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Communicated by S. R. Garcia

ABSTRACT. In this paper we study truncated moment problems for .J-self-
adjoint, J-skew-self-adjoint and J-unitary operators. Conditions of the solv-
ability are given. Some canonical solutions of the moment problems are con-
structed. As a by-product, some extension results for J-skew-symmetric and
J-isometric operators are obtained.

1. INTRODUCTION AND PRELIMINARIES

During the past decade an increasing interest was devoted to the investigations
of operators related to a conjugation in a Hilbert space, see, e.g. [3], [4], [12], [¢]
and references therein. A conjugation J in a Hilbert space H is an antilinear
operator on H such that J?z =z, x € H, and

(Jz, JY)g = (y, x)m, x,y € H.
The conjugation J generates the following bilinear form:
[z, 9]y = (z, Jy)u, x,y € H.
A linear operator A in H is said to be J-symmetric (J-skew-symmetric) if
[Az,y|; = [z, Ayl,, z,y € D(A),

or, respectively,
[Axvy]J:_[vay]Jv .Z’7yED(A>
A linear operator A in H is said to be J-isometric if

[Az, Ay]; = [z, 9], x,y € D(A).
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A linear operator A in H is called J-self-adjoint (.J-skew-self-adjoint, or J-unitary)
if

A= JA"
or
A=—JA"J,
or
AL = gA* T,

respectively. In this paper we shall study the following three problems:

e Problem A. Given a finite set of complex numbers {s,,,}¢ .o, d € N.
Find a J-self-adjoint operator A in a Hilbert space H, and an element
xo € H, such that

[A"xo, A" 0|7 = Snm, n,m=0,1,---.d. (1.1)

e Problem B. Given a finite set of complex numbers {s,n}? .o, d € N.
Find a J-skew-self-adjoint operator A in a Hilbert space H, and an element
xo € H, such that relation (1.1) holds.

e Problem C. Given a finite set of complex numbers {s,,}2 .o, d € N.
Find a J-unitary operator A in a Hilbert space H, and an element xq € H,
such that relation (1.1) holds.

The problem A / B / C is said to be the truncated moment problem for
J-self-adjoint / J-skew-self-adjoint / J-unitary operators, respectively.
These moment problems are analogs of the well-known truncated Hamburger
and trigonometric moment problems, which are usually formulated in terms of
prescribed integrals of powers with respect to an unknown positive Borel measure,
see, e.g. [1], [2], [I 1] and references therein. However, the operator statements for
such problems, close to our definitions of problems A-C, are also known, see [5,
pp. 411,413].

A solution of the moment problem A / B / C is said to be canonical if
Lin{A"z¢}¢_, = H. A solution of the moment problem A / B / C is said
to be almost canonical if Lin{A"zy, JA"z¢}¢_, = H. Our aim is to present
conditions of the solvability for the problems A, B, C and to describe some of their
canonical solutions. As a by-product, we shall obtain some extension results for
J-skew-symmetric and J-isometric operators. It should be said that under some
conditions a description of J-skew-self-adjoint extensions of a J-skew-symmetric
operator was presented earlier, see [9] and references therein. A description of
J-unitary extensions of a J-isometric operator, under some conditions which are
different from our assumptions in this paper, was given in [7, Lemma 6].

Notations. As usual, we denote by R,C,N,Z,Z. , the sets of real numbers,
complex numbers, positive integers, integers and non-negative integers, respec-
tively. Let m,n € N. The set of all complex matrices of size (m X n) we denote
by Cxn. The set of all complex non-negative Hermitian matrices of size (n x n)
we denote by C,,,. If M € Cp,yp, then M7 denotes the transpose of M, and M*
denotes the complex conjugate of M. The identity matrix from C,,, we denote
by I,,. By Ker M we denote the kernel of M, i.e. all x € C,,; such that Mx = 0.
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By CV we denote the finite-dimensional Hilbert space of complex column vec-
tors of size N with the usual scalar product (¥, ¢)cy = Z;.V:_Ol z;y;, for Z,y € CV,
T = (vo, 1, anv1)", 7= (o, y1s - yv—1)", 25,9, € C; N € N

