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Abstract

Results on the existence of solutions to a new class of impulsive singular fractional differential
systems with multiple base points are established. The assumptions imposed on the nonlinear-
ities, see ((C) and (D) in Theorem 3.1), are weaker than known ones, (i.e., (A) in Introduction
section). The analysis relies on the well known fixed point theorems. An example is given to
illustrate the efficiency of the main theorems. The investigation shows that these results and
methods are helpful for study in the nonlinear area and the numerical simulation, especially
for study in the the numerical solution of a fractional differential equation with multiple base
points with or without impulse effects. A section ”Conclusions” is given with future work
research directions.
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1 Introduction

Fractional differential equations is a generalization of ordinary differential equations to arbitrary non
integer orders. The origin of fractional calculus goes back to Newton and Leibniz in the seventieth
century. Recent investigations have shown that many physical systems can be represented more
accurately through fractional derivative formulation.

The theory of impulsive differential equations describes processes which experience a sudden
change of their state at certain moments. Processes with such a character arise naturally and often,
for example, phenomena studied in physics, chemical technology, population dynamics, biotechnol-
ogy and economics. For an introduction of the basic theory of impulsive differential equation.

In recent papers [1-17], the authors studied the existence or uniqueness of positive solutions
or solutions of boundary value problems for the impulsive fractional differential equations. While
the existence of solutions of impulsive boundary value problems for Riemann-Liouville fractional
differential equations has not been given up to now, the research proceeds slowly and appears some
new difficulties.

In [1], the following boundary value problem for fractional differential equation with the base
point ¢t = 0 was discussed

DS, u(t) — hu(t) = f(t,u(t), te(0,1,0<a<1, .
lim £~ u(t) = u(1), (1)
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where Dg, is the Riemann-Liouville fractional derivative of order «, f is continuous and A € R.
The existence and uniqueness of solutions of BVP(2) are established under some assumptions by
using Banach contraction principle. One of the main assumptions in [1] is as follows (see Theorem
4.3 and Remark 4.4 in [1]):

(B). there exist positive numbers M and k > 0 such that |f(¢,2)] < M and |f(¢,u) — f(t,v)| <
E|lu — v| hold for all t € [0,1] and u,v € R or

(C). for each ug € C1_4[0, 1] fixed, there exists k,, > 0 such that

|f(t,u) = f(tuo(t))] < kuo'“ —uo(t)],t € [07 1]?” €R.

In [18], the authors studied the existence and uniqueness of solutions of the following periodic
boundary value problem of the impulsive fractional differential equation with a single base point
t=0

Dg.u(t) — Au(t) = f(t,ut), te (0,1t #t €(0,1),0 <ar<1,
u

lim 1= u(t) = u(1), (2)
)E{L[t_tﬂl *[u(t) = u(ty)] = I(u(tr)),

where D, is the Riemann-Liouville fractional derivative of order o, I : R — R is continuous,
f:[0,1] x R — R is continuous, A € R is a constant. The existence and uniqueness of solutions
of BVP(1) are established under some assumptions by using Banach contraction principle. One of
the main assumptions in [18] is as follows:

(A). there exist positive numbers M and m such that

F(t,2)] < M, |I(@)] < m,t € [0,1],2 € R,

In recent paper [22], the following periodic boundary value problem of impulsive fractional
differential equation with multiple base points

Diu(t) = Au(t) = f(t,u(t), t e (titia],i=0,1,

hnitl—a (t) = u(1), (3)
tligl [t —t1)' u(t) — u(t)] = Li(u(ty)),

was discussed, where where a € (0,1) 0 =ty < t; <t = 1, D§, is the Riemann-Liouville fractional
derivative of order «, Iy € C(R,R), f is s continuous at every point (¢t,u) € (¢;,t;+1] X R. The
existence and uniqueness of solutions of (3) were proved under the assumption (B).

In this paper, we discuss the boundary value problem of the impulsive singular fractional dif-
ferential system with multiple base points

Dga(t) — Ax(t) = p(t) f(L, x(t),y(t), te(0,1),t#t
Dly(t) — py(t) = q(t)g(tvxg ),y(t), te(0,1),t#t,
2(1) = limy o t'~2(t) = [y @(s)G(s,2(s),y(s))ds,

y(1) = lim "= Py(t) = [ $(s)H (s, 2(s), y(s))ds, (4)
thrﬁr[t — 17 (t) = I(ty, x(t1), y(t1)),
tim [t — 6] Py(r) = J(t2(t).y(1)).

t—t]
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where

(¢) 0<,8<1, \,p€R, D¢ (or D? ) is the Riemann-Liouville fractional derivative of order
a (or ) with the base point x,

() 0=tg<t; <ty=1,1,J:(0,1) x R? — R are continuous functions,

(®) ©,1¢:(0,1) = R satisfy that

@l(0,01)s ¥l 0,01) € L0, t1), @l (41.,1), ¥l (ea.1) € L' (1, 1),

(®) p,q: (to,t1) U(t1,t2) — R satisfy that there exist constants k1 > —1,—a < I} < 0 with

a+ki+11>0,k>—1,—8 <y <0 with 8+ ko + I3 > 0 such that
(O] < (= t)* (tigr = O, |g(O)] < (8 =) (tigr — )2 for ¢ € (i, ti1),i = 0,1,

(®) f,9,G,H,I,J defined on (0,1] x R x R are Caratheodory functions (see Definition 2.5), all
of which may be singular at the points ¢t = 0,%q, 1.

A pair of functions (z,y) defined on (0, 1) is called a solution of BVP(4), if

T\ (t; tia] € CO(O,hL Y ] € CO(O,tl], 1 =0,1,

(tistigr

«
Dﬁx
:

(bi,ti0a) € LM (ti tiga], Dtﬁ,.*y (tirtisy] € LM (tistiga], i =0,1,

there exist the limits lim, ¢ (t —t;) (1), limy ¢ (t—t) " Py(t), i=0,1,

and z,y satisfy all equations in (4).

