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Abstract

This communication deals with first introducing the exponential type hybrid B — (b, p, 0, p, 7)-
invexities and then establishing a class of the e— efficiency conditions applying to multiobjective
fractional programming problems. The exponential type hybrid B — (b, p, 0, p, 7)-invexities
encompass most of the existing generalized higher order invexities as well as the exponential
type generalized invexities, including the Antczak type first order B — (p, ) —invexities. To the
best of our knowledge, the obtained results seem to be most advanced on generalized invexities
available in the literature, while offer more suitable applications to other fields and beyond.
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1 Introduction

Recently, Zalmai [38] has generalized the exponential type invexity to the case of the Hanson-
Antczak type («, 8,7, §,n, p, 0)—V-invexity, and then established a series of results on global para-
metric sufficient efficiency conditions for a semiinfinite multiobjective fractional programming prob-
lem. Verma [28] introduced a higher order exponential type generalization - B — (p,n,0,p,7)-
invexities - to exponential type first order B — (p,7)—invexities by Antczak [1], and applied to
explore parametric sufficient efficiency conditions to semiinfinite minimax fractional programming
problems, while Verma [27] introduced and investigated second order (®, ¥, p, n, f)—invexities to
the context of parametric sufficient optimality conditions in semiinfinite discrete minimax fractional
programming problems. The contribution of Antczak [1-3] on first order B—(p, r)—invexities is enor-
mous to the context of nonlinear mathematical programming problems, which have been applied to
a class of global parametric sufficient optimality conditions based on first order B — (p, r)—invexities
for semiinfinite discrete minimax fractional programming problems. This was followed by Zalmai
[37, 38] who generalized B — (p, r)—invexities introduced by Antczak [1-3], and applied to a class
of global parametric sufficient optimality criteria using various assumptions for semiinfinite dis-
crete minimax fractional programming problems. Verma [25] also developed a general framework
for a class of (p,n,0)—invex functions to examine some parametric sufficient efficiency conditions
for multiobjective fractional programming problems for weakly e—efficient solutions, while Kim et
al. [8] have established some e—optimality conditions for multiobjective fractional optimization
problems. Motivated by the recent advanced research contributions, we introduce a higher order
exponential type generalization - B — (b, p, 0, p, 7)-invexities - a major generalization to the expo-
nential type first order B — (p, #)—invexities - well-explored in the literature, and establish some
advanced results on the e—efficiency conditions based on the higher order exponential type gener-
alization - B — (b, p, 8, p, 7)-invexities. The obtained results in this communication encompass most

Thbilisi Mathematical Journal 8(2) (2015), pp. 159-180.
Thilisi Centre for Mathematical Sciences.

Received by the editors: 22 August 2014.
Accepted for publication: 13 July 2015.



160 R. U. Verma

of the results in the literature primarily because of the enormous generality power of the higher
order exponential type hybrid B — (b, p, 8, p, 7)-invexities, which may not be limited to applications
to just e—efficiency conditions and further applications.

We consider under the generalized framework of the second order B — (b, p, 8, p, 7)—invexities of
functions, the following multiobjective fractional programming problem:

(P)
fiz) foz) fp(fﬂ))
g1(x)" galx)” 7 gp(x)

Minimize (

subject toz € Q ={x € X : H;j(z) <0,5 € {1,2,---,m}},
where X is a nonempty subset of R™ (n-dimensional Euclidean space), f; and g; for i € {1,---,p}
and Hj for j € {1,---,m} are real-valued functions defined on X such that f;(z) > 0, g;(z) > 0 for

i€{1,---,p} and for all x € Q. Here @) denotes the feasible set of (P).

Next, we observe that problem (P) is equivalent to the nonfractional programming problem:
(PA)

Minimize (fl(x) —Mgi(x),- -, folw) — )‘pgp(x))

subject to x € @) with

A) b))y
@) @@) g @)

A= (Al,AQ,.--,Ap) - (

where x* is an efficient solution to (P).

The general theory of nonlinear programming serves a great purpose, not just in terms of the
theory, but also in terms of applications to various fields, including decision and management
sciences, game theory, statistical analysis, engineering design (including design of control systems,
design of earthquakes-resistant structures, digital filters, and electronic circuits), random graphs,
boundary value problems, wavelet analysis, environmental protection planning, optimal control
problems, continuum mechanics, robotics, and data envelopment analysis. For more details, we
refer the reader [1- 41].

