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ABSTRACT. In this paper, some functional versions for operator entropies as
well as for their related operator inequalities are investigated. The theoret-
ical results obtained by our functional approach immediately imply those of
operator version in a simple and nice way.

1. INTRODUCTION

Let A and B be two positive invertible operators on a Hilbert space H and
A € (0, 1]. The relative operator entropy S(A|B) and the Tsallis operator entropy
T\(A|B) were defined by, [2, 3, 11]

S(A|B) = AV?log <A‘1/QBA‘1/2>A1/2,

Af\B— A
r(aB) = 2024

where
Af\B = A'? <A1/23A1/2>AA1/2

is the power geometric operator mean of A and B. It is well known that T)\(A|B)
extends S(A|B) in the sense that the following equality

lim T3(4]B) = S(4])
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holds for all positive invertible operators A and B. The following operator in-
equality

A—AB 'A< S(AIB)<B-A (1.1)
was shown in [2] and later extended for T)(A|B) as well, [3]
A— AB'A<T\(A|B) < B — A. (1.2)

Since then other extensions of S(A|B) have been introduced and related oper-
ator inequalities have been investigated, see [4] and [7] for instance.

Otherwise, in two earlier papers [8] and [9] we extended S(A|B) and Ty(A|B)
from operators to convex functionals, respectively, as follows:

]—'(f|9)=/01 <(1_t)f*+tg*> _fdt,

t
Raflg) = PUI T (1)
where, for A € (0,1),
Gi(f,9) = sm;m)/o (1t_t)A ((1 —t)f*+tg*)*dt (1.4)

is the power geometric functional mean, extension of Afy B from positive operators
to convex functionals. Here, f* denotes the conjugate of f (see Section 2 below).
The following

A(f.9) = (1= Nf+2g and Hy(f.9) = (1= Nf +2g")

have also been introduced (see [3]) as the extensions of the weighted arithmetic
and harmonic means from operators to convex functionals, respectively. The
three above functional means satisfy the following double functional inequality

HA(fag) Sg)\(fug) S"4'/\(f7g)7 (15)

which extends the weighted arithmetic-geometric-harmonic operator mean in-
equality, namely

(1=NAT+AB ) < ABB < (1- M)A+ AB.
The double functional inequality (1.5) allowed us to take
Gi(f.9) =g and Go(f,9) :=limGi(f.9) = f.

For further detail about these functional means, see [8, 9] and the related refer-
ences cited therein.

The previous extensions of S(A|B) and T)(A|B) from positive operators to
convex functionals were investigated in the sense that the following connection-
relationships

F(falfs) = fsm), (1.6)

Ra(falfB) = fryas); (1.7)
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hold for all positive invertible operators A and B, respectively, see [3] and [9].
Here, f4 refers to the convex quadratic function generated by the positive operator
Aide. fa(x)=(1/2)(Az,x) for all z € H.

The fundamental goal of the present paper is to extends the operator inequali-
ties (1.1) and (1.2) for F(f|g) and Ra(f|g), respectively. Our functional approach
immediately implies, in a nice and fast way, the inequalities (1.1) and (1.2) whose
proofs were differently stated in the literature, [2, 3, 6].

2. Basic NOTIONS

We state here some basic notions needed later. For more details, we refer the
reader to [1, 5, 10] for instance. Let H be a complex Hilbert space with its inner

product (.,.) and the associate norm ||.|. Let f : H — R = RU {oc} be a
functional (in short, we write f € Rf).

e The (extended) space R of such functionals is equipped with the following
partial order (so-called the point-wise order)

f.geR! f< g f(z) < gla) forallz € H,
where we extend the structure of R to R U {—o00, 00} by setting
Vs e RU{—00,00} —o00<s<oo and s+ 0o = oc.

