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Abstract

In this paper, we have established the general solution and generalized Ulam - Hyers stability
of the following nonic functional equation

flz+5y) —9f(x+4y) + 36 f(x + 3y) — 84f(x + 2y) + 126 f (z + y) — 126 f (x)
+84f(z —y) —36f(z — 2y) + 9f(z — 3y) — f(z — 4y) = 9 f(y)

where 9! = 362880 in a Banach Space (BS), Felbin’s type Fuzzy Normed Space (FFNS) and
Intuitionistic Fuzzy Normed Space (IFNS) using the standard direct and fixed point method.

2010 Mathematics Subject Classification. 39B52. 32B72, 32B82
Keywords. Nonic functional equation, generalized Ulam - Hyers stability, Banach space, Felbin’s type fuzzy normed space,
Intuitionistic fuzzy normed space.

1 Introduction

One of the most interesting questions in the theory of functional equations concerning the famous
Ulam stability problem is, as follows: when is it true that a mapping satisfying a functional equation
approximately, must be close to an exact solution of the given functional equation?

The first stability problem was raised by S.M. Ulam [49] during his talk at the University of
Wisconsin in 1940. In fact we are given a group (Gi,-) and let (G, *) be a metric group with the
metric d(-,-). Given ¢ > 0, does there exist a § > 0, such that if a mapping h : G; — G2 satisfies
the inequality d(h(z - y),h(z) * h(y)) < ¢ for all z,y € G, then there exists a homomorphism
H: Gy — Gg with d(h(z), H(z)) < € for all z € G17

D.H. Hyers [16] gave the first affirmative partial answer to the question of Ulam for Banach
spaces. It was further generalized via excellent results obtained by a number of authors [2, 12, 34,
42, 44].

One of the most famous functional equations is the additive functional equation

fle+y) = flx)+ fy). (1.1)

In 1821, it was first solved by A.L. Cauchy in the class of continuous real-valued functions. It
is often called an additive Cauchy functional equation in honor of A.L. Cauchy. The theory of
additive functional equations is frequently applied to the development of theories of other functional
equations. Moreover, the properties of additive functional equations are powerful tools in almost
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every field of natural and social sciences. Every solution of the additive functional equation (1.1)
is called an additive function.
The second famous functional equation

fle+y)+flz—y)=2f () +2f () (1.2)

is said to be quadratic functional equation because the quadratic function f(z) = ax? is a

solution of the functional equation (1.2).
J.M. Rassias [36] introduced the following cubic functional equation

9(z +2y) +3g(x) = 39(z +y) + g(x —y) + 69(y) (1.3)
and investigated its Ulam stability problem. The quartic functional equation
F(x+2y) + F(z —2y) + 6F(x) = 4[F(z +y) + F(z —y) + 6F(y)] (1.4)

was first introduced by J.M. Rassias [35], who solved its Ulam stability problem.
The general solution and the generalized Hyers-Ulam-Rassias stability of the generalized mixed
type of functional equation

fla+ay) + flo—ay) =a®[fle+y) + fl@—y]+2(1—a®) f(2)
(a4fa

2
T) [f (2y) + f(—2y) — 4f (y) — 4f (=)

for fixed integers a with a # 0, £1 having solution additive, quadratic, cubic and quartic was
discussed by K. Ravi et. al., [45]. Its generalized Ulam-Hyers stability in multi-Banach spaces and
non-Archimedean normed spaces via fixed point approach was respectively investigated by T.Z. Xu
et. al., [52, b4].

Recently, C. Park and J.R. Lee [31] proved the Hyers - Ulam stability of the following additive
- quadratic - cubic - quartic functional equation

fle+2y)+ flz—2y) =4f(x +y) +4f(x —y) = 6f(2) + f(2y) + f(=2y) —4f(y) —4f(—y) (1.5)

in paranormed spaces.
The general solution of Quintic and Sextic functional equations

J(x+3y) = 5f(x+2y) +10f(x +y) — 10f(x) +5f(x —y) — f(x — 2y) = 120f(y) (1.6)

+

and

flx+3y) —6f(x+2y)+15f(z+y) —20f(z) + 15f(x — y)
—6f(z —2y) + f(z —3y) = 720/ (y) (1.7)
was introduced and investigated on the generalized Ulam - Hyers stability in quasi S—normed
spaces via fixed point method by T.Z. Xu et. al., [53]. Also, T.Z. Xu et. al.,[55] introduce and

discuss the general solution and generalized Ulam-Hyers stability of Septic and Octic functional
equations

flox+4y) — 7f(z + 3y) + 21f(x +2y) — 35f(x +y) + 35f(x)
=21f(x —y) + 7f(x — 2y) — f(x — 3y) = 5040f(y) (1.8)
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and
flx +4y) — 8f(x + 3y) + 28f(x + 2y) — 56 f(z + y) + 70f(x)
=56f(z —y) +28f(x — 2y) — 8f(z — 3y) + f(x — 4y) = 40320 (y) (1.9)

in quasi f—normed spaces, respectively.
In this paper, we present the general solution and generalized Ulam - Hyers stability of the
following nonic functional equation

flz+5y) —9f(z+4y) +36f(z + 3y) — 84f(x + 2y) + 126 f(z + y)
—126f(x) +84f(z —y) — 36 f(z — 2y) + 9f(z — 3y) — f(z — 4y) = 9 f(y) (1.10)

where 9! = 362880 in a Banach Space (BS), Felbin’s type Fuzzy Normed Space (FFNS) and Intu-
itionistic Fuzzy Normed Space (IFNS) by using the standard direct and fixed point method.

Now, we present the following theorem due to B. Margolis and J.B. Diaz [26] for the fixed point
theory.

Theorem 1.1. [26] Suppose that for a complete generalized metric space (2,d) and a strictly
contractive mapping T : 0 — Q with Lipschitz constant L. Then, for each given z € Q | either

d(T"z, T"'2) = oo, v n >0,
or there exists a natural number ng such that the properties hold:
(FP1) d(T"x,T""'z) < oo for all n > ng ;
(FP2) The sequence (T™z) is convergent to a fixed to a fixed point y* of T}
(FP3) y* is the unique fixed point of T in the set A = {y € Q : d(T™z,y) < co};
(FP4) d(y*,y) < 25d(y, Ty) for all y € A.

In Section 2, the general solution of (1.10) is provided.
In Section 3, 4 and 5 the generalized Ulam - Hyers stability of (1.10) is discussed in BS, FFNS
and IFNS, respectively using both direct and fixed point methods.

2 General Solution of (1.10)

In this section, the general solution of the nonic functional equation (1.10) is given. For this, let
us consider A and B be real vector spaces.

Theorem 2.1. If f: A — B be a mapping satisfying (1.10) for all z,y € A then f is Nonic.
Proof. Letting (x,y) by (0,0) in (1.10), one finds that

£(0)=0. (2.1)
Replacing (x,y) by (0,z) in (1.10), we get

F(5z) — 9f(4x) + 36 f(3x) — 84f(2z) + 126 f (x) — 126 f(0)
+84f(—x) —36f(—2x) + 9f(—3zx) — f(—4x) =9 f(x) (2.2)
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for all x € A. Again replacing (z,y) by (z, —z) in (1.10), we obtain

f(—4x) — 9f(—3x) + 36f(—2z) — 84f(—z) + 126£(0)

— 126f(x) + 84F(2z) — 36f(3x) + 9f (4z) — f(bz) = 9!f(—x)

for all x € A. Adding (2.2) and (2.3), we reach
ANf(x) +9!f(—z)=0
for all x € A. It follows from (2.4), we arrive
f(=z) = —f(z)
for all x € A. Hence f is an odd function. Setting (x,y) by (0,2z) in (1.10), we get

f(10z) — 9f(8x) + 36 f(6x) — 84 f(4dx) + 126 f (2x)

— 126£(0) — 84f(2x) + 36f(4z) — 9f(6x) + f(8z) = 362880 f(2x)

ie. f(10x) — 8f(8x) + 27f(6x) — 48f(dz) — 362838f(2x) = 0
for all x € A. Again setting (x,y) by (5z,z) in (1.10), we obtain

F(102) — 9f(9z) + 36£(8x) — 84f(7x) + 126 (62)