2 Preliminaries

Recently, Verma [28] generalized the notion of the first order Antczak type B — (p, 7*)-invexiies [1] to
the case of the second order B-(p, 1, 0, p, 7)- invexities. These notions of the second order invexity
encompass most of the existing notions in the literature. Let f be a twice continuously differen-
tiable real-valued function defined on X. Furthermore, let p: X x X - R and : X x X — R" be
functions on X x X.
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Definition 2.1. The function f is said to be exponential type hybrid B-(b, p, 0, p, ¥) - invex at
x* € X if there exist a function b : X x X — [0,00), and real numbers 7 and p such that for all

€ X (zv#2*) and z € R”,
1, - x 1 1 o
o (L r@-ren 1)) > L T e
bz, )(f(e 1)) > ﬁ(<Vf(CE )+ 5V f(z*)z,e 1>>
T ple, )6, for £ 0 and 7 £0,

1 = * 1
o (L@@ _ 1)) > oy o Loz
b(z,x )<,:(6 1)) > (<Vf(:c )+ 2V f(z )z,z>)
+ px,z*)||0(z,z*)||> for p =0 and 7 # 0,
1 1 _
* _ * > * 72 * Dz __
b ) (£() = £(a) 2 = (V) + 5T 7 @)z, — 1)
+  plx,x*)|0(z,z*)||* for p# 0 and 7 = 0,
* * * 1 *
bw,a*) (f(2) = 1) = (917 + 5V2F7)2,2))
+  plz,z))|0(z,z*)||> for p =0 and 7 = 0.
Definition 2.2. The function f is said to be exponential type hybrid B-(b, p, 0, p, 7)-pseudoinvex
at x* € X if there exist a function b: X x X — [0,00), and real numbers 7 and p such that for all
x € X (x#a*) and z € R",
1 * 1 2 * Pz * *\ (12
5 (VI@") + 5V f(@")z, e = 1) ) + p(z, ") [0z, 27)[* 2 0

(M@= _ 1)) >0 for p#0and 7 £ 0,

< =

= b(x,x*)(

(V7@ + 59202 2)) + e, 210G, 2> 2 0

= b(m,x*)(%(eﬂﬂx)_ﬂ”*)] — 1)) >0 for p=0and 7 # 0,

(V@) + 5927 @), e% = 1)) + plar )6z, 2) | > 0

U
ST

(x,:v*)(f(:c) - f(:c*)) >0 for p#0and 7 =0,

(V1) + 5927%)2.2)) + ol 26,2 2 0

= b(x,x*)(f(ac) —f(:r*)) >0 for p=0and 7 =0.
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We remark that based on the above definitions, the following definitions also hold for the special
cases when p = 0 or 7 = 0 or both, so we include only the case for p # 0 and 7 # 0.

Definition 2.3. The function f is said to be strictly exponential type hybrid B-(b, p, 0, p, 7)-
pseudoinvex at z* € X if there exist a function b : X x X — [0, 00), and real numbers 7 and p such
that for all z € X and z € R",

S((91) + 57220 = 1)) + plaa) o) 2 0
= bz, ") (%(eﬂf@*ﬂf*)l - 1)) >0 for f# 0 and 7 # 0,
equivalently,
b(x’gg*)(%(ef[f(x)—f(w*)] _ 1)) <0
N %((vm*) + %Wf(x*)z,eﬁz 1)

+  plz,x*)||0(z,2*)||* < 0 for p # 0 and 7 # 0.

Definition 2.4. The function f is said to be prestrictly exponential type hybrid B-(b, p, 6, p,
7)-pseudoinvex at z* € X if there exist a function b: X x X — [0,00), and real numbers 7 and p
such that for all z € X and z € R",

1 1 _
(V7@ + 5V 7@ = 1) 4 ol a0, > 0
1, - .
= b(z,z*) (;(e’“[f@)*f(z 0 1)) >0 for j # 0 and 7 # 0.
Definition 2.5. The function f is said to be exponential type hybrid B-(b, p, 6, p, 7¥)-quasiinvex

at x* € X if there exist a function b: X x X — [0, 00), and real numbers 7 and p such that for all
r € X and z € R",

b(mvx*)(%(ef[f(w)ff(w*)] ~1)) <0
= %((Vf(:v*) + %sz(ac*)z7 eP? — 1>)

+  plz,2*)||0(z,2*)||> < 0 for p# 0 and 7 # 0.

Definition 2.6. The function f is said to be prestrictly exponential type hybrid B-(b, p, 6, p,
7)-quasiinvex at x* € X if there exist a function b : X x X — [0,00), and real numbers 7 and p
such that for all x € X and z € R™,
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b(%x*)(%(ef[f(z)—f(w*)] _ 1)) <0
= ]15(<Vf(x*) + %vzf(x*)zveﬁz - 1>)

+ pla,a)]|0(z, 2*)|? <0 for p# 0 and 7 # 0,

equivalently,
1 1 _
5(<Vf(ac*) + 5V @)z e — 1) + pla ) 0,202 > 0
1, - .
= b(x,JL‘*)(;(er[f(“”)_ﬂac - 1)) >0 for p#0 and 7 # 0.