Since our involved functionals can take the value oo then the equality f — f =0
does not always hold, since co—oo = co. For the same reason, the two inequalities
f <gand f— g <0 are not always equivalent.
e The effective domain dom f of f is given by
dom f={zx € H, f(x)< oo},
and its conjugate f* is defined through

Vet e H  f*(a") = gsclelg{Re@*,:w —f(x)} = sup {Re(z*,z)— f(x)}. (2.1)

ze€dom f

As well-known, f** := (f*)* < f, f* is always convex lower semi-continuous and,

f < g implies g* < f*, for all functionals f,g € R¥. Further, the conjugate map
f —— f* is point-wise convex in the sense that

vigeRT vie(01) ((1- t)f+tg>* <(L—Of +tg".  (2.2)
e The sub-differential Of(x) of f at € dom f is the (possibly empty) subset
of H defined by
e df(x) <= Yye H f(y) > f(z)+ Re(y — x,z"),
and it is well-known that
" € 0f(x) < Relx*,x) = f*(2) + f(x). (2.3)

As usual, the symbol I's(H) denotes the cone of all convex lower semi-continuous

functions f € R¥ not identically equal to oo. With this, we have f** = f if
and only if f € I';(H). Moreover, if f € I',(H) then, 2* € df(x) if and only if
x € 0f*(x*). Denoting by int(dom f) the topological interior of dom f, we recall
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that if f € T'o(H) and int(dom f) is nonempty then, for all x € int(dom f), f is
continuous at z and Jf(x) is nonempty.
e The directional derivative of f at x in the direction y is defined by

£ (2.y) = lim flz+ty) — f(x)

10 t

Y

provided that this limit exists. In this case, if moreover the map y — f (z,%)

is linear then we say that f is Gateaux-differentiable (in short G-differentiable)

at = and we write f'(z,y) = Vf(2)(y), where V f(z) is called the (operator) G-

gradient of f at x. With this, if f is convex and G-differentiable at x then 0 f(z) =

{Vf(z)}. It is well-known that every differentiable function is G-differentiable.
The next example will be of interest later.

Example 2.1. Let A and B be as above, f4 and fp their generated quadratic
functions, respectively. The following assertions hold:

(1) fA + fB = fA:I:B and, fA = (ZS) fB if and OIlly ifA= (ZS) B.

(2) For all x € H, f*(z) = (1/2)(A 'z, z). We can then write f§ = f4-1.

(3) Since A is self-adjoint (resp. positive) then f4 is continuous (resp. convex).
Since f4 is quadratic continuous then f4 is (infinitely) differentiable and so f4 is
G-differentiable. To compute explicitly df4(x) we use (2.3) for writing

€ 0fa(x) <= Re(z",x) = fa(x) + fi(z") = %(Am,x) + %(A_la:*,m*>.

This, with the fact that A is self-adjoint and so (Az,z) = ||AY2z]||?, yields
|AY22|® — 2Re(a*,x) + || A22"|* = 0,

or equivalently ||A"Y2z — A=Y/22*||> = 0. We then deduce A2z — A=1/22* = 0

and so z* = Az. In summary, 0fa(z) = {Az}.

3. MAIN RESULTS

Before stating our first main result, we start with the next needed lemmas.

Lemma 3.1. Let A € (0,1). Then we have

Lo AT
/O A= = Snim (3:1)

Proof. If T and B denote the standard special functions Gamma and Beta, re-
spectively, then we can write
A L1+ M1 =) AT

/0 Tt = BO+A L)) = o = ALP(1=0) = .
O

Lemma 3.2. [0]. Let f,g € RZ. Then we have
limRx(flg) = F(f19).
where the limit is taken for the point-wise convergence.

Now, our first main result may be recited as follows.
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Theorem 3.3. Let f € T'o(H) be such that int(dom f) is nonempty. Then, for
each X € (0, 1], the following inequalities

S (f* = g")(@") S RA(f/9) () < (g — f)(x) (3.2)
S (f*=g") @) < F(f/9)(x) < (9 — f)(x) (3.3)

hold true for all x € int(dom f).

Proof. First, (3.3) follows from (3.2) with Lemma 3.2. We now will show (3.2).
From (1.3) and (1.4), with (3.1), it is easy to see that

sz’n)wr/l tr Hi(f9)— f
AT Sy (1—1)> t

Ra(flg) =
Otherwise, (2.2) implies that

Hi(f,9) = (L=f +19") < (1=0)f" +1g" < (1-1)f +1g,

which, when substituted in (3.4) with a help of (3.1), gives the right inequality
of (3.2). We now prove the left inequality of (3.2). By (2.1), for all z,2* € H we
can write

Hlf,9)(@) = (L= f" +1g") (@) = Re(w,a®) = (L= f" +1g") (")

If moreover x € int(dom f) C dom f then this latter inequality is equivalent to
the next one

Hi(f.9)(@) = f(@) = Re(z,2") — f*(z") — f(z) +t(f" = g") (7).

