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ABSTRACT. It is shown that some immediate consequences of the spectral the-
orem provide refinements and extensions of the several well-known inequalities
involving eigenvalues and traces of Hermitian matrices. We obtain bounds for

the spread and condition number of a Hermitian matrix.

1. INTRODUCTION

Let M(n) denotes the algebra of all n x n complex matrices. Let A = (a;;)
be any Hermitian element of M(n) with eigenvalues \; such that A\, = Ay <
Ay < -+ < Ay = Amax- The bounds on eigenvalues in terms of the functions of
entries of the given matrix are of great practical importance and have been studied
extensively in literature, see [16, 18]. The inequalities involving eigenvalues of a
matrix A and traces of A~!, A and A? are of special interest. It is well-known

that
trA

)\min < —< )\max> (11)

n
where trA denotes the trace of A. The inequality (1.1) is in fact the inequality
for numbers, trA = Y | A;. It is useful as trace of A can be calculated easily,

trA = 2?21 Q-
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If A is a positive definite matrix, then

(Amin + )\max ) 2
4)\min)\max

The inequality (1.2) is the Kantorovich inequality [9] for positive numbers, trA~! =

n? < trAtrA=! < n? (1.2)

S A . For a brief history and motivation of the inequality (1.2), see [14]. Sim-

ilarly, the Krasnoselskii and Krein inequality [10] for positive numbers gives

2 : 2
1 < trA < 1 (Amin + Amax) . (1.3)
n = (trA) n 4AAminAmax

Further, the spread of A is defined as

spd (A) = max A — A

The idea of spread was proposed by Mirsky [12] and says that the distance be-
tween any two eigenvalues is at most equal to the spread. Beginning with Mirsky
[12] several authors have obtained bounds for the spread of a matrix; see [1, 4-8,
11-13, 17-18]. A lower bound for the spread in terms of traces of A and A? is

spd (A) > 2\/“2 _ (ﬁ)z. (1.4)

n n

See [3, 18]. The inequality (1.4) is an immediate consequence of an upper bound
for the variance of n real numbers due to Popoviciu [15].

For a positive definite matrix A, the ratio of the largest to the smallest eigen-
value is called the condition number of A. Wolkowicz and Styan [18] have shown

that
Amax 2s

(1.5)

where s* = L1trA? — (%)2.

All the above inequalities are essentially the inequalities for real numbers. We
here show that some immediate consequences of the spectral theorem give some
further extensions of the above inequalities for matrices. The spectral theorem

says that for every normal matrix A € M(n) there exists a unitary matrix U €
M(n) such that U*AU =diag(\i, Ag, -+, \) = D. So,

A=UDU" =) AP, (1.6)
=1

¥, w; is the i column of U. Then, P? = P, = P/, P.P; = 0

where P, = w;u, f
for i # jand Y | P, = I. Let f be a real function define on an interval
containing the eigenvalues of A. We define f(D) =diag(f(A\1), f(X2), -+, f(An)),

and f(A) =Uf(D)U*. See [2].
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We first prove some basic results for the projections and Hermitian matrices,
and use these results in the proofs of the subsequent theorems, (Lemma 2.1-2.5,
below). An improvement of the inequality (1.1) is obtained, (Theorem 2.6). Re-
finements and extensions of the inequalities (1.2) and (1.3) are given, (Theorem
2.7-2.8). Lower bounds for the spread are derived for Hermitian matrices, (The-
orem 2.9). We prove a lower bound for the condition number, (Theorem 2.10).
It is shown that similar arguments give bounds for the extreme eigenvalues and
provide a refinement of the Hadamard inequality for positive definite matrices,
(Theorem 2.11-2.12, Remark 2.13). A bound for the eigenvalue of arbitrary ma-
trix is obtained, (Theorem 2.15). We compare our bounds with those given in
literature, (Example 1-2).