We remark that sometimes the equivalent forms for the definitions turn out to be more suitable
during the proofs of the theorems.

Now we consider the e—efficiency solvability conditions for (P) and (PA) problems motivated by
the publications (see Verma [28]) and (Kim et al. [8]), where they have investigated the e—efficiency
as well as the weak e—efficiency conditions for multiobjective fractional programming problems un-
der constraint qualifications. Based on these developments in the literature, we plan to establish
some parametric sufficient efficiency conditions for multiobjective fractional programming problem
(P) under this framework of the exponential type hybrid B-(b, p, 0, p, 7)-invexities. We need to
recall some auxiliary results crucial to the problem on hand.

Definition 2.7. A point z* € @ is an e—efficient solution to (P) if there exists no « € @ such that
filz) _ fi(z")
9i(x) ~ gi(x*)

1) _ file)
9;(x)  gj(z*)

where € = (g1, - -,&p) withe; >0fori=1,---,p.

*5iVi:17"'7pa

— ¢, for some j € {1,---,p},

Next to this context, we have the following auxiliary problem:

(P)) B -
minimizezeq (fi1(x) — Agi(z), -, fp(z) — Apgp(2)),
subject to x € Q,
where \; for i € {1,---,p} are parameters, and \; = gg; — &

Next, we introduce the e—efficient solvability conditions for (P)) problem.
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Definition 2.8. A point z* € Q is an é—efficient solution to (P)) if there exists no x € @Q such
that B B
filz) = Agi(z) < fi(a®) = Agi(2") —&iVi=1,---p,
fi(@) = Agj(x) < fj(x*) — Ag;(z*) — &; for some j € {1,---,p},
where \; = £(27)
. gi(x*)
1= 1, S p.

—¢i, & =¢g;g(a*) withe; >0fori=1,---,p, and e = (g1, - -,&p) with &; > 0 for

Lemma 2.9. Let z* € Q, and f;(2*) > €;9;(x*) for i = 1,- - -, p. Then the following statements are
equivalent:

(i) z* is an e—efficient solution to (P).

(if) z* is an e*—eflicient solution to (PA), where

s Jh@) o @)
A= (gl(x*) &1, 7gp(x*) 617)7
where e* = (e191(2*), - - ',€p9p(55*))'

Lemma 2.10. Let z* € @, and f;(z*) > €;g;(z*) for i = 1,- - -, p. Then the following statements
are equivalent:

(i) =* is an e—efficient solution to (P).

(ii) There exists ¢ = (c1,---,¢,) € R\ {0} such that

Saelhle) - (255 - )] 20
= Salile) - (B ) aten)] - S e

for any = € Q.

Now, we need recall the following result (Verma [28]) that is crucial to developing the results
for the next section based on second order hybrid B-(b, p, 0, p, 7)-invexities.

Theorem 2.11. [28] Let z* € IF, \* = (2*) for each i € p, f; and g; be continuously differentiable
at z* for each j € g, the function ¢ — G;((,t) be continuously differentiable at z* for all ¢ € T},
and for each k € r, let the function ¢ — H((, s) be continuously differentiable at z* for all s € S.
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If z* is an efficient solution of (P), the generalized Guignard constraint qualification holds at x*,
and if for any critical direction y, the set cone

(VG 1), (. V26", t)y) ) ¢ € Ty(a").j € g}
+ span{(VHk(ac*,s), (y,VQHk(ac*,s)w) : s € S,k er},
where Tj(z*) = {t € Tj : G;(z*,t) = 0}

is closed, then there exist u* € U = {u € R? : uw >0, >.?_, u; = 1} and integers 1§ and v*, with
0 <yj <v* <n+1such that there exist v indices j,, with 1 < j,,, < ¢ together with 15 points
tm e ij (x*), m € v, v* —v indices ky,, with 1 < k,,, < r together with v* — v points s™ € S,
for m € v*\vg, and v* real numbers v}, with v}, > 0 for m € v, with the property that

M VA@E) = NV + Y v VG, (o ")
=1 m=1

*

+ ) v, VH(a",s™) =0, (2.1)

m:Vngl

p Vo
(. [ S ui V2 h(e) — XNV + Y 0 VPG, (e 1)
i=1 m=1

*
v

+ Z vi V2 Hy (2%, 5™)|y) >0, (2.2)

m:u(ﬁ»l

where Tj, (¢*) = {t € T}, : G}, (2*,t) =0}, U = {u € R? 1 u > 0,37 u; = 1}, and v*\j} is the
complement of the set 1 relative to the set v*.