We obtain the results on the existence of at least one solution of BVP(4). An example is given
to illustrate the efficiency of the main theorem. The results in this paper generalize those ones in
[1,18], i.e., assumptions (A) or (B) is replaced by the weaker ones (see (C) and (D) in Section 3).
Both p and ¢ maybe singular at ¢ = 0,%;,t2. The impulse functions in this paper are different from
those ones in known paper [18,22].

In the left and right fractional derivatives D&, x and Dz, a is called a left base point and b
right base point. Both a and b are called base points of fractional derivatives. An FDE containing
more than one base point is called a multiple base points FDE. An FDE containing only one
base point is called a single base point FDE. It is easy to see that the fractional differential
equations in (1) contains only one base point ¢ = 0. So the problem we are concerned is a new
one. In [1, 18, 22|, the assumptions imposed on the nonlinearities are (A), (B) and (C). But in this
paper the assumptions imposed on f, g in (4) involving sup-multiplicative-like functions which do
not satisfy (A), (B) and (C) (see Definition 2.6). So our results are new.

The remainder of this paper is as follows: in Section 2, we present preliminary results. In Section
3, the main theorems and their proof are given. In Section 4, an example is given to illustrate the
main results.

2 Preliminary results

For the convenience of the readers, we firstly present the necessary definitions from the fractional
calculus theory. These definitions and results can be found in the literatures [8]. Let the Gamma
function B(p, ¢) and the beta functions I'(«) and be defined by

I'a) = f0+°° r*le %dx, B(p,q) = fol P11 — 2)? Yda.
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&)
The Mitag-Leffler function (see [8]) is defined by Ey o(A) = > F((%kl)a) We note that E, o(x) > 0
k=0

for every x € R and E, () is strictly increasing in z [21], lir% Eyo(z) = —F(la). Then for z > 0 we
z—
have that Eqo(~2) < Ea,a(0) = rqy < Baa(@).

Definition 2.1[8]. Let a > 0. The Riemann-Liouville fractional integral of order o > 0 of a
function g : (a,00) — R is given by

1% g(t) = ﬁ / (t — 52 g(s)ds,

provided that the right-hand side exists, a is called a base point.
Definition 2.2[8]. Let a > 0. The Riemann-Liouville fractional derivative of order a > 0 of a
function g : (a,00) — R is given by

. Lodn ()
Do) = gy ), e

where n — 1 < a < n, provided that the right-hand side exists, a is called a base point.
Definition 2.3. Let E and Z be Banach spaces. L : D(L) C E — Z is called a Fredholm
operator of index zero if ImL is closed in F and dim KerL = co dim ImL < +o0.
It is easy to see that if L is a Fredholm operator of index zero, then there exist the projectors
P: FE— FE,and Q: Z — Z such that

ImP=KerL, KerQ=ImL, E=KerL®&Ker P, Z=Im L®Im Q.
If L: D(L) C E — Z is called a Fredholm operator of index zero, the inverse of

L|D(L)0Ker p: D(L)NKer P — Im L

is denoted by K.

Definition 2.4. Suppose that L : D(L) C E — Z is called a Fredholm operator of index zero.
The continuous map N : E — Z is called L—compact if QN () is bounded and K,(I — Q)N ()
is compact for each nonempty open subset Q of X satisfying D(L) N # &.

To obtain the main results, we need the abstract existence theorem.

Lemma 2.1 [19] Leray-Schauder Nonlinear Alternative. Let E,Z be Banach spaces
and L : D(L)E — Z a Fredholm operator of index zero with KerL = {0 € E}, N: E — Z
L—compact. Suppose () is a nonempty open subset of X satisfying D(L) N Q # @. Then either
there exists x € 9Q and 6 € (0, 1) such that Lz = §Nx or there exists x €  such that Lz = Nax.

Definition 2.5. We call F': (0,1) x R? — R an Caratheodory function if it satisfies the
followings:

(i) t = F (t,(t —t;)* u, (t — ;)P 1) (i = 0,1) are measurable on (t;,t;41](i = 0,1) and there
exist the limits lim, _,+ F (¢, (t — ), (t — ;)% 1) i = 0,1
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(ii) (z,y) = F (t,(t —t;)* o, (t — ;)% 1y) (i = 0,1) are continuous on R? for all ¢ € (0,1],
(iii) for each r > 0 there exists M, > 0 such that |F (¢, (t —t;)* 'z, (t — t;)°"1y) | < M, for
all t € (t;,ti41] and |z, |y| < r(i=0,1).

Definition 2.6[20]. An odd homeomorphism ® of the real line R onto itself is called a sup-
multiplicative-like function if there exists a homeomorphism w of [0, +00) onto itself which supports
® in the sense that for all vy, vy > 0 it holds

D (viva) > w(vy)P(va). (5)
w is called the supporting function of .

Remark 2.1. Note that any sup-multiplicative function is sup-multiplicative-like function.
Also any function of the form

k
O(u) := ch\u|ju, u€eR
=0

is sup-multiplicative-like, provided that ¢; > 0. Here a supporting function is defined by w(u) :=
min{u**1,  u}, u > 0.

Remark 2.2. It is clear that a sup-multiplicative-like function ® and any corresponding sup-
porting function w are increasing functions vanishing at zero and moreover their inverses ® ! and
v respectively are increasing and such that

> (wywz) < v(w))® ! (wy), (6)
for all w1, ws > 0 and v is called the supporting function of ®~1.