2. MAIN RESULTS

Lemma 2.1. Let A € M(n) be a Hermitian matriz. If A2 < A | then

- 1

> ayl* < 7 (2.1)
j=1

i#j

foralli=1,2,--- n. If A2 = A, then
ZCLUZO.
2

Proof. The diagonal entries of A? are > i1 laij|*, i =1,2,--- ,n. Since A% < A,
2;21 ‘aij’2 < a;. Therefore,

Z |aij|2 S (077 (1 — aii) . (22)
j=1
i
The inequality (2.1) follows from (2.2) and the fact that the inequality = (1 — z) <
;11 holds for every real number x. Further, if A2 = A,

n n 2 n n n n
OSZ Zaik :Zbii+2ReZbij:Zbij:Zaija
i=1 0] Y

i=1 | k=1 i>j
. . .th )
where b;; is the (z,7)" entry of A®. O
Lemma 2.2. Let A; € M(n) be positive semidefinite matrices, i = 1,2,--- ,n.

Let a;,s be the (r, s)th entry of Aj. If Y0 [ aipr =1, 7 =1,2,--- ,n, then

n

Z |ai,7"s| S 1

=1
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Proof. For A; > 0, we have

aZTT+aZSS

|azrs| < \/azfrraz ss < 9
So,

Z |ai,rs| S % <Z Qi rr + ZG@SS) = 1.
i=1 i=1 i=1
O

Lemma 2.3. Let P; € M(n) be orthogonal projections such that > | P, = I.
Let p; s be the (r, s)th entry of P;. Then,

n n 1
iz:;pi,rr = 1; (2) Zpi,rs = 07 Z |pz rs S Zl

’r';s T 75.5

(4)  |pirs] < %for r#s and (5) Z|pi,rs| <1
s
Proof. The diagonal and non-diagonal entries of >"" | P; are respectively > " | p;
and Y pirs. So, (1) and (2) follow immediately from > " P, = I. The in-
equalities (3) and (5) follow respectively from Lemma 2.1 and Lemma 2.2. The
inequality (3) implies (4). O

Lemma 2.4. Let A be a normal matriz. Let by, be the (r,s)™ entry of f(A),
then

Zf ) Pigr and  bys = Zf ) Dirs:

where p; .. are non-negative real numbers such that > . p;,» = 1 and p;,s are

complex numbers such that > " | pirs = 0.

Proof. The eigenvalues of f (A) are f(\;),i =1,2,--- ,n. It follows from (1.6)
that

=2/

Let p; s be the (r, s)th entry of P;. The assertions of the Lemma now follow easily
on using Lemma 2.3. ]

Lemma 2.5. Let A € M(n) be a Hermitian matriz. Then, there is a unitary
matriz U € M(n) such that one of the non-diagonal entry of U*AU is |as|,
where ayg is the (r, )" entry of A.
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Proof. Suppose that U,, = e%USS = ¢3 and Uj; = 1 for j # r,s. Choose
U =diag(Uy1,Usg, -+ , Upnn). A simple calculation shows that the (r, s)th entry of
U*AU is |a,s|. O

Theorem 2.6. For any Hermitian element A of M(n), the inequalities

2 trA 2
)\min + — |ars’ S - S )\max - |a7‘s’ ) (23)
n n n
hold for r # s.

Proof. By Lemma 2.5, it is sufficient to prove the theorem for the case when (7, s)th
entry of A is |a,s|. By Lemma 2.4,

n n
|a'rs| - Z )‘ipi,rs and |a5r| - Z /\ipi,r87
=1 =1

where p; ,s are complex numbers such that Z?:l Dirs = 0, 7 # 5. It is clear from

Lemma 2.3 that |p;,s| < % Since |a,s| = |as,|, therefore |a,s| = > | Aig; where
g;i = % are real numbers such that .7, ¢g; = 0 and |g;| = |Rep;s| < 3.
Let _
G =9 (2.4)
n
It is easily seen that 0 < ¢; < % <land ) ¢ =1 Also,
= 1 & 2 — trA 2
2N T N e e =
The inequality (2.3) follows from (2.5) and the fact that A\nm < > A <
>\max' I:]

Note that the inequalities (2.3) give bounds for the extreme eigenvalues,

Amax > o + 2 la,s] and  App < wd 2 || -
n n n n
We now prove an extension of the Kantorovich inequality (1.2). We denote the
(r,s)" entry of A, A2 and A~! respectively by a,, bys and ¢,s. Also, o = Reays
(or Ima,s), § = Reb,s (or Imb,s) and v = Rec,s (or Ime,;). We prove the follow-
ing theorems for the case when «, 3 and v are respectively the real parts of the
corresponding entries. The arguments are similar for the case when we consider

the imaginary parts of the entries.