3 Second order sufficient efficiency conditions

This section deals with some parametric sufficient efficiency conditions for problem (P) under the
generalized frameworks of second order hybrid B-(b, p, 6, p, 7)- invexities for generalized invex
functions. We start with real-valued functions E;(.,z*,u*) and B;(.,v) defined by

fi(z*)
gi(z*)

Eifw,a",w’) = wlfi@) - (255 i) gi(@)l, i € {1}

and

Bj(.,’l)) = ’UjHj(,T), ] = 17~ s, M.
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Theorem 3.1. Let 2* € Q, fi,g; for i € {1, p} with p(z*) = ;gig —g >0, gi(z*) >0

and H; for j € {1,---,m} be twice continuously differentiable at * € @, and let there exist
v eU={ueRl:u>0,%"_ u; =1} and v* € R} such that
Si_ui [ fi(x™) — (g(a:*) — &)V gi(x")] + YiLvi v Hj (z*) =0, (3.1)
- * 2 * fl(‘r*) 2 * m *v72 *
(=D wlvifia®) - TR LR SR AL )2} =0, (3.2)
i=1 v j=1
where z € R", and
viH;(z*) =0, j€{l,---,m}. (3.3)

Suppose, in addition, that any one of the following assumptions holds:

(a) (i) Ei(.;a*,u*) Vie {1, p} are exponential type hybrid B-(b, p, 6, p, 7)- pseudoinvex
at z* € X if there exist a function b: X x X — R, and real numbers 7 and p such that for
all z € X, b(z,z*) > 0.

(i) Bj(.,v*) Vje{l,---,m} are second order hybrid B — (b, p, 0, p, 7)-quasiinvex at z* € X
if there exist a function b : X x X — R, and real numbers 7 and p for all z € X.

(iii) p(z,z*) + plx,z*) >0V € Q.

(b) (i) Ei(.;2*,u*) Vi€ {1,---,p} are exponential type hybrid B-(b, p1, 0, p, 7)- pseudoinvex
at z* if there exist a function b : X x X — Ry, and real numbers 7 and p such that for all
z € X, b(z,xz*) > 0.

(i) B,;(.,v*) Yj e {1,---,m} are exponential type hybrid B-(b, p2, 6, p, 7)-quasiinvex at
x* € X if there exist a function b : X x X — R, and real numbers 7 and p for all z € X.

(iii) p1(z,z*) + pa(z,z*) >0

(c) (i) Ei(.;2*,u*) Vi € {1,---,p} are prestrictly exponential type hybrid B-(b, p, 0, p, 7)-
pseudoinvex at 2* € X if there exist a function b : X x X — R4, and real numbers 7 and p
such that for all x € X, b(x,z*) > 0.

(ii) Bj(.,v*) Vj € {1, -, m} are strictly exponential hybrid B-(b,p, 8, p, 7)-pseudoinvex
at x* € X if there exist a function b : X x X — R, and real numbers 7 and p.

(i) pla,a”) + pla,a”) > 0
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(d) (i) Ei(.;z*,u*) Vi € {1,---,p} are prestrictly exponential type hybrid B-(b, p, 0, p, 7)-
quasiinvex at x* € X if there exist a function b : X x X — R, and real numbers 7 and p

such that for all z € X, b(z,z*) > 0.

(ii) Bj(.,v*) Vj € {l1,---,m} are strictly exponential type hybrid B-(b, p, 0, p, 7)-
pseudoinvex at x* € X if there exist a function b : X x X — R,, and real numbers 7

and p.
(it) p(z,2*) + plz,z*) > 0.

(e) (i) Foreachi € {1,---,p}, fi is exponential type hybrid B-(b, p1, 0, p, 7)-invex and —g; is

second order hybrid B-(b, ps, 0, p, 7)-invex at z* with b(z, z*) > 0.

(it) H;(.,v*) Vj e {1,---,m} is exponential type hybrid B-(b, p3, 0, p, 7)-quasi-invex at

fi(z")

(iit) X7 v5ps + p* > 0 for p* = X7 uf(p1 + p(z*)p2) and for (z*) = e

Then z* is an e—efficient solution to (P).

Proof. If (a) holds, and z* € @, then it follows from (3.1) and (3.2) that

15 filz®) o o
SO V() = (0 = 20 Vala)] + S V)
+ g IV - (G — eV

+ ZL:U;VQHJ»(J:*)} z,eP* — 1) > 0.

Since v* > 0, € @ and (3.3) holds, we have
Y viHj(r) <0 =X v Hj(z"),

and so 1
b, a) (O 1)) <

which follows from 7 # 0 and b(z,z*) > 0 for all 2 € Q. In light of the hybrid B —

quasiinvexity of B;(.,v*) at «*, we have

1 * 1 * pz * *
;5(<VHj(x )+ S VA ()2, € = 1)) + pla,a") [0z, 2" |2 < 0,

*) — &;.