If H is a Hilbert space then (-,-)y and || - ||z mean the scalar product and
the norm in H, respectively. Indices may be omitted in obvious cases. For a
linear operator A in H, we denote by D(A) its domain, by R(A) its range, and
A* means the adjoint operator if it exists. If A is invertible then A~! means its
inverse. A means the closure of the operator, if the operator is closable. If A
is bounded then ||A| denotes its norm. For a set M C H we denote by M the
closure of M in the norm of H. For an arbitrary set of elements {x,},esr in H,
we denote by Lin{z,},cs the set of all linear combinations of elements z,,, and
span{x, }ner = Lin{x,},e;. Here I is an arbitrary set of indices. By Epy we
denote the identity operator in H,i.e. Egx = x, v € H. In obvious cases we may
omit the index H. If H; is a subspace of H, then Py, = Pgl is an operator of the
orthogonal projection on Hy in H. By [H;, Hy] we denote a set of all bounded
linear operators, which map a Hilbert space H; into a Hilbert space Hs.

2. A HILBERT SPACE GENERATED BY A COMPLEX SYMMETRIC MATRIX.

We shall need the following theorem.

Theorem 2.1. Let {s,m}e,,_o be a finite set of complex numbers, d € N. There
exist a Hilbert space H, a conjugation J in H, and elements {x,}4_, in H, such
that

[mnaxm]J = Sn,m> n)mzoa]-u"' 7d7

if and only if the matrix (Sn,m)flz,mzo is complex symmetric.

If the last conditions are satisfied, the Hilbert space H may be chosen with
dimH =d+ 1.

Proof. The necessity follows directly from the property of the J-form: [x,y]; =

[y7 l’} J-

Let us check the necessity. Suppose that the matrix T' := (Sp,m) ,,— is complex
symmetric. By a corollary from Takagi’s factorization [6, Corollary 4.4.6], there
exists a matrix A = (an,j),‘ijzo € C(a+1)x(a+1) such that

I = AAT.

Set H = C¥ €, = (0n.0,Onty- -5 0<n<d, and

nd) s

d d

Z 5:2 ay, € C.
k=0

k=0

Elements {z,}¢_, we define in the following way:

xn:Zaweﬁj, 0<j5<d.
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Then
d d
[CL’n, xm]J = (l‘n, Jxm)H = E a'n,ja'm,kéj,k = E Qp,jQm,5 = Snm,
J:k=0 Jj=0
for 0 < n,m <d. O

Let I' = (8n7m>g,m:0 be a complex symmetric matrix. According to the proof
of the last theorem, we see that the Gram matrix G = ((@n, Zm)g)% ep of the
constructed sequence {x, }¢_, is equal to

G = AA".

If detT' # 0, then det A # 0, det G # 0, and {z,}¢_, form a linear basis in
C?*!. In this case we have:

Lin{z,}¢_, = H. (2.1)
Conversely, if relation (2.1) holds then det G # 0 and therefore det I' # 0.

Notice that the matrix A can be constructed explicitly, since Takagi’s factor-
ization can be computed, see [0, p.205].

Suppose that detT" # 0. If Ag € Cyy1y, [ > d+ 1, is such that AgAZ =T, then

AoAL = AAT,
and therefore
AT AGAS (AHT = 14
Thus C := A~'A, € Cit1, 1s such that CCT = I;,,. Consequently,
Ao = AC, (2.2)

where C' € Cyy14, 1 > d+ 1, is such that CCT = I,,;. Conversely, any matrix of
the form (2.2) satisfy the condition: AgAl =T.

3. NECESSARY CONDITIONS FOR THE SOLVABILITY OF MOMENT PROBLEMS
A, B, C.

Let one of the the moment problems A,B,C be given with a set {s,.m}% ,—o;
d € N. Suppose that the moment problem has a solution: a J-self-adjoint (J-
skew-self-adjoint, or a J-unitary) operator A in a Hilbert space H, and an element
xo € H, such that relation (1.1) holds. Set

T, = A'xg, 0<n<d.
Then
[Ty Tmls = Snm, n,m=0,1,--- d. (3.1)
Set
.= (Sn,m)i,m:m Hy := Lin{x,}?Z}, H := Lin{z,, Jo,}’_,,J = J|u.

n=0>

Observe that J is a conjugation in a Hilbert space H. By (3.1) and the property of
the J-form [z,y]; = [y, x]; we conclude that the matrix I' is complex symmetric.
Consider the following operator Ay in H with the domain D(A) = Hy:

Agh = Ah,  h € H,.
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Observe that

d—1 d—1
A g Ty = E Ty, a, € C.