To apply Lemma 2.1, we need to define the Banach spaces £ and Z. We use the Banach spaces

l’|(0,t1] c C0(07t1]7x|(t1,1] S Co(tl, ].]
X=<qz:(0,1] > R: there exist the limits
lim, o+ 1% (t), lim, 4 (t — t) %z (t)

with the norm

||x|=|x||oo=max{ sup 1 [a(t)], sup (t—tl)“‘x(t)l}
te(0,t1] te(t,1]

y|(0,t1] € CO(O7t1]7y|(t1,1] S Co(tlv 1]
Y=<qy:(0,1] > R: there exist the limits
lim,_, o+ t*Py(t), lim, .+ (t — 1) By(t)

with the norm

IIyII—Iyloo—maX{ sup t'P|y(t)|, sup (t—tl)lﬁy(t)l}
t€(0,t1] te(t1,1]
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ulls = / ju(s)ds.

Choose E = X x Y with the norm

L'[0,1] with the norm

(@, y)I| = max {[[z][ oo, [|y]]oo} -
Choose Z = L'(0,1) x L'(0,1) x R* with the norm

T

= l(u,v,a,b,¢,d)|| = max{|[ul[1, |[v[|1, |al, |b],[c],|d]}.

QUL O QO S =

Define L to be the linear operator from D(L) (| E to Z with
D(L) = {($7y) S D?;rx7Df+y € Ll(tiati-‘rl]}

and

L(z,y)(t) =

for (x,y) € E. Define N : E — Z by

Then BVP(4) can be written as

L('r’y) = N(J},y), (x,y) € EﬂD(L)

Lemma 2.2. Suppose that f,g,G, H,I,J are Caratheodory functions. Then L is a Fred-
holm operator with index zero and N : X — X is L—compact.

Proof. To prove that L is a is a Fredholm operator with index zero, we should do the following
three steps.
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Step (i) Prove that KerL = {(0,0) € E}.
We know that (x,y) € KerL if and only if

D, a(t) — Aa(t

) =
Dy(t) = py(t) = 0,
(1) — lim t1=x(t) =

t—0

0
y(1) = lim 1=y (t) = 0, (7)

From Lemma 2.1 in [3], D%x(t) — Az(t) = 0 implies that there exists ¢y € R such that z(t) =
col'(a)t* L Eq o (M%) on (to, t1]. Now Dgrx(t) —Az(t) = 0 implies that there exists ¢; € R such that
z(t) = aaT()(t — t1)* L Eg oAt — t1)®) on (t1,t2]. It follows from (1) — %ijr%)tl_ax(t) = 0 that
al(@)(1—t1)* ' Eq,a(AN1 —t1)%) = co. tliﬁntll[t —t1]17*x(t) = 0 implies that ¢; = 0. Hence we get

¢o = 0. Then z(t) = 0 on [0, 1]. Similarly we get y(t) =0 on [0,1]. Thus KerL = {(0,0) € E € R}.
Step (ii) Prove that ImL = Z.
For (u,v,a,b,c,d) € Z, we know that (u,v,a,b,¢,d) € ImL if and only if there exist (z,y) €
END(L) such that

Da+ (t) = Az(t) = u(t),t € (ti,tit1],i=0,1,

Diy( ) = uy(t) = v(t), € (ti,tisa,i = 0,1,

(1 )—tlgrg)tl “x(t) = a, y(1) - lim Py (t) = b, (8)
thi?l [t —t ] ~x(t) = c, tlfg [t —t,]' Py (t) = d.

We write the general solution of D7, x(t) — Az(t) = u(t) by
z(t) = ¢;l(a)(t — t)* " Eaa (At —t)%)
+ft ) By 0 (At — 8)*)u(s)ds, t € (ti,tiz1],i=0,1.

t—t1)1 72 (t) = ¢1. Use z(1) — lim ¢} ~%x(t) = a, we get

where lim t'~%x(t) = ¢o, lim
t—0

+(
t—0+ ity

al(@)(1—t1)* T Eq 0 (A1 —1)%) + ft —5) 1B, o (A1 = 8))u(s)ds — ¢y = a.
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Use lim [t — t;]*~“x(t) = ¢, we get ¢; = c. Hence
t—ty
cL(@)2(1 =) T Ey 0o (A1 = t1) )t LE, o (M) — al'(a)t* L Eq o (M)
AL ()t B, (M) [ (1= 8)* 7 Eg o (M1 — 5)*)u(s)ds

2(t) =S+ [5(t— 5" B a(At — 5)*)u(s)ds, t € (0,t], (9)

cl(a)(t —t1)* T Eq (At — t1)%)

+ [ (= 8)2 " Ba (At — 5)*)u(s)ds, t € (t1,1].
Similarly we can get that

dU(B8)2(1 — t1)P 1 Ep p(u(1 — t1)P)tP "1 Eg g(utP) — BT (B)tP 1 B 5 (1ut?)
+L(B)t° ! Ep p(ut?) ftll(l —5)P 1 Eg 5(u(1 — 5)P)v(s)ds
y(t) =+ [5(t—8)P " Eg p(u(t — 5)°)v(s)ds, t € (0,11], (10)

dU(B)(t — t1)° "' Eg g(u(t — t1)?)

+ fttl (t B S)ﬂ_lEﬁnB(/’L(t - S)H)U(S)ds, te (tl, 1]

One can show that if (z,y) satisfies (9) and (10), then (z,y) is a solution of (8). Then (8) has aa
unique solution (z,y) defined by (9) and (10). It is easy to show that (x,y) € E(\D(L). Then
ImL = Z.

Step (iii) Prove that ImL is closed in X and dim KerL = co dim ImL < +oo..

From Step (ii) ImL = Z is closed in Z. It follows from KerL = {(0,0) € E} that dim KerL = 0.
Define the projector P: E — E by

P(z,y)(t) = (0, 0) for (x,y) € E. (11)

It is easy to prove that
Im P=Ker L, F =KerL ® KerP. (12)

Define the projector @ : Z — Z by
Q(u7v7a’ b’ c7 d)(t) = (0707 07 O’ 07 0) (13)

for (u,v,a,b,c,d) € Z.
It is easy to show that
ImL = Ker@, Z=1ImQ @ ImL. (14)

From above discussion, we see that dim Ker, = co dim ImL = 0 < 400. So L is a Fredholm
operator of index zero.
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Now, we prove that N is L—compact. The proof is standard and is divided into three steps.