(3.4)

(b7 P 07]3’ f)_
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and hence,

Sy (VH (@)

1
i
It follows from (3.4), (3.5) and (iii) that

L (21 (v fian) - (1)

gi(z*)

— i) V gi(x")]

+
N = =
.ME

SV )z~ (i eV ) 1)
> —p(x,2")]|0(z, ).
Applying B-(b, p, n, 0, p, 7)- pseudo-invexity at x* to (3.6), we find
%B(x’:L,*)(eF[Ei(a:,J:*,u*)fEi(z*,z*,u*)] . 1) Z 0.
Next, based on b(z,z*) > 0, (3.7) implies
fi(z™)
z 1w z[fz( ) (gl(m*) —€i)9¢(5€)}
file®)
Z z 1U l[fl( ) (gz(x*) sl)gt(m )]
> SLuilfie) - (P53 - )] - Syt o) =0,
Thus, we have )
fi(z”
z 1 U z[fl( ) (gz(x*) _El)gz(i)] > 0.

Under the assumption u} > 0 for each i € {1,- -
not exist an € ) such that

-,p}, we conclude that there does

523 - (ggi —e) <O0Vi=1,---p,
gjgg - gjgi; —¢;) <0 for some j € {1,---,p}.

Hence, z* is an e—eflicient solution to (P).

]' * pz * *
5 VR H, ()2, 7 = 1>) + pla, 29)|0(z, z*)|% < 0.

R. U. Verma

(3.5)

The proof for (b) is similar to that of (a), but we include for the sake of the completeness. If

(b) holds, and z* € @, then it follows from (3.1) and (3.2) that
fi(z")
gi(z*)
*),eP* — 1) =0Vz € Q,

— &) v gi(2")], " — 1)

p<2p 1U; [sz( ) (

1
+ =(BjLv; v Hj(x

el



Generalized hybrid invexities 169

(e 1 [ uivi ) - (2 vy e

2p — gi(z*)
+ Zu;vzﬂj(x*)]z> > 0. (3.10)
j=1

Applying v* > 0, z € Q and (3.3) holds, we have
Y viHj(r) < 0= X7 07 Hy(z"),
d
e e (L FH, (2)—H, (7))
b(x,x )(;(e i i —1))§0
using 7 # 0 and b(x,2*) > 0 for all x € Q. Now the hybrid B-(b, ps, 0, p, 7)-quasiinvexity of
Bj(.,v*) at z* implies
1 * 1 2 * Pz
;5(<VHJ(3: )+ 2V H;(z")z,e —1>)
+p2 (@, 27)[|0(z, 2")|I* < 0.
This results in
1(zm (VH, (") + 150 V21, (2*)z, e — 1>)
p\ 7=t J 97y=1 J ’
+ pala,2)]|0(z, 2")|* < 0. (3.11)
It follows from (3.9), (3. 10) (3.11) and (iii) that

IO N
<1 1u; [V fi(z") (gi(m*) €i) v gi(z")]

1\3\'—‘ el =

Z ;k v2fl (;C:Ei:; - €i)v29i(x*)z],eﬁz — 1>)

> —pu(w )0, 7). (3.12)
Next, applying the hybrid B-(b, p1, 0, j, 7)-pseudo-invexity at z* to (3.12), we have
1- . . % o ox
jb({E,QIJ*)(GT[Ei(I’z ) —Ei(xt a2t u")] 1) >0, (313)
7

which further, using b(z, z*) > 0, implies

fi(x*)
gl(:r*)
fi(x*)
gi(w*)

Sz [fi(w) = ( —€i)gi(7)]

> Suilfi(e) = (

—€i)gi(z")]) = 0.
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Thus, we have

i ‘(x*)
Using u} > 0 for each ¢ € {1,- - -, p}, we conclude that there does not exist an x € @
such that

fil)  filz") o

(@) (gz(m*) g)<0Vi=1,--

fi(x) _ fi(z")

gi(@)  "gi(z*)

Hence, z* is an e—efficient solution to (P).

—¢j) < 0 for some j € {1,---,p}.

