malsof  Ann. Funct. Anal. 1 (2010), no. 2, 57-63
(p Q/NNALS OF #UNCTIONAL &/ NALYSIS

unctional  JSYN: 2008-8752 (electronic)

nalysis URL: www.emis.de/journals/AFA /

MOMENT PROPERTY OF EXPONENTIAL MONOMIALS ON
STURM-LIOUVILLE HYPERGROUPS

LASZLO VAJDAY

Communicated by L. Székelyhidi

ABSTRACT. In this paper we will characterize the translates of exponential
monomials on an arbitrary Sturm—Liouville hypergroup.

1. INTRODUCTION

In the theory of hypergroups Sturm—Liouville hypergroups play an important role.
This important case of hypergroups is based on the classical Sturm-Liouville
boundary value problem on nonnegative reals. For the definition of Sturm-—
Liouville hypergroups see [1, 2, 3]. If we consider the Sturm—Liouville differential
equation as an eigenvalue problem of a second order differential operator and
we fix the eigenvalue then the eigenfunction of this operator has a multiplicative
property with respect to convolution defined by the hypergroup, this fact can be
proved. Hence we say that the eigenfunctions (or in other words the solution of
the differential equation for different eigenvalues) are exponential functions over
the actual hypergroup. Specifically, exponential functions satisfy Cauchy’s func-
tional equation; briefly, let K = (Rg, A) be a Sturm—Liouville hypergroup, where
A is a positive and continuously differentiable function on positive reals, then the
Sturm—Liouville equation is

A/
07 ®(x, \) + %0@(1, A =Ad(x,\)  ®0,\) =1, ®(0,)\) =0,
x
furthermore, for any y in K let 7, denote a translation operator on the space of
all complex valued functions on K which are integrable with respect to d, ¢, for
any x,y in K. Here §, denotes the Dirac-measure. With this in hand Cauchy’s
equation can be written in the form 7, ®(z,\) = ®(x *x y,\) = @(x, \)D(y, A).
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Actually, we can say that the function ® denotes an exponential family. Using the
exponential family we define exponential monomials on K as functions of the form
x +— P(0s)p(z, A), where P is a complex polynomial, A is a complex number and
0> denotes the partial differential operator with respect to the second variable.
In this sense we can formulate differential equations of exponential monomials.
The class of special exponential monomials has a linear independence property,
this result can be found in [1]. Let N be a nonnegative integer. If we derivate
the Sturm-Liouville equation N-times with respect to its "eigenvalue” we get
the equation of an exponential monomial. For instance, the equation of the N
exponential monomial is

Al(z)
A(z)
With the translation operator moment functions can be introduced. For any
nonnegative integer N the complex valued continuous function ¢ on K is called

a moment function of order N, if there are complex valued continuous functions
pron K for k=0,1,..., N such that ¢y =1, oy = ¢, and

D2ON®(x, \) + 0105 (2, \) = NOY 1 d(2,\) + X 05 ®(x, \).

k
e = nte s ) = 3 ()it

i=0
holds for £ = 0,1,..., N and for all x,y in K. In this case we say that the
functions ¢ (kK =0,1,...,N) form a moment sequence of order N. In the main
result of this paper we will show that the translates of exponential monomials
seem to have the characterization property of moment functions. This means that
there is another close connection between exponential monomials and moment
functions. The idea of the proof is based on the exchangeability of translation
and derivation. We give the description in the following section.

2. TRANSLATES OF EXPONENTIAL MONOMIALS

Let us turn to describe what we get if we consider the equation of the N
monomial and substitute x * y for x. We easily get on one hand the following
equation

!/
0705 ®(z*y, )\)—I—i((j)) 00N ®(zxy, \) = NOY 1 ®(zxy, \)+X 05 ®(zxy, \). (2.1)

On the other hand, if we focus on the multiplicative property of the exponential
function, then we have that equation

A'(z)
A(z)
holds. That is, first we execute the convolution then we start to differentiate

equation (2.2). Tt is easy to see that if we derivate equation (2.2) N-times with
respect to A, we have

07 ®(x * y,\) + HP(xxy,\) =X D(xxy,\) = A0(z, \)P(y, \)  (2.2)

Q20N D(x + y, \) + %alaé\r@(x xy, A) = 05 (A®(z, \)®(y, \)), (2.3)
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where 95 clearly stands for d,\N We introduce the function v : Ry x C — C of
the form v(z,A\) = 1- X = X so in the equation (2.3) the second order partial
derivate can be written in the form

0y (A (x, \)®(y, \)) = 03 [v(z, ) ©(z*y,N\)]. (2.4)
From equation (2.1), (2.3) and (2.4) we get
NOY '@z y, \) + A 02 @2+ y, \) = 0 [v(z, \) ®(z*y,N)].

