
Ann. Funct. Anal. 6 (2015), no. 1, 59–83
http://doi.org/10.15352/afa/06-1-6
ISSN: 2008-8752 (electronic)
http://projecteuclid.org/afa
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LOGARITHMIC CONVEXITY FOR SUPERQUADRATIC
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Communicated by K. Berenhaut

Abstract. In this paper, we define positive functionals by using the Jensen’s
inequality, converse of Jensen’s inequality, and Jensen-Mercer’s inequality on
time scales for superquadratic functions. We give mean-value theorems and
introduce related Cauchy-type means by using the functionals mentioned above
and show the monotonicity of these means. We also show that these functionals
are exponentially convex and give some applications of them by using the log-
convexity and exponential convexity.

1. Introduction

Recently, the authors have presented time scales analogues of many important
and well-known integral inequalities (Jensen’s and its related inequalities) for
convex functions [4] and superquadratic functions [6]. Also, in [5], Jensen’s func-
tionals are defined on time scales and several refinements and converses of Jensen’s
inequality are obtained by using properties of Jensen’s functionals. Now, in this
paper, we define Jensen type functionals on time scales for superquadratic func-
tions and obtain several refinements, conversions and generalizations of Jensen’s
inequality on time scales for superquadratic functions. First we give some defini-
tions and results which are used in the sequel.

Definition 1.1. A closed set ∅ 6= T ⊂ R is called a time scale. For a, b ∈ T with
a < b, we denote [a, b) ∩ T by [a, b)T. Let t ∈ T. Then σ : T → T defined by

σ(t) = inf{s ∈ T : s > t}
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is called the forward jump operator, and ρ : T → T defined by

ρ(t) = sup{s ∈ T : s < t}
is called the backward jump operator. Here we put inf ∅ = sup T and sup ∅ = inf T.
If σ(t) = t, then t is called right-dense, and if ρ(t) = t, then t is called left-dense.
A function f : T → R is called rd-continuous if it is continuous at all right-dense
points in T and its left-sided limits are finite at all left-dense points in T. The
set of all such rd-continuous functions is denoted by Crd, Crd(T), or Crd(T,R).
Finally, f is called delta integrable if it has an antiderivative F (i.e, F∆ = f), and
then we define the delta integral by∫ b

a

f(t)∆t = F (b)− F (a).

Theorem 1.2. Every rd-continuous function is delta integrable.

Theorem 1.3 (See [4, Theorem 3.2]). Let f, g ∈ Crd([a, b)T,R). Then∫ b

a

(αf(t) + βg(t))∆t = α

∫ b

a

f(t)∆t+ β

∫ b

a

g(t)∆t for all α, β ∈ R

and

f(t) ≥ 0 for all t ∈ [a, b)T implies

∫ b

a

f(t)∆t ≥ 0.

Theorem 1.3 says that the time scales integral is an isotonic linear functional
[8]. For further details of time scales theory, we refer to [7]. In the remainder of
this section, we recall some relevant results from [1, 3, 7].

Definition 1.4 (See [6, Definition 1.6]). A function Ψ : [0,∞) → R is called
superquadratic if there exists a function C : [0,∞) → R such that

Ψ(y)−Ψ(x)−Ψ(|y − x|) ≥ C(x)(y − x) for all x, y ≥ 0. (1.1)

If for all x, y > 0 with x 6= y, there is strict inequality in (1.1), then Ψ is called
strictly superquadratic.

Lemma 1.5 (See [6, Lemma 1.7]). Let Ψ be a superquadratic function with C(x)
as in Definition 1.4. Then

(i) Ψ(0) ≤ 0;
(ii) if Ψ is differentiable at x > 0 and Ψ(0) = Ψ′(0) = 0, then C(x) = Ψ′(x);
(iii) if Ψ ≥ 0, then Ψ is convex and Ψ (0) = Ψ′(0) = 0.

In the sequel, for any function Ψ ∈ C1([0,∞),R), we define an associated
function Ψ ∈ C1((0,∞),R) by

Ψ(x) =
Ψ′(x)

x
for all x > 0.

Lemma 1.6 (See [1, Lemma 1]). Let Ψ ∈ C1([0,∞),R) such that Ψ(0) ≤ 0. If
Ψ is increasing (strictly increasing) or Ψ′ is superadditive (strictly superadditive),
then Ψ is superquadratic (strictly superquadratic).
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Lemma 1.7 (See [1, Lemma 3]). Let Ψ ∈ C2([0,∞),R) be such that

m1 ≤
xΨ′′(x)−Ψ′(x)

x2
≤M1 for all x > 0.

Let the functions Φ1, Φ2 be defined by

Φ1(x) =
M1x

3

3
−Ψ(x), Φ2(x) = Ψ(x)− m1x

3

3
. (1.2)

Then Φ1, Φ2 are increasing. If also Ψ(0) = 0 then Φ1, Φ2 are superquadratic.

Lemma 1.8. Let s > 0 and Ψs : [0,∞) → R be defined by

Ψs(x) =


xs

s(s− 2)
, s 6= 2,

x2

2
log x, s = 2.

(1.3)

Then Ψs is superquadratic, with the convention 0 log 0 := 0.

Lemma 1.9. Let s ∈ R and ϕs : [0,∞) → R be defined by

ϕs(x) =


sxesx − esx + 1

s3
, s 6= 0,

x3

3
, s = 0.

Then ϕs is superquadratic.

Definition 1.10 (See [3, Definition 1]). A function Λ : (a, b) → R is called
exponentially convex if it is continuous and

n∑
i,j=1

vivjΛ (xi + xj) ≥ 0

for all n ∈ N and all choices vi ∈ R and xi + xj ∈ (a, b), 1 ≤ i, j ≤ n.

Proposition 1.11 (See [3, Proposition 1]). Let Λ : (a, b) → R. The following
are equivalent:

(i) Λ is exponentially convex.
(ii) Λ is continuous and

n∑
i,j=1

vivjΛ

(
xi + xj

2

)
≥ 0

for all n ∈ N, vi ∈ R and xi + xj ∈ (a, b), 1 ≤ i, j ≤ n.
(iii) Λ is continuous and

det

[
Λ

(
xi + xj

2

)]m

i,j=1

≥ 0, 1 ≤ m ≤ n

for all n ∈ N and for every xi ∈ (a, b), i = 1, . . . , n.
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Remark 1.12. Let Λ : (a, b) → (0,∞) be an exponentially convex function. Then
Λ is also log-convex, i.e., log Λ is convex. If r, s, w ∈ (a, b) such that r < s < w,
then

[Λ(s)]w−r ≤ [Λ(r)]w−s[Λ(w)]s−r.

Lemma 1.13 (See [1, Lemma 2]). Let Λ : (a, b) → (0,∞) be a log-convex func-
tion. Then for any r, l, v, w ∈ (a, b) such that r ≤ v, l ≤ w, r 6= l, v 6= w, we
have (

Λ(r)

Λ(l)

) 1
r−l

≤
(

Λ(v)

Λ(w)

) 1
v−w

.

2. Jensen-Type Inequalities

In order to obtain our main results, we first recall from [6] Jensen’s inequality
and its converses on time scales for superquadratic functions.

Theorem 2.1 (Jensen’s inequality [6, Theorem 2.5]). Let a, b ∈ T. Suppose
f ∈ Crd([a, b)T, [0,∞)) and Ψ ∈ C([0,∞),R) is superquadratic. Then

Ψ

(∫ b

a
f(t)∆t

b− a

)
≤ 1

b− a

∫ b

a

[
Ψ (f(u))−Ψ

(∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
)]

∆u. (2.1)

Moreover, if Ψ is strictly superquadratic, then strict inequality in (2.1) holds.