Step (i) We prove that N is continuous.

Let (zp,yn) € E with (xn,yn) — (0, y0) as n — co. We will show that N (2, yn) — N(xo,v0)
as n — 0o.

In fact, there exists r > 0 such that ||(z,, yn)|| < r for all n. By

p() F(t, 20 (t), yn (1)) ’
a(0)g(t, (1), yn (1))
Nemu)®) = | & 9"83 (i “(gz((?)))ji for (a,y) € E.
I(ty,2n(t1), yn(t1))
J (t1, 2 (t1), Y (11))

Since f,g,G, H, I, J are Caratheodory functions, we know that f (t, (t —t)* tu, (t — ti)ﬂflfu) is
continuous on [t;, t;+1]x[—r,r]3(i = 0, 1) respectively, so f (¢, (t — t;)*1u, (t — t;)?~'v) is uniformly
continuous on [t;,t;11] X [—7,7]?(i = 0, 1) respectively.
Similarly, g, G, H, I, J are uniformly continuous on [t;,t;11] x [—7,7]%(i = 0, 1) respectively. For

any € > 0, there exists § > 0 such that

|f (8, (= tr)*tug, (8 — tr) " tor) = f (8 (8 — te) ug, (E— te)?~tog) | <,

g (t, (t = 1) Mu, (= )P~ or) — g (8 (8 = 1) Pz, (8 = t) "~ To2) | <e,

|G (¢, (t = tr)* L, (= t,)P~tor) — G (8, (E — tr)* tug, (E— tr)P~us) | <,

|H (¢, (t = ti)* tug, (t— )P~ tor) — H (t, (t — tr)* g, (= )P ~1og) | <o,
hold for all ¢ € (tg, tx+1](k = 0,1) and

[T (1, (1= t1)* tug, (L= t1)P7toy) — T (t1, (1= t1)* P, (1 — 1) 0g) | < e,

|J (tl, (1 — tl)o‘_lul, (1 — Ifl)ﬁ_l’vl) —J (tl, (1 — tl)a_l’ILQ, (1 — tl)ﬁ_1v2)| <e€

for all k =0,1, |u; —uz| < § and |v; — va| < § with uy,us,vy,v2 € [—, 7, 7].
From (z,,yn) — (x0,y0), there exists N such that

(t —te) 72, (t) — 20(t)| <6, t € (tg,traa), k=0,1, n> N,
(15)
(t —te) Plynt) —yo(t)| < 6, t € (titrsa], k=0,1, n > N.
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Hence, we get

/ ()] (£ a(8), yn (1)) — p(E)F (£, 20 (), yo ()] dt

tht1

_ Z/ D) F (£, (t— )22 (E — t) O (8), (¢ — t) P2 (¢ — 1) Py (1))

k=0"tk

—p(t) (t, (t = te) (¢ — te) "o (), (t — tx)? 71 (t — tr)" Pyo(t))| dt

tht1 1
< Z/ ep(t)dtzs/o p(t)dt,n > N.

k=0"tk

It follows that, for all n > N, it holds that

/ p(t)f(tﬂvn(t),yn(t))dt—/ p(t)f(tva(t)vyO(t))dt’ <5/ p(t)dt. (16)
0 0 0
Similarly for all n > N, we get
[ atg ton(®. (@)t~ [ ate)g (mo(t).0(0) dt] < [ aa (17)
0 0 0
oG () ) dt= [ o) (mo(t).0(0) dt‘ <e [ etvar (18)
1
H (t,xn(t), yn(t)) dt — / H (t,zo(t),yo(t)) dt' < 5/0 Y(t)dt, (19)
and
[ (t1, 20 (t1), yn(t1)) — I (t1,z0(t1), y0(t1))| <, (20)
|J (t1, zn(t1), yn(t1)) — J (t1, 0(t1), yo(t1))| < e. (21)

Then (16)-(21) imply that || N(zn, yn)—N(xo,%0)|| = 0, n — oco. It follows that N is continuous.
Let P: X - X and @ : Y — Y be defined by (11) and (13). For (u,v,a,b,c,d) € ImL = Z, let

KP(“? v, a, ba ) d)(t) = (.’E(t), y(t)) ’ (22)

where x(t) and y(t) are defined by (9) and (10) respectively.
One can sow that Kp(u,v,a,b,c,d) € D(L)(VE and Kp : Im L — D(L) NKerP is the inverse
of L : D(L)(KerP — ImL. The isomorphism A : KerL — Y/ImL is given by

A(0,0) = (0,0,0,0,0,0).
Furthermore, one has
QN (z,y)(t) = (0,0,0,0,0,---,0,0---,0), (23)

and

Kp(I = Q)N (z,y)(t) = KpN(z,y)(t) = (21(2),91(2)) ,
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where

X1 (t) =

and

yi(t) =

I(t1,z(t1), y(t1))D(@)? (1 — 1) Eq 0 (A1 — t1) )t LB, o (M)
“D(@)t* ! Ba.a(M?) [ ¢(s)G(s,2(s), y(s))ds

() B (M) [ (1 = 5)* L B a(A(1 = 8)*)p(s) f(5,2(s), y(s))ds
+ fy (t = )2 B (At = 8)*)p(s) (s, 2(s), y(s))ds,  t e (0,t],
I(ty, 2(t1), y(t1))T (@) (t = 11)* " Ea,a (At — 1))

+ f:l (t—8)* T Ey oAt —8)*)p(s) f(s,2(s),y(s))ds, t e (t,1].