This makes the connection between exponential monomials and their translates
clear. The following theorem presents the exact form of the N derivatives of
the function (z, ) — v(z, A) ®(x * y, \) with respect to .

Theorem 2.1. Let K = (Ry, A) be a Sturm—Liouville hypergroup, A\ a fized
complex number, N a nonnegative integer, y an arbitrary nonnegtive real number,
® : Ry x C — C an exponential function and v : Ry x C — C a function with the
the property v(x,\) = 1- X = X. Then the second order partial derivatives of the
function v(z, \) ®(z *y,\) can be written in the form

O [v(z,\) @z xy,\)] = A3 ®(z, \)P(y, \)+

n Ni i (x, \) (A (]j) ON=D(y, \) + N (N Z_ 1) 03~ d(y, \).

Proof. In the proof we use induction by N, first we analyze the case N = 1. Here
we get
d
SO By, A) = (A Bz Ny, N)) =

=O(x,\)P(y,\) + A 82 ( )\)(ID(y, )+ )\ <I>(x N0y ®(y, \) =

=\ 0p®(z, \)D(y, 2, A) (A 02 (y, A) + @(y, N)),

which shows the theorem holds for N = 1. Let us suppose that the formula is
true for N, and we will show that it is valid for NV + 1. In the first step of this
case we derivate the equation with respect to \. We get the following:

0y " v(@, A) Oz xy, N)] =
=0y’ P(2, )@ (y, A) + A 0 (2, \)(y, A) + A 95’ D, 1) 92 ®(y, \)+

= N N -1
+ Z 051 (, )\)(A( , )ag“cp(y, A) + N< . >a§“1q>(y, A)+
1 1
=0

N-1

+)0ho(, A)((]Z,V) O D(y, \) + A(N) oD (y, N))+

i=0
N —
+Zaz 2, M) ( ( , )aN Dy, \)).
In the next step we vvlll focus on the index range of the sums
R v(z,A) @(z*y,\)] =
=0y ®(z, \)B(y, \) + A & (2, )@y, A) + A 95 (, \) D (y, \)+

%IQ
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+05'®(2, ) (A NO2D(y, A) + NP (y, \))+

+ X oat () oo + (YT o e, )+
N-1 N §
+ 3 050, \) ( Z, )a;v iB(y, \) + D, \) (MO D(y, A) + NON(y, N))+

=0

piy N\ .y N =1\ v
+) 0h(a, )\)()\( z )a;v—l“cp(y, A) + N( i )a;v—@(y, \).
To changelgllle index range of the first sum we introduce a substitution
o+t [I/(ZE, A) O(z *y, )\)] =
= 03 ®(z, \)D(y, A) + X 03 ' @(2, \)®(y, ) + A 85 @ (z, \) D@ (y, A)+
+05 ®(2, A) (A NO2®(y, A) + N®(y, \))+

+J§agq>(x,x)(A(i]_V1>a§—i+1<b(y,A)+N(N >8N Dy, \))+

N-1
+ Z 05P(z, \) < ; )(%V_l@(y, A)+ D(x, N ()\aéVHCI)(y, A) 4+ NOY d(y, A))+

1=0

= N N -1
+ Z 04 (, A)(/\( ) )a;“'“cb(y, A) + N< . )a;“'@(y, A).
=1
We simplify the expression
0y T v(z, \) Bz *y,N)] =
= N ®(x, \)®(y, \) + X 0D (2, \)®(y, \) + X 0F (, \)Da®(y, \)+