Theorem 2.2 (Jensen-Mercer inequality [6, Theorem 5.2]). Let a, b ∈ T. Suppose
f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M < ∞, and Ψ ∈ C([0,∞),R) is
superquadratic. Then

(b− a)Ψ

(
m+M − 1

b− a

∫ b

a

f(t)∆t

)
≤ (b− a)(Ψ(m) + Ψ(M))−

∫ b

a

Ψ(f(t))∆t−K, (2.2)

where

K =
2

M −m

∫ b

a

[(f(t)−m)Ψ(M − f(t)) + (M − f(t))Ψ(f(t)−m)] ∆t

+

∫ b

a

Ψ

(∣∣∣∣f(u)− 1

b− a

∫ b

a

f(t)∆t

∣∣∣∣)∆u.

Moreover, if Ψ is strictly superquadratic, then strict inequality in (2.2) holds.

Theorem 2.3 (Converse Jensen inequality [6, Theorem 6.2]). Let a, b ∈ T. Sup-
pose f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M < ∞, and Ψ ∈ C([0,∞),R) is
superquadratic. Then∫ b

a

Ψ (f(t)) ∆t+R

≤
M(b− a)−

∫ b

a
f(t)∆t

M −m
Ψ(m) +

∫ b

a
f(t)∆t−m(b− a)

M −m
Ψ(M), (2.3)
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where

R =
1

M −m

∫ b

a

[(f(t)−m)Ψ(M − f(t)) + (M − f(t))Ψ(f(t)−m)] ∆t.

Moreover, if Ψ is strictly superquadratic, then strict inequality in (2.3) holds.

Remark 2.4. The above three theorems hold for many other time scales integrals,
such as Cauchy, Riemann, Lebesgue, multiple Riemann, and multiple Lebesgue
delta, nabla, and diamond-α time scales integrals as we know that these integrals
are isotonic linear functionals (see [4]).

Remark 2.5. Weighted version of Theorems 2.1, 2.2, and 2.3 also hold, i.e., we

can take the weighted mean

∫ b

a
k(t)f(t)∆t∫ b

a
k(t)∆t

instead of

∫ b

a
f(t)∆t

b− a
, where

k ∈ Crd([a, b)T, [0,∞)) is such that

∫ b

a

k(t)∆t > 0.

3. Cauchy-Type Means

Under the assumptions of Theorems 2.1, 2.2 and 2.3, we define functionals JΨ,

J̃Ψ, and ĴΨ by

JΨ =

∫ b

a

[
Ψ (f(u))−Ψ

(∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
)]

∆u (3.1)

− (b− a)Ψ

(∫ b

a
f(t)∆t

b− a

)
,

J̃Ψ = (b− a)(Ψ(m) + Ψ(M))−
∫ b

a

Ψ(f(t))∆t−K

− (b− a)Ψ

(
m+M − 1

b− a

∫ b

a

f(t)∆t

)
,

ĴΨ =
M(b− a)−

∫ b

a
f(t)∆t

M −m
Ψ(m) +

∫ b

a
f(t)∆t−m(b− a)

M −m
Ψ(M)

−
∫ b

a

Ψ (f(t)) ∆t−R.

From the inequalities (2.1), (2.2), and (2.3), it is clear that, subject to the relevant

assumptions, JΨ, J̃Ψ, and ĴΨ are nonnegative.

Theorem 3.1. Let a, b ∈ T. Suppose f ∈ Crd([a, b)T, [0,∞)) and Ψ ∈ C1([0,∞),R)
is such that Ψ(0) = 0 and Ψ ∈ C1((0,∞),R). Then

JΨ =
%Ψ′′(%)−Ψ′(%)

%2
JΨ3 (3.2)

holds for some % > 0, provided that JΨ3 6= 0, where Ψ3 is defined in (1.3).



64 R. BIBI, M. BOHNER, J. PEČARIĆ

Proof. Define

ψ∗ := inf
x∈(0,∞)

Ψ
′
(x) and ψ∗ := sup

x∈(0,∞)

Ψ
′
(x).

Case 1: Suppose

ψ∗ = min
x∈(0,∞)

Ψ
′
(x) and ψ∗ = max

x∈(0,∞)
Ψ
′
(x).

Then

ψ∗ ≤
xΨ′′(x)−Ψ′(x)

x2
≤ ψ∗ for all x > 0. (3.3)

Hence by Lemma 1.7, Φ1 and Φ2 defined in (1.2) are superquadratic. By Theorem
2.1, we have JΦ1 ,JΦ2 ≥ 0. Thus, since JΦ1 = ψ∗JΨ3−JΨ and JΦ2 = JΨ−ψ∗JΨ3 ,
we obtain

ψ∗JΨ3 ≤ JΨ ≤ ψ∗JΨ3 . (3.4)

Now, (3.3) and (3.4) imply that there exists some % > 0 such that (3.2) holds.
Case 2: Suppose

ψ∗ = min
x∈(0,∞)

Ψ
′
(x) and ψ∗ 6= max

x∈(0,∞)
Ψ
′
(x).

In this case, Φ1 is strictly superquadratic. Therefore JΦ1 > 0 and JΦ2 ≥ 0. Hence

ψ∗ ≤
xΨ′′(x)−Ψ′(x)

x2
< ψ∗ (3.5)

and thus

ψ∗JΨ3 ≤ JΨ < ψ∗JΨ3 . (3.6)

Now, (3.5) and (3.6) imply that (3.2) holds for some % > 0.
Case 3: Suppose

ψ∗ 6= min
x∈(0,∞)

Ψ
′
(x) and ψ∗ = max

x∈(0,∞)
Ψ
′
(x).

In this case, Φ2 is strictly superquadratic. The rest of the proof is analogous to
the proof in Case 2.

Case 4: Suppose

ψ∗ 6= min
x∈(0,∞)

Ψ
′
(x) and ψ∗ 6= max

x∈(0,∞)
Ψ
′
(x).

In this case, Φ1 and Φ2 both are strictly superquadratic. The rest of the proof is
analogous to the proof in Case 2.

In the case where ψ∗ = ∞ (i.e., Ψ
′
is not bounded above) and ψ∗ exists, using

just Φ2, we obtain

ψ∗ ≤
xΨ′′(x)−Ψ′(x)

x2

in the case of minimum, and strong inequality in the case where ψ∗ is infimum.
The rest of the proof is as above. The remaining cases can be treated analogously.

�
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Theorem 3.2. Let a, b ∈ T and f ∈ Crd([a, b)T, [0,∞)) such that JΨ3 6= 0.
Suppose Ψ,Φ ∈ C1([0,∞),R) are such that Ψ(0) = Φ(0) = 0 and Ψ,Φ ∈
C1((0,∞),R). Then there exists some % > 0 such that

JΨ

JΦ

=
%Ψ′′(%)−Ψ′(%)

%Φ′′(%)− Φ′(%)
(3.7)

holds, provided that the denominators in (3.7) are nonzero.

Proof. Define χ ∈ C1([0,∞),R) by

χ(x) = JΦΨ(x)− JΨΦ(x) for x ≥ 0.

