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Abstract. In this paper, we obtain formulas for the analogue of conditional
Wiener integrals for the functional F of the form

F (x) = exp
{∫ T

0

V (x(t))dt
}

, x ∈ C[0, T ]

where V : R → R is a potential function. We then apply this formula to ob-
tain several integration formulas for the functionals involving various potential
functions which is used in quantum mechanics and other physical theories.

1. Introduction

For T > 0, let C0[0, T ] denote the one-parameter Wiener space; i.e., the space
of real-valued continuous functions x on [0, T ] with x(0) = 0. We consider the
partial differential equation

∂

∂t
ψ(u, t) =

1

2λ

∂2

∂u2
ψ(u, t)− V (u)ψ(u, t) (1.1)

with the initial condition ψ(u, 0) = ϕ(u), where V : R → R is a potential
function. Many mathematicians have attempted to solve (1.1), which is known as
the diffusion equation. One popular method involves solving the Wiener integral∫

C0[0,T ]

ϕ(λ−1/2x(T )) exp
{
−

∫ T

0

V (λ−1/2x(s))ds
}
dW (x) (1.2)
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for λ > 0, where W is the standard Wiener measure on C0[0, T ]. This integral is
obtained from the Feynman-Kac formula [1, 2, 10]. In previous works [7, 9, 11],
the authors introduced Fourier-type functionals. In [7], the authors studied an
approach to solving the equation (1.1) using Fourier-type functionals and equation
(1.2). Many physical problems can be formulated in terms of the conditional
Wiener integral of a functional of the form

F (x) = exp
{
−

∫ T

0

V (x(t))dt
}
, x ∈ C0[0, T ]. (1.3)

In other words, we can solve equation (1.2) by using the conditional Wiener
integral of a functional of the form (1.3).

Let C[0, T ] be the space of all real-valued continuous functions on [0, T ] with the
supremum norm. In [18, 19], the authors introduced an analogue of the Wiener
measure wϕ on (C[0, T ],B(C[0, T ])), using a probability measure ϕ on (R,B(R)).
Furthermore, in [5, 6, 17, 20], the authors studied various topics pertaining to
this analogue of the Wiener measure, together with related topics concerning an
analogue of Wiener space. In particular, the authors derived a simple formula for
the conditional wϕ-integral and then used this formula to evaluate the conditional
wϕ-integral of various functionals [3, 16].

In this paper, we introduce three functionals involving potential functions used
in quantum mechanics. Functionals such as these have appeared in many papers
[8, 14, 15, 21]. We then evaluate the analogue of conditional Wiener integral of
the functionals such as these. In Section 3, we derive a series representation of
an analogue of conditional Wiener integral for the functional F given by (1.3).
In Section 4, we express the analogue of conditional Wiener integral ‘n’ terms
of the potential function V (u) = uk(k ∈ N). We then evaluate the analogue of
conditional Wiener integral for functionals that involve potential functions.

2. Definitions and preliminaries

In this section, we list some definitions and properties from [3, 4, 5, 6, 16, 17,
18, 19, 20].

For ~t = (t0, t1, · · · , tn) with 0 = t0 < t1 < · · · < tn ≤ T , let J~t : C[0, T ] → Rn+1

be the function given by

J~t(x) = (x(t0), x(t1), · · · , x(tn)).

For Bj (j = 0, 1, 2, · · · , n) in B(R), the subset J−1
~t

(
∏n

j=0Bj) of C[0, T ] is called
an interval and let I be the set of all such intervals. For a probability measure ϕ
on (R,B(R)), let

mϕ

(
J−1

~t
(

n∏
j=0

Bj)
)

=

∫
B0

∫
Qn

j=1 Bj

Wn+1(~t;u0, u1, · · · , un)d(u1, · · · , un)dϕ(u0)

where

Wn+1(~t;u0, u1, · · · , un) =
( n∏

j=1

1

2π(tj − tj−1)

) 1
2
exp

{
−

n∑
j=1

(uj − uj−1)
2

2(tj − tj−1)

}
.
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By Theorem 5.1 [12, p.144] and Theorem 2.1 [12, p.212], the set of all Borel
subsets in C[0, T ], coincides with the smallest σ-algebra generated by I and there
exists a unique probability measure wϕ on B(C[0, T ]) such that wϕ(I) = mϕ(I)
for all I in I. This measure wϕ is called an analogue of Wiener measure associated
with the probability measure ϕ and the space (C[0, T ],B(C[0, T ]), wϕ) is called
an analogue of Wiener space.

We denote the analogue of Wiener integral of a B(C[0, T ])-measurable function
F by

E[F ] =

∫
C[0,T ]

F (x)dwϕ(x)

whenever the integral exists.

