t(9)) = 0¥ (h(g)  forall g € Gy, ®)
Applying (6) and Proposition 1.8, one has that
a}bfc(g)(hA(a:)) = ha(a (2)) forall g e Gx,z € X.

Now from this identity and Proposition 1.8, one can easily verify (7).

For (8), first notice that it is true when g € X, as both sides are equal to h(g).
Then the general case follows from (7) and the definition of 1-cocycles.

The last assertion of the proposition is clear. O

The following theorem generalizes the case of symmetric YBE solutions (see,
e.g., [7]).
Theorem 3.3. Let Rx and Ry be two injective YBE solutions. Then they are
tsomorphic, if and only if there is a group isomorphism ¢ : Gx — Gy such that
&(X) =Y, and p* and p¥ o ¢ are conjugate.

Proof. “Only if” part: Let h : X — Y be a YB-isomorphism between Ry and
Ry . Keep the same notation used in the proof of Proposition 3.2. Then ¢ := hg
has all desired properties, and furthermore p* and p¥ o ¢ are conjugate via h4.

“If” part: As before, write pX = (a®,b%) and p¥ = (a¥,bY). Let h : Ax — Ay
be a G x-equivariant mapping relative to (p*, p¥ o ¢). Then by Remark 2.4 we
have

ho 04;( = ag(g) oh, (9)

b" 0 ¢(g) =hob™(g) (10)
for all g € Gx.
On the other hand, it follows from the proof of Theorem 2.7 and Remark 2.8
that p* and p¥ induce YBE solutions Rx and Ry on Gx and Gy, respectively.
Actually,

RX(91792) = (545(1(92)7352(91» for all 91,92 € GX7
v (95),8%(g1))  forall gi, g5 € Gy,

where )
Gy, = (05)Trag b, By (g1) = ap(92) 7 016e,

Y

vl

and similarly for &Y,
From (10) one has

¢=(b)tohob¥,

We claim that ¢ is actually a YB-isomorphism between Rx and Ry. To this end,
we must show that the two identities in (6) hold true.
» Firstly, we check

pod, =dy,o0¢ forall geGy.
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But this follows from (9), the definitions of &% and &

(9) = W™ () lag b™) = b7 ((0") gy, bY)((bY)_lhbX)

= [(b")" 1hbx][(bx) g o] = [(07) agg b1 [(07) T hb Y]
= ¢o d ¢(g) o ¢.

» Secondly, we verify that

gboB;(:Bg(g)oqﬁ for all g € Gx.

Since b~ is a 1-cocycle with respect to aX in coefficient Ay, one has that, for
all g1, 92 € Gx,

X _ 31X X 1. X
b9192 bgl ® agl (bgz)

= g1(0%) " (a1 (bg,)) = (b7) 7 (b, e b,) = 91 © g

:>91Oé —1( 2) = g1 © go

= g1 'ay(92) = 91 © go

= ) =g og) e (11)
Similarly,

ay(g5) " = (9 ©gp) 't forall g, g5 € Gy, (11)

Now define a new multiplication ® on Gx by
gl®gzz(bx)_1(biob§2) for all g1, 92 € Gy,

and similarly on Gy. Then it is easy to check that (Gx,®) and (Gy,®) are
groups. In what follows, we claim that ¢ is also a group homomorphism from
(Gx,®) to (Gy,®). As a matter of fact, for all g1, go € Gx, one has

Bg1 @ g2) = ¢ o (b%) 7' (by, @ by)
= (") o h(b) e b)) (by (10))
= (b")"Hh (by X)e h(bX)) (as h: Ax — Ay is a homomorphism)
= (0") 7 (b(g) ® Do) (by (10))

= ¢(g1) © ¢(92) (by the definition of ® in Gy).
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We now have

po Bjﬁ (91)

= ¢(6¢2§ (92) g192) (by the definition of BX)
= o((97' ©92) 7 01 ' 9192) (by (11))
= o(g;' © g2) ' B(g2) (as ¢ is a homomorphism from Gy to Gy)
= (#(") © 6(g2)) ' b(92) (by the above claim)
= (d(g1) ' ® p(g2)) "p(g2) (as ¢ is a homomorphism from Gx to Gy)

= (o(g1) ' © (g2))

O(g1) " (g1)d(g2)
= Gy (6(92) ' B91)(g2) (by (11))
= By (¢(1)) (by the definition of 3¥)

for all g1, 90 € Gx.