Then χ ∈ C1((0,∞),R), χ(0) = 0, and Jχ = 0. Therefore, by using χ instead of
Ψ in Theorem 3.1, we obtain that there exists % > 0 such that

0 = %χ′′(%)− χ′(%) = JΦ(%Ψ′′(%)−Ψ′(%))− JΨ(%Φ′′(%)− Φ′(%)),

from which (3.7) follows. �

Remark 3.3. In Theorem 3.2, let

G(%) =
%Ψ′′(%)−Ψ′(%)

%Φ′′(%)− Φ′(%)

and suppose G is invertible. Then we obtain another mean defined by

% = G−1

(
JΨ

JΦ

)
.

Theorem 3.4. Let a, b ∈ T. Suppose f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m <
M < ∞, and Ψ ∈ C1([0,∞),R) is such that Ψ(0) = 0 and Ψ ∈ C1((0,∞),R).
Then

J̃Ψ =
%Ψ′′(%)−Ψ′(%)

%2
J̃Ψ3

holds for some % > 0, provided that J̃Ψ3 6= 0.

Proof. The proof is analogous to the proof of Theorem 3.1, where, instead of
using Theorem 2.1, we apply Theorem 2.2 to Φ1 and Φ2. �

Theorem 3.5. Let a, b ∈ T and f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M <∞,

such that J̃Ψ3 6= 0. Suppose Ψ,Φ ∈ C1([0,∞),R) are such that Ψ(0) = Φ(0) = 0
and Ψ,Φ ∈ C1((0,∞),R). Then there exists some % > 0 such that

J̃Ψ

J̃Φ

=
%Ψ′′(%)−Ψ′(%)

%Φ′′(%)− Φ′(%)
(3.8)

holds, provided that the denominators in (3.8) are nonzero.

Proof. The proof is analogous to the proof of Theorem 3.2, where, instead of
using Theorem 3.1, we apply Theorem 3.4 to χ. �
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Remark 3.6. In Theorem 3.5, let

G̃(%) =
%Ψ′′(%)−Ψ′(%)

%Φ′′(%)− Φ′(%)

and suppose G̃ is invertible. Then we obtain another mean defined by

% = G̃−1

(
J̃Ψ

J̃Φ

)
.

Theorem 3.7. Let a, b ∈ T. Suppose f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m <
M < ∞, and Ψ ∈ C1([0,∞),R) is such that Ψ(0) = 0 and Ψ ∈ C1((0,∞),R).
Then

ĴΨ =
%Ψ′′(%)−Ψ′(%)

%2
ĴΨ3

holds for some % > 0, provided that ĴΨ3 6= 0.

Proof. The proof is analogous to the proof of Theorem 3.1, where, instead of
using Theorem 2.1, we apply Theorem 2.3 to Φ1 and Φ2. �

Theorem 3.8. Let a, b ∈ T and f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M <∞,

such that ĴΨ3 6= 0. Suppose Ψ,Φ ∈ C1([0,∞),R) are such that Ψ(0) = Φ(0) = 0
and Ψ,Φ ∈ C1((0,∞),R). Then there exists some % > 0 such that

ĴΨ

ĴΦ

=
%Ψ′′(%)−Ψ′(%)

%Φ′′(%)− Φ′(%)
(3.9)

holds, provided that the denominators in (3.9) are nonzero.

Proof. The proof is analogous to the proof of Theorem 3.2, where, instead of
using Theorem 3.1, we apply Theorem 3.7 to χ. �

Remark 3.9. In Theorem 3.8, let

Ĝ(%) =
%Ψ′′(%)−Ψ′(%)

%Φ′′(%)− Φ′(%)

and suppose Ĝ is invertible. Then we obtain another mean defined by

% = Ĝ−1

(
ĴΨ

ĴΦ

)
.

4. Generalized Means

Definition 4.1 (See [5, Definition 3.1]). Let a, b ∈ T. Let α ∈ C(I,R) be strictly
monotone, where I ⊂ R is an interval. If f ∈ Crd([a, b)T, I), then the generalized
mean of f is defined by

Mα(f) = α−1

(∫ b

a
(α ◦ f)(t)∆t

b− a

)
, (4.1)

provided that (4.1) is well defined.
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Theorem 4.2. Let a, b ∈ T and f ∈ Crd([a, b)T, [0,∞)). Suppose, moreover, that
α, β, γ ∈ C2([0,∞),R) are strictly monotone such that

α ◦ γ−1, β ◦ γ−1 ∈ C1((0,∞),R) and (α ◦ γ−1)(0) = (β ◦ γ−1)(0) = 0.

If

∫ b

a

(γ ◦ f)3(u)−

∣∣∣∣∣(γ ◦ f)(u)−
∫ b

a
(γ ◦ f)(t)∆t

b− a

∣∣∣∣∣
3
∆u−

(∫ b

a
(γ ◦ f)(t)∆t

)3

(b− a)2
6= 0,

then

α(Mα(f))− α(Mα(γ−1(|(γ ◦ f)− γ(Mγ(f))|)))− α(Mγ(f))

β(Mβ(f))− β(Mβ(γ−1(|(γ ◦ f)− γ(Mγ(f)|))))− β(Mγ(f))

=
γ(ζ)(α′′(ζ)γ′(ζ)− α′(ζ)γ′′(ζ))− α′(ζ)(γ′(ζ))2

γ(ζ)(β′′(ζ)γ′(ζ)− β′(ζ)γ′′(ζ))− β′(ζ)(γ′(ζ))2
(4.2)

holds for some ζ ∈ f([a, b)T), provided that the denominators in (4.2) are nonzero.

Proof. Replace the functions f , Ψ and Φ in Theorem 3.2 by γ ◦ f , α ◦ γ−1 and
β ◦ γ−1, respectively, so there exists some % > 0 such that

α(Mα(f))− α(Mα(γ−1(|(γ ◦ f)− γ(Mγ(f))|)))− α(Mγ(f))

β(Mβ(f))− β(Mβ(γ−1(|(γ ◦ f)− γ(Mγ(f))|)))− β(Mγ(f))

=
%(α′′(γ−1(%))γ′(γ−1(%))− α′(γ−1(%))γ′′(γ−1(%)))− α′(γ−1(%))(γ′(γ−1(%)))2

%(β′′(γ−1(%))γ′(γ−1(%))− β′(γ−1(%))γ′′(γ−1(%)))− β′(γ−1(%))(γ′(γ−1(%)))2
.

By putting γ−1(%) = ζ, there exists some ζ ∈ f([a, b)T) such that (4.2) holds. �

Remark 4.3. In Theorem 4.2, let

F(ζ) =
γ(ζ)(α′′(ζ)γ′(ζ)− α′(ζ)γ′′(ζ))− α′(ζ)(γ′(ζ))2

γ(ζ)(β′′(ζ)γ′(ζ)− β′(ζ)γ′′(ζ))− β′(ζ)(γ′(ζ))2

and suppose F is invertible. Then, since ζ is in the image of f , we obtain a new
mean defined by

F−1

(
α(Mα(f))− α(Mα(γ−1(|(γ ◦ f)− γ(Mγ(f))|)))− α(Mγ(f))

β(Mβ(f))− β(Mβ(γ−1(|(γ ◦ f)− γ(Mγ(f))|)))− β(Mγ(f))

)
.