The following formula follows easily from the Change of Variables Theorem.

Let f : Rn+1 → C be a Borel measurable function. Then∫
C[0,T ]

f(x(t0), x(t1), · · · , x(tn))dwϕ(x)

∗
=

∫
R

[∫
Rn

f(u0, u1, · · · , un)Wn+1(~t;u0, u1, · · · , un)d
n∏

j=1

uj

]
dϕ(u0)

(2.1)

where d
∏n

j=1 uj = du1 · · · dun and
∗
= means that if either side exists, then both

sides exist and they are equal. Then the equation (2.1) is reduced to the well-
known Wiener integration formula if ϕ is the Dirac measure concentrated at 0.
For a more detailed study of this, see [18, 19].

We conclude this section with some simple examples of the analogue of Wiener
integral.

Example 2.1. For 0 ≤ t ≤ T , let F (x) = exp{x(t)}. Then∫
C[0,T ]

exp{x(t)}dwϕ(x) =

∫
R

exp
{
u0 +

t

2

}
dϕ(u0).

If ϕ is the Dirac measure δ0 at the origin in R, then∫
C[0,T ]

exp{x(t)}dwϕ(x) = exp
{ t

2

}
.

Hence, in this case the analogue of Wiener integral is equal to Wiener integral.
If ϕ has a normal distribution with mean α and variance σ2, then∫

C[0,T ]

exp{x(t)}dwϕ(x) =

∫
R

exp
{
u0 +

t

2

}
dϕ(u0)

=
1√

2πσ2

∫
R

exp
{
u0 +

t

2

}
exp

{
− (u0 − α)2

2σ2

}
du0 = exp

{σ2 + t

2
+ α

}
.

Example 2.2. Let M(R) denote the space of all complex-valued Borel measures
on B(R). For ν ∈M(R), the Fourier-transform ν̂ of ν is defined by the formula

ν̂(u) =

∫
R

exp{iuv}dν(v).
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For 0 ≤ t ≤ T , let F (x) = ν̂(x(t)). Then∫
C[0,T ]

ν̂(x(t))dwϕ(x) =

∫
R

[ ∫
R

exp
{
− tv2

2
+ iu0v

}
dϕ(u0)

]
dν(v).

If ϕ is a Dirac measure δ0 at the origin in R, then∫
C[0,T ]

ν̂(x(t))dwϕ(x) =

∫
R

exp
{
− tv2

2

}
dν(v).

Once again, it can be concluded that the analogue of Wiener integral is equal
to the Wiener integral, as described above. If ϕ has a normal distribution with
mean α and variance σ2, then∫

C[0,T ]

ν̂(x(t))dwϕ(x) =

∫
R

[ ∫
R

exp
{
− tv2

2
+ iu0v

}
dϕ(u0)

]
dν(v)

=
1√

2πσ2

∫
R

[ ∫
R

exp
{
− tv2

2
+ iu0v

}
exp

{
− (u0 − α)2

2σ2

}
du0

]
dν(v)

=

∫
R

exp
{
− (t+ α2)

2
v2 + iαv

}
dν(v).

3. An analogue of conditional Wiener integral

In this section, we derive a formula for the analogue of conditional Wiener
integral for functionals F of the form

F (x) = exp
{∫ T

0

V (x(t))dt
}
, x ∈ C[0, T ] (3.1)

where V : R → R is a potential function.

First, we define the analogue of conditional Wiener integral.

Let X be a Rn+1-valued function on C[0, T ] whose probability distribution
wϕ ◦ X−1 is absolutely continuous with respect to Lebesgue measure on Rn+1.
Let F be a C-valued wϕ-integrable functional on C[0, T ]. Then an analogue of
conditional Wiener integral of F given X, denoted by E[F |X](~η), is a Lebesgue
measurable function of ~η, unique up to null sets in Rn+1, satisfying the equation∫

X−1(B)

F (x)dwϕ(x) =

∫
B

E[F |X](~η)d(wϕ ◦X−1)(~η)

for all B ∈ B(Rn+1).

For each partition τ = {t0, t1, · · · , tn} of [0, T ] with 0 = t0 < t1 < · · · < tn = T ,
let Xτ : C[0, T ] → Rn+1 be defined by

Xτ (x) = (x(t0), x(t1), · · · , x(tn)). (3.2)

Define a function [x] on [0, T ] by

[x](t) = x(tj−1) +
t− tj−1

tj − tj−1

(x(tj)− x(tj−1))
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for tj−1 ≤ t ≤ tj. Similarly, for ~η = (η0, η1, · · · , ηn) ∈ Rn+1, define the function
[~η] of ~η on [0, T ] by

[~η ](t) = ηj−1 +
t− tj−1

tj − tj−1

(ηj − ηj−1)

where tj−1 ≤ t ≤ tj. Then both [x] and [~η ] are continuous on [0, T ], they are line
segments on each interval [tj−1, tj], and [x](tj) = x(tj) and [~η ](tj) = ηj at each
tj.