Therefore, ¢ is a YB-isomorphism between Ry and Ry

Recall from Remark 2.8 that Ry is an extension of Ry from X to Gx and
similarly for Ry. Since Rx and Ry are injective and ¢(X) = Y, the restriction
¢|x yields a YB-isomorphism between Ry and Ry. O

We are now ready to provide a characterization when the extensions Rx and
Ry are isomorphic.

Theoren} 3.4. Let Ry and Ry be two arbitrary YBE solutions. Then the ex-
tensions Rx and Ry on Gx and Gy are YB-isomorphic, if and only if there is a
group isomorphism ¢ : Gx — Gy such that p* and p* o ¢ are conjugate.

Proof. (<): It directly follows from the proof of “If” part of Theorem 3.3.

(=): Let h : Gx — Gy be a YB-isomorphism between Rx and Ry. Now
consider A, (x). Then completely similar to the proof of Proposition 3.2, hl,,x)
can be extended to an isomorphism ¢ from Gx to Gy, such that p* and p¥ o ¢
are conjugate. 0

In the rest of this section, we provide a connection with C*-dynamical systems.
For any group G, by C*(G) we mean the group C*-algebra of G. Since all
groups here are assumed to be discrete, C*(G) is unital. Furthermore, G can be
canonically embedded to C*(G) as its unitary generators. For the background on
C*-dynamical systems which is needed below, refer to [3].

Proposition 3.5.

(i) A YBE solution Rx determines an action 7% of Gx on My(C*(Ax)) such
that

o (diag(z,y)) = diag(y,(2),((y))  for all g € Gx,x,y € C*(Ax),

where vy and ¢ are representations of Gx on C*(Ax).
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(ii) If h is a YB-homomorphism between Rx and Ry, then there are group ho-
momorphisms hg : Gx — Gy and hy : Ax — Ay such that the inflation

hf) is G x-equivariant relative to (7, 7 o hg).

Proof. (i) Let m* be defined as

g9 g 9 g

=0 5@ (@ 2) (0 o)

for all g € Gx and al, a9, a3, ay € Ax. Then one can use the properties of o and b
to easily check that 7% is an action of Gx on the matrix C*-algebra My(C*(Ax)).
Also v4(-) = a(-) and (y(-) = by, (-)(by)* are two representations of Gx on
C*(Ax).

(ii) Since h is a YB-isomorphism between Ry and Ry, as in the proof of
Proposition 3.2, it induces group homomorphisms hg : Gx — Gy and hy :
Ax — Ay satisfying (7) and (8). Then we extend hy to a C*-homomorphism,
still denoted by ha, from C*(Ax) to C*(Ay). Furthermore, its inflation hf) :
My(C*(Ax)) — My (C*(Ay)) gives a G x-equivariant mapping relative to 7% and
77 o hg. In fact, a simple calculation gives

@, x (@ a2\ _ halag (a1)) ha(eg (a ))hA((bf)*)
Ao (a3 a4> (hA(bX)hA( 2 (a3)) Ta(by )hA( ) (a ))hA((bf)*)>

and

a2> B (bY @hG(Q(hA(al)) afc(g)(hf‘(“?))(bzc(g))*) .

Ty ) © h *
hals (a3 a4 )% (g) (halas)) bzc(g)ahc(g)(%)(bzg(g))
Then apply (7) and (8) to obtain the right hand sides equal. O

By Proposition 3.5, from the associated regular affine action p* of a given YBE
solution Ry, one obtains a C*-dynamical system (Gx, M»(C*(Ax)), 7).

Theorem 3.6. Two injective YBE solutions Rx and Ry are isomorphic, if and
only if there is a group isomorphism ¢ : Gx — Gy mapping X onto Y such that
(Gx, My(C*(Ax)), %) and (Gx, Ma(C*(Ay)), 7 o ¢) are conjugate.

Proof. (=): Keep the same notation as in the proof of Proposition 3.5. If h :
X — Y is a YB-isomorphism between Rx and Ry, then ¢ := h¢g, and 7% and
7 o ¢ are equivalent via hf) .