Of course, the operator Ay is J-symmetric (respectively J-skew-symmetric, or
J-isometric).
The operator Ay is well-defined (as a restriction of A). Consequently, the equality

Zanxn =0, a, € C, (3.2)
implies
d—1
>z = 0. (3.3)
=0

Firstly, suppose that H # {0}. Let {f;}/_5, 0 < p < 2d+1, be an orthonormal

basis in H such that Jf; = f;, 0 < j < p. Set
Qn,j = (.Z'n, f])a A= (an ])O<n<d 0<j<p-

e, V) >

Let Ay (A2) be a matrix which consists of the first (respectively last) d rows of
the matrix A. Observe that (3.2) is equivalent to the following condition:

d—1 d—1
0= <Z Ty, fj> = Zoznaw-, 0<j<p, (3.4)
n=0 n=0

or, briefly
(Oéo, iy ,Oéd_l)Al = 0. (35)
On the other hand, condition (3.3) is equivalent to the following condition:

d—1 d—1
= (Z ApTp+1, f]) = Z AnQn41,5, 0 S j S P, (36)
n=0 n=0

or, briefly
(a0, 1, ag-1)Ag = 0. (3.7)
Thus, we get
Ker AT C Ker AJ. (3.8)
Moreover, we may write:
Snom = |Tn, Tm)s = (Tn, Jm) = Z i, k0j
j,k=0

p
= Z U, i, j 0<n,m<d.

Consequently, we obtain that
I = AAT. (3.9)
In the case H = {0} we get z,, = 0, 0 < n < d, and therefore all s,, ,,, are zeros.
Then I' = 0 and we may choose A =T, so that relations (3.8) and (3.9) holds.
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Observe that
[onna xm].] = [xn—f—la xm]J = Sn+1,m» [xnvAOSEm]J = Sn,m+1,

[onna AOxm]J = Spn+1,m+1, [xna xm]J = Sn,m; 0 < n,m < d—1.
In the case of the moment problem A / B / C, we conclude that

Sntlm = Snm+1s 0<n,m<d-1; (3.10)
or

Sp+lm = —Snm+1 0<nm<d-1, (3.11)
or

Snt1,m+1 = Snms 0<nm<d-1, (3.12)
respectively.

From the preceding considerations we obtain the following result.

Theorem 3.1. Let one of the moment problems A,B,C be given with a set
{Snm e meo: d € N. If the moment problem A (B or C) has a solution, then the
matric U = (Spm)f e is complex symmetric, relation (3.10) holds (respectively
relation (3.11) holds, or relation (3.12) holds), and there ezists a representation
of the matriz T of the form T' = AAT, where A € Cap1p41, 0 < p < 2d + 1,
such that Ker AT C Ker AT. Here Ay (A3) is a matriz which consists of the first
(respectively last) d rows of the matriz A.

4. SUFFICIENT CONDITIONS FOR THE SOLVABILITY OF MOMENT PROBLEMS
A, B, C.

Let one of the moment problems A, B, C be given with a set {s, . }% ,_o, d € N.
Suppose that the matrix I' := (s,,)% ,,_o is complex symmetric, relation (3.10)
holds (respectively relation (3.11) holds, or relation (3.12) holds), and there exists
a representation of the matrix I' of the form

I = AAT, (4.1)

where A € Cyi1 11, 0 < p < 2d + 1, such that Ker AT C Ker AT. Here A; (A)
is a matrix which consists of the first (respectively last) d rows of the matrix A.
Let A = (an,j)o<n<d, 0<j<ps @nj € C.