Remark 3.1. In [13], the authors presented a simple formula for expressing con-
ditional Wiener integrals in terms of ordinary Wiener integrals. Also, in [3, 16],
the authors introduced a simple formula for the analogue of conditional Wiener
integral which is essentially similar to Park and Skoug’s simple formula on Wiener
space; in other words,

E[F |Xτ ](~η) =

∫
C[0,T ]

F (x− [x] + [~η])dwϕ(x). (3.3)

Equation (3.3) is referred to as the simple formula giving a conditioning function
Xτ on the analogue of Wiener space.

The following lemma was established in [3].

Lemma 3.2. Let t ∈ (tj−1, tj) for j = 1, · · · , n and f : R → R be a Borel
measurable function. Then∫

C[0,T ]

f(x(t)− [x](t))dwϕ(x)
∗
=

(Φj(t)

2π

) 1
2

∫
R
f(u) exp

{
− Φj(t)

2
u2

}
du (3.4)

where

Φj(t) =
(tj − tj−1)

(tj − t)(t− tj−1)
. (3.5)

We present some examples of the analogue of conditional Wiener integral.

Example 3.3. (1) Let F be as in Example 2.1 and let Xτ be given by equation
(3.2). Then the analogue of conditional Wiener integral for F

E[F |Xτ ](~η) =

∫
C[0,T ]

exp{x(t)− [x](t) + [~η](t)}dwϕ(x)

=
( T

2πt(T − t)

) 1
2

∫
R

exp
{
u+ η0 +

t(η1 − η0)

T

}
exp

{
− T

2t(T − t)
u2

}
du

= exp
{t(T − t)

2T
+ η0 +

t(η1 − η0)

T

}
.
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(2) Let F be as in Example 2.2 and let Xτ be given by equation (3.2). Then
using equation (3.4), we have

E[F |Xτ ](~η) =

∫
C[0,T ]

ν̂(x(t)− [x](t) + [~η](t))dwϕ(x)

=
( T

2πt(T − t)

) 1
2

∫
R
ν̂
(
u+ η0 +

t(η1 − η0)

T

)
exp

{
− T

2t(T − t)
u2

}
du

=
( T

2πt(T − t)

) 1
2

∫
R

[ ∫
R

exp
{
i
(
u+ η0 +

t(η1 − η0)

T

)
v
}
dν(v)

]
· exp

{
− T

2t(T − t)
u2

}
du

=

∫
R

exp
{
− t(T − t)

2T
v2 + i

(
η0 +

t(η1 − η0)

T

)
v
}
dν(v).

In our next theorem, we obtain the analogue of conditional Wiener integral for
the functional F defined by equation (1.3) above.

Theorem 3.4. Let F be given by equation (3.1) such that
∫

C[0,T ]
|F (x)|dwϕ(x) <

∞. Let Xτ be given by equation (3.2). Then the analogue of conditional Wiener
integral E[F |Xτ ](~η) exists for wϕ◦X−1

τ -a.e. ~η ∈ Rn+1 and is given by the formula

E[F |Xτ ](~η)

= 1 +
∞∑

m=1

∑
l1+···+ln=m

(−1)m

∫
Qn

j=1 ∆[tj−1,tj),lj

n∏
j=1

lj∏
v=1

(Φj(tj−1,v)

2π

) 1
2

·
∫

R
V (u+ [~η](tj−1,v)) exp

{
− Φj(tj−1,v)

2
u2

}
dud

n∏
j=1

lj∏
v=1

tj−1,v

where ∆[tj−1,tj),lj = {(tj−1,1, · · · , tj−1,lj)|tj−1 < tj−1,1 < · · · < tj−1,lj < tj} for
j = 1, · · · , n and t0 = 0.

Proof. From our assumption that F is wϕ integrable, E[F |Xτ ] exists for wϕ◦X−1
τ -

a.e. ~η ∈ Rn+1. By using equation (3.3) and the Dominated Convergence Theorem,
we have

E[F |Xτ ](~η)

=

∫
C[0,T ]

exp
{
−

∫ T

0

V (x(t)− [x](t) + [~η](t))dt
}
dwϕ(x)

= 1 +

∫
C[0,T ]

∞∑
m=1

(−1)m

m!