Definition 4.4 (See [5, Definition 3.4]). Let a, b ∈ T and f ∈ Crd([a, b)T, I),
where I ⊂ R is an interval. If r ∈ R, then the generalized power mean of f is
defined by

Mr(f) =



(∫ b

a
f r(t)∆t

b− a

) 1
r

, r 6= 0,

exp

(∫ b

a
log f(t)∆t

b− a

)
, r = 0,

(4.3)

provided that (4.3) is well defined.
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Corollary 4.5. Let a, b ∈ T and f ∈ Crd([a, b)T, I) be positive. Suppose r, l, s > 0
are such that r 6= l, r 6= 2s, l 6= 2s, and∫ b

a

f 3s(u)−

∣∣∣∣∣f s(u)−
∫ b

a
f s(t)∆t

b− a

∣∣∣∣∣
3
∆u−

(∫ b

a
f s(t)∆t

)3

(b− a)2
6= 0.

Then
Mr

r(f)−Mr
r(|f s −Ms

s(f)| 1s )−Mr
s(f)

Ml
l(f)−Ml

l(|f s −Ms
s(f)| 1s )−Ml

s(f)
=
r(r − 2s)

l(l − 2s)
ζr−l (4.4)

holds for some ζ ∈ f([a, b)T), provided that the denominators in (4.4) are nonzero.

Proof. Equation (4.4) directly follows from Theorem 4.2 by taking α(x) = xr,
β(x) = xl and γ(x) = xs in Theorem 4.2. �

Remark 4.6. From Corollary 4.5, since ζ ∈ f([a, b)T), we obtain a new mean
defined by

M
[s]
r,l(f) =

(
l(l − 2s)

r(r − 2s)

Mr
r(f)−Mr

r(|f s −Ms
s(f)| 1s )−Mr

s(f)

Ml
l(f)−Ml

l(|f s −Ms
s(f)| 1s )−Ml

s(f)

) 1
r−l

,

where r, l, s > 0, r 6= 2s, l 6= 2s. We can extend these means to the limiting cases.
To do so, let r, l, s > 0. We define

M
[s]
l,l (f) = exp

(
P

Q
− 2(l − s)

l(l − 2s)

)
, l 6= 2s,

M
[s]
l,2s(f) = M

[s]
2s,l(f) = exp

(
2sQ

l(l − 2s)P1

) 1
l−2s

, l 6= 2s,

M
[s]
2s,2s(f) = exp

(
Q1

2P1

− 1

2s

)
,

where P , Q, P1 and Q1 are

P =
1

b− a

∫ b

a

f l(t) log f(t)∆t−Ml
s(f) log Ms(f)

− 1

s(b− a)

∫ b

a

|f s(t)−Ms
s(f)|

l
s log |f s(t)−Ms

s(f)|∆t,

Q =Ml
l(f)−Ml

l(|f s −Ms
s(f)|

1
s )−Ml

s(f),

P1 =
1

b− a

∫ b

a

f 2s(t) log f(t)∆t−M2s
s (f) log Ms(f)

− 1

s(b− a)

∫ b

a

|f s(t)−Ms
s(f)|2 log |f s(t)−Ms

s(f)|∆t,

Q1 =
1

b− a

∫ b

a

f 2s(t)(log f(t))2∆t−M2s
s (f)(log Ms(f))2

− 1

s2(b− a)

∫ b

a

|f s(t)−Ms
s(f)|2 (log |f s(t)−Ms

s(f)|)2 ∆t.
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Theorem 4.7. Let a, b ∈ T and f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M <∞.
Suppose α, β, γ ∈ C2([0,∞),R) are strictly monotone such that

α ◦ γ−1, β ◦ γ−1 ∈ C1((0,∞),R) and (α ◦ γ−1)(0) = (β ◦ γ−1)(0) = 0.

If

(b− a)((γ(m))3 + (γ(M))3)−
∫ b

a

(γ ◦ f)3(t)∆t

− (b− a)

(
γ(m) + γ(M)− 1

b− a

∫ b

a

(γ ◦ f)(t)∆t

)3

− 2

γ(M)− γ(m)

∫ b

a

[
((γ ◦ f)(t)− γ(m))(γ(M)− (γ ◦ f)(t))3

+(γ(M)− (γ ◦ f)(t))((γ ◦ f)(t)− γ(m))3
]
∆t

−
∫ b

a

∣∣∣∣(γ ◦ f)(u)− 1

b− a

∫ b

a

(γ ◦ f)(t)∆t

∣∣∣∣3 ∆u 6= 0,

then

Wα −Xα − Y
b−a

∫ b

a
[g(t)(α ◦ γ−1)(h(t)) + h(t)(α ◦ γ−1)(g(t))]∆t− Zα

Wβ −Xβ − Y
b−a

∫ b

a
[g(t)(β ◦ γ−1)(h(t)) + h(t)(β ◦ γ−1)(g(t))]∆t− Zβ

=
γ(ζ)(α′′(ζ)γ′(ζ)− α′(ζ)γ′′(ζ))− α′(ζ)(γ′(ζ))2

γ(ζ)(β′′(ζ)γ′(ζ)− β′(ζ)γ′′(ζ))− β′(ζ)(γ′(ζ))2
(4.5)

holds for some ζ ∈ f([a, b)T), provided that the denominators in (4.5) are nonzero,
where

Wα = α(m) + α(M)− α(Mα(f)),

Xα = (α ◦ γ−1)(γ(m) + γ(M)− γ(Mγ(f))),

Zα = α(Mα(γ−1(|(γ ◦ f)− γ(Mγ(f))|))), Y =
2

γ(M)− γ(m)
,

g = (γ ◦ f)− γ(m), h = γ(M)− (γ ◦ f).

Proof. Replace the functions f , Ψ and Φ in Theorem 3.5 by γ ◦ f , α ◦ γ−1 and
β ◦ γ−1, respectively. The rest of the proof is analogous to the proof of Theorem
4.2. �

Remark 4.8. In Theorem 4.7, let

F̃(ζ) =
γ(ζ)(α′′(ζ)γ′(ζ)− α′(ζ)γ′′(ζ))− α′(ζ)(γ′(ζ))2

γ(ζ)(β′′(ζ)γ′(ζ)− β′(ζ)γ′′(ζ))− β′(ζ)(γ′(ζ))2

and suppose F̃ is invertible. Then, since ζ is in the image of f , we obtain a new
mean defined by

F̃−1

(
Wα −Xα − Y

b−a

∫ b

a
[g(t)(α ◦ γ−1)(h(t)) + h(t)(α ◦ γ−1)(g(t))]∆t− Zα

Wβ −Xβ − Y
b−a

∫ b

a
[g(t)(β ◦ γ−1)(h(t)) + h(t)(β ◦ γ−1)(g(t))]∆t− Zβ

)
.
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Corollary 4.9. Let a, b ∈ T and f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M <
∞. Suppose r, l, s > 0 are such that r 6= l, r 6= 2s, l 6= 2s, and

(b− a)(m3s +M3s)−
∫ b

a

f 3s(t)∆t− (b− a)

(
ms +M s − 1

b− a

∫ b

a

f s(t)∆t

)3

− 2

M s −ms

∫ b

a

[
(f s(t)−ms)(M s − f s(t))3

+(M s − f s(t))(f s(t)−ms)3
]
∆t−

∫ b

a

∣∣∣∣f s(u)− 1

b− a

∫ b

a

f s(t)∆t

∣∣∣∣3 ∆u 6= 0.

Then

Wr −Xr − Ys(M
r
r(g

1
r
s h

1
s
s ) + Mr

r(h
1
r
s g

1
s
s ))− Zr

Wl −Xl − Ys(Ml
l(g

1
l
s h

1
s
s ) + Ml

l(h
1
l
s g

1
s
s ))− Zl

=
r(r − 2s)

l(l − 2s)
ζr−l (4.6)

holds for some ζ ∈ f([a, b)T), provided that the denominators in (4.6) are nonzero,
where

Wr = mr +M r −Mr
r(f), Xr = (ms +M s −Ms

s(f))
r
s ,

Zr = Mr
r(|f s −Ms

s(f)|
1
s ), Ys =

2

M s −ms
,

gs = f s −ms, hs = M s − f s.