Next, we prove (c) as follows: if (c) holds, and z* € @, then it follows from (3.1) and (3.2) that

1 D u fl(x*) o (%)), eP? —
5@ _uf [V fi(z") - (gi(x*) &) V gi(z")], 1)
+ %@;@Zlv;ij(x*),eﬁtD:o, (3.15)
Pz S 2 fz(m*) *
@-—[g (V2:@") = () =€) Vo)
+ Zv;v2Hj(x*)]z>zo. (3.16)

Asv* >0, z € Q and (3.3) holds, we have
YiLiviHj(x) < 0=X7" viH;(z"),

which implies

27 (L 1)) <0
7
Then, in light of the strict hybrid B-(b, p, 0, p, 7)-pseudoinvexity of B;(.,v*) at z*, we have
1 1 -
5(<VH](I*) + §V2Hj(ac*)z, eP? — 1>> + p(z, 2*)||0(z, 2*)||* < 0. (3.17)

It follows from (3.15), (3.16), (3.17) and (iii) that

fi(z”) _
gi(z*)

H(EACAE R

b e LS w ) - (D) yvrgen))

i=1 gl(x*)

> —p(w,a") )0z, 2")]*. (3.18)
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As a result, applying the prestrict hybrid B-(b, p, 0, p, 7)-pseudoinvexity at z* to (3.18), we have

fi(z™) fi(z") "
(Sruilhie) = (o = o) = S i) = (s —eaa)]) 20
which implies
S yuilfte) — (45— <o)

Thus, we have

fi(z")

i fi(e —¢i)gi(z)] > 0. 3.19
i [fle) — (3154 — 2] (3.19)
Since uf > 0 for each i € {1,- - -, p}, we conclude that there does not exist an = € Q
such that f(a) i)
- —&; SOV’L:].,‘“,]L
s@ G )

fix)  fi(@")
gi(x)  gi(x*)

Hence, z* is an e—efficient solution to (P).

—¢j) < 0 for some j € {1,---,p}.

The proof applying (d) is similar to that of (c), but still we include it as follows: if z* € @, then
it follows from (3.1) and (3.2) that

Lisr o fil@™) N o e
5<Z =1 [sz( ) (91',(55*) z)ng( )]7 1>
L T H), e - 1) =0, (3.20)
and
L 2 _ fz(x*) _ *
< {Z; [V fi(x (gz(x*) 5z)v 9i(z")]
+ Z’U}FVQH]‘(.’L‘*)} z> > 0. (3.21)

Again, since v* > 0, x € @ and (3.3) holds, we have

S v Hy(x) < 0 = S0t Hy(2*),
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which implies
b(amx*)(%(eﬂHj(I)ij(z*)] - 1)> <0

Then, in light of the equivalent form for the strict hybrid B-(b, p, 0, p, 7)-pseudoinvexity of B;(.,v*)
at x*, we have

1 1 _
]3(<VHj(x*) + 5V, ()2, e 1>) + p(a, 2*)|0(z, z*)|% < 0.
It follows from the above inequality, (3.20), (3.21) and (iii) that

fi(z™)
gi(z*)

(vt - (5 - 2) v aila), e - 1)

b (e - B v )

> —p(w,a") )0z, 2")]*. (3.22)

As a result, applying the equivalent form for the prestrict hybrid B-(b, p, 6, p, 7)-quasiinvexity of
E;(;;z*,u*) at z* to (3.22), we have

fi(z") fi(z") .
(Srawilhte) - (075 — m@)] - Builfle) - (10— 2)ada)]) 20,
which implies
SEyilfie) - (A - 2o
> Suilfe) - (B a2
Thus, we have
SEyuilfte) — (45— cgm(@) > 0 (3.23)
Since uf > 0 for each ¢ € {1,---,p}, we conclude that there does not exist an x € @ such that
fo) S
9i(x) (gz(l’*) )< 0¥ b
file) — fi(z")

g;(z) N (gj(x*) —¢;) <0 for some j € {1,---,p}.

Hence, z* is an e—efficient solution to (P).

Finally, we prove (e) as follows: since z* € @, it follows that
Hj(xz) < Hj(z*), which (in conjunction with b(z,z*) > 0) implies

b(x,a:*)(Hj(m) - H](x*)) <0.
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Then applying the hybrid B-(b, ps, 6, p, 7)-quasi-invexity of H; at z* and v* € RT", we have
1 m 1 m pz
(<2 L) 7 Hj (@) + 5T ) VA H ()2, ¢ —1>)
D
< =X i ps6(a, )|

Based on the assumptions, u* > 0 and glg*) —¢; > 0, it follows from hybrid B—(l;7 o1, 0, D,

7)-invexity of f; and hybrid B-(b, ps, 0, p, 7)-invexity of —g; that

b, %) & (5w (-G 0@ 1) GS —eme)) )

_ 1/ 7sp . - fi(a* ) o
= b(z,2*)= ( P ui {[fi(z)—fi(z")]— (gm) e)[g: (z)—gi( )]}71)
T

1 P « * fl(x*) * pz
> (S AE) - (o o) Vate), e - 1)
1 pz 14 * fl(x*) *
G LT ) - (LS - ) Va )2)])
+ Zf Vi [+ (™) p2]||6(a, ) |12
> p[@mlv v Hj(x"),eP* = 1)
n %<epz LS 0 V2 H, (2)2)] ) + S0 guf [on + ol )pa] (2, )|

> (ST 05 ps + S ui[pr 4+ (z*)p2]) |0 (z, )|
= (S7,0)ps + p))I0(z,2")|* > 0,

fi(z™)
gi(z*)

where p(z*) = —¢g; and p* =3P ul(p1 + o(z%)p2). QE.D.