J(tr, (1), y(t1))D(B)* (1 — 1) Ep g (u(1 — t1)P)t7 " B 5 (ut?)
—T(B)P " Eg5(ut?) [y o(s)H (s, 2(s), y(s))ds

+T(B)7 1 Eg (ut?) [, (1= 8)° " Ep p(p(1 = 5)")a(s)g(s, 2(s), y(s))ds
+ ot =) Ep pu(t — $)7)a(s)g(s, x(s), y(s))ds,  t € (0,t],
Tt 2(t),y(0)T(B) (t — 1)1 By st — 11)?)

+ o (¢ = 8) " Bp s (ult — 5)P)a(s)g(s, x(s), y(s))ds,  t€ (t1,1].

Let Q be a bounded open subset of E satisfying Q| D(L) # @. We have ||(z,y)|| <

for all (z,y) € Q. Since f is a Caratheodory function, then f (¢, (t — tx)* 'a, (t — tx)

continuous both on (tx,tx41] x [=7,7]%(k = 0,1) and there exist the limits

lim f(¢t, ¢ ta, " Yy), lim f (¢t (E—t) e, (t—t)P !
t_>0+f( y) Ht;f( (t —t1) (t—t1)""'y)

11

(24)

r < 400
A=1y) is

for every (z,y) € [—r,r]?. Then f (¢, (t — t,)* ', (t — t1)°~'y) is bounded on [tx, ty1]x[—r,7]?(k =

0,1).

Similarly, f,g,G, H,I,J are Caratheodory functions, there exists a constant M > 0 such
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|f (&2 (), y(O)] = | (8 (¢ = te)* 71 (¢ = te) 0 (t), (t = te) P~ (t — 1) Py (1)) | < M,
lg (¢, 2(t),y(£))| < M,

|G (t,2(t),y(1)] < M, o)
26
and |H (t,z(t),y(t))] < M, hold for all ¢ € (0,1)

[T (ty, 2(t1), y(ta))] < M,
|J (t1, 2(t1), y(t1))| < M.

Step (ii) Prove that QN (Q) is bounded.

It follows from (23) that QN () is bounded.

Step (iii) Prove that Kp(I — Q)N : Q — E is compact, i.e., prove that Kp(I — Q)N(Q) is
relatively compact. This is divided into three sub-steps:

Sub-step (iiil) Prove that Kp(I — Q)N () is uniformly bounded.

Using (26). We have for ¢t € (0,t;] that

()] < 11t 2t y(0))ID(@)* (1= £1)* 7 Eaa (AL = 1)) Ea o (M%)

+1() Ea,a (M) fy ()G (s, 2(5), y(s))|ds
+T(0) Ea,a (M) [, (1= )7 Ea,a (A1 = 5)%)[p(s)f (5, 2(s), y(s))|ds
H70 [3(E = )27 Eaua (At = 9)7)[p(s)f (5, 2(s), y(s))|ds

< MT(a)*(1 = t1)* ' Ea,a(ML = t1)*) Ea,a(|A]) + MT () Ea.a (IADl¢ll1
+MT () Eu.o(|A]) ftll(l —8) 7 B (A1 — 8)®) (s — t1)*1 (1 — s)hds
+Mti-e fo )2 By o (A(t — 5)¥)sk1(t) — s)hds

< MT(2)*(1 = £1)*" ' Ea,a (M1 = £1)*) Ea,a(|A]) + MT () Eao ([ADIl¢]]1

too 4 ool 1 N (1—8)2
+MF(a)Ea’a<‘)\|)j§0ftl(l_S) +h lﬁ(s—tl)klds

N =’ a1 N (t—s)
+ Mt zo Jot = s)r  ptishs bt — s)hds
iz



New results on the existence of solutions of boundary value problems 13

< MT(a)*(1 = 11)*" Eaa(AM1 = 11)*) Ea.a(IA]) + MT(a) Ea o (Al ¢ll1

+MF( ) aa(|>‘|) Z I‘((g+1)a ftl 1_3)a+a]+ll 1( )klds

+Mt1 a Z I j+1)a .f() t_S)(X+(X]+l1 1gk1 g

= MF(a)2(1 - tl)a_lEa,a()‘(l —11)%) Ea,a(|Al) + MI (@) Eq o (IN)¢l1

j potagtky+ln

too )
+MT () Eaa(|A]) ZO e Bla+aj+ i,k + 1)
]:

N gltait+iitk

+oo
7=0
< MF(a)Q(l - tl)a_lEa,oc()‘(l —t1)%) Ea,a(|A]) + MT () Ea,a (D¢l

+MT(Q)Eq o(|A]) Z F((A;ﬁj)a)B(aJrll,kl +1)+M z F(E\]]frf)a)B(aJrll,kl +1)

< MT(a)*(1 = 1) Eao(A(L = 11)%) Ea,a(|A]) + MT(a) Ea,o ()] l¢ll1

+MT(@)Epo(|A)Eao((AN)B(a+ 1, k1 + 1) + ME, o (JA)B(a + 11, k1 + 1) < 400.
For ¢ € (t1,1], we have

(t = t)' o (B)] < [t 2(ts, y(t)T(@) Ba,o (At = £1)%)
+(t = 1)1 [ (= )27 Baa (At = )*)|p(s)f (s, 2(5), y(s))|ds

< MT(0) Eaa(|A) + M(t — t2)1 [} (t — 8)* 1 Eo o (At — $)*)(s — t1)* (1 — s)11ds

= MT(a)Eno(|N]) + M(t —t1)1~ Z T(a(J+1)) ftl s)ataith—1(s _ ¢ )hds

< MF(a) aa(|AD —|—M Z )\J t— t1)1+a1+k1+ll

= F(u(]-{-l)) B(Oé + OZ] + ll, ]{11 + 1)

< MT(a) aa(lA\>+MZ¥S<7T1)§ (+ i,k + 1)

= MI'() Ea,a(|A]) + M Ea,o([A)B(a + 11, k1 4+ 1) < +o00.

