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Abstract

In the present work, we investigate the approximation problems in weighted rearrangement
invariant Smirnov spaces. We prove a direct theorem for polynomial approximation of functions
in certain subclasses of weighted rearrangement invariant Smirnov spaces
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1 Introduction and main result

Denote by M the set of all u—measurable complex valued functions on R and let M™ be the subset
of functions from M whose values lie in [0, 00]. By Ag we denote the characteristic function of a
p—measurable set £ C R.

Let a function p : Mt — [0,00] be given. The function p is called a function norm if it
satisfies the following properties for all functions f, g, f, (n € N), for all constants a > 0 and for
all y—measurable subsets E of R:

(1) p(f) =01if f =0 p—a.e. ;5 plaf) =a p(f), p(f+9) < p(f) + p(9),
(2) 0< g < f p—a. e, then p(g) < p(f),
(3) 0 < fu 1 f p—ace., then p(fa) T p(/),
(4)if EC R, u(E) < oo, then p(Ap) < oo,
(5) for every set E C R with u(E) < oo, then [ fdu < Cgp(f),
E

where Cg is a constant depending on F and p but independent of f. The collection X = X(p) of
all functions f € M for which p(|f|) < oo is called a Banach function space. For each f € X, the
norm of f is defined by

£l x = p(f])-

Note that Banach function space X equipped with the norm || f||  is a Banach space [6, pp. 6-7].
If p is a function norm, its associate norm p’ is defined on M™ by

p'(f) := sup /fgdu cfeMb p(f) <1y, ge MT.
R

If p is a function norm, then p’ is also a function norm [6, pp. 8-9].
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Let p be a function norm and p’ be its associate function norm. The Banach function space
X (p') determined by the function norm p’ is called the associate space of X = X (p) and is denoted
by X ". Note that every Banach function space coincides with its second associate space X "= (X"
and || f|lx = [|f|lx, forall fe X [6, pp. 10-12].

It is well- known that [6, p. 9]

gl = sup / Foldu: feX, IIflly <l
R

Note that for every f € X and g € X’ the following inequality holds [6, Ch.1, Theorem 2.4]:

/ Faldi< £l Nglls -
R

Moreover, it is important fact [6, p.10] that for every f € X

1]l = sup / Foldu:ge X', gl <1
R

The distribution function iy of a measurable function is defined by
(X)) :==meas{zr € R:|f(z)| > A},

for A > 0. Two measurable functions f and g are said to be equimeasurable if pp(A) = pg(A) for all
A= 0.

Definition 1. A function norm p : MT — [0, 0] is called rearrangement- invariant if for every
pair of equimeasurable functions f, g € MT™ the equality p(f) = p(g) holds. In this case, the
Banach function space generated by p is called a rearrangement invariant space (r.i.space) [6, p.
59].

These spaces are sufficiently wide; the Lebesgue, Orlicz, Lorentz spaces are examples of re-
arrangement invariant spaces. For every rearrangement - invariant space X [6, p.78] we have
Lo C X C Ly. A Banach function space X is rearrangement- invariant if and only if its asso-
ciate space X’ rearrangement-invariant too [6, p. 60].

Note that detailed information on r.i. space can be found in [6], [ 36], [41] and [42].

Let f be a measurable function. The function f* defined by

fr@) =inf {A: pp(N) <t}, 20

is called the decreasing rearrangement of the function f.

Let X be a rearrangement -invariant space. Considering Luxemburg representation theorem
[6, pp. 62-64], there is a ( not necessarily unique) rearrangement invariant function norm 7
over [0, 00] with the Lebesgue measure m for which

p(f) =p(f"), f eM?
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The r.i. space over [0, cc] with Lebesgue measure m generated by p is denoted by X.
For each x > 0, let us consider the dilation operator H, defined on X by

= £ LB o

Let B(X) be the Banach algebra of the bounded linear operator on X. According to [6, pp. 165]
Hyj, € B(X). We denote by hx () the operator norm of H,, i.e.,

hx(z) = ||H1/w||3(f)'
Let us consider the limits [36 ], [40]

log hx (t
——————= fBx:= lim 208X 1Y) x()
t—o logt t—oo  logt

By [36] the above limits exist and ax < Sx. The numbers ax and Sx are called the lower and
upper Boyd indices of the r.i. space X, respectively. Note that for an arbitrary r.i. space the Boyd
indices ax, 8x € [0,1]. The Boyd indices are said to be nontrivial if 0 < ax < fBx < 1. Detailed
information on properties of the Boyd indices can be found in [6], [8], [42] and [43].