Set H = CP* €, = (0.0, 0n1y---50np) ", 0 <n < p, and

p

p
J E ak(?k = a_kék, oy € C.
k=0 k=0

Then J is a conjugation in H. Elements {z,}¢_, we define in the following way:
P
xn:Zan,jgj, 0<n<d.
j=0
Then

p p
[xnaxm]J = (-rna J[L'm)H = E an,j@m,k5j,k = E Qp,jQm,j = Snm,
7=0

7,k=0
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0<n,m<d. (4.2)
Define the following operator:
d—1 d—1
A Z I — Z QU Tnit, o, € C, (4.3)
n=0 n—0

with the domain D(Ag) = Lin{z, }%Z5. Let us check that it is well-defined. The
latter fact means that relation (3.2) implies (3.3). Suppose that (3.2) holds. Then
relations (3.4) and (3.5) hold, with f; = €;. By our assumptions we conclude that
relations (3.7) and (3.6) hold, with f; = €. Then relation (3.3) holds. Thus, A,
is well-defined.

Choose arbitrary h = Zi;é Ty, § = Z?;é Bixj, o, B; € C, from D(Ay).
Then

d—1 d—1
[Aoh, gls = Y awBjlwren, 23l = > awBisisry,
2

kaZO 7-7:0
i1 -1

[h, Aogls = Z axBjln, xjals = Z 3 Sk,j+1-
k=0 k.j=0

In the case of the moment problem A (B) by relation (3.10) (respectively by rela-
tion (3.11)) we conclude that A is J-symmetric (respectively J-skew-symmetric).
In the case of the moment problem C, by a similar argument we obtain that Ay
is J-isometric.

Theorem 4.1. Let one of the moment problems A, B, C be given with a set
{Snm}e meo, d € N. Suppose that the matric T := (Spm)f o is complex sym-
metric, relation (3.10) holds (respectively relation (3.11) holds, or relation (3.12)
holds), and there exists a representation of the matriz T' of the form T' = AAT,
where A € Cai1p11, 0 < p < 2d+1, such that Ker AT C Ker A]. Here Ay (M) is
a matriz which consists of the first (respectively last) d rows of the matriz A. Sup-
pose that for the corresponding J-symmetric (respectively J-skew-symmetric, or
J-isometric) operator Ag from (4.3) there exists a J-self-adjoint (respectively J-
skew-self-adjoint, or J-unitary) extension in a possibly larger Hilbert space (with
an extension of J). Then the moment problem has a solution.

Proof. Let A D Ay be a J-self-adjoint (J-skew-self-adjoint, or J-unitary) exten-
sion of the J-symmetric (respectively J-skew-symmetric, or J-isometric) operator
Ay from (4.3). By the induction argument we conclude that

A"zy = xy, 0<n<d. (4.4)
By (4.2) and (4.4) we obtain that relation (1.1) holds. O

Thus, similar to the case of classical moment problems, we arrive to a problem
of an extension of the corresponding operator.

In the case det ' # 0, the above sufficient conditions of the solvability may be
simplified.
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Corollary 4.2. Let one of the moment problems A, B, C be given with a set
{Snm}e meo, d € N. Suppose that the matric T := (Spm)? o is complex sym-
metric, relation (3.10) holds (respectively relation (3.11) holds, or relation (3.12)
holds), and detT" # 0. Suppose that for the corresponding J-symmetric (respec-
tively J-skew-symmetric, or J-isometric) operator Ay from (4.3) (acting in C?,
p =d+ 1, with A in (4.1), provided by the corollary from Takagi’s factoriza-
tion) there exists a J-self-adjoint (respectively J-skew-self-adjoint, or J-unitary)
extension in a possibly larger Hilbert space (with an extension of J). Then the
moment problem has a solution.

Proof. By the above-mentioned corollary from Takagi’s factorization ([6, Corol-
lary 4.4.6]), there exists a matrix A € C(g41)x(a+1) such that

I = AAT.

It is clear that det A # 0. Then Ker AT C Ker AT, where A; (Ay) is a matrix
which consists of the first (respectively last) d rows of the matrix A. In fact, if

(ap, 01, ,g—1)A1 = 0, a; € C, then (ap, o, -+, aq-1,0)A = 0. Therefore all
Qu; are zeros.
It remains to apply Theorem 4.1 to complete the proof. O

Let H,, H, be some Hilbert spaces. An operator .J, which maps H; into Hs is
said to be anti-isometric, if ([10])

(J.Z’, Jy)H2 - (yax)HU x,y € Hl-

An operator A € [Hy, Hy| is said to be J-self-adjoint (J-skew-self-adjoint) if
B = JB*J (respectively B = —JB*J).

