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ABSTRACT. An operator T on a Hilbert space H is called p-quasiposinormal
operator if 2T*(T*T)PT > T*(TT*)PT where 0 < p < 1 and for some ¢ >
0. In this paper, we have obtained conditions for composition and weighted
composition operators to be p-quasiposinormal operators.

INTRODUCTION AND PRELIMINARIES

Let H be an infinite dimensional complex Hilbert space and B(H) be the
algebra of all bounded operators on H. An operator 7' is called p-quasiposinormal
6] if for some ¢ > 0 and 0 < p < 1, it satisfies the inequality

ETH(T*T)PT > T*(TT*)PT.
Let T be a measurable transformation on X. The composition operator Cr on
the space L?(ju) is given by

Crf=foT for fe L*(u)

Let ¢ be a complex-valued measurable function then the weighted composition
operator Wy on the space L?(p) induced by ¢ and T is given by

Wyrf=¢ foT for fe L*(n)

In [1], G.Datt has described the conditions for the composition and weighted
composition operators to be k-quasiposinormal operators. The aim of this paper is
to study the p-quasiposinormal composition and p-quasiposinormal weighted com-
position operators and their corresponding adjoints in terms of Radon—Nikodym
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derivative and conditional expectation operators. The Radon—Nikodym Theorem
and the conditional expectation operators defined on L*(u) and its properties play
an important role. In the second section we have proved the conditions for compo-
sition operators to be p-quasiposinormal. In the third section we prove the same
results for weighted composition operators.

1. RADON-NIKODYM THEOREM AND CONDITIONAL EXPECTATION
OPERATOR

Let L?(u) = L*(X, %, u) be the space where (X,3, ) is a o-finite measure
space. A transformation 7 is said to be measurable if T-1(A) € ¥ for A € . A
measurable transformation 7' is said to be non-singular if

w(T71(A)) =0 whenever u(A) =0 for every A€ ¥.

If T is non-singular, then we say that p7~! is absolutely continuous with respect
to pu. Hence, by Radon-Nikodym theorem there exists a unique non-negative
measurable function h such that

(uT~1)(A) = /Ahdu for A e .

The non-negative measure function A is called the Radon-Nikodym derivative
dpT—!

and is denoted by . We always assume that h is almost everywhere finite-

valued or equivalently 77!(X) C ¥ is a sub-sigma finite algebra.

The conditional expectation operator E(- | T~Y(X2)) = E(f) is defined for each
non-negative function f in LP (1 < p < 0o) and is uniquely determined by the
following set of conditions:

(1) E(f) is T~'(X2) measurable.
(2) If A is any T7*(X) measurable set for which / fdp converges then

[ sau= [ Bi)an

The conditional expectation operator F has the following properties:

(1) E(f-goT) = (E(f))(goT).

(2) E is monotonically increasing, i.e., if f < g a.e. then

E(f) < E(g) ae.

we have

(3) E(1) =1.
(4) E(f) has the form E(f) =goT.

for exactly one »-measurable function g provided that the support of g lies in the
support of A which is given by

o(h) ={x : h(z) # 0}.
As an operator on LP, E is the projection operator onto the closure of the
range of the composition operator C'r. This operator plays an important role in
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the study of composition and weighted composition operators on various Banach
function spaces [4, 5, 7].

2. COMPOSITION OPERATORS

Let (X, X, 1) be a o-finite measure space and Cr be the composition operator
induced by the measurable transformation T on L?(u).

The adjoint C5. is given by Cf = hE(f) o T for f in L*(p).

The following lemma [2, 7] is intrumental in proving the subsequent result.

Lemma 2.1. Let P be the projection of L*(X, %, u) onto R(Cr). Then

(1) C+Crf = hf and CrCif = (hoT)PfV f € L*(u).

(2) R(Cp) ={f € L*(u) : f is T~Y(X) measurable}.

(3) If f is T~Y(X) measurable and g and fg belong to L*(),
then P(fg) = fP(g), (f need not be in L*()).

Proposition 2.2. For0 <p <1,

(1) (C7Cr)Pf = h* f.
(2) (CrC7)Pf = (ho T)PP(f).
(3) E is the identity operator on L*(p) if and only if T~1(3) = X.

The following theorem characterizes the p-quasiposinormal composition oper-
ators.

Theorem 2.3. If Cr be the composition operator induced by T on L*(u). Then
the following statements are equivalent:

(1) Cr is p-quasiposinormal.
(2) *hE(hP) > hE((h o T)P) where 0 < p < 1 and for some ¢ > 0.

Proof. For f € L*(u),

Cr(CrCr) Crf = Cp(CrCr)’ fo T
=CL(hP - foT)
=hEP - foT)oT .

Also,

Cr(CrCr)PCrf = Cr(CrCr)P fo T
= C3((ho T)PE(f o T))
=hE((hoTYE(foT))oT .

If Cr is a p-quasiposinormal, then
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Corollary 2.4. If T~Y(X) = X. Then the following statements are equivalent:

(1) Cr is p-quasiposinormal.
(2) Ah?™ > h(hoT)? where 0 < p <1 and for some ¢ > 0.

O

Proof. Result follows from the Theorem 2.3 and the fact that £ is the identity

operator.

OJ

The following theorem gives us an equivalent condition for the adjoint of com-

position operator to be p-quasiposinormal.