Next, we present a certain specialization to Theorem 3.1 relating to the second order hybrid
B — (b, p, 0, p, 7)-invexities when p = 0 and 7 = 0.

Theorem 3.2. Let z* € Q, fi,g; for i € {1, p} with p(z*) = g’éig —g; >0, gi(z*) >0

and H; for j € {1,---,m} be twice continuously differentiable at z* € @, and let there exist
v eU={ueR:u>0,%"_ u; =1}, z € R" and v* € R} such that

zf_luz‘[vfxx*)—(gjg;’:;—e»m( N+ S v () = 0 (3.21)
- fi(z")
(o [ 27 = (g eV *Z”W N zo @)

viHj(x*) =0, j € {1, -, m}. (3.26)
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Suppose, in addition, that any one of the following assumptions holds:

(a)

(i) BEi(.;2*,u*) Vie{l,---,p} are second order hybrid B-(b, p, #)- pseudoinvex at z* € X
if there exists a function b: X x X — [0, 00) such that for all x € X, b(z, 2*) > 0.

(i) Bj(.,v*) Vje{l,---,m} are second order hybrid B-(b, p, §)- quasiinvex at z* € X if
there exists a function b: X x X — [0, c0).

(iii) p(z,x*) + p(x,z*) > 0 for all z € X.

(i) Ei(.;2*,u*) Vie{l,---,p} are second order hybrid B-(b, p1, 0)- pseudoinvex at z* € X
if there exists a function b : X x X — [0, 00) such that b(z,z*) > 0.

(ii) B;(.,v*) Vje{l,---,m} are second order hybrid B-(b, ps, 6)-quasiinvex at z* € X if
there exists a function b : X x X — [0, 00).

(111) pl(xax*) + pQ(xax*) >0

(i) Ei(.;2*,u*) Vie {l,---,p} are second order prestrictly hybrid B-(b, p, 6)- pseudoinvex
at z* € X if there exists a function b: X x X — [0, 00) such that b(z,z*) > 0.

(i) Bj(.,v*) Vj € {1,---,m} are second order strictly hybrid B-(b, p, #)-pseudoinvex at
z* € X if there exists a function b: X x X — [0, 00).

(iii) p(x,z*) + p(z, z*) > 0.

(i) Ei(.;a*,u*) Vie {1,---,p} are second order prestrictly hybrid B-(b, p, 6)- quasi-invex
at z* € X if there exists a function b : X x X — [0, 00) such that for all z € X, b(z,z*) > 0.

(it) Bj(.,v*) Vj € {l,---,m} are second order strictly hybrid B-(b, p, 0)- pseudoinvex at
x* € X if there exists a function b: X x X — [0, 00).

(iii) p(x,z*) + p(z,z*) > 0.

(i) For each i € {1,---,p}, fi is second order hybrid B-(b, p1, 0)- invex and —g; is second
order hybrid B-(b, po, 8)- invex at z* such that b(z,z*) > 0.

il) Hj(.,v*) VjeA{l,.---,;m} is hybrid B-(b, ps3, 0)- quasi-invex at =*.
J

fi(z")
gi(z*)

(iif) X7 vips +p* > 0 for p* = X uf(p1 + p(z*)p2) and for p(z*) = — &
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Then z* is an e—efficient solution to (P).

Proof. Consider the proof for (a) as follows: if (a) holds, and z* € @, then based on (3.24) and
(3.25), we have

ELuilvhen) - () - ) v a6l
+ (ELv; v Hj(z"),z) =0, (3.27)

P (o
(z, [Zu;[vzﬁ(m*) - (gf(x ) _ )V +Zv V2H ] 2) > 0. (3.28)
i=1 ¢
Asv* >0, z € Q and (3.3) holds, we have
Ll (x) < 0=X7" v H;(z"),

and so
b(m,x*)([H](x) — H](x*)]) <0
for b(x,z*) > 0 for all € Q. In light of the hybrid B-(b, p, 8)-quasiinvexity of B;(.,v*) at z*, it
follows that
<VHj(x*) + %Vij(x*)z, z> + p(z, z*)]|0(z, z*)||* <0,

and hence, .
(X7, VH,(z*) + 223” \V2H;(2%)z,2) + p(@,2)]|0(z,2%)||* < 0. (3.29)
It follows from (3.27), (3.28), (3.29) and (iii) that
ELuilvhe) - (40 - 2) 7 a0
+ %Z V2 fi(x (;:Ei:; —e)V2gi(x%)z2], 2) > —plax, z*)|0(z, )2 (3.30)