Theorem 4.3. ([10, Theorem 1)) Let B be a bounded closed J-symmetric operator
in a Hilbert space H, with the domain Hy := D(B) and Hy := H © D(B) # {0}.
Let B* be the adjoint to B, viewed as an operator from [Hy, H|. The following
formula:

B =BP}l +(JB*J+S)P}, (4.5)
establishes a one-to-one correspondence between a set of all bounded J-self-adjoint

extensions on the whole H of B, and a set of all J-self-adjoint operators S €
[Hy, JHs)|.

The following analog of Theorem 4.3 holds.

Theorem 4.4. Let B be a bounded closed J-skew-symmetric operator in a Hilbert
space H, with the domain Hy := D(B) and Hy := H © D(B) # {0}. Let B* be
the adjoint to B, viewed as an operator from [Hy, H|. The following formula:

B=BPl +(-JB*J+S)Pi (4.6)

establishes a one-to-one correspondence between a set of all bounded J-skew-self-
adjoint extensions on the whole H of B, and a set of all J-skew-self-adjoint
operators S € [Hay, JHy|.
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Proof. The proof is similar to the proof of the Theorem 4.3, given in [10]. Since
B is J-skew symmetric, it follows that

P}, B C —JB*J, (4.7)

where B* is understood for B, which is viewed as an operator from [H;, H]. The
following property holds:

PHJ = JPE, (4.8)
where F' is an arbitrary subspace of H. Observe that

B*=B*— PHJBP}J+S*PH, . (4.9)

By (4.9),(4.7) and (4.8) we obtain that JB*J = —B.
On the other hand, let B be an arbitrary bounded J-skew-self-adjoint exten-
sion of B on the whole H. Let By be the operator B from (4.6) with S = 0.

Since (]§ - EO)Hl = {0}, then R <(§ — EO)*> C Hy. We have R (é - §0> =
R (J(E - EO)*J> C JHy. Weset § = (E - §0> |m, € [Ha, JHs]. Observe that
S is J-skew-self-adjoint, and B = §0 + SP{{Q has the required form. O

Notice that S = 0 is J-self-adjoint and J-skew-self-adjoint. Therefore, by The-
orems 3.1, 4.1, 4.3, 4.4 and Corollary 4.2 we obtain the following two theorems.

Theorem 4.5. Let the moment problem A (B) be given with a set {snm}e . .
d € N. The moment problem A (B) has a solution if and only if the matriz
L= (Spm)% g is complex symmetric, relation (3.10) (respectively (3.11)) holds,
and there exists a representation of the matriz I' of the form T' = AAT, where
A € Cirrp1, 0 < p < 2d+1, such that Ker AT C Ker AJ. Here Ay (Ay) is a
matriz which consists of the first (respectively last) d rows of the matriz A.

Theorem 4.6. Let the moment problem A (B) be given with a set {snm}e . .
d € N. Suppose that the matriz I' := (Sn,m)i,mzo is complex symmetric, rela-
tion (3.10) (respectively (3.11)) holds, and detI" # 0. Then the moment problem
has a solution.

Moreover, if conditions of Theorem 4.6 are satisfied, then canonical solutions
in a Hilbert space H, constructed as in Corollary 4.2, can be obtained by for-
mula (4.5).

On the other hand, suppose that we only know that conditions of Theorem 4.5
are satisfied. In this case, we may proceed as at the beginning of Section 3 and
construct a J-symmetric (J-skew-symmetric) operator Ay in a finite-dimensional
Hilbert space H. By Theorem 4.3 (Theorem 4.4) extending (if necessary) this
operator to a J-self-adjoint (respectively J-skew-self-adjoint) operator in H, we
obtain an almost canonical solution of the moment problem A (respectively B).
Thus, if the moment problem A (B) is solvable, then it always has an almost
canonical solution.
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5. EXTENSIONS OF J-ISOMETRIC OPERATORS. APPLICATIONS TO THE
MOMENT PROBLEM C.