Remark 4.10. From Corollary 4.9, since ζ ∈ f([a, b)T), we obtain a new mean
defined by

M̃
[s]
r,l(f) =

(
l(l − 2s)

r(r − 2s)

Wr −Xr − Ys(M
r
r(g

1
r
s h

1
s
s ) + Mr

r(h
1
r
s g

1
s
s ))− Zr

Wl −Xl − Ys(Ml
l(g

1
l
s h

1
s
s ) + Ml

l(h
1
l
s g

1
s
s ))− Zl

) 1
r−l

,

where r, l, s > 0, r 6= 2s, l 6= 2s. We can extend these means to the limiting cases.
To do so, let r, l, s > 0. We define

M̃
[s]
l,l (f) = exp

(
P̃

Q̃
− 2(l − s)

l(l − 2s)

)
, l 6= 2s,

M̃
[s]
l,2s(f) = M̃

[s]
2s,l(f) = exp

(
2sQ̃

l(l − 2s)P̃1

) 1
l−2s

, l 6= 2s,

M̃
[s]
2s,2s(f) = exp

(
Q̃1

2P̃1

− 1

2s

)
,

where P̃ , Q̃, P̃1 and Q̃1 are defined by

P̃ =ml logm+M l logM − 1

b− a

∫ b

a

f l(t) log f(t)∆t

− 1

s
Xl log(ms +M s −Ms

s(f))
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− Ys

s(b− a)

∫ b

a

[gs(t)h
l
s
s (t) log(hs(t)) + hs(t)g

l
s
s (t) log(gs(t))]∆t

− 1

s(b− a)

∫ b

a

|f s(t)−Ms
s(f)|

l
s log |f s(t)−Ms

s(f)|∆t,

Q̃ =Wl −Xl − Ys(M
l
l(g

1
l
s h

1
s
s ) + Ml

l(h
1
l
s g

1
s
s ))− Zl,

P̃1 =m2s logm+M2s logM − 1

b− a

∫ b

a

f 2s(t) log f(t)∆t

− 1

s
X2s log(ms +M s −Ms

s(f))

− Ys

s(b− a)

∫ b

a

[gs(t)h
2
s(t) log(hs(t)) + hs(t)g

2
s(t) log(gs(t))]∆t

− 1

s(b− a)

∫ b

a

|f s(t)−Ms
s(f)|2 log |f s(t)−Ms

s(f)|∆t,

Q̃1 =m2s(logm)2 +M2s(logM)2 − 1

b− a

∫ b

a

f 2s(t)(log f(t))2∆t

− 1

s2
X2s(log(ms +M s −Ms

s(f)))2

− Ys

s2(b− a)

∫ b

a

[gs(t)h
2
s(t)(log(hs(t)))

2 + hs(t)g
2
s(t)(log(gs(t)))

2]∆t

− 1

s2(b− a)

∫ b

a

|f s(t)−Ms
s(f)|2(log |f s(t)−Ms

s(f)|)2∆t.

Theorem 4.11. Let a, b ∈ T and f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M <
∞. Suppose α, β, γ ∈ C2([0,∞),R) are strictly monotone such that

α ◦ γ−1, β ◦ γ−1 ∈ C1((0,∞),R) and (α ◦ γ−1)(0) = (β ◦ γ−1)(0) = 0.

If ∫ b

a

(γ ◦ f)(t)∆t
(
(γ(M))2 + (γ(m))2 + γ(M)γ(m))

)
− (b− a)γ(M)γ(m)(γ(M) + γ(m))−

∫ b

a

(γ ◦ f)3(t)∆t

− 1

γ(M)− γ(m)

∫ b

a

[
((γ ◦ f)(t)− γ(m))(γ(M)− (γ ◦ f)(t))3

+(γ(M)− (γ ◦ f)(t))((γ ◦ f)(t)− γ(m))3
]
∆t 6= 0,

then

(b− a)Eα −
∫ b

a
[g(t)(α ◦ γ−1)(h(t)) + h(t)(α ◦ γ−1)(g(t))]∆t− (b− a)Fα

(b− a)Eβ −
∫ b

a
[g(t)(β ◦ γ−1)(h(t)) + h(t)(β ◦ γ−1)(g(t))]∆t− (b− a)Fβ

=
γ(ζ)(α′′(ζ)γ′(ζ)− α′(ζ)γ′′(ζ))− α′(ζ)(γ′(ζ))2

γ(ζ)(β′′(ζ)γ′(ζ)− β′(ζ)γ′′(ζ))− β′(ζ)(γ′(ζ))2
(4.7)
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holds for some ζ ∈ f([a, b)T), provided that the denominators in (4.7) are nonzero,
where g and h are defined as in Theorem 4.7 and

Eα = (γ(M)− γ(Mγ(f)))α(m) + (γ(Mγ(f))− γ(m))α(M),

Fα = (γ(M)− γ(m))α(Mα(f)).

Proof. Replace the functions f , Ψ and Φ in Theorem 3.5 by γ ◦ f , α ◦ γ−1 and
β ◦ γ−1, respectively. The rest of the proof is analogous to the proof of Theorem
4.2. �

Remark 4.12. In Theorem 4.11, let

F̂(ζ) =
γ(ζ)(α′′(ζ)γ′(ζ)− α′(ζ)γ′′(ζ))− α′(ζ)(γ′(ζ))2

γ(ζ)(β′′(ζ)γ′(ζ)− β′(ζ)γ′′(ζ))− β′(ζ)(γ′(ζ))2

and suppose F̂ is invertible. Then, since ζ is in the image of f , we obtain a new
mean defined by

F̂−1

(
(b− a)Eα −

∫ b

a
[g(t)(α ◦ γ−1)(h(t)) + h(t)(α ◦ γ−1)(g(t))]∆t− (b− a)Fα

(b− a)Eβ −
∫ b

a
[g(t)(β ◦ γ−1)(h(t)) + h(t)(β ◦ γ−1)(g(t))]∆t− (b− a)Fβ

)
.

Corollary 4.13. Let a, b ∈ T and f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M <
∞. Suppose r, l, s > 0 are such that r 6= l, r 6= 2s, l 6= 2s, and∫ b

a

f s(t)∆t
(
M2s +m2s + (Mm)s

)
− (b− a)(Mm)s(M s +ms)−

∫ b

a

f 3s(t)∆t

−
∫ b

a

[
(f s(t)−ms) (M s − f s(t))3 + (M s − f s(t))(f s(t)−ms)3

]
∆t

M s −ms
6= 0.

Then

Er −Mr
r(g

1
r
s h

1
s
s )−Mr

r(h
1
r
s g

1
s
s )− Fr

El −Ml
l(g

1
l
s h

1
s
s )−Ml

l(h
1
l
s g

1
s
s )− Fl

=
r(r − 2s)

l(l − 2s)
ζr−l (4.8)

holds for some ζ ∈ f([a, b)T), provided that the denominators in (4.8) are nonzero,
where gs and hs are defined as in Corollary 4.9 and

Er = (M s −Ms
s(f))mr + (Ms

s(f)−ms)M r, Fr = (M s −ms)Mr
r(f).