Theorem 2.7. For every positive definite matriz A € M(n), we have

2 (>\rnin + )\max)2

2 < (trA £ 2a) (trA™' £27) <
"= ( " a) ( " f}/) =" 4)\min)\max
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Proof. For n positive real numbers z;,2 = 1,2,--- ,n, we have
n n 2
C; (:Emin + xmax)
1< Ci%; — | < : (2.7)
(; ’ Z) (; xz) 4xminxmax

where ¢; are non-negative real numbers such that » ", ¢; = 1, see [9]. As in the
proof of Theorem 2.6, we have

“ C; trA—! 2

)\i n

i=1

where ¢; are given in (2.4). Combine (2.5), (2.7) and (2.8), we immediately get
(2.6). O

Theorem 2.8. Under the conditions of Theorem 2.7, we have

1 trA2+2 1 (Ammin + Amax)”
L AT £28 1 win & ) (2.9)
n (t?”A + 206) n 4)\min)\max
Proof. For n positive real numbers z;,7 = 1,2,--- ,n, we have
n ) 2 ) 2
1< Zf;:l o 7 < (ain + ) ) (2.10)
(Zi:l Cixi) 4-Qz'minwmax
where ¢; are non-negative real numbers such that )., ¢; = 1. We have
= trA% 2
Y= 1 (2.11)
— n n

where ¢; are given in (2.4). Combine (2.5), (2.10) and (2.11), we get (2.9). O

Theorem 2.9. For any Hermitian element A of M(n),

=

p 9 (2.12)

2\ 2
Spd(A)Z2<trA2i2ﬁ_ (trAiQa) ) |

Proof. For n real numbers x;,i = 1,2, -+ n, we have [4]

n n 2 2
Zcix? — (Z cixi> < (M) , (2.13)

i=1 i=1
where ¢; are non-negative real numbers such that """ ¢ = 1. Combine (2.5),

(2.11) and (2.13), we get (2.12). O

We now prove a lower bound for the condition number of a positive definite

matrix.
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Theorem 2.10. For any positive definite matriz A € M(n), we have
2

Amax b b\
> | — 1 — 2.14
/\min - a + + <(I> ’ ( )

where

trA + 2« trA? £+ 20
=——— and b=\ —— —

a= a?.
n n

Proof. The inequality (2.14) follows from the fact that for n positive real numbers

xit=1,2,--+ n, we have [5]

2
Lmax > \/Z?:l cix? - (Z?:1 CiIL‘z‘) n - Zzﬁzl Cz‘l‘? _ (Z?:1 Cixi>2
Tmin Yo G (0 ) ;

where ¢; are non-negative real numbers such that > "  ¢; = 1. O

A simple lower bound for the largest eigenvalue of a positive definite matrix A

18

We prove an extension of this inequality in the following theorem.

Theorem 2.11. For every positive definite matriz A € M(n), we have

trA? £+ 2.3
Amax = T 5 2.15
trA £ 2« ( )
Proof. 1t is evident that for n positive real numbers z;,7 = 1,2,--- ,n, we have
> Ll GO (2.16)

Tmax = 2?21 s )
where 0 < ¢; < 1 and ). ¢ = 1. Combine (2.5), (2.11) and (2.16), we get
(2.15). O

Note that
1< . RS
- Z a;j = Z \iqi where ¢; = - Zpi”"s
i i T8

and p; s is the (r, s)th entry of projection P;. It is clear that > . ¢; = 1 and by

Lemma 2.1, ¢; > 0. So, we have the well-known inequality,

n

1< trA 1

Ao < = el Wl < _ _

min = n Zalj n —"_ n Z al] — )\max (2 17)
J i#]

We show that the above arguments also provide an extension of the inequality

(2.17). This also gives an alternative proof of the Theorem 2.6. We use Weyl’s
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theorem which says that if A\;(A), A\(B) and \;(A 4+ B) are respectively the
eigenvalues of A, B and A 4+ B in increasing order, then for all k = 1,2,--- | n

)

we have
M(A) + M (B) < M(A+ B) < M(A) + M (B). (2.18)
See [2].