( ∫ T

0

V (x(t)− [x](t) + [~η](t))dt
)m

dwϕ(x)

= 1 +
∞∑

m=1

∫
C[0,T ]

(−1)m

m!

( ∫ T

0

V (x(t)− [x](t) + [~η](t))dt
)m

dwϕ(x).
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Since x(t)− [x](t) =
(tj−t)(x(t)−x(tj−1))

tj−tj−1
− (t−tj−1)(x(tj)−x(t))

tj−tj−1
, we have

E[F |Xτ ](~η)

= 1 +
∞∑

m=1

∫
C[0,T ]

(−1)m

m!

( n∑
j=1

∫ tj

tj−1

V
((tj − t)(x(t)− x(tj−1))

tj − tj−1

− (t− tj−1)(x(tj)− x(t))

tj − tj−1

+ [~η](t)
)
dt

)m

dwϕ(x)

(I)
= 1 +

∞∑
m=1

∫
C[0,T ]

(−1)m

m!

∑
l1+···+ln=m

m!

l1! · · · ln!

·
( ∫ t1

t0

V
((t1 − t)(x(t)− x(t0))

t1 − t0
− (t− t0)(x(t1)− x(t))

t1 − t0
+ [~η](t)

)
dt

)l1

· · ·

·
( ∫ tn

tn−1

V
((tn − t)(x(t)− x(tn−1))

tn − tn−1

− (t− tn−1)(x(tn)− x(t))

tn − tn−1

+ [~η](t)
)
dt

)ln
dwϕ(x).

Step (I) results from the following formula known as the Multinomial Theorem

(v1 + · · ·+ vn)m =
∑

l1+···+ln=m

m!

l1! · · · ln!
vl1

1 · · · vln
n (3.6)

for any nonnegative integers l1, · · · , lm. Note that for each j = 1, 2, · · · , n,( ∫ tj

tj−1

V
((tj − t)(x(t)− x(tj−1))

tj − tj−1

− (t− tj−1)(x(tj)− x(t))

tj − tj−1

+ [~η](t)
)
dt

)lj

= lj!

∫
∆[tj−1,tj),lj

lj∏
v=1

V
((tj − tj−1,v)(x(tj−1,v)− x(tj−1))

tj − tj−1

− (tj−1,v − tj−1)(x(tj)− x(tj−1,v))

tj − tj−1

+ [~η](tj−1,v)
)
d

lj∏
v=1

tj−1,v,

and the last expression in the above is equal to

1 +
∞∑

m=1

∫
C[0,T ]

∑
l1+···+ln=m

(−1)m

·
[ ∫
Qn

j=1 ∆[tj−1,tj),lj

n∏
j=1

lj∏
v=1

V
((tj − tj−1,v)(x(tj−1,v)− x(tj−1))

tj − tj−1

− (tj−1,v − tj−1)(x(tj)− x(tj−1,v))

tj − tj−1

+ [~η](tj−1,v)
)
d

n∏
j=1

lj∏
v=1

tj−1,v

]
dwϕ(x).
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Hence, by using Fubini’s Theorem and equation (3.4), we have

E[F |Xτ ](~η)

= 1 +
∞∑

m=1

∑
l1+···+ln=m

(−1)m

∫
Qn

j=1 ∆[tj−1,tj),lj

n∏
j=1

lj∏
v=1

(Φj(tj−1,v)

2π

) 1
2

·
∫

R
V (u+ [~η](tj−1,v)) exp

{
− Φj(tj−1,v)

2
u2

}
dud

n∏
j=1

lj∏
v=1

tj−1,v.

This proves the desired result. �

4. Applications to Quantum mechanics

In this section, we use Theorem 3.4 to evaluate the analogue of conditional
Wiener integral for functionals involving useful potential functions from quantum
mechanics and other areas of physics.

The next two lemmas play a key role in obtaining Theorem 4.3 below.

Lemma 4.1. For 0 ≤ s < t ≤ T , m ∈ N and l1, · · · , lm ∈ N,∫
R
|v|l1+···+lm exp

{
− v2

2(t− s)

}
dv ≤

√
2π(t− s) +

∫
R
|v|mL exp

{
− v2

2(t− s)

}
dv

and if ϕ is a probability measure on (R,B(R)), then∫
R
|v|l1+···+lmdϕ(v) ≤ 1 +

∫
R
|v|mLdϕ(v)

where L = max{l1, · · · , lm}.

