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Abstract. Noether’s First Theorem guarantees conservation laws provided that the
Lagrangian is invariant under a Lie group action. In this paper, via the concept
of Killing vector fields and the Minkowski metric, we first construct an important
Lie group, known as Hyperbolic Rotation-Translation group. Then, according to
Gongalves and Mansfield’s method, we obtain the invariantized Euler-Lagrange equa-
tions and the space of conservation laws in terms of vectors of invariants and the
adjoint representation of a moving frame, for Lagrangians, which are invariant un-
der Hyperbolic Rotation-Translation (or HRT) group action, in the case where the
independent variables are not invariant.
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1. Introduction

The vast significance of the concept of conservation laws in a large num-
ber of applications in physics and mechanics is beyond any doubt. In 1918
Emmy Noether in seminal paper [8], proved that for every system arising
from a variational principle, conservation laws of the system come from Lie
group actions that leave the Lagrangian invariant. (See Theorem 4.29. in
page 272 of [9].)

Recently in [4], [6], [7], Gongalves and Mansfield considered diverse La-
grangians, which are invariant under a Lie group action, where independent
variables are invariant. They presented the mathematical structure behind
both the Euler-Lagrange equations and the set of conservation laws, and
they showed Noether’s conservation laws can be displayed as the product of
adjoint representation of a right moving frame, which is equivariant, and a
matrix where the columns are vectors of invariants. These results were pre-
sented in [6] for all three inequivalent SL(2) actions in the complex plane,
and in [4] for the standard SE(2) and SE(3) actions.
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In recent works [5], Gongalves and Mansfield considered invariant La-
grangians under a Lie group action, where independent variables are no
longer invariant. They proved in this case, Noether’s conservation laws have
an analogous form as ones mentioned in [6], but with an additional term —
the matrix representing the group action on the space of (p—1)-forms, where
p is the number of independent variables.

In this paper, first we take a relevant moving frame, for Hyperbolic
Rotation-Translation group action, and obtain differential relations or
syzygies between normalized differential invariants, then according to [5],
we calculate conservation laws associated to special case of the Monge—
Ampere equation, which Lagrangian is invariant under Hyperbolic Rotation-
Translation group action, and the two independent variables are not invari-
ant.

In Section 2, we briefly recall concepts of the Minkowski metric,
Lorentzian manifold and killing vector fields, that will motivate us to create
a Lie group, known as Hyperbolic Rotation-Translation group. The main
goal of this section is to find a group action, via the Lorentzian metric and
Killing vector fields on a pseudo-Riemannian manifold known as Lorentzian
manifold.

In Section 3, we will briefly give some background on moving frames,
differential invariants of a group action, invariant differentiation operators
and invariant forms. Throughout Section 3 we will use the group action of
Hyperbolic Rotation-Translation on the space (z,y, u(z,y)).

In Section 4, we concentrate on invariant calculus of variations and find
the adjoint representation associated to Hyperbolic Rotation-Translation
group action. Then we end this section with the calculation of Noether’s
conservation laws associated to a case of the Monge—Ampere equation, in
terms of vectors of invariants, the adjoint representation of the moving frame
and a matrix which represents the group action on the 1-forms.

2. The structure of Lie group

In this section, we recall some motivational concepts, to create the Hy-
perbolic Rotation-Translation group action. Here we present some vital
concepts, which leads to structure of a group action, the Lie group that we
will use in this paper.

Recall that, if V be an n-dimensional real vector space, we define a
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Lorentzian scalar product on V as a non-degenerate symmetric bilinear form
(., .) of index 1, i.e. one can find a basis eq,...,e, of V such that

—1 i=j=1
<€i,€j>: 1 22]22,,n

0 otherwise

Definition 2.1 In cartesian coordinates (z1,...,2,) on R"™ the
Minkowski metric is defined by g = —(dz1)? + (dz2)? + -+ - + (dzp)?.