+Z( ) (2, \)OY D (y, )+

+< >8NCI> 2, A) (A NO2®(y, A) + NO(y, \))+

+282 7, [( ]_Vl) + (N)]aN HLQ (y, \) +

]j:a;qm, /\)(N[(]j__ll) + (NZ_ 1)}85‘@(3;, )+

+ (J(;[) D(z,\) (03T @ (y, A) + NOY @(y, \)),
and using the identity for binomial coefficients, we have
oyt [l/(l‘, A) O(xxy, )\)] =
= 0N (x, \)D(y, A) + A 05 @2, \)®(y, \) + A 0y D(, \)0a®(y, A)+
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+Z ( ) (z, NN D (y, \)+

+ @77) 05'@(x, A) (A NOp®(y, A) + NO(y, A))+

—i—Z@Z z, M) ( (N+1>8N oy, \)+

; 032(z,3) (N( ; )%“cb(y, )+

+<]0V)<I>(;c, N (0 D (y, A) + NOY O(y, A)).
All this can be written as
o+t [V(x, A) O(z *y, )\)] =
=\ O (2, \)®(y, \)+

+Z( ) (2, NN "D (y, \)+
+NZ( ) (2, \)OY 1D (y, \)+

N+1
+Z§Z z,\)( ( T )8N oy, ).
It is easy to see that the previous and the following equations are equal to
0y Tz, A) Bz xy,\)] =

= X YD, Ny, N+
N

+(N+1)) @7) L (2, \)OY ' D(y, \)+

=0
+Zal 2, )( (N“)aN H(y, \).

This final step completes the proof of the expected formula
I uv(z, N) @(zxy, A)] =X 03 @2, \)D(y, \)+

+Zaz 2\ ( (N“)aN Oy, \) + (N +1) G)aév‘i@(ya N)s

which means that the statement holds and the theorem is true. O

Remark 2.2. The proof above shows a strong analogy with that of the classical
binomial theorem.
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3. MAIN RESULT

The following theorem is the main result of this paper and we will show that
the translates of exponential monomials can be written in a compact form. The
previous theorem will be utilized to prove the statement.

Theorem 3.1. Let K = (Ry, A) be a Sturm—Liouwville hypergroup, A\ a complex
number, N a nonnegative integer and the function x — O0Y ®(z,\) is a special
exponential monomial. Then

N

7y 05 B, N) =) (]j ) D (2, )N 1D(y, \)

i=0
for any y in Ry.

Proof. The proof is based on induction by N. In the first step, if N = 1 on one
hand we get that

B0, (% y, N) + p(2)0102D(x  y, A) = B(x % y, A) + AP (2 * y, \)
and on the other hand the following is valid
070, ®(x %y, \) + p(2)0100®(z %y, \) =
=0z, \)P(y, A) + AP (2, \)P(y, \) + AD(x, )P (y, N).
Since the left hand side of these equations are equal we have
O(xxy,\) + A0eP(xxy,\) =
O (2, )Py, ) + AP (2, \)P(y, A) + AD(x, \) 0P (y, \)

and if we use the multiplicative property of exponential functions and simplify
the equation we get

T,0P(x, ) = 02® (2, \)D(y, \) + ©(z, \)2P(y, N).

It means that the statement holds for the case of N = 1. Now we can suppose

that
N-1

N -1\ .. .
n o e = 3 (Vo na o)
i
i=0

holds. In the final step of proof we use the characterization equation of exponen-
tial monomials and the previous statement. Let us consider the characterization
equation which is the following

D2OND(x x y, \) + p(2)010Y ®(z %y, \) = NOY & (z %y, \) + NV D (2 * y, \)
and according to the previous theorem
0705’ (% y, A) + p(2) 0105 ®(w % y, \) = A0y @ (2, \)D(y, \)+

+ Nzl 93D (w, \) (A (]:]) O Dy, \) + N (N n 1> 0y 0y, A))

This is similar than the previous, specifically from the equality of left hand sides
of the previous two equations we get

NOY ' d(z *y, \) + N0 Pz + y, \) =
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= AN D (2, \)D(y, \) + ZA( > (2, \)OY ~'®(y, \)+

N-1
+ N
=0

) (2, )oY 1d(y, \) =

(
= 3 ( ) (2, NV =D (y, \)+
+leV ( ) 2, )OI 1D(y, \).

At this point using the assumptlon and simplifying the equation we can see that
Y (N
o et ) = 3 )osate oy
1
i=0
holds, which means that our statement follows. Il
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