Theorem 2.5. If Cr be a composition operator on L*(u). Then the following

statements are equivalent:

(1) C% is p-quasiposinormal.
(2) hPTE < EhP o TE(h) where 0 < p <1 and for some ¢ > 0.

Proof. For every f € L*(u),
Cr(CrCr)PCrf = Cr(CrCr)P(RE(f) o T7)
= Cp(h? - hE(f)oT™)
= (WHE(f)oT ) oT
and
Cr(CrC)’Crf = Or(CrCr)P(RE(f) o T7)
= Cr((hoT)"- E(hE(f)oT™))
=((hoT)-E(hE(f)oT '))oT.
Thus, if '} is p-quasiposinormal then
(Cr(CrCr)PCr — *Cr(CrCT)PCT) f, f) <0
Let f = xp-1(a) with p(T71(A4)) < oo and E(xp-1(a)) 0T ' = E(xaoT)oT™!
Xa on o(h), therefore

/Tl(A)(thrl o TE(XT—l(A)> — Cth o T2 . (E(hE(XT—lA) o T71> o T))d,u <0
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& /((hp+1E<XT1(A)) oTt — P oT - E(hE(xp-14)oT ) oT oT NduT™ <0
& /(thXA — R o T - E(hxa))hdu < 0

& /(hp+1 — WP o T - E(h))hdpu < 0

& kT < PhP o T - E(h).

0
Corollary 2.6. If T7'(X) = X. Then the following statements are equivalent:
(1) C% is p-quasiposinormal.
(2) WPt < P o T - h where 0 < p <1 and for some ¢ > 0.
Proof. Since T71(X) = X then E = I and hence the result follows. O

3. WEIGHTED COMPOSITION OPERATORS

Let (X,X,u) be a o-finite measure space and W = Wy be the weighted
composition operator on L?(u) induced by the complex valued function ¢ and a
measurable transformation 7'. Define

J =hE(|¢[*) o T .

In [2, 7], it has been shown that W is bounded on LP(u) for 1 < p < oo if and
only if J € L*®(pu).

The adjoint W* is given by W*f = h- E(¢f) o T~ for f in L*(u).

Also,

(W*W)f = WHWf) =W foT)
=h-E(p-foT)oT!
=h-E(¢*)oT'f.

(W*W)Pf =1 - [E@)P o T f
= Jrf.

The following lemma [3] is instrumental in proving the next theorem.
Lemma 3.1. Let f € L*(u) and (WW*)f = ¢(ho T)E(¢f). Then for all p €
(0,00),

(WW*Pf = ¢(h? o T)[E(@)]" E(¢f).
In the following theorem, an equivalent condition for the weighted composition

operator to be p-quasiposinormal has been obtained in terms of Radon—Nikodym
derivative h and the function J.

Theorem 3.2. If W be a weighted composition operator on L*(u). Then the
following statements are equivalent:

(1) W is p-quasiposinormal.

(2) PhE(¢*JP) > hWPTE(¢*)]PT where 0 < p < 1 and for some ¢ > 0.
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Proof. Using the properties of conditional expectation operator £ and for every
fe L (),
W (WW*YPW f =W (WW*)P(¢- foT)
T)E@*))'E(¢¢- foT))
T)[E(¢*)' ' E(¢*) - foT)
=W*(p(h? o T)[E(¢*)]P - foT)
[

=h-E(¢*(h" o T)[E(¢*)]" - foT)o T
=h-RPoT[E(@)PHfoToT™t
=h-WP[E@)oTf

= WHBE(@*)PH o T f
and
W*(W*WYPW f = W*(W*W)P(¢- foT)
=W*(JP¢- foT)
=h-E(¢*JP - foT)oT™*
=h-E(¢*JP) o T'f.
Now, W is p-quasiposinormal if and only if
EW*(WWYW > WH(WW*)PW
& ChE@IP)) o Tt >t o T[E(P*)P 0T
& ERE(@*I)] > W B
O

An equivalent condition for the adjoint of weighted composition operator to
become p-quasiposinormal has been derived in the following theorem:

Theorem 3.3. If W be a weighted composition operator on L?(u). Then the
following statements are equivalent:

(1) W* is p-quasiposinormal.

(2) JPRE(f) < o(h? o T)[E(¢?)|P T E(hE(¢f) o T ™) o T
Proof. The proof is along the similar lines as in the preceding theorem. O

Example 3.4. Let w = < w,, >°; be a sequence of positive real numbers.
Consider the weighted Banach space [?(w) with X = N and y is a measure given by
w(n) = wy,, for a fixed natural number r. Let T be a measurable transformation
given by T'(n) = n+r for all n € N. We note that p o7 is absolutely continuous
with respect to u. Also, Let < ¢(n) > be a sequence of non-negative real numbers
given by

6(n) = {2%” if n is e?ven

0, otherwise
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Direct computations shows that
2 jer-1k) M

Migyr

h(k) =

ZjeTfl(T(k)) fim;
2 jer-1(r(w) M

for all non-negative sequence f =< f,, >>°, and k € N .
By Theorem 2.3, Cr is p-quasiposinormal if and only if

SN (hG)Pmy = Y (WT3G))Pmy.

JET-H(T(k)) JET—HT(k))

E(f)(k) =

By Theorem 3.2, W is p-quasiposinormal if and only if
1 ‘ > jer—1creey (37) My 1 _
Y (GUG)Pmy = (FE R (N

JET I (T(k)) (k) M%) jer T (T(k)
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