Let T" be a rectifiable Jordan curve in the complex plane C. This curve separates the plane into
two domains G :=int I' and G~ :=ext I'"'Without loss of generality, we may asume that 0 € G.
Let T:={w e C: |w| =1}, D:=int T, D~ :=ext T and w = ¢(z) be the conformal mapping of
G~ onto D™ normalized by the conditions

p(00) = 00, lim #(z) >0

z—00 2
and let 1) := ¢! be the inverse mapping of ¢.

We denote by L,(I'), 1 < p < oo, the set of all measurable complex valued functions such that
|f|’is Lebesgue integrable with respect to the arclength on T'. Let w = ¢;(2) indicate a function
that maps the domain G conformally onto the disk |w| < 1. The inverse mapping of p; will be
shown by ;. Let I',. denote circular images in the domain G, that is, curves in G corresponding
to circle |p1(2)| = r under the mapping z = ¥ (w).

We use ¢, c¢1, ca,... to denote constants (which may, in general, differ in different relations)
depending only on numbers that are not important for the question of our interest.

Definition 2. The analytic function f in domain G will be called a function of the class E,(G) if

[17@0 a2 < .
r,

Definition 3. We shall call the E,(G) class the Smirnov class.

It is evident that any analytic function f belonging to the E,(G) class will also belong to the
E1(G) class, that is,

[1s@laz < e < .
r,
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informly in r, 0 < r < 1. Since E,(G) C E1(G),every function f € E,(G) has a non-tangential
limit almost everywhere (a. e.) on I', and if we use the same notation for the non-tangential limit
of f,then f e LP(T).

L,(T) and E,(G) are Banach spaces with respect to the norm

5y = L,y 2= | [ 151
r

Note that the general information about Smirnov classes can be found in the books [10, pp. 168-185]
and [15, pp. 438-453].

A measurable function w : I' — [0, 00] is called a weighted function if the preimage w~=1{0, 00}
has measure zero.

Definition 4. The class of measurable functions f defined on I'" and satisfying the condition
|[flwe Ly(T), 1 <p < oo is called w—weighted Lebesgue space L, (T',w) with the norm

Iz, e = 1@l @) -

Definition 5. The w—weighted Smirnov class E,(G,w) is defined as
Ey(Gyw) = {f € Fi(G) : € Ly(T,w)}

Let T" be a closed rectifiable Jordan curve in the complex plane C. For ¢t € T and r > 0 we
denote by I'(z, ) the portion of I in the open disk of radius r centred at z.

Definition 6. [26]. Let |T'(z,¢)| denote the length (Lebesgue measure) of I'(z,¢). The curve I is
called a Carleson curve (or regular curve) if

1
Cr := supsup— |T'(z,¢€)| <
z€le>0€

For instance, convex curves, Ljapunov curves, chord arcs, smooth curves and Lipschitz curves
are all regular. We denote by S the set of all Carleson curves in the complex plane.

Definition 7. Let 1 < p < 00,1 < g < oo and %Jr% =1 and A,(T") be the collection of all weights
on I satisfying the condition

1/p 1/q
1 1 _
supsup | — WP (1) |dT] - w™(T) |dT] < 00
tel'e>0 | € €
T'(z,r) I'(z,r)

The weight functions which belong to A,(T') for some 1 < p < oo, are called the Muckenhoupt
weights.
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Let I" C C be a closed rectifiable Jordan curve with the Lebesgue length measure |d7| and X (T")
be a r.i. space over I' and X'(T") it is associate space.

Let w be a weighted function. We denote by [40] X (I',w) the linear space of all measurable
functions f such that fw € X(I') and set

||f||X(r,w) = ”fw”X(F) :

Definition 8. A normed space X (I',w) is called a weighted rearrangement - invariant space (w.r.i.
space).

Note that according to [6, Section 1.1] and [39] if w € X(T',w) is a Banach function space
then its associate space is the Banach function space X'(I',w™!) with the norm Hf||X,(F}w,1) =

| fw™? HX,(F) Ifwe X(T) and w™! € X'(T'), then from Holder’s inequality we obtain

L>* c X(T,w) c L}T).