Applying hybrid B-(b, p, 6)-pseudoinvexity at z* to (3.30), we have
b(z,z*)([Ei(z, 2", u*) — E;(z*, 2%, u")]) > 0. (3.31)

Next, using b(z,z*) > 0, (3.31) implies

—&i)gi(w)]
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Thus, we have

f‘(x*)
Now, since u} > 0 for each ¢ € {1,---, p}, we conclude that there does not exist an x € @ such that
filz)  filz")

—(

g(z)  ‘gi(z) —&) <0Vi=1,--p,
fi(z) (fj(x*)
gi(x)  g;(x*)

Hence, z* is an e—efficient solution to (P).

—¢j) <0 for some j € {1,---,p}.

(b) - (e): The proofs are similar to that of (a). Q.E.D.

4 Concluding remarks

As we investigated the multiobjective fractional programming problem (P) based on the generalized
framework of the second order B-(b, p, 0, p, 7)- invexities of functions, the semiinfinite aspects of the
problem (P) using the generalized second order invexities are relatively less explored to the context
of mathematical programming in the literature. Note that multiobjective programming problems
like (P) but with a finite number of constraints, that is, when the functions G; are independent
of t, and the functions Hj are independent of s, have been the subject of numerous investigations
during the past decades, including several classes of static and dynamic optimization problems with
multiple fractional objective functions have been studied and, as a result, a number of sufficient
efficiency and duality results are currently available for these problems in the related literature. A
close observation of research publications on multiobjective mathematical programming and other
related sources reveals that despite a phenomenal proliferation of publications in several areas of
multiobjective programming, so far semiinfinite nonlinear multiobjective fractional programming
problems have not received much attention in the area of mathematical programming. As a matter
of fact, until very recently there were almost no publications dealing with any kind of semiinfinite
multiobjective programming problems that made substantial application of any class of generalized
convex functions in establishing sufficient efficiency conditions or duality results.

Example 4.1. We consider a significant semiinfinite multiobjective fractional programming prob-
lem:

(P*) Minimize ¢(z) = (¢1(2),...,pp(x)) = (

subject to

fi(x) fp(m)>
gi(x) " gp(@)

Gj(x,t) <0 forallte T;, j€ q,
Hi(x,s) =0 forall s€ S, ker,
reX,

where p, ¢, and r are positive integers, X is a nonempty subset of R" (n-dimensional Euclidean
space), for each j € ¢ ={1,2,...,q} and k € r, T; and Sy are compact subsets of complete metric
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spaces, for each ¢ € p, f; and g; are real-valued functions defined on X, for each j € ¢, G,(-,t) is
a real-valued function defined on X for all ¢t € Tj, for each k € r, Hi(-,s) is a real-valued function
defined on X for all s € Sy, for each j € ¢ and k € r, G;j(z,-) and Hy(x,-) are continuous real-
valued functions defined, respectively, on T; and Sy, for all € X, and for each i € p, g;(x) > 0 for
all = satisfying the constraints of (P*). ;

The results established applying the hybrid B — (b, p, 8, p, 7)-invexities for the multiobjective
fractional programming problem (P) can be generalized to the case of the semiinfinite multiobjec-
tive fractional programming problem (P*) as well.

Next, we remark that the notion of the hybrid invexity seems to be application-oriented in
the sense of managing calculations, while generalizes and unifies most of the generalized invex-
ity concepts in the literature. We may also agree that the hybrid B — (b, p, 0, p, 7)-invexities can
be upgraded to the case of the hybrid B — (b, p,n,w, 8, p, 7)-invexities by introducing functions
n,w : R™ x R™ — R", which unifies most of the generalized invexities as follows:

Definition 4.2. The function f is said to be exponential type hybrid B-(b, p, 1, w, 0, p, 7)-
pseudoinvex at z* € X if there exist a function b : X x X — [0, 00), real numbers 7 and p such that
for all z € X (z # 2*), and z € R™,

%(<Vf<x*)’eﬁn(w,x*) _ 1> + %<V2f(x*)z,eﬁ“(m’x*) _ 1>) + p(x,a:*)HG(w,m*)||2 >0

= b(x,x") (%(eﬂf(”)_f(m*)] - 1)) >0 for p#0 and 7 # 0.
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