Remark 4.14. From Corollary 4.13, since ζ ∈ f([a, b)T), we obtain a new mean
defined by

M̂
[s]
r,l(f) =

(
l(l − 2s)

r(r − 2s)

Er −Mr
r(g

1
r
s h

1
s
s )−Mr

r(h
1
r
s g

1
s
s )− Fr

El −Ml
l(g

1
l
s h

1
s
s )−Ml

l(h
1
l
s g

1
s
s )− Fl

) 1
r−l

,

where r, l, s > 0, r 6= 2s, l 6= 2s. We can extend these means to the limiting cases.
To do so, let r, l, s > 0. We define

M̂
[s]
l,l (f) = exp

(
P̂

Q̂
− 2(l − s)

l(l − 2s)

)
, l 6= 2s,
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M̂
[s]
l,2s(f) = M̂

[s]
2s,l(f) = exp

(
2sQ̂

l(l − 2s)P̂1

) 1
l−2s

, l 6= 2s,

M̂
[s]
2s,2s(f) = exp

(
Q̂1

2P̂1

− 1

2s

)
,

where P̂ , Q̂, P̂1 and Q̂1 are defined by

P̂ =(M s −Ms
s(f))ml logm+ (Ms

s(f)−ms)M l logM

− 1

s(b− a)

∫ b

a

[gs(t)h
l
s
s (t) log(hs(t)) + hs(t)g

l
s
s (t) log(gs(t))]∆t

− M s −ms

b− a

∫ b

a

f l(t) log f(t)∆t,

Q̂ =El −Ml
l(g

1
l
s h

1
s
s )−Ml

l(h
1
l
s g

1
s
s )− Fl,

P̂1 =(M s −Ms
s(f))m2s logm+ (Ms

s(f)−ms)M2s logM

− 1

s(b− a)

∫ b

a

[gs(t)h
2
s(t) log(hs(t)) + hs(t)g

2
s(t) log(gs(t))]∆t

− M s −ms

b− a

∫ b

a

f 2s(t) log f(t)∆t,

Q̂1 =(M s −Ms
s(f))m2s(logm)2 + (Ms

s(f)−ms)M2s(logM)2

− 1

s2(b− a)

∫ b

a

[gs(t)h
2
s(t)(log(hs(t)))

2 + hs(t)g
2
s(t)(log(gs(t)))

2]∆t

− M s −ms

b− a

∫ b

a

f 2s(t)(log f(t))2∆t.

5. Exponential Convexity and Logarithmic Convexity

Applying the functional JΨ to the function Ψs defined in Lemma 1.8, we obtain

JΨs =
1

s(s− 2)

{∫ b

a

[
f s(u)−

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
s]

∆u (5.1)

−(b− a)

(∫ b

a
f(t)∆t

b− a

)s}
, s 6= 2

and

JΨ2 =
1

2

{∫ b

a

[
f 2(u) log f(u) (5.2)

−

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
2

log

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
∆u
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− 1

b− a

(∫ b

a

f(t)∆t

)2

log

(∫ b

a
f(t)∆t

b− a

)}
.

Theorem 5.1. Let JΨs be defined as in (5.1)–(5.2). Then

(i) for all n ∈ N and for all pi > 0, pij =
pi + pj

2
, 1 ≤ i, j ≤ n, the matrix[

JΨpij

]n
i,j=1

is positive semidefinite;

(ii) the function s 7→ JΨs is exponentially convex;
(iii) if JΨs > 0, then the function s 7→ JΨs is log-convex, i.e., for 0 < r < s <

w, we have

(JΨs)
w−r ≤ (JΨr)

w−s (JΨw)s−r .

Proof. To show (i), let

Λ(x) =
n∑

i,j=1

vivjΨpij
(x).

Then

Λ
′
(x) =

n∑
i,j=1

vivjx
pij
2
−3 =

(
n∑

i=1

vix
pi−3

2

)2

≥ 0

and Λ(0) = 0. Thus Λ is superquadratic. Now using Λ instead of Ψ in (3.1), we
obtain

JΛ =
n∑

i,j=1

vivjJΨpij
≥ 0. (5.3)

Hence the matrix
[
JΨpij

]n
i,j=1

is positive semidefinite.

Now we show (ii). Because lim
s→2

JΨs = JΨ2 , the function s 7→ JΨs is con-

tinuous on R+. Hence by (5.3) and Proposition 1.11, the function s 7→ JΨs is
exponentially convex.

Finally, we show (iii). Because the function s 7→ JΨs is exponentially convex,
if JΨs > 0, then by Remark 1.12, the function s 7→ JΨs is log-convex. �
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Corollary 5.2. Let a, b ∈ T and f ∈ Crd([a, b)T, I) be positive and define

Ds =



∫ b

a

[
f s(u)−

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
s]

∆u

−(b− a)

(∫ b

a
f(t)∆t

b− a

)s

, s 6= 2

∫ b

a

f 2(u) log f(u)−

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
2

log

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
]

∆u

− 1

b− a

(∫ b

a
f(t)∆t

)2

log

(∫ b

a
f(t)∆t

b− a

)
, s = 2.

Then

(i) for s > 4,∫ b

a
f s(t)∆t

b− a
≥

(∫ b

a
f(t)∆t

b− a

)s

+
1

b− a

∫ b

a

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
s

∆u

+
s(s− 2)

3(b− a)

(
3D4

8D3

)s−3

D3;

(ii) for 1 < s < 2,∫ b

a
f s(t)∆t

b− a
≤

(∫ b

a
f(t)∆t

b− a

)s

+
1

b− a

∫ b

a

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
s

∆u

+
s(s− 2)

b− a

 D2

2
∫ b

a

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣∆u


s−1 ∫ b

a

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣∆u;
(iii) for 2 < s < 3,∫ b

a
f s(t)∆t

b− a
≤

(∫ b

a
f(t)∆t

b− a

)s

+
1

b− a

∫ b

a

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
s

∆u

+
s(s− 2)

2(b− a)

(
2D3

3D2

)s−2

D2;

(iv) for 3 < s < 4,∫ b

a
f s(t)∆t

b− a
≤

(∫ b

a
f(t)∆t

b− a

)s

+
1

b− a

∫ b

a

∣∣∣∣∣f(u)−
∫ b

a
f(t)∆t

b− a

∣∣∣∣∣
s

∆u
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+
s(s− 2)

3(b− a)

(
3D4

8D3

)s−3

D3.

Proof. The results follow from Theorem 5.1 (iii). �

Example 5.3 (See [2]). Let us consider the discrete form of Ds. For this, let
[a, b) = {1, 2}, f(1) = x, f(2) = y such that y ≥ x ≥ 0. Then Ds becomes

Ds = ds = xs + ys − 2

(
x+ y

2

)s

− 2

(
y − x

2

)s

.

For s > 4, we obtain the inequality

ds ≥
s(s− 2)

3

(
3d4

8d3

)s−3

d3

=
s(s− 2)

3

(
32(y + x)2

42(y + 2x)

)s−3
(y − x)2(y + 2x)

2
.

If 3 < s < 4, we have

ds ≤
s(s− 2)

3

(
32(y + x)2

42(y + 2x)

)s−3
(y − x)2(y + 2x)

2
.

Therefore for s = 1, the inequality becomes

−(y − x) ≤ − 1

3 · 2

(
42

32

)2
(y + 2x)3(y − x)2

(y + x)4
.