— 126 (5x) + 84f(4z) — 36£(3x) + 9f(2x) — f(x) = 362880 f ()

ie., f(10z) —9f(9z) + 36f(8x) — 84f(Tx) + 126 f(6x)
— 126 (5z) + 84F(4x) — 36f(3z) + 9f (2z) — 362881 f(x) = 0

for all x € A. Subtracting (2.6) and (2.7), we arrive

9f(9x) — 44 (8z) 4 84f(7x) — 99f(62) + 126 f (5x) — 134f(4x)
+ 36f(3z) — 362847 f(2z) + 362881 f(z) = 0

for all z € A. Replacing (z,y) by (4z,z) in (1.10), we get

f(9z) — 9f(8x) + 36f(7x) — 84f(6x) + 126 f (5x)
—126f(4z) + 84f(3x) — 36f(2z) + 9f(z) — f(0) = 9'f(x)

for all z € A. Multiplying by 9 on both sides of (2.9), one obtains

9f(9z) — 81f(8x) + 324f(7x) — 756 f (62) + 1134 (5z)
— 1134 (4z) + 756 f (3x) — 324 f(22) — 3265839 f(z) = 0

for all x € A. Subtracting (2.10) from (2.8), we arrive

37f(8x) — 240f(7x) + 657 f(62) — 1008f (5z)
+ 1002 (4x) — 720f (3x) — 362523 f(22) + 3628720 f(z) = 0

(2.7)

(2.9)

(2.10)

(2.11)
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for all x € A. Letting (z,y) by (3z,z) in (1.10), we have

f(8x) —9f(7x) + 36f(6x) — 84f(5x) + 126 f (4x)
— 126 f(3z) + 84f(2x) — 36f(x) + 9f(0) — f(—z) = 9! f(x) (2.12)

for all x € A. Multiplying by 37 on both sides of (2.12) and using oddness of f, one obtains

37f(8x) — 333f(7x) + 1332 (62) — 3108f(5z) + 46621 f(4x)
— 46621 f(3x) + 3108 f(2x) — 13427855 f(2) = 0 (2.13)

for all x € A. Subtracting equations (2.11) and (2.13), we arrive at

93(7x) — 675f(6x) + 2100 (52) — 3660(4x)
+ 3942 (3x) — 365631 f(2) + 17056575f(x) = 0 (2.14)

for all 2 € A. Replacing (z,y) by (2z,2) in (1.10), we obtain

F(72) — 9f(62) + 36f(5z) — 84f(dz) + 126f(3z)
—126f(2z) + 84f(x) —36f(0) + 9f(—=x) — f(—2x) = 9!f(x) (2.15)

for all z € A. Multiplying by 93 on both sides of (2.15) and using oddness of f, one finds

93f(7x) — 837f(6x) + 3348 f(5a) — T812f(4x)
+ 11718 (3x) — 11625 f (2x) — 33740865 f () = 0 (2.16)

for all z € A. Subtracting equations (2.14) and (2.16), we reach
162(62) — 1248 (52) + 4152(dar) — TT76.f(3x) — 354006 f(2x) + 50797440f(z) =0 (2.17)
for all z € A. Dividing (2.17) by 2, we arrive at
81(6x) — 624f(52) + 2076(4x) — 3888 (3x) — 177003 f(2x) + 25398720 (z) = 0 (2.18)
for all € A. Replacing (z,y) by (z, ) in (1.10), we get

F(62) — 9f(5z) + 36 (4z) — 84f(3z) + 126 (2z)
—126f(x) + 84f(0) — 36f(—z) + 9f(—22) — f(—3z) = 9! f(x) (2.19)

for all x € A. Multiplying (2.19) by 81 and using oddness of f, one finds
SLf(62) — T20f(5z) + 2916 (4z) — 6723 f(3x) + 94TTf(22) — 20400570 f (2) = 0 (2.20)
for all x € A. Subtracting equations (2.18) and (2.20), we arrive at
105f (52) — 840f(4a) + 2835 f (3x) — 186480 (22) + 54799290 f () = 0 (2.21)
for all x € A. Replacing (z,y) by (0,z) in (1.10), we obtain

f(5z) — 9f(4x) + 36 f(3x) — 84f(2z) + 126 f ()
—126£(0) 4+ 84f(—z) — 36 f(—2z) + 9f(—3x) — f(—4z) = 9!f(z) (2.22)
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for all z € A. Multiplying (2.22) by 105 and using oddness of f, one finds that
105f (52) — 840 (4z) + 2835 f(3x) — 5040 (2z) — 38097990 f () = 0 (2.23)
for all x € A. Subtracting equations (2.21) and (2.23), we arrive at
— 181440 (2x) + 92897280 f(z) =0 (2.24)
for all x € A. It follows from (2.24), we reach
f2x) =512f(x)  or  f(2z) =2"f(x) (2.25)
for all x € A. Hence f is a nonic function. This completes the proof of the theorem. Q.E.D.

3 Stability Results In Banach Space

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.10)
in Banach space using direct and fixed point methods.

Throughout this section, let we consider G be a normed space and H be a Banach space. Define
a mapping Dfg : G — H by

Dfy(z,y) =f(z +5y) — 9f (x + 4y) + 36 (z + 3y) — 84 f(z + 2y)
+126f(z+y) — 126 f(x) + 84f(x —y) — 36 f(z — 2y)
+9f(z = 3y) — fz —4y) = 9!f(y),
where 9! = 362880 for all z,y € G.
3.1 Banach Space: Direct Method
Theorem 3.1. Let b= +1 and ¢, Z : G2 — [0,00) be a function such that

ab ab
lim 7€ (2 z,2 y)

a—00 29ab

=0 (3.1)
for all z,y € G. Let Dfg : G — H be a function satisfying the inequality

1D fo(z,y)ll < ¢ (,y) (3-2)

for all z,y € G. Then there exists a unique Nonic function N : G — H which satisfies (1.10) and

1 & Z(2%0g,2%
1f(@) = N(=)| < 59 Z % (3.3)
et
where Z (2?z,2°z) and N (x) are defined by
1 1
Z (2%2,2) = o= {5 {g(o, 2. 2%g) + ¢ (5 - 2%z, 2%x) + 9¢ (4 - 2%z, 2%x)

+37¢(3- 2y, QCbx) +93¢(2- 2% 20%)}

+81¢ (2%, 2%2) + 105¢(0, 2%)} (3.4)
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and

N(z) = lim f(2%a)

c—00 2Cb

(3.5)
for all = € G, respectively.
Proof. Setting (z,y) by (0,2z) in (3.2), we get
Hf(le) — 8F(8z) + 27 (62) — 48f(4z) — 362838f(2m)H < ¢(0,2z) (3.6)
for all 7 € G. Again setting (z,y) by (5z,2) in (3.2), we obtain
Hf(le) — 9F(92) + 36 (8x) — 84f(Tx) + 126 (6x)
126 (5x) + 84f (4z) — 36 (3x) + 9f(2x) — 362881f(a:)H < ¢ (52, 7) (3.7)
for all = € G. Combining (3.6) and (3.7), we arrive
H9f(9x) — 44f(8x) + 84f(Tx) — 99f(62) + 126 f(5z) — 134 (4x)
+ 36/ (3x) — 362847 (22) + 362881 f () H

- Hf(le) — 8F(8x) + 27f(62) — 48f(4x) — 362838f(2x)
— f(10x) + 9 (9x) — 36 f(8x) + 84 f(7x) — 126 f (6x)
1126 (5z) — 84 (4z) + 36f(3z) — 9f(2z) + 362881f(x)”

< Hf(le) — 8f(8x) + 27f(6) — 48 (4z) — 362838f(2x)H
+ Hf(le) —9f(9) + 36f(8z) — 84f(Tz) + 126f(62)
126 (52) + 84f (4z) — 36£(3x) + 9f(2) — 362881f(x)H
< ¢(0,2z) + C(5x, z) (3.8)
for all z € G. Replacing (z,y) by (4z,z) in (3.2), we get
Hf(Qx) — 9f(8x) + 36f(Tx) — 84f(6z) + 126§ (5z)
126 (4x) + 84f(3z) — 36 (2x) + 9f (x) — f(0) — 9!f(x)H < (4, ) (3.9)
for all z € G. Multiplying by 9 on both sides of (3.9), one obtains
H9f(9x) — 81f(8z) + 324f(7z) — T56.f(6z) + 1134 (5z)

—1134f(4x) + T56.f(3x) — 324f(2x) — 3265839 f(:c)H < 9¢(4z, 7) (3.10)
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for all z € G. It follows from (3.8) and (3.10), we arrive
H37f(8:1:) 240 (7x) + 657 f(62) — 1008 (52) + 1002 (4z) — 720/ (3z)
— 362523f(2x) + 3628720 f(x)” < ¢(0,22) + ¢(5z, ) + 9C(4z, 7) (3.11)
for all z € G. Letting (z,y) by (3z,2) in (3.2), we have
Hf(Sx) —9f(7x) + 36/ (6x) — 84 (5z) + 126 (4x) — 126(3)
+84f(22) — 36/(x) +9£(0) - f(~2) - 9f(2)|| < ((3z,2) (3.12)
for all « € G. Multiplying by 37 on both sides of (3.12) and using oddness of f, one obtains
H37 £(8%) — 333 (Tx) + 1332/ (62) — 3108 (5x) + 46621 f (4z)
— 46621 f(3x) + 3108f(2z) — 13427855f(x)H < 37¢(3z, 7) (3.13)
for all z € G. It follows form (3.11) and (3.13), we arrive at
H93(7x) — 675f(62) + 2100 (5x) — 3660(4z) + 3942 (3x) — 365631 f(2z)
+ 17056575 f () H < ¢(0,22) + ¢(5x, ) + 9¢(4x, x) + 3TC(3, ) (3.14)
for all z € G. Replacing (z,y) by (22, ) in (3.2), we obtain
Hf(?ac) — 9f(62) + 36 (5x) — 84f(4z) + 126f(3x) — 126f(2z)
+84f(x) — 36£(0) + 9f(—a) — f(—2x) — 9!f(x)H < (21, ) (3.15)
for all = € G. Multiplying by 93 on both sides of (3.15) and using oddness of f, one finds
H93 F(7z) — 837/ (6x) + 3348/ (5x) — T812f (4x)
11718 (3x) — 11625f(2x) — 33740865 f(m)H < 93¢(2z, 7) (3.16)
for all & € G. Tt follows from (3.14) and (3.16), we reach