(<): Let b : My(C*(Ax)) — My(C*(Ay)) be an intertwining homomorphism

between 7% and ¥ o¢. Let us write h = (le Zm) . Then b acts as a 2x2 matrix
21 h22
e L xf(a O v a 0
multiplication of the applications of h;;. Then b o7, 0 0) = Telg) © §) 00

yields
hnaf(a) = oz¢ hn( ) for all a € Ax.
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0 I 0 I\ . C
Also hom} (0 0) =Ty °h (0 O) yields (ki (by))* = (b)), which implies
hia(by) = by

The above two identities give (9) and (10). Then applying the proof of “If” part
of Theorem 3.3 ends the proof. O

APPENDIX A. A COMMUTATION RELATION FOR SEMIDIRECT PRODUCTS

In this appendix, we prove a commutation relation for semidirect products
of YBE solutions derived from cycle sets, which might be useful in the future
studies. We further describe a connection between the structure group of the
semidirect product of two YBE solutions and the semidirect product of their
structure groups.

Definition A.1. A nonempty set X with a binary operation - is called a cycle
set, if
(x-y)-(x-2)=(y-z) (y-2) for all z,y,z € X.
A cycle set X is said to be nondegenerate if x — x - x is bijective.
The main motivation to study cycle sets is the following theorem due to Rump
([12]): There is a one-to-one correspondence between the set of symmetric YBE

solutions and the set of nondegenerate cycle sets. In fact, let (X, ) be a nonde-
generate cycle set. If we let £,(y) = x -y, then

Rw,y) = (Cyn®): 6 ()

is a symmetric YBE solution on X. Conversely, given a symmetric YBE solution
R(z,y) = (au(y), By(x)) on X, let -y = B;(y). Then (X,-) is a nondegenerate
cycle set.

The following small lemma turns out very handy.
Lemma A.2. Keep the above notation. Then
Gry = o (X5 (y-2)y = (x-y)x for allz,y € X).
Proof. By Lemma 1.2, o, (y) = Bﬁ_yl(x)(y) for all z,y € X. Hence

R(z,y) = (B3, (), B,()) & R(3; (2),9) = (B (1), o)
& Ry x,y) = (z-y,)
for all z,y € X. O
Let us now recall Rump’s semidirect product of cycle sets below.
Definition A.3. Let X and S be two finite cycle sets, and let = be an action of

X on S. Thatis, m: X x S — S, (z,s) — m,(s), satisfies

(1) mp(s-t) = mu(s) - m(t) for every x € X and for all s,t € S;
(2) myamy(s) = mpyme(s) for all z,y € X and s € S;
(3) m, € Sym(S) for every z € X.
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Set

Vay(8: 1) = Tay(8) - Tya (D).
Now define
(z,5) - (y,t) == (2 -y, Yay(s,1)). (12)
Then this gives a cycle structure on X x S, which is denoted by X xS, called the

semidirect product of X and S by m. The symmetric YBE solution determined
by X x, S is written as Rxx_ s.

Remark A.4. Notice that for Definition A.3 (i) one has
a(s - 1) = ma(s) - ma(t) & ma(B71(1) = B, (ma(t))
& P () (M2 (8)) = 72 (B5(1))
& Tu(as(t)) = am,(s)(m2(1))

for all s,t € S and x € X. In particular, this shows that, for every x € X, 7, is
a YB-isomorphism between Rg and itself.

In what follows, let us write
Ry (2,y) = (au(y), By(x)) and  Rs(s,t) = (@(t), Bi(s))-
Corollary A.5. Let X and S be cycles sets, and let m be an action of X on S.
Then the YBE solution Rx_ s is explicitly given by the following formula
B ((2,), (5:0) = ((0aly), au(malt), (@), 7)) Braio(s)))
forallz,y € X and s,t € S.
Proof. First observe that

vy=0"y) = x- Buly) =y =y-Byx) =2
and
vy =06.'(y) = By(2) -y =By 1) = aly).

The above identities will be frequently used in what follows.

Suppose that
Rxx.s((z,8),(y,t)) = (azx 0¥, 1), By (7, s)) for all z,y € X,s,t € S.
Let B(,(x,s) = (z,p). Then
(@, 8) =Ly (z,p) = (Y1) - (2,0) = (Y- 2,7y (1) - T2y (P))-
So z = f,(z) and
s = 7Ty~2(t) Ty (D) = Ty (P ) = Bwyz(t (s)=>p= ﬂ—;;(/éﬂ'yz (3))
=D =5y By (8)) = 0 =70 (Bra(9))-
Thus .
Béy,t) (2,8) = (ﬁy(x), ng(y)(ﬁfrz(t)(&q)))'
Now
g5 (Y1) = 5% (a0 (U t) =2 (u, v).
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Then
(1,0) = (By(), 721 ) (Braco (s 0 0
= (By(®) - 4, 75,000 (M) Bra)(9)) - Ty, (1))
= (By(®) - Y Tan ) (75 ) (Brate (8))-%«(75)))
= (By(@) -y, Bro(5) - malt)
= (By() -y, Gs(ma(1))).
Therefore

O/(:c,s) (yv t) = (ﬂy(l') Y, &s(ﬂ-x(t») :
This ends the proof. O

Lemma A.6. Let X and S be cycle sets, and let w be an action of X on S. Then
m can be extended to an action of Gr, on Gpy.