Theorem 5.4. Suppose p, q ∈ R are such that 1 < p < 2 and
1

p
+

1

q
= 1. Let

a, b ∈ T and f, g ∈ Crd([a, b)T, [0,∞)) be such that
∫ b

a
gq(t)∆t > 0. Then

1

p(p− 2)

(((∫ b

a

fp(t)∆t−
∫ b

a

g(u)hp(u)∆u

) 1
p
(∫ b

a

gq(t)∆t

) 1
q

)p

−
(∫ b

a

f(t)g(t)∆t

)p
)

≤ 1

2p−1

(∫ b

a

g(u)h(u)∆u

)2−p

(∫ b

a

gq(t)∆t

(∫ b

a

f 2(t)g2−q(t) log(f(t)g1−q(t))∆t

−
∫ b

a

g2−q(u)h2(u) log(g1−q(u)h(u))∆u

)
−
(∫ b

a

f(t)g(t)∆t

)2

log

(∫ b

a
f(t)g(t)∆t∫ b

a
gq(t)∆t

))p−1
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holds, where

h(u) =

∣∣∣∣∣f(u)− gq−1(u)

∫ b

a
f(t)g(t)∆t∫ b

a
gq(t)∆t

∣∣∣∣∣ .
Proof. In Theorem 5.1 (iii), let r = 1, s = p, w = 2, so that 1 < p < 2. Then we
have (

JΨp

)1 ≤ (JΦ1)
2−p (JΦ2)

p−1 .

By replacing

∫ b

a
f(t)∆t

b− a
with

∫ b

a
k(t)f(t)∆t∫ b

a
k(t)∆t

, where k ∈ Crd([a, b)T, [0,∞)) is such

that
∫ b

a
k(t)∆t > 0, we get

1

p(p− 2)

(∫ b

a

k(t)fp(t)∆t−
∫ b

a

k(u)

∣∣∣∣∣f(u)−
∫ b

a
k(t)f(t)∆t∫ b

a
k(t)∆t

∣∣∣∣∣
p

∆u

−
∫ b

a

k(t)∆t

(∫ b

a
k(t)f(t)∆t∫ b

a
k(t)∆t

)p)

≤ 1

2p−1


(∫ b

a

k(t)

∣∣∣∣∣f(u)−
∫ b

a
k(t)f(t)∆t∫ b

a
k(t)∆t

∣∣∣∣∣∆u
)2−p(∫ b

a

k(t)f 2(t) log f(t)∆t

−
∫ b

a

k(u)

∣∣∣∣∣f(u)−
∫ b

a
k(t)f(t)∆t∫ b

a
k(t)∆t

∣∣∣∣∣
2

log

∣∣∣∣∣f(u)−
∫ b

a
k(t)f(t)∆t∫ b

a
k(t)∆t

∣∣∣∣∣∆u
− 1∫ b

a
k(t)∆t

(∫ b

a

k(t)f(t)∆t

)2

log

(∫ b

a
k(t)f(t)∆t∫ b

a
k(t)∆t

))p−1
 .

Now replacing k by gq and f by fg1−q, after some calculation, we get the required
result. �

Remark 5.5. Theorem 5.4 refines the time scales Hölder inequality for superqua-
dratic functions as given in [6].

Theorem 5.6. Let JΨs and JΨ2 be positive. Then for r, l, v, w > 0 such that
r ≤ v, l ≤ w, we have

M
[s]
r,l(f) ≤ M[s]

v,w(f).

Proof. Since JΨs is positive, by Theorem 5.1, JΨs is log-convex. Now by using
Lemma 1.13, for r, l, v, w > 0 such that r ≤ v, l ≤ w, r 6= l, v 6= w, we have(

JΨr

JΨl

) 1
r−l

≤
(
JΨv

JΨw

) 1
v−w

.

By substituting
r

s
for r,

l

s
for l,

u

s
for u,

v

s
for v, f s for f and from the continuity

of JΨs , we obtain our required result. �

Theorem 5.7. Theorem 5.1 is still valid if we replace Ψs by ϕs as defined in
Lemma 1.9.
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Proof. As in the proof of Theorem 5.1, consider

Ω(x) =
n∑

i,j=1

vivjϕpij
(x).

Then

Ω
′
(x) =

(
n∑

i=1

vie
pi
2

x

)2

≥ 0

and Ω(0) = 0. Thus Ω is superquadratic. Now using Ω instead of Ψ in (3.1), we
obtain our required result. �

Corollary 5.8. Let a, b ∈ T and f ∈ Crd([a, b)T, I) be positive. Let r, s ∈ R,
r 6= s. Then we have

Mr,s(f)

=

s3
(
r
∫ b

a
f r(t) log f(t)∆t− Ar − r

∫ b

a
B(t)erB(t)∆t+

∫ b

a
erB(t)∆t− 1

)
r3
(
s
∫ b

a
f s(t) log f(t)∆t− As − s

∫ b

a
B(t)esB(t)∆t+

∫ b

a
esB(t)∆t− 1

)


1
r−s

,

provided that the occurring denominators are nonzero, where

Ar = (b− a)(Mr
r(f) + Mr

0(f) log(Mr
0(f))−Mr

0(f)), B(t) =

∣∣∣∣log

(
f(t)

M0(f)

)∣∣∣∣ .
Proof. The proof follows from Theorem 3.2 by replacing Ψ, Φ and f with ϕr, ϕs

and log f , respectively. �

Remark 5.9. For the limiting cases of Cauchy-type means defined in Corollary
5.8, we have

Ms,s(f) = exp

(
B

C
− 3

s

)
, s 6= 0 and M0,0(f) = exp

(
3B1

8C1

)
,

where

B =s

(∫ b

a

f s(t)(log f(t))2∆t− (b− a)Ms
0(f) (log(M0(f)))2

−
∫ b

a

B2(t)esB(t)∆t

)
,

C =s

∫ b

a

f s(t) log f(t)∆t− (b− a)As − s

∫ b

a

B(t)esB(t)∆t+

∫ b

a

esB(t)∆t− 1,

B1 =

∫ b

a

(log f(t))4∆t− (b− a)(log(M0(f)))4 −
∫ b

a

B4(t)∆t,

C1 =

∫ b

a

(log f(t))3∆t− (b− a)(log(M0(f)))3 −
∫ b

a

B3(t)∆t.

Theorem 5.10. Let JΨs be positive. Then for r, l, v, w > 0 such that r ≤ v,
l ≤ w, we have

Mr,l(f) ≤ Mv,w(f).
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Proof. See the proof of Theorem 5.6. �

We can obtain corresponding results for J̃Ψs and ĴΨs analogously as in the
case of JΨs .

Theorem 5.11. (i) For all n ∈ N and for all pi > 0, pij =
pi + pj

2
, 1 ≤

i, j ≤ n, the matrix
[
J̃Ψpij

]n
i,j=1

is positive semidefinite;

(ii) the function s 7→ J̃Ψs is exponentially convex;

(iii) if J̃Ψs > 0, then the function s 7→ J̃Ψs is log-convex, i.e., for 0 < r < s <
w, we have

J̃ w−r
Ψs

≤ J̃ w−s
Ψr

J̃ s−r
Ψw

.