H162(6x) 1248 (5x) + 4152(4x) — TTT6.f(3x) — 354006.f (2) + 50797440 f(x)”
< ¢(0,22) 4+ ¢(bx,x) + 9¢(4z, x) + 37¢(3z, x) + 93¢ (2, x) (3.17)
for all x € G. Dividing (3.17) by 2, we arrive at

H81(6x) — 624f(5x) + 2076(4x) — 3888 (3x) — 177003 f (2x) + 25398720 (x) H

< —[€(0,2z) + ¢(5z,x) + 9¢(4x, ) + 37¢ (3, x) 4+ 93¢ (2z, )] (3.18)

N | =
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for all € G. Replacing (z,y) by (z,z) in (3.2), we get
Hf(6a:) — 9f(5x) + 36f(4x) — 84f(3x) + 126f(2x) — 126f(x)
+ 84£(0) — 36 (—x) + 9f(~22) - f(=32) —01f (2) | < C(,2)
for all z € G. Multiplying (3.19) by 81 and using oddness of f, one finds
H81f(6a:) — 729 (52) + 2916 f (4z) — 6723 (3x)
9477 (22) — 29400570 f(x)H < 81¢(x, z)
for all z € G. Tt follows from (3.18) and (3.20), we arrive at
H 105 (5z) — 840 (4z) + 2835f(3z) — 186480f (2x) + 54799290 (x) H
< % 1C(0,22) + (52, ) + 9C(da, ) + 37¢ (3, ) + 93¢ (2, 2)] + 81¢ (x, )
for all z € G. Replacing (z,y) by (0,2) in (3.2), we obtain
Hf(5x) — 9f(4x) + 36 (3x) — 84f(2x) + 126 (x) — 126£(0)
+ 84f(~a) = 36/(~20) + 9f(~32) — f(~4x) — 91f(2) | < C(0,2)
for all € G. Multiplying (3.22) by 105 and using oddness of f, one finds that
H 105f (5) — 840 (4z) + 2835 f(3x) — 5040 (2) — 38097990 f(x)H < 105¢(0, )
for all z € G. It follows from (3.21) and (3.23), we arrive at
H — 181440 (2x) + 92897280 () H
< % 1€(0,22) + ¢ (52, &) + 9¢(Ax, ) + 37¢(32, @) + 93¢ (22, )]
+81¢(2, ) + 105¢(0, 2)
for all « € G. It follows from (3.24), we reach

Hf(2x) . 512f(x)H
1

<
— 181440

{51600,20) +C(5,2) + 9¢ (4, 2) + 373, 2) + 93¢ (22, )
+ 81¢(z, ) + 105¢(0, x)}
for all x € G. Define

Z(z,x) !

~ 181440
+ 81¢(z, ) + 105¢(0, x)}

{5 160,22) + (52, 2) + 9C (4, ) + BTC(3, ) + 93 (2, )]

167

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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for all € G. From (3.26), we arrive
|£22) - 2°1(@)| < Z(x,2) (3.27)

for all x € G. Tt follows from (3.27) that

f(2x) Z(z,x)
|55 - f@)| < 555 (3.28)
for all x € G. Now, replacing x by 2z and dividing by 2% in (3.28), we have
f(2 Z(2x,2x)
1752 - 15 < (329)
for all x € G. From (3.28) and (3.29), we obtain
f(2 f(2 f(2x) f(2z)
|57 - s < |75 - T2+ [ - g0
1 Z(2z,2z)
for all x € G. Generalizing, for a positive integer a, we reach
f(2 1« x, 2"
2D g < 4 5 2020 331
=0

for all x € G. To prove the convergence of the sequence

52}

replacing = by 2%z and dividing by 2°¢ in (3.31), for any a,d > 0 , we get
1Y g Y g by s y a, , g

f 2a+d _ (de) — L f‘(2a'2dx) _f(2d )
99(a+d) 20d ||~ 29d 29a r
11 92 Z(2¢ - 2%, 2¢ - 24g)
Sﬁﬁg 0

1 X Z(2¢+dg, 2¢tdy)
< 29 Z 99(c+d)
0

—0 as d—

f(2%z)

29a

for all x € G. Thus it follows that a sequence is a Cauchy in H and so it converges.

Therefore, we see that a mapping N (x) : G — H defined by

N(z) = tim LE2)

a—00 29a
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is well defined for all x € G. In order to show that A satisfies (1.10), replacing (x,y) by (2%, 2%)
and dividing by 2°¢ in (3.2), we have

3 1 a a M 1 a a
NG p)ll = Jim oo [ Dfo(2%,2%) < lim —C(2%,2%)

for all z,y € G and so the mapping A is Nonic. Taking the limit as a approaches to infinity in
(3.31), we find that the mapping N is a Nonic mapping satisfying the inequality (3.3) near the
approximate mapping f : G — H of equation (1.10). Hence, N satisfies (1.10), for all z,y € G.

To prove that N is unique, we assume now that there is A/ as another Nonic mapping satisfying
(1.10) and the inequality (3.3). Then it follows easily that

N(Q2%) = 2N (z),  N'(2%z) = 22°N"(z)
for all z € G and all a € N. Thus

1
294
1
294

1 < ¢(2¢F ez, 20t ag)
D D e
c=0

V() = N'(@)|| = 55 IN(2%2) = N(2%2))

IN

{INV@2%2) — f%) + [ £(2%2) — N'(2%2) |}

IN

29(c+a)

for all x € G. Therefore, as a — oo, in the above inequality, one establishes
N(z)—N'(x) =0

for all z € G, completing the proof of the claimed uniqueness of A/. Hence the theorem holds for
b=1.
Case (ii): Assume b= —1.

Now replacing x by g in (3.27), we get

-21(3)[=2(33) 32
lr@-2r(5) <255 (3:32)
for all x € G. The rest of the proof is similar to that of case b = 1. Hence for b = —1 also the
theorem holds. This completes the proof of the theorem. Q.E.D.

The following corollary is an immediate consequence of Theorem 3.1 concerning the stability of
(1.10).

Corollary 3.2. Let Dfy: G — H be a mapping. If there exist real numbers ¥ and ¢ such that

v,
9 {llall” + [lI°} 049,
e R e 2 #0; (333)

O {2171lyll” + {I=l1>7 + llyl* 3}, 20 #9;
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for all z,y € G, then there exists a unique Nonic function N : G — H such that

Ve
129 — 1|’
Vsl|z||”
@) - N < 12 -2] (3.34)
=\ Yplz|]*
|29 _ 220‘ ’
Vsp||| >
29 — 220
where
513 0
’19 =
© 7 362880’
9 5”+9-4"+37~3”+94-2”+674}
’19 =
s 362880 ’ 5,35
19{5"+9~4"+37~3"+93~2"+162} (3.35)
7_9 =
r 362880 ’
9 {(520 4 59) 4 9(427 +47) + 37(3%7 + 37) + 93(227 + 29) + 220 4 836}
'19 =
SP 362880
for all z € G.

3.2 Banach Space: Fixed Point Method

Throughout this section let X be a normed space and ) be a Banach space Define a mapping
Dfyg: X =Y by

Dfo(z,y) =f(z +5y) — 9f(x +4y) + 36/ (z + 3y) — 84 (x + 2y)

+126f(x +y) — 126 f(x) + 84f(x —y) — 36f(z — 2y)
+9f(z —3y) — flz —4y) — I f(y),

where 9! = 362880 for all z,y € X. Using Theorem 1.1, we obtain the Hyers - Ulam stability of
(1.10).

Theorem 3.3. Let Dfg : X — Y be a mapping for which there exists a function ¢ : X2 — [0, 00)
with the condition

nh—>néo hlﬁg(hi z, hi'y) =0 (3.36)
where s
2 4f +=0
h; = { . . ’ (3.37)
¢ 1if i=1

such that the functional inequality
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holds for all z,y € X. Assume that there exists L = L(i) such that the function

Tz
e -2(3.3)
x— T(x,x) 573
where Z(z, z) is defined in (3.26) with the property
1

ET(hix, hix) =L T(x,x) (3.39)

7

for all z € X. Then there exists a unique Nonic mapping N : X — Y satisfying the functional
equation (1.10) and
Ll—i
I £0) - N @) < (1= ) Twe) (3.40)

forall z € X.