From above discussion, there exists M7 > 0 such that ||21]|cc < M7 < +00. Similarly, we can show
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that there exist My > 0 such that ||y1]/cc < M2 < +00. Hence Kp(I—Q)N(2) is uniformly bounded.
Sub-step (iii2) Prove that Kp(I — Q)N(Q) is equi-continuous on each subinterval [e, f] both
C (0,t1] and (#1, 1], respectively.
Note (Kp(I — Q)N (x,y) = (z1,y1), Z1,y1 are defined by (24) and (25). Define

(t —t)' x4 (t), t € (tistigal,
lim (¢ — ti)lTox(t), t =t

t—t]

(t—ti) 2 (t) =

Then (t — t;)'~®x1(¢) is continuous on [t;,ti41]. So {t — (t — t;)' a1 (t) : (z,y) € Q} is
equi-continuous on [t;,t;11]. Hence {t — (t — t;)'"®x1(t) : (z,y) € Q} is equi-continuous on
(ti,tiz1](i = 0,1). Similarly we can show that {t — (t — ;) Py (t) : (z,y) € Q} is equi-continuous

on (t;,ti+1](i = 0,1). So Kp(I —Q)N(Q) is relatively compact. Then N is L—compact. The proofs
are completed.

3 Main Results

Now, we prove that main theorem in this paper. We need the following assumptions:

(C) @ is a sup-multiplicative-like function with its supporting function w, the inverse function
of & is ®~! with supporting function v.

(D) f,9,H,G,1,J are Caratheodory functions and satisfy that there exist nonnegative

constants ¢;, b;,a;(i = 1,2), C;, By, A;(i = 1,2) and C;, B;, A;(i = 1,2) such that
[f(t, (¢ = tr)* P, (8 = t4)P 1) | < o1+ bafe] + @@ (Jy]),t € (th, tia], k= 0,1,
lg(t, (t = ti)* ', (t = 1)1 y)| < 2 + b2®(|2]) + azlyl,t € (te, trra] k= 0,1,
|G(t, (t = ti)* ', (t = tx)"'y)] < Cr+ Bulz| + A1@ 7 (Jy]), t € (th, thya] k= 0,1,
[H(t, (t = ti)* ', (t = 1) 1y)] < Co + Ba®(Ja]) + Aslyl,t € (th, tosa], k= 0,1,
[I(t1, (1= t1)* ', (1= 1) 'y)| < C1 + Bala| + A1 27 (Jy)),

| J(t1, (1= 1) e, (1= 11)P~1y)| < Oz + Ba®(Jz]) + Asly]
Denote

1 =: max {T()?Ea.o(|A)?C1 + T(@) Eaa (A)]0]1Cy
+ () Ea.o(A)?B(a+ 11, ki + 1)1 + Eao(|A)B(a + 11, k1 + 1)cy,

() Ea,a(|A)C1 + Ea o (A)B(a + b1, ki 4+ 1)er }
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o1 =t max {T'(@)*Ea o (IA))*B1 + (@) Ea,a ((ADl¢ll B1
—+ F(O[)Eoéya(|>\|)2B(Ol + ll, kl + 1)b1 + Eava(|)\|)B(a + ll, kl -+ ].)bl,

F(O‘)Ea,a(‘)\DEl + Eaﬂ(l/\')B(Oé + 1,k + 1)[)1} s
61 =: max {T(a)?Ea,a (|A])*A1 + (@) Ea,a (1A lle][141

+ () Ea.o((A)?B(a+ 11, ki + 1)a1 + Eao(|A)B(a + 11, k1 + 1)ay,

D(@)Ea,a(|A)A1 + Eao((A)B(a+ U1, k1 + 1)a1 }

and _
pa =: max {(8)*Ep s(|1)*Ca + T(8) Eg p(|u)|¢[11Ca

+T(B8)Eps(|1)*B(B + 2, k2 + 1)ea + Eg (|ul)B(B + 2, k2 + 1)ca,
L(B8)Es,5(|u))C2 + Ep s(lul)B(B + Iz, k2 + 1)ea }

o2 = max {T'(8)?Ep,g(|ul)*Bz + T(8)Ep s(|ul)|[¢]|1 Bz
+T(8)Ep,p(Iu))*B(B + l2, ko + 1)b2 + Ep s () B(B + l2, k2 + 1)ba,
L(B)Es5(lu) Bz + Epp(|u))B(B + l2. k2 + 1)b2 }

8y =: max {T'(8)*Ep,p(|ul)* A2 + T(8)Ep 5 (1)) |[¥]]1 Az
+T(B)Eps(|u)’B(B + 12, k2 + 1)az + Ep p(|ul)B(B + 2, k2 + 1)az,

L(B)Epp(|ul) Az + Egp(|lul)B(B + l2, k2 + 1)az} -
Theorem 3.1. Suppose that (C) and (D) hold. Then BVP(4) has at least one solution if

o1 <1 grassgrayy to2 <1
or (27)
0 < 1, 01+(511/(12_U§2)<1.

Proof: To apply Lemma 2.1, we should define an open bounded subset €2 of E centered at zero
such that assumptions in Lemma 2.1 hold. To obtain ).

Let Q; = {(z,y) € END(L)\ KerL, L(z,y) = ON(x,y) for some 6 € (0,1)}. We prove that £
is bounded.
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For (z,y) € Q1, we get L(x,y) = ON(z,y) and N(z,y) € ImL. Then

Dy a(t) — Az(t) = Op(t) f(t, 2(8), y(1), € (th,trar], k= 0,1,
Df:y(t) —py(t) =0q(t)g(t, x(t),yt)), t€ (thtr1l,k=0,1,

2(1) = lim =22 (t) = 0 [§ p(s)G(s, 2(s), y(s))ds,
. ) (28)
y(1) = lim £'=Py(t) = 0 [y (s)H (s, 2(s), y(s))ds,

lim [t — t1]'=%2(t) = 01(t1, 2(t1), y(t1)),

+
t—t]

lim [t — 4] Py (t) = 0J(t1,u(t1), DG u(tr)).