Definition 9. For a weight w on I" we denote by Ex(G,w) the subclass of analytic functions of
E'(G) whose boundary value functions belong to the w.r.i space X (T',w).

For ¢ € T we define the point (;, € I' by
= P(p(Qe™), h e [0,2n).

Definition 10. Let I rectifiable Jordan curve, and f € X (I',w).Then the function Ol ()w( 1)
defined by

OF ¢ L(£,0) = 0%supt=2sup [ £(Gn) + F(C-n) = 2F(Oll x (e

t>6  |h|<t

is called generalized modulus of smoothness in the X (I',w).

We suppose that w(d) is a nonnegative, continuous, nondecreasing real function satisfying the
conditions w(0) = 0, w(d) > 0, (§ > 0) and w(nd) < cnw(d), where n € N and constant ¢ > 0. We
denote by HYEx (G, w) the class of functions f € Fx(G,w for which

QP ¢ L(£,0) < ew(d),

where some constant ¢ independent of f and .
Using the method of proof in [44] it can be shown easily that if f, f1 € H¥ Ex (G, w), the modulus

of smoothness Q(F2) x. ( f,0) satisfy the following conditions:

;2)X w( f,O) = 0,
F X w( fvé) 2 07
;E}%QF X, w( f,(S) = 0,
O ¢ (F+h.0) < 9P ¢ (£ +90 ¢ L(f,0).
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Under different restrictive conditions upon I' = 9G, the direct problems of approximation
theory in non-weighted and weighted Smirnov spaces have been investigated by several authors
(see, for example, [48], [1], [2], [38], [21 |, [13], [44], [22], [ 24]-[26] and [29]). The problems of
approximation theory for weighted rearrangement invariant spaces are studied in [17], [19], [23] and
[51]. In this work, we prove a direct theorem of approximation theory in weighted rearrangement
invariant Smirnov spaces. We investigate approximation problems in the class HY Ex (G, w). Similar
problems of the approximation theory in different spaces have been studied by several authors (see,
for examplea [3]_[5 ]7 [9]3 [16]7 [18]7 [30]'[35]a [37]a [46]a [47]a [49]&11(:1 [50])

Main result in our work is the following theorem.

Theorem 1. Let I' € S, ax, fx be the nontrivial indices and let w € A; /o, (I') N Ay /5, (). If
f € HYEx(G,w), then for any n € N there exists an algebraic polynomial P(-, f) of degree at
most n such that

1f = PC Dlxrw < aw(l/n) (1)

with some constant ¢; independent of n.

Note that Theorem 1 is proved for the first time in the case where I' is a unit circle.

2  Auxiliary results

Let f € L1(T). Then the functions f* and f~ defined by
_ 1 [ f©)
@) =5 [ Fac, zeo 2)
r

and

- 1 f(©) -
=— [ =—2%d
() 2m'/<—z ¢, zed 3)
r
are analytic in G and G~ respectively, and f~(co) = 0. Thus the limit

2ri (—z
r{¢: [¢—z|>¢}

Se(f)(E) = (PV) 5 / <f<_<>zd4 ~ tig / 7 4

exists and is finite for almost all z € L.

The quantity Sr(f)(z) is called the Cauchy singular integral of f at z € T'. The linear operator
St : f — Srf is called the Cauchy singular operator.

According to the Privalov’s theorem [15, p. 431] if one of the functions f* or f~ has the
non-tangential limits a. e. on I, then Sp(f)(z) exists a. e. on I' and also the other one has
non-tangential limits a. e. on I'. Conversely, if Sp(f)(z) exists a. e. on I, then the fuinctionsf™
and f~ have non-tangential limits a. e. on I'. In both cases, the formulae

FHE) = Se(NE) + 37(), F(2) = S5e(f)() — 5 (2)
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and hence
f=r—f
holds a. e. on T
Note that the class of all regular curves is very wide. G. David proved [12] that T is a regular
curve if and only if for every f € L,(T"), Sr(f) exists and belongs to L, (I") and the singular operator
Sr(f) : Lpy(T') — Ly(T') is bounded, that is, there exists a constants ca(p,I') such that

150 (DI, ) < 2@ D) fllz,

for all f € L,(T"). In [20], V.Havin proved that if the singular operator Sr(f) : L,(I') = Lp(T) is
bounded, for every f € L,(T'), the functions f* and f~ defined by the formulae (2) and (3) belong
to Smirnov’s classes E,(G) and E,(G™), respectively.