Proof. Consider the set
A={h/h:X =Y, h(0) =0}

and introduce the generalized metric on A,
inf{p € (0,00) :[| h(z) — g(z) |< p T(x, ),z € X}. (3.41)

It is easy to see that (3.41) is complete with respect to the defined metric. Define J : A — A by

1

Jh(x) = 0

h(h;z),

for all x € X. Now, from (3.41) and h,g € A, we arrive

inf {p € (0,00) :|| h(z) — g(z) |< p T(z,2),z € X} or

inf {p € (0,00) : ‘ %h(hzx) — %g(ﬁzx) < %T(hix, hix),x € X} or
1 1
inf {Lp € (0,00) : ‘ ?h(hix) - ?g(hix) < LpT(z,x),x € X} or

inf {Lp € (0,00) :|| Jh(z) — Jg(z) ||< LpT(z,x),x € X} .

This implies J is a strictly contractive mapping on A with Lipschitz constant L. It follows from
(3.41),(3.27) and (3.39) for the case i = 0, we reach

inf {1 € (0,00) : || f(2z) — 2°f ()| € Z(z,2), 2 € X} or (3.42)
inf{l € (0,00) : Hf(229117) f(x)H < 2%Z(:v,m),x € X} or

inf{L € (0,00) : [|[Jf(x) — f(2)|| <L T(x,x),x € X} or
inf {L" € (0,00) : | Jf(z) — f(z)| <L T(z,z),z € X} or
inf {L'7% € (0,00) : || f(z) — f(2)|| < L T(z,z),z € X}. (3.43)
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Again replacing = 3 in (3.42) and (3.39) for the case i = 1, we get

inf{l € (0,00) : Hf(:z:) _ 20 (g)H < Z(gg) e X} or

inf {1 € (0,00) : [ f(z) = Jf(2)| < T(z,2),2 € X} or

inf {L° € (0,00) : || f(z) — Jf(z)|| < T(z,2),2 € X} or

inf {L'71 € (0,00) : [|f(z) = Jf(2)[| < T(x,2),2 € X}. (3.44)
Thus, from (3.43) and (3.44), we arrive

inf {L'7" € (0,00) : || f(z) = Jf(2)|| < L'"T(,2),2 € X} . (3.45)

Hence property (FP1) holds. It follows from property (FP2) that there exists a fixed point N of J
in A such that 1

N(z) = nhﬁn;() Wf(hfx) (3.46)
for all z € X. In order to show that N satisfies (1.10), replacing (x,y) by (hz, hl'y) and dividing
by A" in (3.38), we have

. 1
I, 9)| = lim

: 1 mn n
|D fo(Ri'z, hi'y)|| < nh_{go h@( (hi'z, hi'y) =0

for all z,y € X, and so the mapping N is Nonic. i.e., A/ satisfies the functional equation (1.10).
By property (FP3), N is the unique fixed point of J in the set
A={NeA:d(f,N) < x},
such that
inf {p € (0,00) : /(&) — N(@)]| < pT(w,2), 2 € X}
Finally by property (FP4), we obtain
1f(z) = N(@)|| < [[f(z) = Jf ()],

implying

which yields

inf{lLl_; € (0,00) : | f(z) - N(@)|| < (1 L) T(w,2),0 x}.

This completes the proof of the theorem. Q.E.D.

The following corollary is an immediate consequence of Theorem 3.3 concerning the stability of
(1.10).
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Corollary 3.4. Let Dfg : X — Y be a mapping. If there exist real numbers ¢ and o such that

v,
L[|+ [lyll7} o #9;
||Df9(337y)|| < 9z||°||y||° 20 + 9; (3.47)

O {217 1lyll” + {12 + llyl*}} 20 #9;

for all z,y € X, then there exists a unique Nonic function N : X — ) such that

_ U
129 — 1]’
)
90 9o’
If@) - Nl < Z5%] (3.48)
Paer=as
_ Y
|29 — 229
where
1
9, :ﬂ’
3612975‘8%0
U2 = soaesn a7 |0 +9 A7+ 8T -37 49327 4675
36129?\8?{220 (3.49)
x||“? )
¥ = —— |57 +9.47 43737 +93-27 4 162
3 365|8|80|2'022"[ T + + + }
X
9, =2 |52 a 420 4 4o 20 o 920 | 9o
* 362880-2”[5 +57 +9(4%7 +47) +37(3% +37) +93(27 + )+837]
for all z € X.
Proof. Let
v,
I{[z]|7 + [lyl|”}
Z, = o p
@ =9 alj |y

O {27 lyll” + {2l + [lyl1*7 } }
for all z,y € X. Now

)
7o — 0 as n — oo,
b . .

1 hW{HhZLx” + IR yl17} —0as n — oo,

on (R x, hi'y) = x

hgn ! ! 19 n g n g

! hﬁHhi@"H 1Ayl —0as n — oo,
{9 n o n o n o n lod
Izl 1yl + (Rl + 12yl ) | = 0as - o

Thus, (3.36) holds. But, we have

=233
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has the property

1
ﬁT(hix, hiz) =L T(x,x)

K2

for all x € X. Hence,

r X
T(e.)=7(33)
1 1 x xr x x T xr T xr X
= o5 [€0.25) + €65, 5) +9¢(45. ) +37¢(33, 5) +93¢(25. )]

+81¢(2, Z) +105¢(0, g)}

rr
22
5130
36288
el
_ ] 362880 27
|l

36288() ; 220
Ol

362880 - 29

{5"+9~4“+37~3"+93~2”+675}

[5"—1—9-4"+37~3"—|—93-2”+162}

for all z € X. Tt follows from (3.50),

V1,
T =2(5.5) =1 b
V4,
where
9y W[B +9.4% +37-37 4932 +675},
I :WF +9-47 3737 49327 +162],
T I [52” +57 +9(4%7 +47) + 37(3% +37) +93(2%7 +27) + 837]

for all z € X. Now, similarly by (3.50), we prove

hy % 0y,
1 hf_9192;
{?T(hlm‘, hll') = h?a_glgg,

h2794,.

7

Hence, the inequality (3.40) holds for

(i) L=h"ifi=0and L= L5 ifi=1,

i

{52“ 57+ 9(427 +47) + 37(3% +37) + 93(227 +27) + 837}

(3.50)

(3.51)

(3.52)
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(ii). L=h2foroc<9ifi=0and L = foro >9ifi =1,

ha Fo0—9
(iif). L =h77"? for 20 > 9 if i = 0 and L = sz=5 for 20 > 9 if i = 1,
(iv). L=h"""for 20 > 9if i = 0 and L = 5= for 20 > 9 if i = 1.

Now, from (3.40), we prove the following cases for condition (i).

L=h7"i=0 L=t i=1
L=2"9i=0 L=g5i=1
L=2794i=0 L=2°i=1
| f(z) = N(z) || | f(z) = N(z) ||
1—i 1—1i
< ?—L) (:r,:c) < ll/_L T(m,x)
—9\1-0 9\121
= (2172)79 )191 = (21,)29 )191
-9
= 132—9)191 = ﬁ 191
_ 91 ) _ Y1
—\29-1 - 1—-29

Also, from (3.40), we prove the following cases for condition (7).

L=h"20c<9i=0
L=2"90<9i=0
L=2""905<9i=0

L—h(, 5,0 >91=1

L—2<, 5,0 <9,1=1
L=2""706>9i=1

| f(z) = N(z) | | f(z) = N(=) ||
< %)T(m,x) < %)T(x,x)
ey, (e,
- T) 9 = T) 9
= \29- 20)192 =3z 29>192

Again, from (3.40), we prove the following cases for condition (7ii).

L=h0%"%20<9i=0

L=22"927<9i=0
L=2%"925<9=0

L—h% 5,20 >9,i=1

L—22(, 7,20 < 9,1=1
L=2"2725>94i=1

I f(z) = N(z) || | 7@) N (@) |

1—i 1—4

< (45) T, ) < (45) T(@,x)
20-9y1—0 9—20\1—1

= (21,2% 3 = %) U3
20—-9

= (25— ) s = 12% U3

= |29 220)193 = 220 29)7-93

Finally, to prove (3.40) for condition (iv), the proof is similar to that of condition (7).

proof is complete.

175

Hence the
Q.E.D.
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4 Stability Results In Felbin’s Type Spaces

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.10)
in Felbin’s type spaces using direct and fixed point methods.