Proof. For l1, · · · , lm ∈ N, we have∫
R
|v|l1+···+lm exp

{
− v2

2(t− s)

}
dv

≤
∫
|v|≤1

1 exp
{
− v2

2(t− s)

}
dv +

∫
|v|>1

|v|mL exp
{
− v2

2(t− s)

}
dv

≤
√

2π(t− s) +

∫
R
|v|mL exp

{
− v2

2(t− s)

}
dv.

Similarly, we observe that∫
R
|v|l1+···+lmdϕ(v) ≤

∫
|v|≤1

1 dϕ(v) +

∫
|v|>1

|v|mLdϕ(v) ≤ 1 +

∫
R
|v|mLdϕ(v).

This proves the desired result. �

Lemma 4.2. For each k ∈ N, let Fk(x) = exp{−
∫ T

0
(x(t))kdt} for x ∈ C[0, T ]

with ∫
R

exp{M0(1 + |u0|k)}dϕ(u0) <∞

for some M0 > 0. Then Fk is wϕ-integrable for all k ∈ N.
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Proof. By using series expansion, the Change of Variable Theorem and the Beppo-
Levi Theorem, it follows that for k = 1, 2, · · · ,

∫
C[0,T ]

|Fk(x)|dwϕ(x) ≤ 1 +
∞∑

m=1

∫
C[0,T ]

∣∣∣ 1

m!

(
−

∫ T

0

(x(t))kdt
)m∣∣∣dwϕ(x)

= 1 +
∞∑

m=1

∫
C[0,T ]

∣∣∣(−1)m

m!

(
m!

∫
∆m(T )

(x(t1))
k · · · (x(tm))kdt1 · · · dtm

)∣∣∣dwϕ(x)

≤ 1 +
∞∑

m=1

∫
∆m(T )

[ ∫
C[0,T ]

|x(t1)|k · · · |x(tm)|kdwϕ(x)
]
dt1 · · · dtm

= 1 +
∞∑

m=1

∫
∆m(T )

[( m∏
j=1

1

2π(tj − tj−1)

) 1
2

∫
R

∫
Rm

|u1|k · · · |um|k

· exp
{
−

m∑
j=1

(uj − uj−1)
2

2(tj − tj−1)

}
du1 · · · dumdϕ(u0)

]
dt1 · · · dtm
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where ∆m(T ) = {(t1, · · · , tm)|0 = t0 < t1 < · · · < tm = T}. Next let uj − uj−1 =
vj for j = 1, · · · ,m. Then by using equation (3.6),∫

C[0,T ]

|Fk(x)|dwϕ(x)

≤ 1 +
∞∑

m=1

∫
∆m(T )

[( m∏
j=1

1

2π(tj − tj−1)

) 1
2

∫
R

∫
Rm

|v1 + u0|k · · · |vm + · · ·+ v1 + u0|k

· exp
{
−

m∑
j=1

v2
j

2(tj − tj−1)

}
dv1 · · · dvmdϕ(u0)

]
dt1 · · · dtm

= 1 +
∞∑

m=1

∫
∆m(T )

[( m∏
j=1

1

2π(tj − tj−1)

) 1
2

∫
R

∫
Rm

∑
l1,1+l1,2=k

k!

l1,1!l1,2!
|v1|l1,1|u0|l1,2

·
∑

l2,1+l2,2+l2,3=k

k!

l2,1!l2,2!l2,3!
|v2|l2,1|v1|l2,2|u0|l2,3

· · ·

·
∑

lm,1+lm,2+···+lm,m+1=k

k!

lm,1!lm,2! · · · lm,m!lm,m+1!
|vm|lm,1 · · · |v1|lm,m|u0|lm,m+1

· exp
{
−

m∑
j=1

v2
j

2(tj − tj−1)

}
dv1 · · · dvmdϕ(u0)

]
dt1 · · · dtm

= 1 +
∞∑

m=1

∫
∆m(T )

[( m∏
j=1

1

2π(tj − tj−1)

) 1
2

∑
l1,1+l1,2=k

∑
l2,1+l2,2+l2,3=k

· · ·
∑

lm,1+···+lm,m+1=k

·
( k!

l1,1!l1,2!

)( k!

l2,1!l2,2!l2,3!

)
· · ·

( k!

lm,1!lm,2! · · · lm,m!lm,m+1!

)
·
∫

R
|v1|l1,1+l2,2+···+lm,m exp

{
− v2

1

2(t1 − t0)

}
dv1

·
∫

R
|v2|l2,1+l3,2+l4,3+···+lm,m−1 exp

{
− v2

2

2(t2 − t1)

}
dv2

· · ·

·
∫

R
|vm|lm,1 exp

{
− v2

m

2(tm − tm−1)

}
dvm

·
∫

R
|u0|l1,2+l2,3+l3,4+···+lm,m+1dϕ(u0)

]
dt1 · · · dtm.