We need the following results.

Lemma 1 [45, p. 208]. In order to represent f according to its boundary values in the form Cauchy
integral, it is necessary and sufficient that f € E1(G).

The following theorem, given in [7, pp. 117-144] and [14, p. 89] characterizes the weight
functions for which Sr is bounded in the weighted Lebesgue spaces L, (T, w).

Theeorem 2. Let I be a Carleson curve, 1 < p < 0o, and let w be a weight function on I'. The
inequality
1SeN, ooy < @D 171,00

holds for every f € L,(I',w) if and only if w € A,(T).

The following theorem associated with boundedness of the Cauchy singular integral operator Sr in

weighted rearrangement -invariant spaces holds [40]:

Theorem 3. Let X (I') be an r.i. space with nontrivial Boyd indices ax, Bx. If a weight w belongs
to the Muckenhoupt classes A_1 (I") and A%(F), then the operator St is bounded in the w.r.i
X X

space X (T',w).

2.1 Proof of the main result

Proof of Theorem 1. We set
F(zn) = f(2n) + f(z-n)-

From the condition of Theorem 1 we have f(z) € X(I',w) and St is bounded in the space X (I',w)
and [[f(zn) + f(z-n) = 2f(2)| x(r ) < o0. In this case according to [39] and [40] w € X(I') and
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1/w € X'(T'). Then, from the Holder inequality for the X (T") spaces we have

/uw%nua /Wﬂ%%hﬂkﬂﬁzﬂd+aﬂduwmd
T I
S/mm+%ﬁ—mwa
+;/Vj>wwm < W@m+f@h%—”@mﬂmﬂ<i : )
J X' (T)
< (0.¢]

1
21 fllx (- w) (HwH;«(F))

It follows from the last inequality, that F(z,) € L1(T"). Since F(z) € L1(T') and Sr is bounded
in the space X(T',w), singular integral Sr(F}p)(z) in principal value meaning exists a. e. on TI.
Then the function is approximed with Jackson-Dzydyk polynomial [11, p.440]. We represent the
polynomial Jackson-Dzydyk in the form

mwzg/mmwﬂmmw+;!mwwm+m%wm ()
0

where K, (h) is a kernel, which is trigonometric polynomials of degree not exceeding n and satisfies
the conditions [11, p. 428]

K

% Kn(t)dt =1, (n=0,1,2,..), (5)

] Ko(t)] dt < cx, (n=0,1,2,..), (6)

] [t" | Kn(t)]dt < es(k)(n+1)7F, (7)

](u £ M K@) dt < co(kpn, (n=1,2,..) (8)

—T

Note that Jackson kernel satisfies the conditions (5)- (8). If f € Ex(G,w), it follows that
f € E1(G). Then according to Lemma 1, the function f € E1(G) can be written as Cauchy integral

_ 1 f(Q)
f(Z)—%/mdg, z e Q.
T
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Since St is bounded in the space X (T',w), the Sr(f)(z) singular integral exists. Then, for the
function f the following identity

f(z) = (5rf)(2) + f(2)/2

holds a. e. on I'. Taking into account the last relation, we have

z):%/Kn(h) 2dh+ /K (St f)(2)]dh )
0

Consideration of (4) and (9) gives us

IF = Pallxqray < | 5 / W(R)F(2)dh + = /K ((S0£)(2)]dh Py (2)

0
7r

2
0

Kn(h) [Sr(Fp)(2)] dh—

s

- / Ko(h) [f(z1) + f(z_1)] dh . (10)

0 X(T,w)

Using (10), Minkowski’s inequality and the boundedness of singular operator St we get

1 = Pallr < e /K ) [Se(En — 2f)(=)] dh

X (T,w)
s

tes / Ko(h) [(Fy =20 dh||  <ecg / Kn(h)dh ||Se(F — 20)(2)]
0

X(T,w)

X (T,w)

0

tern [ KW [(Fy =2l sy < en [ Kl [(Er = 2@ g,
0 0

verr [ KW [(Fy =2l sy < cra [ KnlW s (0, P (11)
0 0

< e ¢ () / K, (h)(nh + 1)dh. < ersw(1/n).

According to (5 ), (7 ) and (11 ), we obtain the inequality (1) of Theorem 1.

Acknowledgement. The author would like to thank referee for all precious advices and very
helpful remarks.
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