We can take z* € df(z) since Of (x) # () by the assumption, so that according to
(2.3) the last inequality becomes

Substituting this in (3.4), with a help of (3.1), we then proved that the next
inequality

dt. (3.4)

Ra(flg)(x) = (f* = g7) (=)
holds true for all z € int(dom f) and z* € df(z). It follows that the set

{7 =g)@), 2" o)}

is nonempty and upper bounded, for the point-wise order, by R (f|g)(z). That
is,

V € int(dom f) Ra(flg)(x) > 21;]13( )(f* —g")(z"),

and so the left side of (3.2) is obtained, so completes the proof. O

The above theorem has many interesting consequences. First, under a conve-
nient hypothesis on f, it can be recited in the following form.
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Corollary 3.4. Let f € I';(H) be G-differentiable at x. Then, for every A\ €
(0, 1], we have

F1(Vi@) - g (V@) < Ra(f/9)(x) < (9= f)(2). (3.5)

F (V@) =g (Vi) < F(f/9)(x) < (9 - fx). (3.6)

Proof. As already pointed in the above section, since f € I'c(H) and f is G-
differentiable (then continuous) at z then int(dom f) # () and 0f(z) = {V f(z)}.
Substituting this in the left side of (3.2) and (3.3) we obtain (3.5) and (3.6),
respectively. 0

From the above corollary we find again, under a functional angle, the next
known result giving upper and lower bounds of the Tsallis relative operator en-
tropy, [2, 3, 6].

Corollary 3.5. For all positive invertible operators A and B and each X\ € (0, 1]
one has

A—AB'A<T\(A/B)<B—A and A— AB 'A< S(A/B)<B-A
Proof. Take f = fa and g = fg where A and B are as above. Then, by Example
2.1, Vf(z) = {Azx} for all z € H, and so

(V@) = far(Az) = fa(z) and ¢"(Vf(2)) = fe-1(Ax) = fap-1a(2).
Substituting these in (3.5) and (3.6), with (1.6), (1.7) and Example 2.1 again, we

obtain the desired operator inequalities. O

Now, we state another consequence of the above theorem which, as far as we
know, appears to us to be new.

Corollary 3.6. Let f be convexr and G-differentiable. Then we have
inf (g+g"oVf)=min (g+g"oVf)=f+[foVf
H gERH

geR

where the "inf” is taken for the point-wise order.
Proof. 1t f is convex and G-differentiable then (3.5) implies that
Vvee H  f(Vf(x) - g (Vf(@) < (9 fla),
or equivalently
Vee H  (f+foVf)(x)<(9+7g oVf)(a),
from which the desired result follows. OJ

Theorem 3.3 can be formulated in another equivalent version recited in the
following remark.

Remark 3.7. With the same hypothesis as in Theorem 3.3, the following inequal-
ities
(f"=g)(=") < inf Ri(flg)(z) < inf (g9—f)(z)

x€If*(x*) T zedf(z¥)

(ff=g")(@") < inf )F(flg)(l‘)< inf )(g—f)(l“)

T xz€df*(z* T z€df*(z*
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hold for all z* € int(dom f*).
Finally, we end this section by stating the following example.

Example 3.8. Let 1 < p,q < 0o be two real numbers and take
1 1
VeeH f(z)= ]—DHZEII’C g9(z) = 5Hl’|l".

It is well known that the conjugates of f and g are given by, [1]

1 * ]. *
veeH  fiz) = Zl=l", g (@) = =l

where 1 < p*, ¢* < oo are the conjugates numbers of p and ¢, respectively. Since
f is convex and G-differentiable then

of(x) ={Vf(x)} = {||z||P"*z} forallz #0, 9f(0)={0}.

Substituting these in the double inequality of Corollary 3.4 we obtain (after all
computation and reduction)

1 1 (o 1 1 1 1
7 = D < R (CILIPI L) < Sl =

p q 4q p
L e < FCPE ) < e
p q p q 4q p
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