Let V be a bounded closed J-isometric operator in a Hilbert space H, with
the domain Hy := D(V) and H, := H o D(V) # {0}. Let W 2 V be a bounded
operator, defined on the whole H. Choose arbitrary h,g € H, h = hy + hq,
g=go+a1,9;,h; € Hj, 7 =1,2. We may write:

(Wh,Wgl; =[Who+ Why,Wgo+ Wagi]s
= [ho, gols + [Vho, Wai]s + [Why, Vgols + [Whi, Wai] s;

[h, gls = [ho + hay go + g1]5 = [ho, gols + [ho, 1]s + [ha, gol s + [, 91l
Thus, W is J-isometric if and only if

Vho, Wai) s+ [Whi,Vgols + Whi, Wa1ls = [ho, 1]y + [h1, o)y + [R1, 1]

In the case hy = 0, we get

[Vho, Wai]s = [ho, 917, ho € Ho, g1 € Hy. (5.1)
In the case g; = 0, we get
[(Whi,Vgols = [h1, 0], hi € Hi, go € Ho. (5.2)
Therefore
(Why,Wails = [h1, 1], , hi, g1 € H;.

It is clear that conditions (5.1) and (5.2) are equivalent. Consequently, the opera-
tor W is J-isometric iff relation (5.1) holds and the operator W |y, is J-isometric.

Assume that V' has a bounded inverse. Denote by (V~1)* the adjoint to V1
viewed as an operator from [R(V'), Hy|. Rewrite condition (5.1) in the following
form:

(Vh07 Jng) - (v_IVh()u P]I—i)ng> - (Vh07 (V_1>*PII{£)J91>,
where hg € Hy, g1 € H;. Then
(Vho, JIWgy — (V_l)*P}I;;ng) =0, ho € Ho, g1 € Hy;
and therefore Wy, — J(V-1)*Pfl Jg € HE JR(V), Yg; € Hy. Then
Pl Wla, = J(V ) Pl I,
From our considerations we obtain the following theorem.

Theorem 5.1. Let V' be a bounded closed J-isometric operator in a Hilbert space
H, with the domain Hy := D(V) and H, := H © D(V) # {0}. Let V have
a bounded inverse. The operator V can be extended to a bounded J-isometric
operator, defined on the whole H, if and only if there exists a bounded J-isometric
operator Wy in H, with the domain Hy, such that

PlaanyWr = J(V ) Pl I, (5.3)

Here by (V—1)* the adjoint to V', viewed as an operator from [R(V'), Hyl, is
understood. If such an operator Wy exists then the following formula:

W(ho + hl) =Vho+ Wlhl, hg € Hy, hy € Hq, (54)
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establishes a one-to-one correspondence between a set of bounded J-isometric ex-
tensions W 2V, D(W) = H, and a set of all bounded J-isometric operators Wy
in H, with the domain Hy, such that relation (5.3) holds.

In general, it is not easy to construct an operator W; with the properties,
described in Theorem 5.1. However, in the case of a finite-dimensional H and
dim H, = 1, a full explicit answer on a question of the possibility of the extension
can be given.

Theorem 5.2. Let V' be an invertible J-isometric operator in a finite-dimensional
Hilbert space H, with the domain Hy := D(V) and Hy := H © D(V) # {0},
dim H, = 1. Let u be a non-zero element in Hy, and v be a non-zero element in
H o JR(V). The operator V' can be extended to a J-isometric operator, defined
on the whole H, if and only if there exists a solution of the following quadratic
equation with respect to an unknown \ € C:

[v, 0] A% + 2 (v, (V_l)*PgOJu)H A

+ (VY PH Ju, (V-1 PHEJu] | — [u,u); = 0. (5.5)

Here by (V™Y* the adjoint to V=1, viewed as an operator from [R(V), Hy|, is
understood. If equation (5.5) is solvable then the following formula:

W (ho + Bu) = Vho + BAv+ BJ (V) Pil Ju, ho € Hy, B3 €C, (5.6)

establishes a one-to-one correspondence between a set of solutions A\ of equa-
tion (5.5) and a set of all J-isometric operators W 2 V., D(W) = H. All
such operators W are J-unitary operators.