Definition 2.2 A pseudo-Riemannian manifold (or semi-Riemannian
manifold) (M, g) with dim(M) > 2, is a differentiable manifold M equipped
with a non-degenerate, smooth, symmetric metric tensor g, so that, the
signature of this metric is (p, ¢), where both p and ¢ are non-negative.

Definition 2.3 A Lorentzian manifold is a pair (M,g) where M is an
n-dimensional smooth manifold and g associates with each point p € M a
Lorentzian scalar product g, on the tangent space T),M, it means that, g
is a Lorentzian metric. In other words, a Lorentzian manifold is a pseudo-
Riemannian manifold in which the signature of the metric is (1,n — 1) (or,
equivalently, (n —1,1)).

We now state the major definition of this section, known as Killing vector
field, that via it we obtain an important Lie group, known as the Hyperbolic
Rotation-Translation group, and group action associated to it. For more
details of the Killing vector fields, see [1]. We know the Lie derivative,
describes the action of a vector field on tensors such as one forms, the
metric or another vector field. We now investigate the vector fields which
are symmetries of the metric.

Definition 2.4 Let o; be the integral curve of the vector field v on a
Riemannian or Lorentzian manifold (M, g). Then v is called a Killing vector
field if o, is an isometry, i.e. it leaves the metric invariant o,*(¢g) = g. This
means that, the Lie derivative of the metric g along v vanishes, £, g = 0.

Equivalently, if V, is the covariant derivative defined by the Christoffel
connection of the metric g, and v, = g, v” is the dual vector corresponding
to the vector field v#, then v* is a Killing vector field if and only if it solves
the Killing equations:
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Vuvy +Vyv, = Lygu = 0.

Remark 2.5 The set of Killing vectors of metric g, form a Lie algebra
using the commutator of vector fields as the Lie bracket.

We know that, n-dimensional Minkowski spaces, are equipped with
n(n + 1)/2 Killing vector fields. Now if we set n = 2, the Minkowski metric
(or Lorentzian metric) is given by

@ar= (3 1)

then the line element is ds? = g,gdr®dr’ = —(dz')? + (dz?)?, or ds? =
—(dz)? + (dy)?. Therefore, we obtain the Killing vector fields as follows

v1 = —Oy, vy = Oy, v3 = YOy + x0y. (1)

Remark 2.6 These three linearly independent Killing vector fields on the
hyperbolic plane are the generators of translations and rotation.

Definition 2.7 A group action of G on M is a map

Gx M — M, (9,2) — 2 =g.2,
which satisfies either g.(h.z) = (gh).z, called a left action, or g.(h.z) =
(hg).z, called a right action.

Remark 2.8 Any linear combination of two Killing vector fields is a
Killing vector field. Also, the set of vector fields {vi = v; + vo,vy =
—v1 + vg, vy = vz} forms a basis for the same space as the one generated by
{v1,v2,v3}.

The action of the Lie group associated to Killing vector fields (1) on a
2-dimensional manifold M with coordinates (z,y), is given as follows

Z=—-a+b+ xcoshf + ysinhb, g=a-+b+xsinhf 4 ycoshd, (2)

where a, b and 6 are constants that parametrize the group action. Thus, we
consider the Killing vector fields
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Vi = —8;5 + 6y, Vo = &E + 8y, V3 = y@m + iL'ay. (3)

Therefore, in next sections we consider the Lie group associated to vector
fields (3), and we call this group the Hyperbolic Rotation-Translation.

3. Moving frames, differential invariants of a group action and
invariant forms

In this section, we will introduce some concepts regarding moving
frames, differential invariants of a group action, invariant differential opera-
tors and invariant forms as formulated by Fels and Olver [2], [3], Gongalves
and Mansfield [4], [5], [6] and Mansfield [7]. We will use the Hyperbolic
Rotation-Translation action on the space as our applied problem.