Now, we recall the basic definitions and notations in Felbin’s type spaces in Grantner [13], Lowen
[25], Hoehle [15], Kaleva [21, 22, 23], Felbin [11] and Xiao and Zhu [50, 51]

Definition 4.1. [50] Let X be a real linear space, L and R (respectively, left norm and right
norm) be symmetric and non-decreasing mappings from [0, 1] x [0,1] — [0, 1] satisfying L(0,0) =
0,R(1,1) = 1. Then || - || is called a fuzzy norm and (X, |||, L,R) is a Fuzzy Normed Linear Space
(abbreviated to FNLS) if the mapping || - || : X — F*(R) satisfies the following axioms, where
(llzllla = [llz]la, [l]|4] for = € X and a € (0, 1]:

(A1) |Jz|| = 0 if and only if z = 0,
(A2) ||rz|| = |r] ©||z|| for all z € X and r € (—o0, ),
(A3) For all z,y € X,

(A3L) if s <|lz[[7, ¢ <|[y[l; and s +¢ <[] +yll7,
then [|z +yl[(s +1) = L({|2[|(s), [[4][(2)),
(A3R) if s > [|z[[y, ¢ > [lylly and s +¢ > ||z +yl]1,
then [l +y[[(s + 1) < L([[x[[(s), [ly]/(2))-
Theorem 4.2. [47] Let (X, || -||, L, R) be an FNLS and lirgl+ R(a,a) = 0. Then (X,||-||,L, R) is
a—r

a Hausdorff topological vector space, whose neighborhood base of origin is {N(e,a) : ¢ > 0, €
(0,1]}, where N(e, @) = {z : [|2|[7 < e}

Definition 4.3. Let (X, || ||, L, R) be an FNLS. A sequence {z,}52; C X converges to « € X, if
lim ||z, —z||F, for every a € (0,1] denoted by lim z,, = z.
n—o0 n—0o0
Definition 4.4. Let (X,|| - ||, L, R) be an FNLS. A sequence {z,}22; C X is called a Cauchy
sequence if lim ||z, — xS = 0 for every a € (0, 1].

m,n—
Definition 4.5. Let (X, || - ||, L, R) be an FNLS. A subset A C X is said to be complete if every
Cauchy sequence in A, converges in A. The fuzzy normed space (X, ||-||, L, R) is said to be a fuzzy

Banach space if it is complete.

Throughout this section let G be a linear space and (H,|.|,L, R) be a fuzzy Banach space
satisfying (R — 1). Define a mapping Dfy : G — H by

Dfolw,y) =f (@ + 5y) — 9f(z + 4y) + 36 f(z + 3y) — 84f(x + 2y)
+126f(x+y) —126f(x) + 84f(x —y) — 36 f(x — 2y)
+9f(z = 3y) — fz —4y) = 9f(y),
where 9! = 362880 for all x,y € G.

The proof of the following theorems and corollaries is similar to that of Theorems 3.1, 3.3 and
Corollaries 3.2, 3.4. Hence the details of the proofs are omitted.
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4.1 Felbin’s Type Spaces: Direct Method
Theorem 4.6. Let b= +1 and ¢, Z : G> — F*(R) be a function such that

- C (Qabx’ 2aby)z

a—00 29ab

=0 (4.1)
for all z,y € G. Let Dfg : G — H be a function satisfying the inequality

IDfo(z9)lle = Clay)) (4.2)

for all x,y € G. Then there exists a unique Nonic function N : G — H which satisfies (1.10) and

1 >, Z (2%, 20bx)Jr
£ - N@E <0 Y~ ot e (43)
1—b
="

where Z (2%, 2“%): and N(x) are defined by

cb eb Nt _ 1 1 L och, N+ . ocb cb,\+ . och cb,\+
7 (2%, 2%) " = 181440{2[g(0,2 92)F 4 ¢(5 - 2%z, 2%x) T + 9¢(4 - 2%, 2%x)
+37¢(3 - 2°x, 2°2)F + 93¢ (2 - 2%, 2%);]
+81¢(2%2, 2%2) F + 105¢(0, 2%)3;} (4.4)
and .
2C
N(@) = lim 2257 (4.5)

c—00 cb

for all € G, respectively.

Corollary 4.7. Let Dfy: G — H be a mapping. If there exist real numbers ¥ and ¢ such that

v,
V@ {lz]|7 @ [lyl|7} o #9;
Dfo(z,y)|lf =< ; o ’ 4.6
IPhEle 2N valer oy, azx 4
@ {llzl|” @ [lyll” + {ll=>7 @ [lyl[>7}}, o #3;
for all z,y € GG, then there exists a unique Nonic function N : G — H such that
Ve _
29 — 1|’
Us(l2]17)&
29 _ 90| ’
1f () *N(I)Hl_ = 19|P(HCU||2J)I (4.7
‘29 _ 220| ?
Osp(||=]1*)&
‘29 _220’|
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where
9. - 013® (58
¢ 7 7362880
9 ® 5”@9@4“@37@3”@94@2"@674}
9 —
s 362880 : “8)
19;®[5”@99@4"@37@3“@93@20@162} :
’[9 =
P 362880 ’
I ® [(52” ®57) D 9427 ©4°) @ 37(3% ®37) @ 93(2%° ® 2°) @ 227 © 836
19 p—
5P 362880
for all z € G.

4.2 Felbin’s Type Spaces: Fixed Point Method

Theorem 4.8. Let Dfy : G — H be a mapping for which there exists a function ¢ : G* — F*(R)
with the condition

1
i J— T )T =
Jim. h?nC (hi'z, hi'y) =0 (4.9)
where
2 if i=0,
hi—{; i =1 (4.10)
such that the functional inequality
IDfo(z s = Clay)d (4.11)
holds for all z,y € G. Assume that there exists L = L(i) such that the function
r—=T(r,2)f =2 ( )
where Z(z,z)} is defined in (4.4) with the property
1
hg T(hiz,hiz) = L © T(z,x)t (4.12)

for all z € G. Then there exists a unique Nonic mapping N : G — H satisfying the functional
equation (1.10) and

A

1—1
5@ =N | = ({27 ) T (1.13)

for all z € G.

Corollary 4.9. Let Dfy: G — H be a mapping. If there exist real numbers ¥ and ¢ such that

v,
2 {|lz]l” & Iy} 49

4.14
J@ ||zl @ ||yl ) . 075%; (4.14)
2@ {llell” @ lyll” + {Ilel* @ llyl*"}}, o # 3

IDfo(, )y =
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for all z,y € G, then there exists a unique Nonic function N : G — H such that

Ut
120 — 1)
_ U2
29 — 90 ’
1@ - NE@IE < P (4.15)
|29 _ 220’| ?
_ Y
29 — 220
where
513 @ 97
9, =2
bt
9y = ol Jo {50@9@4"@37@3"@93@2"@675]
362880@20 116
9 w@[5”@9@4"@37@30@93@20@162} (410)
3 ?9928809220
U4 % ® [52" © 57 ©9(4* ©47) ® 37(3* @ 37) ® 93(2%7 B 27) ® 837
for all z € G.

5 Intuitionistic Fuzzy Normed Space: Stability Results

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.10)
in IFNS: Intuitionistic Fuzzy Normed Space using direct and fixed point methods.
Now, we recall the basic definitions and notations in Intuitionistic Fuzzy Normed Space.

Definition 5.1. A binary operation * : [0,1] x [0,1] — [0, 1] is said to be continuous ¢— norm if *
satisfies the following conditions:

(1) *is commutative and associative;

(2) * is continuous;

(3) ax1=aforall a € [0,1];

(4) a*xb < cxd) whenever a < cand b <d for all a,b,¢,d € [0,1].

Definition 5.2. A binary operation ¢ : [0, 1] x [0,1] — [0, 1] is said to be continuous t— conorm if
o satisfies the following conditions:

1’) ¢ is commutative and associative;

2’) ¢ is continuous;

(1)
(27)
(3,) ao0=aqa forall a e [0,1},
(47)

4) aob < codwhenever a < cand b <d for all a,b,¢,d €[0,1].
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Using the notions of continuous t— norm and ¢— conorm, Saadati and Park [29] introduced the
concept of intuitionistic fuzzy normed space as follows:

Definition 5.3. The five-tuple (X, u, v, *,¢) is said to be an Intuitionistic Fuzzy Normed Spaces
(for short, IFNS) if X is a vector space, x1 is a continuous ¢— norm, ¢ is a continuous t— conorm,
and u,v are fuzzy sets on X x (0,00) satisfying the following conditions. For every z,y € X and
s$,t>0

IFN1) p(z,t) +v(z,t) <1,
IFN2)
IFN3)
IFN4) p(az,t) = p(z, L) for each o # 0,
IFN5)
IFNG6)
)

IFN7

(

(
p(z,t) = 1, if and only if x = 0.