Remark 5.3. Tt is clear that equation (5.5) has no solutions if and only if
[v,v]; =0, (v, (V_l)*PIiJu)H =0,

and

[(V*l)*PI%Ju, (V*l)*PgOJuL # [u, ul;.
However, we do not know, whether such a case can ever happen.

Proof. (Theorem 5.2.)

By Theorem 5.1, the given operator V' can be extended to a J-isometric opera-
tor, defined on the whole H, if and only if there exists a J-isometric operator W;
in H, with the domain H;, such that relation (5.3) holds. Let u be a non-zero
element in Hy, and v be a non-zero element in H & JR(V). An arbitrary linear
operator Wy in H, with the domain H;, such that relation (5.3) holds, has the
following form:

Wi (Bu) = Brv+ BJ(V )Pl Ju,  BeC, (5.7)

where A € C. On the other hand, an operator W; of the form (5.7) with an
arbitrary complex parameter A is a linear operator in H, with the domain Hj,
such that relation (5.3) holds.

It is easy to check that an operator W of the form (5.7) is J-isometric if and
only if relation (5.5) holds. The statement about the correspondence (5.6) follows
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from the formulas (5.4) and (5.7). Let us check the last statement of the theorem.
An arbitrary J-isometric operator W 2 V., D(W) = H, is invertible [12, p. 18].
Moreover, we have W~ C JW*J. Since H is finite-dimensional, then WH = H.
Therefore W= = JW*J. O

Example 5.4. (J-isometric operator which has no J-unitary extensions) Let

H:CZ,€02(3>,€1:(?>,and

J(C)ééb*kﬁéi) :651 +B€0, 04,56 C.
Observe that J is a conjugation in H. Consider the following operator V:
Vaey =0, a e C,

with the domain D(V') = Lin{éy}. The operator V is J-isometric. Since it is not
invertible, it has no J-unitary extensions.

Example 5.5. (J-isometric operator which has a unique J-unitary extension in-
side the original Hilbert space) Let H, €, €1, and J be the same as in Example 5.4.
Consider the following operator V:

VO(éb = Oééb, o€ (C,
with the domain D(V') = Lin{é,} =: Hy. The operator V is J-isometric. Observe
that H & JR(V) = Hy. Set u = é), v = €. Then [u,u]; = [v,v]; =0, and
(VY Pl Ju = é.
Equation (5.5) takes the following form: 2\ = 0. Therefore W = Ep is the
unique J-unitary extension inside H.

Example 5.6. (J-isometric operator which has exactly two J-unitary extensions
inside the original Hilbert space) Let H, &, €] be the same as in Example 5.4.
Set
J(Oéébﬁ‘ﬁéi) :650 +B€1, a,ﬂe C.
Consider the following operator V:
Vaey = aey, aeC,
with the domain D(V') = Lin{éy} =: Hy. The operator V' is J-isometric. Observe
that H © JR(V) = Lin{é,} =: H;. Set u = v = &. Then [u,u]; = [v,v];, = 1,
and
(V) Ph Ju = 0.
Equation (5.5) takes the following form: A?> — 1 = 0. Therefore we have two
possible J-unitary extensions of V' inside H.

We can apply Theorem 5.2 to obtain some sufficient results for the solvability
of the moment problem C.

Theorem 5.7. Let the moment problem C be given with a set {Sn,m}i,m:m
d € N. Suppose that the matriz I' := (Sn,m)i,mzo is complex symmetric, rela-

tion (3.12) holds, and detT" # 0. Consider the corresponding J-isometric operator
Ay from (4.3) (acting in CP, p = d+ 1, with A in (4.1), provided by the corollary
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from Takagi’s factorization). Let u be a non-zero element in H & D(Ay), and v
be a non-zero element in HS JR(Ag); Hy := D(Ay). Suppose that equation (5.5)
with respect to an unknown N\ € C, where V.= Aqy, has a solution. Then the
moment problem has a solution.

Proof. Observe that det A # 0. The Gram matrix G = ((Zp, Zm)u)% -0 1 equal
to AA*. Then detG # 0, and {z,}2, are linearly independent. Thus, we
have dim(H © D(Ap)) = 1, and Ay is invertible. Applying Corollary 4.2 and
Theorem 5.2 we complete the proof. O
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