Corollary 5.12. Let a, b ∈ T and f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M <
∞. Suppose

D̃s =



(b− a)(ms +M s)−
∫ b

a
f s(t)∆t

−(b− a)
(
m+M − 1

b−a

∫ b

a
f(t)∆t

)s

−Ks, s 6= 2

(b− a)(m2 logm+M2 logM)−
∫ b

a
f 2(t) log f(t)∆t

−(b− a)
(
m+M − 1

b−a

∫ b

a
f(t)∆t

)2

log
(
m+M − 1

b−a

∫ b

a
f(t)∆t

)
−K2, s = 2,

where

Ks =
2

M −m

∫ b

a

[(f(t)−m)(M − f(t))s + (M − f(t))(f(t)−m)s] ∆t

+

∫ b

a

∣∣∣∣f(u)− 1

b− a

∫ b

a

f(t)∆t

∣∣∣∣s ∆u

and

K2 =
2

M −m

∫ b

a

[
(f(t)−m)(M − f(t))2 log(M − f(t))

+(M − f(t))(f(t)−m)2 log(f(t)−m)
]
∆t

+

∫ b

a

∣∣∣∣f(u)− 1

b− a

∫ b

a

f(t)∆t

∣∣∣∣2 log

∣∣∣∣f(u)− 1

b− a

∫ b

a

f(t)∆t

∣∣∣∣∆u.
Then

(i) for s > 4,

D̃s

s(s− 2)
≥ D̃3

3

(
3D̃4

8D̃3

)s−3

;

(ii) for 1 < s < 2,

D̃s

s(s− 2)
≤ −D̃1

(
− D̃2

2D̃1

)s−1

;
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(iii) for 2 < s < 3,

D̃s

s(s− 2)
≤ D̃2

2

(
2D̃3

3D̃2

)s−2

;

(iv) for 3 < s < 4,

D̃s

s(s− 2)
≤ D̃3

3

(
3D̃4

8D̃3

)s−3

.

Theorem 5.13. Suppose p, q ∈ R such that 1 < p < 2 and
1

p
+

1

q
= 1. Let

a, b ∈ T and f, g ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M < ∞, be such that∫ b

a
gq(t)∆t > 0. Then

1

p(p− 2)

((∫ b

a

gq(t)∆t

)p

(mp +Mp)−
(∫ b

a

gq(t)∆t

)p−1 ∫ b

a

fp(t)∆t

− Up
1 −

2

M −m

(∫ b

a

gq(t)∆t

)p−1

U2

−
∫ b

a

g(u)hp(u)∆u

(∫ b

a

gq(t)∆t

)p−1
)

≤ 1

2p−1
V 2−p

1

((
m2 logm+M2 logM

)(∫ b

a

gq(t)∆t

)2

−
∫ b

a

gq(t)∆t

∫ b

a

f 2(t)g2−q(t) log(f(t)g1−q(t))∆t

−
(

(m+M)

∫ b

a

gq(t)∆t−
∫ b

a

f(t)g(t)∆t

)2

log

(
m+M +

∫ b

a
f(t)g(t)∆t∫ b

a
gq(t)∆t

)
− 2

M −m

∫ b

a

gq(t)∆tV2

−
∫ b

a

gq(t)∆t

∫ b

a

g2−q(u)h2(u) log(g1−q(u)h(u))∆u

)p−1

,

holds, where

U1 =(m+M)

∫ b

a

gq(t)∆t−
∫ b

a

f(t)g(t)∆t,

U2 =

∫ b

a

gq(t)
(
f(t)g1−q(t)−m

) (
M − f(t)g1−q(t)

)p
∆t

+

∫ b

a

gq(t)
(
M − f(t)g1−q(t)

) (
f(t)g1−q(t)−m

)p
∆t,
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V1 =

∫ b

a

g(u)h(u)∆u+
4

M −m

∫ b

a

gq(t)
(
M − f(t)g1−q(t)

) (
f(t)g1−q(t)−m

)
∆t,

V2 =

∫ b

a

gq(t)
[(
f(t)g1−q(t)−m

) (
M − f(t)g1−q(t)

)2
log
(
M − f(t)g1−q(t)

)
+
(
M − f(t)g1−q(t)

) (
f(t)g1−q(t)−m

)2
log
(
f(t)g1−q(t)−m

)]
∆t.

Theorem 5.14. Let J̃Ψs be positive. Then for r, l, v, w > 0 such that r ≤ v,
l ≤ w, we have

M̃
[s]
r,l(f) ≤ M̃[s]

v,w(f).

Theorem 5.15. (i) For all n ∈ N and for all pi > 0, pij =
pi + pj

2
, 1 ≤

i, j ≤ n, the matrix
[
ĴΨpij

]n
i,j=1

is positive semidefinite;

(ii) the function s 7→ ĴΨs is exponentially convex;

(iii) if ĴΨs > 0, then the function s 7→ ĴΨs is log-convex, i.e., for 0 < r < s <
w, we have

Ĵ w−r
Ψs

≤ Ĵ w−s
Ψr

Ĵ s−r
Ψw

.

Corollary 5.16. Let a, b ∈ T and f ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M <
∞. Suppose

D̂s =



M(b−a)−
R b

a f(t)∆t

M−m
ms +

R b
a f(t)∆t−m(b−a)

M−m
M s

−Rs −
∫ b

a
f s(t)∆t, s 6= 2

M(b−a)−
R b

a f(t)∆t

M−m
m2 logm+

R b
a f(t)∆t−m(b−a)

M−m
M2 logM

−R2 −
∫ b

a
f 2(t) log f(t)∆t, s = 2,

where

Rs =
1

M −m

∫ b

a

[(f(t)−m)(M − f(t))s + (M − f(t))(f(t)−m)s] ∆t

and

R2 =
1

M −m

∫ b

a

[
(f(t)−m)(M − f(t))2 log(M − f(t))

+(M − f(t))(f(t)−m)2 log(f(t)−m)
]
∆t.

Then

(i) for s > 4,

D̂s

s(s− 2)
≥ D̂3

3

(
3D̂4

8D̂3

)s−3

;

(ii) for 1 < s < 2,

D̂s

s(s− 2)
≤ −D̂1

(
− D̂2

2D̂1

)s−1

;
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(iii) for 2 < s < 3,

D̂s

s(s− 2)
≤ D̂2

2

(
2D̂3

3D̂2

)s−2

;

(iv) for 3 < s < 4,

D̂s

s(s− 2)
≤ D̂3

3

(
3D̂4

8D̂3

)s−3

.

Theorem 5.17. Suppose p, q ∈ R such that 1 < p < 2 and
1

p
+

1

q
= 1. Let

a, b ∈ T and f, g ∈ Crd([a, b)T, [m,M ]), where 0 ≤ m < M < ∞, be such that∫ b

a
gq(t)∆t > 0. Then

1

p(p− 2)
(W1m

p +W2M
p

−
∫ b

a

gq(t) [a(t)bp(t) + b(t)ap(t)] ∆t− (M −m)

∫ b

a

fp(t)∆t

)
≤ 1

22p−3

(∫ b

a

gq(t)a(t)b(t)∆t

)2−p (
W1m

2 logm+W2M
2 logM

−
∫ b

a

gq(t)
[
a(t)b2(t) log b(t) + b(t)a2(t) log a(t)

]
∆t

−(M −m)

∫ b

a

f 2(t)g2−q(t)∆t

)p−1

,

holds, where

a = fg1−q −m, b = M − fg1−q,

W1 = M

∫ b

a

gq(t)∆t−
∫ b

a

f(t)g(t)∆t, W2 =

∫ b

a

f(t)g(t)∆t−m

∫ b

a

gq(t)∆t.

Theorem 5.18. Let ĴΨs be positive. Then for r, l, v, w > 0 such that r ≤ v,
l ≤ w, we have

M̂
[s]
r,l(f) ≤ M̂[s]

v,w(f).
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