(
p(x,t) * p(y, s) < p(z +y,t+s),
w(z,-) : (0,00) — [0,1] is continuous,

thm w(z,t) =1 and }gr(l) w(z,t) =0,

— 00

IFN8
IFN9

vz, t) <1,

t
t) =0, if and only if z = 0.
t

v )
x,t)=v (J:, é) for each «a # 0,

v(z,t)ov(y,s) = v(z+yt+s),
v(z,-): (0,00) — [0,1] is continuous,

IFN13) tlim v(z,t) =0 and }iné v(z,t)=1.
—00 —

In this case, (i, ) is called an intuitionistic fuzzy norm.

Example 5.4. Let (X, ||||) be a normed space. Let a *b = ab and a ©b = min{a + b, 1} for all
a,b €[0,1]. For all x € X and every t > 0, consider

Lo : lell ,
u(fv,t)—{ A and u(x,t)—{ oy >0

T
0 if t<0; 0 if t<0.
Then (X, p, v, *,0) is an IFN-space.
The concepts of convergence and Cauchy sequences in an intuitionistic fuzzy normed space are
studied in [29].
Definition 5.5. Let (X, i, v, x,¢) be an IFN-space. Then, a sequence The sequence z = {xy} is
said to be intuitionistic fuzzy convergent to a point L € X if

lim p(xgy—L,t)=1 and lim v(zy—L,t)=0

for all ¢ > 0. In this case, we write

IF
zp, — L as k — oo
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Definition 5.6. Let (X, u,v, *,¢) be an IFN-space. Then, x = {x}} is said to be intuitionistic
fuzzy Cauchy sequence if

w(Thtp — Tk, t) =1 and V(Thyp — T, t) =0
forallt >0,and p=1,2---.

Definition 5.7. Let (X, u,v,*,0) be an IFN-space. Then (X, p,v,*,0) is said to be complete
if every intuitionistic fuzzy Cauchy sequence in (X, u,v,*,¢) is intuitionistic fuzzy convergent
(X7 I’I/7 V’ *70)'

Hereafter, throughout this section, assume that X be a linear space, (Z, u/,v’) be an intuition-
istic fuzzy space and (Y, p,v) be a intuitionistic fuzzy Banach space. Now, we use the following
notation for a given mapping D fy : X — Y such that

Dfy(z,y) =f(z +5y) — 9f (z + 4y) + 36 f (x + 3y) — 84f(z + 2y)
+126f(x +y) — 126 f(x) + 84f(z —y) — 36f(z — 2y)
+9f(z —3y) — f(z —4y) — [ (y),
where 9! = 362880 for all z,y € X.

5.1 IFNS: Direct Method

Theorem 5.8. Let 7 € {1,—1}. Let ( : X xX — Z be a function such that for some 0 < (g) <1,

w(C 2", 2"y) ) > (P (2, y) )

(5.1)
VI(C (2", 2" y) ) <V (PTG () )
for all x € X and all r > 0 and
lim g/ (¢ (27", 2™"y),27"r) =1
n—oo
(5.2)
lim v/ (¢ (27"x,2™"y),2™"r) =0
n—oo
for all z,y € X and all r > 0. Let Dfg : X — Y be a function satisfies the inequality
,U/(ng(ﬁ,y),’l") > MI (C (iC,y) 77’)
(5.3)

V(ng(x,y),r) < v (C('Tay) 7T)

for all z,y € X and all » > 0. Then there exists a unique Nonic mapping N : X — Y satisfying
(1.10) and

p(f(x) = N(z),r) > p' (Z (2, 2),270]2° — plr)

v(f(z) = N(z),r) =2 V' (2, (z,2),2°0[2° — p|r)

(5.4)
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where

Zy(w,x) = p' (C(0,22) ) % ' (C (B, ), 7) ' (C(C(4, ) )+ 1/ (C (B, ) )
1 (C (2w, @) )+ p (C (2, 2) ) * 4 (C(0,2) ,7) (5.5)

and

Zy(z,2) =V (€(0,22), 7)oV (¢ 5z, z),7r) o (C(((4z,2)),7r) o' (¢ (B, ) ,7)
oV (C(2z,z),r)or (¢ (x,x),r) 0 (C(0,2),7) (5.6)

for all z € X and all 7 > 0.
Proof. Let 7 = 1. Replacing (z,y) by (0,2z) in (5.3), we get
1 (F(10x) — 8F(8x) + 27f(61) — A8 (4x) — 362838 (2x),7) > 1’ (¢ (0,2z) ) (5.7)
for all z € X and all > 0. Again setting (z,7) by (5z,2) in (5.3), we obtain
,u(f(le) — 9f(9%) + 36 (8x) — 84f(Tx) + 126 f(6z) — 126 f (5z)
+ 847 (47) — 36 (3z) + 9f (2x) — 362881 f(x), r) >/ (¢ (5x,x),7) (5.8)
for all x € X and all r > 0. Combining (5.7), (5.8) and using (IFN5), we arrive
,u(9f(9x) — A4f(8x) + 84f(Tx) — 99f(62) + 126 f (5z) — 134f(4x)
+ 36f(3x) — 362847 f(2z) + 362881 f (x), 2r)
> 1 (f(102) — 8f(8z) + 27/ (62) — 48 (4z) — 362838f(2x), )
,u(f(le) — 9f(97) + 36f(8x) — 84f(7Tx) + 126 f(62) — 126 f (5)
+ 84 (4z) — 36 (3z) + 9f (2z) — 362881 f(x), 7’)
> ' (€(0,22) ,7) + ' (¢ (5, 2) 1) (5.9)
for all z € X and all r > 0. Replacing (z,y) by (4z,z) in (5.3), we get
u(F(92) = 9f(82) + 36f(Tw) — 84F(62) + 126f(52) — 126f(42) + 84f(32)
~36/(2) +9f(2) — £(0) = 9/ (2), 1) = ' (C (C(4w,2)) ,7) (5.10)
for all z € X and all > 0. It follows form (IFN4) and (5.10)
(9£(92) — 81F(82) + 324f(Tw) — T56f(62) + 1134f (52) — 1134f (42)

756 (3x) — 324f(27) — 3265839 (z), 97~) > 1 (¢ (C(da,z)) ,7) (5.11)
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for all x € X and all » > 0. It follows from (5.9), (5.11) and (IFN5), we arrive

u(37 f(8x) — 240 f(7z) + 657 f(6x) — 1008 (5z) + 1002f (4z)
— 720f(3z) — 362523 f(2x) + 3628720 (x), 117")
> 1 (C(0,20) )t (C(5,w) 1)+ 1 (C (¢4, ) 1)
for all z € X and all r > 0. Letting (z,y) by (3z,z) in (5.3), we have
u(f(Sx) — 9f(7x) + 36 (6) — 84f(5x) + 126 f(4x) — 126 (3x)
+84(22) = 36/ (x) + 95(0) — f(~) = 9L/ (&), ) = 4 (¢ (32,2),7)
for all 2 € X and all r > 0. Using oddness of f and (IFN4) in (5.13), we get
u(37 f(8z) — 333f(7x) + 1332 (62) — 3108 (5x) + 46621 f (4x)
— 46621 f (3z) + 3108 (2z) — 13427855 f (x), 377’) > i/ (¢ 3z, ), )
for all 2 € X and all r > 0. It follows form (5.12), (5.14) and (IFN5), we arrive at
,u(93(7:1:) — 675f(6x) + 2100 f(5z) — 3660(4x) + 3942 (3x)
— 365631 f(2z) 4 17056575 f (), 48r>
> 1 (C(0,20) ) ! (€ (5, 2) 1)+ 1/ (G (C(4z, @) 7) % 4 (C (3w, @) )
for all 2 € X and all r > 0. Replacing (z,y) by (2z, ) in (5.3), we obtain
u(f(?ac) — 9f(6x) + 36f(5x) — 84f(4x) + 126 f(3z) — 126 (2x) + 84f(x)

— 36£(0) + 9f(—x) = f(~20) = 9Uf(2),r) > 1 (¢ (22.2) ,7)

for all x € X and all r > 0. Tt follows form (IFN4) and using oddness of f in (5.16), we get

u(93f(7x) — 837f(6x) + 3348 f(5x) — 7812 f (4x) + 11718 f(3x)

— 11625 f(2x) — 33740865 f (x), 937“) > (¢ (2z,x),7)

for all x € X and all r > 0. It follows from (5.15), (5.17) and (IFN5), we reach

u(162(6x) 1248 (52) + 4152(dx) — TTT6(3x) — 354006 f(2) + 50797440 f (z), 141r>

183

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

> p (€0, 22) ,r) s g (C (B, @) ) o ! (C (A, ) ) s ' (€ (B, ) ) e (C (2, ) )

(5.18)
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for all x € X and all » > 0. It follows from (5.18) and (IFN4),

”(81(693) — 624 f(5z) + 2076(4x) — 3888 f(3x) — 177003 f(2z) + 25398720 f(z), 1;17%)
> ' (C(0,22) 1)+ (G (5, @), r) % ! (C(C(Am, @) ) s i/ (C (B, ) ,7) 5 ! (C (2, ) )