Y
t—t]
So

0 [I(ty, z(tr), y(t1))T(@)*(1 — 1) Eqa(A(L — t1) )t L Eq o (M%)

—T (@)t Eaa(M2) [y (s)G(s,2(5), y(s))ds

+T()t ™ B (M) [ (1= 8)°7 Baa (A1 = $)2)p(5) f (s, 2(5), y(5))ds
ot = )" Baa(AlL = 5))p(s)/ (s,2(s), y(s)ds| , ¢ e (01],

0 [1(t, x(t1), y(t)T (@) (t — t1)* " Eg 0 (At — t1)*)

[ (= )7 Ba (At = 9))p(s)f (s, 2(s). y(s))ds] .t e (b, 1.

and

0 [t 2(t),y(E))T () (1 = 10)7 1 By s (L = £1)P)7 1 B s (ut?)

“T(O) T Ep p(ut?) [y o(s)H (5, 2(s), y(5))ds

L) B () [ (1= )P B (1L = $)7)a(s)g(s, 2(s). y(s))ds

s =4 (30)
+ [y (t =8 Byt = 5))a()g(s,2(s).y(s)ds| . te (0.,

0 [J(ts, o(tr, y(t))T(B)(t — t2)"~ B p(p(t — 1))

L= 9P B p(ult — 5)°)a(s)g(s a(s),y(s)ds| . e (1]
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Use (D), we get
(o), y (1) = f (¢t (), 677 Py(n)|
< e+ bt ()] + a1 @ (P ly(t)]) < e+ bl + a @ ([ly),
G(t,2(t),y(t)] < Cr + Bullz]| + A1~ (Ily]]),
[I(t1,2(t1), y(t1))] < C1 + Ballol| + A1 @~ (I|y])-
Then, for ¢ € (0, 4], similarly to Sub-step (iiil), we have
o a(t)] < [t 2(t), y(t) T (@) (1 = 1) Ea,a (M1 — 11)%) Ea,a (A7)
+T(0) Ba,a (M) fy ()G (s, 2(s), y(s))|ds
+T() Ba,a (M) [}, (1= )27 Ba o (A1 = 8)*)|p(s) £ (5, 2(5), y(s))|ds
+H17 [y (t = 5)° 7 Eaa (At = 5))|p(s) f (s, 2(s), y(s))|ds
< [C1+ Bullz[] + A1~ ([[yIDIT(0)* (1 = 1) Ea o (AL = £1)%) Ea o (|A])
+T(e) Eao (A1l [C1 + Ballz]] + A1 27 ([ly]])]
+T(0) Ba,a (M) [, (1= 8)* 7" Ea,a(A(1 = 8)*)(s = t1)"1 (1 = s)"1dsler + by || + a1 @7 (||y])]
H70 [y (8= 9) 7 B o (At = 9)%)s% (81 — 8)"*ds[er + b ]| + ar @ (||y])]
< T(a)*Eaoa(|A)?C1 + T(a) Eaa(AD¢]1C1
+1() Eq,o (IA)?B(a + 11, k1 + 1)e1 + Eao([N)B(a+ 11, k1 + 1)y
+ [[()?Ea,a(|A)?B1 + T(e) Ea,o (JA]) ||l By
() Ea o (IN)?B(a + U1, k1 + 1)by + B o(N)B(a + 1, ki + 1)by] |||
+[T(@)? Eaa(IA))* A1 + T() Ea,o (A oll1 A1

+() Baa(|A)?B(a + 11, by + 1)ar + Eo o (IA)B(a + 1, ky + 1)ar ] @7 H(|[yl]).

For t € (t1,1], we have
(t = t)'a(t)] < H(tr, 2(t1), y(01)) D (@) Eaa (At — 1))

H(t = 1)1 [y (t = )7 Baa(A(t = 9)2)[p(s)f (5, 2(5), y(s))|ds

17
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< [C1 4 Bullel| + 1@ ([y]DIT(0) Eaa (1)

(= 12) S (= ) Eaa (At = 5)*)(s — t2)F1 (1= 5)3ds[ey + bl [z]| + a1 (| y])]
< [C1 + Bullal| + A1 @~ (|ly|DIT(@) Ea o (X))

(= 1)1 [ (= ) S AU (5 — ) (¢ — s)ds[er + bl + ar 1 ([lyl))]
< 1) Eao([A)C1 + BaalA)B(a + b, ki + 1)

+ [D(@) Eaa(A) B + Eaa(A)B(a+ b, ki + 1)by] [l

+ [T() Eaa(IA) A1 + Eaa(IA)B(a + 11, k1 + 1)as] @7 (|lyl])].

Then

2] < g + oulz]| + 8127 (J]yl]). (31)
Similar to above discussion, we can prove that

[yl < w2 + o2@(||2]) + d2|[yl]. (32)

Case 1. o3 <1, Wm—‘rég < 1.
From (31) we have Then (27) implies that |[z|| < {£- + 1‘51 ®~1(|]y||). Without loss of gen-
erality, suppose that ||y|| > ®(u1/01). Use (5), we get

Il < 112 + 02 (72 + £2550 7 (lylD)) + Sallyl]

< 2 + 020 (0 ([lyll)) + Sally

Iyl
e (1]

Lyl
= 2 + o2 gra=sy sy + 921l

Form (27), there exists a constant M; > ®(u1/01) such that [|y|| < M. Hence [|z|| < {5~ +
&1 (M,). It follows that €, is bounded.