Applying Lemma 4.1 to the last expression in the above equation, we obtain∫
C[0,T ]

|Fk(x)|dwϕ(x)

≤ 1 +
∞∑

m=1

∫
∆m(T )

[( m∏
j=1

1

2π(tj − tj−1)

) 1
2

∑
l1,1+l1,2=k

∑
l2,1+l2,2+l2,3=k

· · ·
∑

lm,1+···+lm,m+1=k
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·
( k!

l1,1!l1,2!

)( k!

l2,1!l2,2!l2,3!

)
· · ·

( k!

lm,1! · · · lm,m+1!

)
·
(√

2π(t1 − t0) +

∫
R
|v1|km exp

{
− v2

1

2(t1 − t0)

}
dv1

)
·
(√

2π(t2 − t1) +

∫
R
|v2|km exp

{
− v2

2

2(t2 − t1)

}
dv2

)
· · ·

(√
2π(tm − tm−1) +

∫
R
|vm|km exp

{
− v2

m

2(tm − tm−1)

}
dvm

)
·
(
1 +

∫
R
|u0|kmdϕ(u0)

)]
dt1 · · · dtm.

Since
∑

lm,1+···+lm,m+1=k

k!

lm,1! · · · lm,m+1!
= (m+ 1)k

, for all m ∈ N, we have∫
C[0,T ]

|Fk(x)|dwϕ(x)

≤ 1 +
∞∑

m=1

∫
∆m(T )

[(
2k +

( 1

2π(t1 − t0)

) 1
2

∫
R
|v1|km exp

{
− v2

1

2(t1 − t0)

}
dv1

)
·
(
3k +

( 1

2π(t2 − t1)

) 1
2

∫
R
|v2|km exp

{
− v2

2

2(t2 − t1)

}
dv2

)
· · ·

·
(
(m+ 1)k +

( 1

2π(tm − tm−1)

) 1
2

∫
R
|vm|km exp

{
− v2

m

2(tm − tm−1)

}
dvm

)
·
(
1 +

∫
R
|u0|kmdϕ(u0)

)]
dt1 · · · dtm.

Now, let M = max{Mk
1 , · · · ,Mk

m} where

Mk
j =

(
(m+ 1)k +

( 1

2π(tj − tj−1)

) 1
2

∫
R
|vj|km exp

{
−

v2
j

2(tj − tj−1)

}
dvj

)
(4.1)

for j = 1, · · · ,m and for all k ∈ N. Then using equation (4.1) and the Beppo-Levi
Theorem, we have∫

C[0,T ]

|Fk(x)|dwϕ(x) ≤ 1 +
∞∑

m=1

∫
∆m(T )

Mm
( ∫

R
(1 + |u0|k)mdϕ(u0)

)
dt1 · · · dtm

= 1 +

∫
R

∞∑
m=1

(M(1 + |u0|k))m

∫
∆m(T )

dt1 · · · dtmdϕ(u0)

= 1 +

∫
R

∞∑
m=1

(M(1 + |u0|k))m 1

m!

( ∫ T

0

1 dt
)m

dϕ(u0)

=

∫
R

exp{M0(1 + |u0|k)}dϕ(u0) <∞,
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where M0 = MT . This proves the desired result. �

In our next theorem, as an application of Theorem 3.4, we express the analogue
of conditional Wiener integral E[Fk|Xτ ] in terms of the potential function V (u) =
uk(k ∈ N).

Theorem 4.3. Let Fk be as in Lemma 4.2 and let Xτ be given by equation
(3.2). Then the analogue of conditional Wiener integral E[Fk|Xτ ](~η) exists for
wϕ ◦X−1

τ -a.e. ~η ∈ Rn+1 and is given by the formula

E[Fk|Xτ ](~η) = exp
{
−

n∑
j=1

∫ tj

tj−1

[ k
2
]∑

l=0

k!

(k − 2l)!2ll!
([~η](t))k−2l

( 1

Φj(t)

)l

dt
}

where Φj(t) is given by equation (3.5).