Proof. Notice that, in Definition A.3, (i) says that 7, is a cycle morphism on
S for every x € X, and (ii) says that m,,m, = 7,7, for all z,y € X. Thus
Lemma A.2 and the latter imply that the action 7 can be extended to an action
m:Gpy ™S,

Applying Lemma A.2 to G, one has

(s-t)s=(t-s)t for all s,t € S.

Since m,(s), m.(t) € S by Definition A.3 (iii), replacing s and ¢ by 7, (s) and 7, (t),
respectively, in the identity obtained above gives

(m2(8) - e (8)) 72 (8) = (me(t) - mu(8)) e (2) forallz € X,s,t € S.
This implies
(8- O)me(s) = me(t - 8)me(t) forall z € X,s,t €S

as m, is a cycle morphism on S. Therefore, by Lemma A.2, 7 can be extended to
an action 7w : Gr, ™~ Gp,. O

Under the conditions of Lemma A.6, one can form the semidirect product
Gry Xr Gy, where

7 :Gry X Grg = Gry, (x,5) = m(s).

It is also worth mentioning that the identity (4) automatically holds true for the
action 7 of Gr, on Gry obtained in Lemma A.6. In fact, let § = 7, and so it
suffices to show that 7, (b~ a.b) = (l;_la,rz(s)g)ﬂx for all z € X and s € S. But
the restrictions b and l~), respectively, onto X and S are the identity mappings.
Thus this amounts to m,(cv(t)) = o, (s)(72(t)). But this holds true by Remark
A4

Therefore, one obtains a regular affine action p¥ x, p% of G Ry Xz GRry ON
Ap, X Ag, (see subsection 2.2), and so a YBE solution R on G, X, Gry. (see
subsection 2.3). It is natural to write }?|(XX3)2 as Rx X Rg, called the semidirect
product of Rx and Rg by m. Then we obtain the following commutation relation:
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Proposition A.7 (Commutation Relation for SemiDirect Products). Let
X and S be cycle sets, and let ™ be an action of X on S. Then
Rx Xz Rs = Rxx,s-
Proof. Assume that
R((,5), (4,1) = () (¥ 1), By (w,8))  forall 2,y € X, s,t € S.

It follows from subsection 2.2 2° that

Q(a,s) (Y1) = (0 (y), as(ma(1))).
Then an easy calculation yields

Bl ((x,8)) = Gas)(y, 1) (2y, sm,(1))
= (oY)~ ey, Ta, ()1 (Gs(ma(8)) " sa()))
= (By(@), 77 ) (Bra(5)):

Therefore comparing the formula of Rx. g given in Corollary A.5 yields the
desired commutation relation. OJ

For the structure groups Gr,, Grs and Gg, «, ry, We have the following.

Proposition A.8. Keep the above notation. Then there is a group homomor-
phism
IT: GRXMTRS — GRX X GRS-

Proof. By Proposition A.7, Gryw,rs = GRy,. s APplying Lemma A.2 to Gry, g,
we have the following relations

((z,s) - (y, ) (z,8) = ((9,%) - (x,9))(y, 1) forall z,y € X, s,t € S.
From (12), this is equivalent to
(@ -y, Yoy (8, 8)) (2, 8) = (4 - 2, 7.2t 8)) (Y, ).
Let IT: X xS — Gr, X Gry be defined via
(z,s) = (z,s) forall z € X,s € S.
Simple calculations show that
H(IL‘ Y, %c,y(sa t)) H(Ia S) = (I Y, 7T:c~y(8) : 7Ty~m(t)) <x7 8)
= (2 1), (Tay(5) * Ty () Ty (5))
and
Iy - 2, 7y0(t8) Wy, 1) = (Y - 2, 7ya(t) - Tay(3)) (1)
= ((y- 2)y, (Tya(t) - Moy (8)) (1))

Therefore, by Lemma A.2, II can be extended a group homomorphism, still
denoted by II, from Gr,«, ry to Gry Xx GRs. O
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