1—0o1

Case 2. Jy <1, 01+611/(2”2 ) < 1.
From (32) we have [|y|| < %5 + $25; ®(||z]|). Without loss of generality, suppose that |[z[| >
“Ypua/02). Use (6), we get

2l <+ onllal |+ 610" (25 + 125 @(|Ja])))

<+ anllal] + 6107 (228(j2]))

< + ool + o (222) llall
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Form (27), there exists a constant M; > ®~!(uy/02) such that ||z|| < M;. Hence ||y|| < 5, +
(My). Tt follows that €4 is bounded.

g2
1—6-

To apply Lemma 2.1, let € be a non-empty open bounded subset of F such that O §; centered
at zero.

It is easy to see from Lemma 2.2 that L is a Fredholm operator of index zero and N is L—compact
on Q. One can see that

L(z,y) # 60N (x,y) for all (z,y) € ENON and 0 € (0,1).

Thus, from Lemma 2.1,

L (x,y) - N(:c,y)
has at least one solution (z,y) € ENQ. So (x,y) is a solution of BVP(4). The proof of Theorem
3.1 is complete.

4 An example

Now, we present an example, which can not be covered by known results, to illustrate Theorem
2.1.
Example 4.1. Consider the boundary value problem for fractional differential equation

Dla(t) - a(t) = 7 f(t,2(t), y(t), e (0,1),t 4},
DEy(t) — y(t) = t=Hg(t,2(t) y(1)), T € (0,1),¢ # 1,
limg t32(t) — limyyo t52(t) = L fol s72G(s,2(s), y(s))ds,
limy 1 t2y(t) — limy_o t2y(t) = z fol sT2H(s,z(s),y(s))ds,

lim, 3+ [t — 1/2]52(t) =1,

lim, 5+ [t —1/2)7y(t) = 1.

where ) L

1+ bitsz 4+ artsys,t € (0,1/2],

1 +b1(t - 1/2)%x+a1(t - 1/2)%y%7t € (1/2,1]a

o+ ba(t —1/2)2% + as(t — 1/2)2y,t € (1/2,1],

01+Blt3I+A1t5y3 te (O 1/2]
Cy+ Bi(t—1/2)5z + Ay (t — 1/2)5y5,t € (1/2,1],

Cy +B2tf£ +A2t2y,t S (O 1/2}

f(t,%y):{
{ Co + bota® + astzy, t € (0,1/2],

G(t,z,y) {
H(t,z,) { Co + Byt — 1/2)a® + As(t — 1/2)%y,t € (1/2,1],
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with ¢;, b;, a;, Ci, By, A;(i = 1,2) being nonnegative numbers.
Proof. Cogresponding to BVP(3), a = 3, B=% A=p=1t =3 pt) = () =t
e(t)Y(t) = 5t72, ®(z) = 2* with ¢~ (z ) = 23, the supporting function of ® is w(z) = 23 and the

supporting function of ®~1 is v(x) = z3, I(t,x,y) = J(t,z,y) = 1.

. i
It is easy to see that p(t) = ——= with L = 1, and k£ = 0, and

R N ) e L )
_1 _1
g (1=t Fe 0= t0)hy) = e + b0() + auy,
G(t, t—tk 3$,(t—tk)7%y) :Cl—FBl,I—FAl(I)il(y),
H (t, (t—tp) 3z, (t — tk)—%y) = Oy + By®(x) + Agy.
It is easy to see that C; = Cy =1 and By = By = 4] = Ay = 0 with

1(1/2,(1/2) %, (1/2)"2y)| < C1 + Bala| + 4,197 (Jy)),
17(1/2,(1/2) 752, (1/2)~2y)| < Ca + Bad(|a]) + Aaly-

One sees that (C) and (D) hold. By computation, we get

01 =: Inax {F(2/3)E2/3)2/3(1)B1 + [F(2/3)E2/372/3(1)2B<2/3,3/4)
+E3)3,2/3(1)B(2/3,3/4)]b1, Ba3,2/3(1)B(2/3,3/4)b1 }

&1 =: max {1(2/3)Ey/3.0/3(1) A1 + [[(2/3) Bays.0/3(1)*B(2/3,3/4)
+FE5/32/3(1)B(2/3,3/4)]a1, E2y32/3(1)B(2/3,3/4)a: }

oy =t max {T'(1/2)E12.1/2(1) Bz + [[(1/2)E12,1/2(1)*B(1/2,3/4)
+E1/2,1/2(1)B(1/2,3/4)]b2, E1 2.1 /2(1)B(1/2,3/4)bs }

8y = max {T'(1/2)E12.1/2(1) Az + [[(1/2)E12.1/2(1)*B(1/2,3/4)

+E1/2,1/2(1)B(1/2, 3/4)}@2, E1/271/2(1)B(1/2, 3/4)@2} .
Then Theorem 3.1 implies that BVP(41) has at least one solution if

5%0’2

(1—107)3

Remark 4.1. It is easy to see that BVP(33) has at least one solution for sufficiently small
bi,ai,Bi,Ai(i = 1,2) and any CZ,Cl(Z = ].,2)

o1 <1, 8 + 09 < 1. (34)



New results on the existence of solutions of boundary value problems 21

5 Conclusions

In this paper, we discussed the existences of solution for two classes of initial value problems of non-
linear impulsive fractional differential models on half lines involving Riemann-Liouville fractional
derivatives. The investigation shows that these results and methods are helpful for study in the
nonlinear area and the numerical simulation, especially for study in the the numerical solution of a
fractional differential equation with multiple base points with or without impulse effects.

The most important part of this study is to develop the idea of impulsive fractional models,
which is a first of its kind.

Another important part is to demonstrate the application of the powerful mathematical tool
(fixed point theorems in Banach spaces) for solving nonlinear fractional differential models.

Some problems considered in this paper can be improved under weaker conditions on the func-
tions f and I,J. Further studies are also located on seeking the numerical simulation of these
models.

This paper contributes within the domain of impulsive fractional differential equations. The
author strongly believes that the article will highly be appreciated by the researchers working in
the field of fractional calculus and on fractional differential models.
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