Proof. In Lemma 4.2, we have shown that Fk is wϕ-integrable and so by Theorem
3.4, E[Fk|Xτ ] exists for wϕ ◦ X−1

τ -a.e. ~η ∈ Rn+1 and for all k = 1, 2, · · · . Now
we evaluate the analogue of conditional Wiener integral. Letting V (u) = uk for
k ∈ N and applying Theorem 3.4, we have

E[Fk|Xτ ](~η)

= 1 +
∞∑

m=1

∑
l1+···+ln=m

(−1)m

∫
Qn

j=1 ∆[tj−1,tj),lj

n∏
j=1

lj∏
v=1

(Φj(tj−1,v)

2π

) 1
2

·
∫

R
(u+ [~η](tj−1,v))

k exp
{
− Φj(tj−1,v)

2
u2

}
dud

n∏
j=1

lj∏
v=1

tj−1,v

where Φj(tj−1,v) is given by equation (3.5). Next using the Binomial Theorem,
we obtain

E[Fk|Xτ ](~η) = 1 +
∞∑

m=1

∑
l1+···+ln=m

(−1)m

∫
Qn

j=1 ∆[tj−1,tj),lj

n∏
j=1

lj∏
v=1

(Φj(tj−1,v)

2π

) 1
2

·
k∑

l=0

(
k

l

)
([~η](tj−1,v))

k−l

∫
R
ul exp

{
− Φj(tj−1,v)

2
u2

}
dud

n∏
j=1

lj∏
v=1

tj−1,v

= 1 +
∞∑

m=1

∑
l1+···+ln=m

(−1)m

∫
Qn

j=1 ∆[tj−1,tj),lj

n∏
j=1

lj∏
v=1

(Φj(tj−1,v)

2π

) 1
2

· 2
[ k
2
]∑

l=0

(
k

2l

)
([~η](tj−1,v))

k−2l

∫ ∞

0

u2l exp
{
− Φj(tj−1,v)

2
u2

}
dud

n∏
j=1

lj∏
v=1

tj−1,v.

(4.2)

Let w =
Φj(tj−1,v)

2
u2. Then

∫ ∞
0
w

2l+1
2

−1 exp{−w}dw = Γ
(

2l+1
2

)
and so∫ ∞

0

u2l exp
{
− Φj(tj−1,v)

2
u2

}
du =

1

2

( 2

Φj(tj−1,v)

)l( 2

Φj(tj−1,v)

) 1
2
Γ
(2l + 1

2

)
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where Γ is the Gamma function. Applying this to the last expression in equation
(4.2), we obtain

E[Fk|Xτ ](~η)

= 1 +
∞∑

m=1

∑
l1+···+ln=m

(−1)m

∫
Qn

j=1 ∆[tj−1,tj),lj

n∏
j=1

lj∏
v=1

( 1

π

) 1
2

·
[ k
2
]∑

l=0

(
k

2l

)
([~η](tj−1,v))

k−2lΓ
(2l + 1

2

)( 2

Φj(tj−1,v)

)l

d

n∏
j=1

lj∏
v=1

tj−1,v

= 1 +
∞∑

m=1

∑
l1+···+ln=m

(−1)m

∫
Qn

j=1 ∆[tj−1,tj),lj

n∏
j=1

lj∏
v=1

·
[ k
2
]∑

l=0

k!

(k − 2l)!2ll!
([~η](tj−1,v))

k−2l
( 1

Φj(tj−1,v)

)l

d
n∏

j=1

lj∏
v=1

tj−1,v

= exp
{
−

n∑
j=1

∫ tj

tj−1

[ k
2
]∑

l=0

k!

(k − 2l)!2ll!
([~η](t))k−2l

( 1

Φj(t)

)l

dt
}
,

which completes the proof of Theorem 4.3. �

In our next example, we apply the results obtained in Theorem 4.3 to the
following three special cases.

E[Fj|Xτ ](~η)(j = 1, 2, 3)

F1(x) = exp
{
−

∫ T

0
(x(t))dt

}
exp{−1

2

∑n
j=1(tj − tj−1)(ηj + ηj−1)}

F2(x) = exp
{
−

∫ T

0
(x(t))2dt

}
exp{−1

6

∑n
j=1(tj − tj−1)

·(tj − tj−1 + 2η2
j + 2ηjηj−1 + 2η2

j−1)}

F3(x) = exp
{
−

∫ T

0
(x(t))3dt

}
exp{−1

4

∑n
j=1(tj − tj−1)[(tj − tj−1)(ηj + ηj−1)

+η3
j + η2

j ηj−1 + ηjη
2
j−1 + η3

j−1]}

Table 1.
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We now apply Theorems 3.4 and 4.3 to three potential functions. Functions
such as these are very important in quantum mechanics and have appeared in
other areas of mathematical physics involving various Feynman integration the-
ories.