Theorem 2.12. Let A € M(n) be a real symmetric matriz. Then

n

trA 2
)\min S - - 17 S )\maxg 219
n + n ; @ij ( )

il
where I C {1,2,--+ ,n}.
Proof. Let Ay = U} AUy, where Uy, =diag(Uy1, Usa, -+ ,Upnp) , U = —1 and U;; =

1fori=1,2,---,n and i # k. Then, the non-diagonal entries of k' row and
column of A + A; are all zero. It follows from Weyl’s inequality (2.18) that

A+ A t A 2 —
)\max(A) 2 )\max ( —; 1) - - al]

1<J

z;ék
Now, let Ay = UA;U; where | # k. The non-diagonal entries of k" and I*" row

and column of A; + A, are all zero. We therefore have

A+A1+A2) tI‘A 2 i

2 ij

Nae(4) > A (

i<j

z;ék,l
The process can be repeated, and we conclude that the second inequality (2.19)
holds good. The first inequality (2.19) follows on using similar arguments. O

It follows from the proof of the above theorem that Apax(A) > Apax(X) where
all the non-diagonal entries of X except one (r, s)th entry a,s is non-zero. It is
clear that X is unitarily similar to Y whose (r, )™ entry is |a,s|. The inequalities
(2.3) then follow from (2.19), use Lemma 2.5. It is worthwhile here to note one
more alternative proof of inequality (2.3). We have

& )\max + )\min
|a7’s| - iPirs S E <)\z - 9 ) DPirs
=1
& AIna,x + )\min Amax - )\min
< N — Dmex T Amin |, Qmax - Amin 2.20
<3 DI ] < 2 (220)

From (2.20), we have
Amax > Amin + 2 |ar| - (2.21)
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Add Ay + A3 + -+ - + Apax on both sides of (2.21) and divide by n, we get that

2)\max—|—)\2—|—)\3+~-—i—)\n,1>trA 2

Z +_’ars"
n

)\max
n n

Similarly, we have

I\ A 9
A < Zomin T A2 FAs o0 e B4 2
n n n

Remark 2.13. Let A be as in Theorem 2.6. If diagonal entries of A are all equal,
then

Amax > A11 + mgx |ays] (2.22)
and
Ain < G171 — m;n || - (2.23)

Apply Theorem 2.6 to any 2 x 2 principal submatrix of A containing diagonal
entries. We immediately get (2.22) and (2.23).

In this connection, it is worthwhile to note the analogous inequalities for the
case when diagonal entries are not necessary equal. Under the conditions of
Theorem 2.6, we have

)\max Z max mln Qi + |ars|
1=r,s
r#£s

and
Amin < Min  mMax a;; — |a,s|
i=r,s
r#s
Note that the largest eigenvalue of A is greater than or equal to the largest
eigenvalue of any 2 x 2 principal submatrix of A. The largest eigenvalue of

Qppr Qps .
1S

aTS aSS

1
n = 5 <a’7‘7‘ + ass + \/(ar'r - ass>2 +4 ‘CLT5|2) > I{linaii + |a’7"8’ :
r#;s

It may be noted here that the arguments in the proof of Theorem 2.12 also
provide an alternative proof and a refinement of the Hadamard inequality for
positive definite matrices. The Minkowski inequality states that if A; > 0,7 =
1,2,--- ,n, then

(det (A1 + Ap))™ > (det A;)7 + (det Ag) 7 .