(5.19)
for all & € X and all 7 > 0. Replacing (z,y) by (z,z) in (5.3), we get
u(f(6x) — 9F(52) + 36f(4z) — 84f(3x) + 126f(2x) — 126f(z) + 84£(0)
— 36f(—x) + 9f(~2¢) = f(=32) = 9f(2).,r) = 4 (C (2.2) ,7) (5.20)
for all & € X and all 7 > 0. Using oddness of f in (5.20) and (IFN4), we obtain
u(S1£(62) — 720f(52) + 2916f (4) — 6723f (31)
+ 9477 f(2) — 29400570 (x), 817 ) = 4’ (¢ (2, ) ,7) (5.21)

for all x € X and all r > 0. Tt follows from (5.19), (5.21) and (IFN5), we arrive at

u(105f (5z) — 840 f(4x) + 2835 f (3x) — 186480 f(2) + 54799290 f (z), ?’;’ir)

> p(C(0,22) ) p (C (B, ) 7) * ! (C(C(4, @) )
w1 (C(Bw, @) )+ ' (C (2, ) 1) % ! (¢ (w,2) ;) (5.22)

for all x € X and all » > 0. Replacing (z,y) by (0,z) in (5.3), we obtain
M(f(m:) — 9f(4z) + 36f(3x) — 84f(2x) + 126f(x) — 126£(0) + 84f(—x)
— 36£(—2x) + 9f(—3x) — f(—dx) — 9 f(x), r) > 1/ (¢ (0,2),7) (5.23)
for all z € X and all 7 > 0. Using oddness of f in (5.23) and (IFN4), we get
u(ws F(5z) — 840 (4x) + 2835 (3x) — 5040 (2x)
— 38097990 (), 105r> > ' (C(0,2),7) (5.24)
for all # € X and all 7 > 0. It follows from (5.22), (5.24) and (IFN5), we arrive at

513
u( 181440 (2z) + 92897280 (), 77«)

> ' (€(0,2x) 1) ' (C (B, @) )+ p' (C(C(d, @), ) + 1 (C (3, ) ,7)
* p,/ (C (2$7 33) 7T) * :u/ (¢ (CC, ) ,7“) * M/ (C (O’ .Z‘) :7) (5'25)
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for all z € X and all r > 0. It follows from (5.25) and (IFN4), we reach

513
“(fm) = 012f(2), o 181440T)

> ' (€(0,22) 1)+ ' (C (B, @), r) * i (C(C(4w, @), ) * 1 (€ (3z, 2) ,7)
* MI (C <2$7 '75) ’T) * :u/ (C (JC, ) ’7') * MI (C (0’ 'T) ) 7") (5'26)
for all z € X and all » > 0. Define

ZH({,C7$) = MI (C (07 255) 7T) * lu'/ (C (5.%, (E) ,7“) * /~L, (C (C(4x,x)) ,7‘) * /J'/ (C (3‘%7‘%) ,T‘)

s (2w, ) r) s p (C (2, 2), ) * 1/ (C(0,2),7) (5.27)
and
513
¥~ 362880 (5.28)

for all x € X and all » > 0. From (5.50), we arrive

p(f(20) = 2°f(@), or) = p! (Zu(o,2),7) (5.29)
for all x € X and all r > 0. Similarly, we prove
Z/(f(Q:E) —29f(x), pr) <V (Z,(z,z),7) (5.30)

where

Zy(z,x) =" (C(0,22) ,r) o V' (( 5z, 2) ,7) 0 ' (C(C(4w,2)) ,7) 0 ' (C (3, ) , )
oV (¢ (2z,z),r) o v (¢ (z,2),7) 0 (C(0,2),7) (5.31)
for all z € X and all r > 0. It follows from (5.29) and (5.30),

p(f(20) =2 £ (@), or) = ' (Zu(a,2),7)

(5.32)
v(f(22) = 2°f(2), or) < V' (Zula,2),7)
for all x € X and all > 0. Using (IFN4) in (5.32), we arrive
n(£52 = @), %) = 1 (Z(w,2),7)
(5.33)
V(55 - F@), ) <V (Zolw.a),7)
for all z € X and all r > 0. Replacing = by 2"z in (5.33), we have
"y n T n n
(L2572 — F(2r0), %) = i (Zu(202,27),7)
(5.34)

29

(1 = 1), 5 ) < v (220, 2%),7)
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for all x € X and all r > 0. It is easy to verify from (5.34) and (IFN4) that

gntl 2mn o)
/u’(f2(9(n+1:f) - f(29nx)7 296,/271911) Z ,UJI <Zlu,(l'7x)7 #)

(5.35)
n+1 n r .
V(f2(92(n+19):) - f(229nx)’ 29?2971) < v (ZV(37>!E)7 F)
for all x € X and all > 0. Replacing r by p"r in (5.35), we get
n+1z nm
M<f2(92(n+1)) - f(229n )a 215)3 2977) > 14 (Z (Z‘,J}),?")
(5.36)
ntl, ng n
v (L - 152, ) <V (Zu(w,2),7)
for all x € X and all r > 0. It is easy to see that
n—1 i i
f(2"x) f@ ) f(2')
29 fla) = 29(i+1) 99 (5.37)
i=0
for all x € X. From equations (5.36) and (5.37), we have
2" n—1 pior n—1 f(2* 1z 2'x n—1 p’
/‘(f(zfm L - f(@), 2 iz 2%‘291') = H(Zi=0 f2(9<fi+1>) - f(29z‘ 2, i=0 2%,2’;-)
(5.38)
2mn n—1 p'er n—1 f(2i+t 21 n—1 plor
(f(zenx) f(2), 2205 %) = I/(Zi:() f2(9<z’+1g)c) - f(zef)Ei:o %)
for all x € X and all » > 0. From equations (5.36) and (5.39), we have
o -1 i . 1 d 7i+1m ¢ iz i .
N(% - f(@), E:‘L:O 2%%) > H:'L:o N(f2(92(1‘+1)) - f(2297‘, )a 2%_?97:)
(5.39)
2" n—1 plor JICaRT 2 tor
V<f(29n ) - f(‘r)a Zi:() 2%,291') < ]_L 0 V( 29(1+1)) - f(29i ); Qgggi)
where
n—1 n—1
Haj:al*a2*~-~*an and Hbj=b10b20-~-<>bn
= i=0
for all x € X and all r > 0. Hence
"z n—1 pt n—1
(1552 — 1), S0 55 ) 2 TS (Zulw, ), 7) = 1 (Zy(, @), 7)
(5.40)

(f(;mx) f(x),EZZol 2%.?;) < ]_L oV (Zy(x,x),r) =V (Z,(x,x),7)
for all x € X and all » > 0. Replacing x by 2™z in (5.40) and using (5.2), (IFN4), we obtain

n+m m 1 7
/”L(f2(92(n+'rna):) - f(229m, 2) Z:L 0 %) > 1% (Z (2m$72m$),7’) = [L/ (ZM(lH%)a me)

(5.41)

2n+m om .
V(fz(g(nﬁ—m?) - f(QQmm) Zl 0 W) < I/ (ZV(me,me),T) = V/ (Zy(x,x)y p'{m>
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for all z € X and all r > 0 and all m,n > 0. Replacing r by p™r in (5.41), we get

ontm 2 i+m
,U(fz(g(mrma)v) - f29mm) Zl 0 m) Z ,LL/ (Zﬂ(l’,ﬂf)ﬂ‘)

(5.42)
on +m gm i+m
V(fQ(Q(n-;.m;)Z) - f(29mx) ZZ 0 W) < v (ZV(£C>-'17)a7‘)
for all x € X and all » > 0 and all m,n > 0. It follows from (5.43), that
71.+m:1/‘ mz
M(f2(92<n+m)) - f(229m )77”) > (Zﬂ(xax)a M)

i=m 39291

(5.43)

gn+m om
]/(f2(9(n+mx)) f(29ma:) ) § V/ (Zy(x, :)3), nlrw>

i=m 29.297

holds for all x € X and all » > 0 and all m,n > 0. Since 0 < p <9 and > (%)i < 00. The Cauchy

i=0

f(2"z)
29n
(Y, 1, v) is a complete IFN-space this sequence converges to some point N () € Y. So, one can

2”
define the mapping N : X — Y by {f(anw) }

lim g (f@nm) N(x),r) =1, lim v (f(m) N(m),r) =0

n—00 29n 29n

criterion for convergence in IFNS shows that { } is a Cauchy sequence in (Y, u,v). Since

for all x € X and all » > 0. Hence

Letting m = 0 in (5.43), we arrive

w22 f@r) 2o (2o o)

>ito g5t 297
(5.44)
f@2"x) / r
n z),T S 14 Zl/ TyT)y ZoT1 oio
(52~ ) < v (26o0) gt )
for all x € X and all r > 0. Letting n tend to infinity in (5.44), we have
(N (@) = f@)7) 2 W (Zulw,2), 20112 ~ p])
(5.45)

v (N(@) = (), 7) <o/ (2w, 2), 2pr12° )

for all z € X and all » > 0. To prove N satisfies (1.10), replacing (z,y) by (2"z,2"y) in (5.3)
respectively, we obtain