[1] Harmonic oscillator

When V (u) = a2u2, a ∈ R − {0} in equation (1.1), this equation is called the
diffusion equation for harmonic oscillator

∂

∂t
ψ(u, t) =

1

2

∂2

∂u2
ψ(u, t)− a2u2ψ(u, t)

with the initial condition ψ(u, 0) = ϕ(u). In this case, the functional F in equa-
tion (1.3) becomes

F (x) = exp

{
− a2

∫ T

0

x2(t)dt

}
. (4.3)

[2] Double-well potential

For positive real constants m, a, and ω, let V (u) = mω2

8a2 (u2 − a2)2. This is a
double-well potential with minima at u = ±a [15]. For sufficiently large a, by
expanding the potential at u = ±a, one can obtain following expression

V (u) =
mω2

2
(u∓ a)2

[
1± u∓ a

a
+

(u∓ a)2

4a2

]
' mω2

2
(u∓ a)2.

When V (u) = mω2

8a2 (u2 − a2)2, m, a, ω ∈ R+ in equation (1.1), this equation is
called the diffusion equation for a double-well potential with minima at u = ±a

∂

∂t
ψ(u, t) =

1

2

∂2

∂u2
ψ(u, t)− mω2

8a2
(u2 − a2)2ψ(u, t)

with the initial condition ψ(u, 0) = ϕ(u). In this case, the functional F in equa-
tion (1.3) becomes

F (x) = exp

{
− mω2

8a2

∫ T

0

(x2(t)− a2)2dt

}
. (4.4)

[3] Pöschl–Teller potential

When V (u) = −α2h
2k

s(s+1)

cosh2(αu)
for s = 1, 2, · · · , in equation (1.1), this equation is

called the diffusion equation for the Pöschl–Teller potential

∂

∂t
ψ(u, t) =

1

2

∂2

∂u2
ψ(u, t)− α2h

2k

s(s+ 1)

cosh2(αu)
ψ(u, t)

with the initial condition ψ(u, 0) = ϕ(u). In this case, the functional F in equa-
tion (1.3) becomes

F (x) = exp

{
α2h

2k
s(s+ 1)

∫ T

0

1

cosh2(αx(t))
dt

}
. (4.5)
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We finish this paper by applying Theorem 3.4 for the three potential func-
tions(Equations (4.3), (4.4), (4.5)). The results are summarized in the following;

E[F |Xτ ](~η)

Harmonic oscillator exp
{
− a2

6

∑n
j=1(tj − tj−1)

·(tj − tj−1 + 2η2
j + 2ηjηj−1 + 2η2

j−1)
}

Double-well potential exp
{
−

∑n
j=1

[
mω2

8a2 ( 1
60

(tj − tj−1)
3

+ 1
10

(tj − tj−1)
2(3η2

j−1 + 4ηjηj−1 + 3η2
j )

+1
5
(tj − tj−1)(η

4
j−1 + η3

j−1ηj + η2
j−1η

2
j + ηj−1η

3
j + η4

j ))

+mω2a2

8
(tj − tj−1)− mω2

4
(1

6
(tj − tj−1)

·(tj − tj−1 + 2η2
j−1 + 2ηj−1ηj + 2η2

j )
]}

Pöschl–Teller potential 1 +
∑∞

m=1

∑
l1+···+ln=m

∫
Qn

j=1 ∆[tj−1,tj),lj

·
∏n

j=1

∏lj
v=1(

α2h
2k
s(s+ 1))

·
[ ∑∞

w=0

∑
q0+···+q2w=2

2!
q0!···q2w!

(E0)
q0 · · · ( E2w

(2w)!
)q2w

·
∑[Q

2
]

l=0
Q!

(Q−2l)!2ll!
(α[~η](tj−1,v))

Q−2lα2l

( 1
Φj(tj−1,v)

)l
]
d

∏n
j=1

∏lj
v=1 tj−1,v

Table 2. Analogue of conditional Wiener integrals

In Table 2 above, Φj(tj−1,v) is given by equation (3.5), and E2w and Q are given
by equation (4.6) below.

Remark 4.4. In Table 2 above, to obtain the analogue of conditional Wiener
integral for Pöschl–Teller potential functional F given by equation (4.5), we use
the following formula∫

R
Sech2(u) exp{−u2}du

=
∞∑

w=0

∑
q0+···+q2w=2

2!

q0! · · · q2w!

(E0

0!

)q0
(E2

2!

)q2

· · ·
( E2w

(2w)!

)q2w
∫

R
uQ exp{−u2}du

(4.6)
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where Q = 2q2 + · · · + 2wq2w and E2w is the Euler number(odd-indexed Euler
numbers are all zero); in other words,

E2w = i

2w+1∑
k=1

k∑
j=0

(
k

j

)
(−1)j(k − 2j)2w+1

2k ik k
.

Equation (4.6) follows from the Taylor series expansion of the hyperbolic secant
and the ℵ0-nominal formula [10, p.441].
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