Therefore, if A; and A, are similar matrices, then

A+ A
det (%) > det A;. (2.24)
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Let A = Ay and
A1 U AUy
2

where Uy =diag(Ui1,Us, -+ ,Uppn), Uy = —1l and U;; = 1 for j # k , k =
1,2,--- ,n. On using (2.24), we see that det A < det A; < --- < det A,_;. The
inequality det A < det A,_1 = aj1a93 - - - ay, gives Hadamard’s inequality. It is
also clear that det A < det B where (r,s)™ entry of B is |a,s| and all other
non-diagonal entries are zero. We therefore have

n n
det A < H(lii — H Ay |ars|27

i=1 1#r,s

Ak

; k:1727”'7n

for all » # s. This provides a refinement of Hadamard’s inequality.

We now show that an inequality involving eigenvalues of arbitrary matrix fol-
lows from an inequality for complex numbers.
Let 21, 29 - -+ , 2, denote n complex numbers. Their arithmetic mean and vari-

ance are respectively defined as

I
=1
and
s 1 = ~2 1 - 2 2
P S laF = S -
n 4 n -
i=1 i=1
Lemma 2.14. With notations as above, the inequality

G-Dm—-j+1)

s2 >
n2

‘Zj — Zj,1|2 s (225)
holds good for some permutation of numbers z;, 1 =1,2,3,--- ,n.

Proof. On using the Lagrange identity, we have
1 n
2 2
ST = ﬁz|zi_zj| . (226)
i<j
It is clear that for some permutation of numbers z;, we have |z; — z1| > |22 — 21/,
1=2,---,n. Therefore

Sl > (=1 |-l (2.27)
=2

It follows from (2.26) and (2.27) that (2.25) is true for j = 2. For the general

case, there is a permutation of numbers z; such that |z; — zx| > |2; — 21|, @ =
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j,j+1,---,nmand k=1,2,---,j — 1, and therefore

dola—al+) la—zl++) lm— a2 G- D=+ 1)z — 2],
= i=j i=j

(2.28)
for all j =2,3,--- ,n. The inequality (2.25) follows from (2.26) and (2.28). O

Theorem 2.15. Let A € M(n) be any arbitrary matriz with at least two distinct
eigenvalues. Let ||Al|, denotes the Frobenius norm of A. If A, is any eigenvalue
of A, then the disk

2

trA
2.29
) (229)

Al < AL
T vn-—1 n

contains one more eigenvalue of A other than Ag.

Proof. Let zy and s3 respectively denotes the arithmetic mean and variance of

the eigenvalues Ay, Ao, - -+, Ay,
1l & trA
~_ 1 A =
and
n n n 2
R W (L WL S (2.30)
’ Lt o [ z ni:lz |
Also,
NP < Al (2.31)
i=1
From (2.30) and (2.31), we have
Al2 |trAl?
2 < “—2 —|— . 2.32
Sy > n n ( )
It follows from Lemma 2.14 that
2 n’
A= A" < sX (2.33)

-1 n—-j+1)
j =2,3,---,n. The right hand side expression in (2.33) is maximum at j = 2

and 7 = n. We conclude that if )\ is any eigenvalue then there is an eigenvalue

A such that
2

A= M) < n”_ 53, (2.34)

Combine (2.32) and (2.34); we immediately get (2.29). O
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Example 2.16. Let

2 1 2 2 -1 -1
A=|11 1|, At=] -1 2 0
2 1 3 -1 0 1

Then

trAtrA=! = 30, (trA + 2ag3) (trA™ + 2c93) = 35, (trA — 2a93) (trA™! — 2¢93) =

14. So, the inequality (2.6) gives better estimate than the Kantorovich inequality
trA2 trA2—2b13 trA2+2b _

(12) AISO, W = 072227 m = 1 and m = 0.48. SO, (29)

gives better estimate than (1.3). From (1.4), spd(A) > 4.3205 while from (2.12)

Spd(A) Z 4714, 93 — 1.

Example 2.17. We now compare our bounds with the corresponding bounds
given by Wolkowicz and Styan [18]. Tt is shown in [18] that for the matrix

4 0 2 3
5 0
0 6
10

Ay > 7.158. From (2.15), Ay > 7.8571. The lower bound for the condition number
from (1.5) and (2.14) are 2.4953 and 3.5551, respectively

w N O
~N O
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