1 (532D fo(2"x, 2y), ) > 1/ (¢(2"x, 2"y), 2"r)
(5.46)
v (gom Dfo(2"2, 2%y),r) < v/ (C(2"x,2"y),2°"r)
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for all z € X and all » > 0. Now,
u(N(x +5y) — ON (2 + 4y) + 36N (z + 3y) — 84N (z + 2y) + 126N (z + y)
— 126N(z) + 84N (2 — y) — 36N (z — 2y) + ON(z — 3y) — N(z — 4y) — 9IN(y), r)
> (N4 59) — g £+ 59), 1) i~ 9(N o+ 49) - 2§nf<2”<x+4y>>) oL
u(+36(N @+ 39) — 5 72" +39)), 1)+~ 84 (N +20) — g 7" +2)), 15 )+
p(+126 (NG +9) — g 72" +9)), 5) = 126(V <>-§;f@n@»)?g)
(+84(N @ —9) ~ 55 F@" @~ 9)) 72 ) = = 36( NGz~ 29) - 2Tnf(2"(9: —)).
u(+9(N@ —3y) — g 72w —30)), =) i~ 1(Nla— 4y) — o5 f(2" (@~ 49)),
u( - 9!(N(y) - Q%f@"(y)))’ %) *u(%ng( z,2"y), 12)
V(N(:C +5y) — ON (2 + 4dy) + 36N (z + 3y) — 84N (z + 2y) + 126N (z + y)
—126N(z) + 84N (2 — y) — 36N (z — 2y) + ON(z — 3y) — N(z — 4y) — 9IN(y), )
< v (N +59) — g F@ @+ 59)), 15 ) 0w~ 9(N (o +4y) — o5 f2" (e +49)), 5 )o

y(+36(N(x+3y)—29inf(2"(x+3y))),f—2)ov(—84(N(x+2y) 2glmf(2"(fc+2y))) 12)0

v(+ 126( z+y) 2§nf(2"(a: +9)), 1%) ov( —126(N(z) - 29%f(zn(m))), E)o
o(+84(N (@ = y) = 55 0@ = ) 15 ) 0w = 36(N e = 20) = 5 F2"w = 20)), 15 )o
v(+ (N —39) — g 72" —30)), ) 0w~ 1(N@—4y) — g 72" — ), 15 )
”(79!( (y)fﬁf( (y))) 12)”(29an9( 2"), 1T2) (5.47)

for all z,y € X and all » > 0. Since

hm M( =D fo(2"x, Qny)’%) =1 } (5.48)

7g&v@%Dh($ﬂ%%ﬁ)=0
for all z € X and all » > 0. Letting n — oo in (5.47) and using (5.48), we observe that N fulfills
(1.10). Therefore N is a Nonic mapping.

In order to prove N(z) is unique, let N’'(x) be another Nonic functional equation satisfying
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(1.10) and (5.4). Hence,

)= Nohr) = (M- 25

7.297
2
29 29n 29 _
Z,u/ <Z(2nI,2nﬂf)7 p'l" 2| p)
2901 297129 — p|
2.pn

> 4 (N(Z"a&) — f(2m), ) * 1 (f(z%) - N'(2"), r.ggn)

2

o)== (S A

29n

< (Ve s ) ov (s - e, )

29 29n 29 _
SV/ <Z(2’n ’271 )7 p 2| p|>
29 29n 29 _
)
2.pn

for all x € X and all » > 0. Since

. 2%r 2972 — qf
lim —— =

n—00 2p™ ’

we obtain

lim 4/ (Z#(SE,LB), w) =1

e 9 924p"9

. ’ 2%or 2°7™ |2 —p| | __
lim ' (Z(z,2), =S 12—} — ¢
n—00 p

for all x € X and all » > 0. Thus

W(N(z) = N'(2),7) = 1 }
v(N(z) — N'(x),r) =0

for all x € X and all » > 0. Hence N(z) = N’(x). Therefore N(z) is unique.
For 7 = —1, we can prove the similar stability result. This completes the proof of the theorem.
Q.E.D.

The following corollary is an immediate consequence of Theorem 5.8, regarding the stability of
(1.10)
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X — Y satisfies the inequality

?(ﬂ)’u l1911%) . 7)
x||® + Yy )
#DL@ ) 2 LN lal o),
u((A{\)IfUHS ll* + (112 + 119l 2) } 7 (5.49)
v (A (fzl]* + [[9]*) ),
v(DIs(@y):r) S 4 (el Il r
v Ol Iyl (Ul + D) 7).

for all x,y € X and all r > 0 , where A, s are constants with A > 0. Then there exists a unique

Nonic mapping N : X — Y such that

TR A
p(Aallz]|®, 270]27 — plr
x)— N(x),r) > 5
/u(f( ) ( ) ) 'ug)‘3 ||x!2 299p|299p7)’),
i (Aal|] [, 2702 — plr
v ()‘17 29p|29 - plr) ; (550)
v (X [lz(]5, 29|27 — plr),
v(f(z) — N(z),r) < .
(f(z) (z),7) v (As |||, 20p[2° — zﬂr)
v (Mg ||z]]?,299]2° — zﬂr)7
where
2880
Al5® 4945437 y+942ﬁ+m4
362880 ’
{ £9.454+37.35493. 25+164 (5.51)
A3
362880 ’
[5%+55+9@%+4ﬂ+3ﬂ§ﬁ+?y+%@%+2ﬂ+2%+8%
A4

for all x € X and all » > 0.
5.2 IFNS: Fixed Point Method

362880

Theorem 5.10. Let Dfg : X — Y be a mapping for which there exist a function ( : X x X — Z

with the condition

lim o/ (¢ (x}

z,x"y), x""r) =1

n—oo
(5.52)
: / n n In —
Jim 2 (C(x', x7'y) , x™'r) =0
for all x,y € X and all » > 0 where
2 if i=0
{ % if 1=1
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and satisfying the functional inequality

u(ng(x,y),r) > :u/ (g (x’y) 7r)

(5.54)
V(ng(xay)vr) < v (C (xay) ,7’)
for all z,y € X and all r > 0. If there exists L = L(i) > 0 such that the function
T T
=Z <7a 7) )
z — p(z) 573
has the property
xiz) —
u(L”fﬂ" = p(p(z),r
o (p(x),7) (5.55)

v (L2 ) = v (p(), )

for all z € X and all » > 0, then there exists a unique Nonic function N : X — Y satisfying the
functional equation (1.10) and

(5.56)

for all x € X and all » > 0.

Proof. Consider the set
A={h/h: X =Y, h(0) =0}
and introduce the generalized metric on A,
inf{K € (0,00) : pu(h(x) — g(w), ) = 1 (pla), K7), € X} 5.57)
inf{K € (0,00) : v(h(x) — g(z),r) < V'(p(x),Kr),z € X} ’
It is easy to see that (5.57) is complete with respect to the defined metric. Define J : A — A by

1

h9

for all x € X. The rest of the proof is similar to that of Theorem 3.3. Q.E.D.
The following corollary is an immediate consequence of Theorem 5.10, regarding the stability

of (1.10).

Corollary 5.11. Suppose that a function D fg : X — Y satisfies the inequality

w7y,

N (f]* + 1yl ),
(D folz,y),r) 2 ((/\ [ll*1yl*, ),

A{IIIHSIIyHS (]2 + [lyl1*) },r) (5.58)
(HxIISJrIIyII) ),

(A,

(A

Al yl1*,7)

(/\{HxIISIIyIIS (1l +1lyl1*) } o) s

Z/(ng(a:,y),r) <

L
I
v
v
v
v
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for all z,y € X and all » > 0 , where A, s are constants with A > 0. Then there exists a unique

Nonic

where

mapping N : X — Y such that

12 ()‘1729p|29 _plT) 5 )
(A2, 290[2° — plr) |
x)— N(x),r) > s
uife) = Niz),r) M()\:s ]| 7299@|299—pr)),
w(Aallz||?, 270127 — plr) ,
v (M, 2%9]2° — plr) (5.59)
v (A2 ||=]]%,2%0]2° — plr),
- <
v(f(x) = N(x),r) < V()\S HSU||28729@|29 —pl?“),
v (A ||2]]?, 29927 — plr),
513\
M =,
362850
Ny = — |54 9.45 £ 37.3°493-2° £ 675
? 36288)(\)'25[ * * * * ] (5.60)
A :7[5 4 .39 .98 12}
3 3628%0.228 55 4+9.45 +37-3°4+93-2° + 16
—_ 2s S 425 45 2s s 225 25 ]
A 7362880.28[5 5%+ 9(42° + 4%) + 37(3%° + 3°) + 93(22° + 2°) + 837

for all x € X and all » > 0.
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