Suppose M = J"(X x U) is the n-th jet bundle, with coordinates

_ 1 q , 1
z=(x1,...,xp,u,...,ul uy,...),

where X and U are the space of independent variables with coordinates

x = (x1,...,2p) and the space of dependent variables with coordinates u =
(ul,...,ud) respectively. On this space, the total differentiation operator is
defined by
D 0 0
D4 e — —+ ua —
‘" Dzx; Oz Z Z Ki oug-
a=1 K
where
IE e

Uy =
dxhr oxkz .. 896];”

is the derivatives of u® with a multi-index notation, and the p-tuple K =
(k1,...kp), is a multi-index of differentiation of order |K| =k; + --- + k.

Definition 3.1 We say two smooth surfaces K and O contained in R",
such that, dim(K) = «, dim(O0) = 3, 0 < o, < n, a + [ > n, intersect
transversally if for every x € K N O, the tangent spaces T,.K and T,0, as
subspaces of T,R™, satisfy

T.K+T,0 =T,R".
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Suppose G is a Lie group which acts freely and regularly on some domain
Q2 in smooth manifold M, then as given in page 115 of [7], for every z € ,
there is a neighbourhood U of x such that the following hold.

e The group orbits all have the same dimension of the group and foliate
U.

e There is a surface I C U that crosses these orbits transversally at a
single point. This surface is called the cross section.

e If O(z) represents the orbit through z, then the element g € G taking
z €U to {k} = O(z) N K is unique.

By above conditions, a right moving frame is defined as the map p :
U — G that sends an element z € U to the unique group element g = p(z)
such that

p(z).z =k, {k} =0(z)nK.

For obtaining the right moving frame, according to [7] in page 117, first
we define the cross section K as the locus of the set of equations 1;(z) = 0,
for j =1,...,r = dim(G). Then, to obtain the group element that takes z
to k, we solve the so called normalization equations

Yi(2) =v;(g.2) =0, j=1,...,r

for the r group parameters that describe the Lie group near its identity
element, which yields the frame p in parametric form.

We now consider the action of obtained group in previous section on the
space (z,y,u(x,y)), associated to transformation (2), that u is invariant.

Example 3.2 Consider the Hyperbolic Rotation-Translation group action
on the space (z,y,u(x,y)) as follows

Z\ _ [coshf sinh@) (z n b—a

y) \sinh® coshf) \y b+a)’
where a, b and 6 are constants that parametrize the group action. The
prolonged action on u; and u, is given explicitly by

<
|

£

S

gy = Uy = Dy, Uy = Uy = Dyt.



Conservation laws of a HRT-invariant Lagrangian 563

The transformed total differentiation operators D; are defined by

where (dz/dz) is the Jacobian matrix. Therefore,
Uy = Uy cosh @ — u, sinh 6, Uy = —u, sinh 6 4 u, cosh .

If we take M to be the space with coordinates (z,y,u,us, Uy, Uy2,
Ugzy, Uy2, ... ), then the action is locally free near the identity of group Hy-
perbolic Rotation-Translation and regular. Therefore, if we take the nor-
malization equations to be £ = 0, ¥ = 0 and u, = 0, we obtain

(ot —u) ,__1yulrula+y)
Vowrhw? 2wy

o %m <U+Uy> (5)

—Ug + Uy

1
2

as the frame in parametric form.

Theorem 3.3  Let p(z) be a right moving frame. Then the quantity I(z) =
p(z).z is an invariant of the group action. [2]

According to above Theorem 3.3, as given in page 128 of [7], if z =
(#1,...,2n) € M, and the normalization equations are Z; = ¢; for i =
1,...,r = dim(G), then the components of

p(z).z2=(c1,....cr, I(2r11),- .-, I(20)),
where
I(zk):g'zk|g:p(z)7 k::’r+].,...,n,

are all invariants.

Definition 3.4 For any prolonged action in the jet space M = J"(X x
U), the invariantized jet coordinates known as the normalized differential
invariants are denoted as
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J'=1(x;) = % I¢ = I(ug) = ag

g=p(z)’ g=p(z)’

which is the original M. Fels and P.J. Olver notation [3]. According to
Replacement Theorem (Theorem 10.3 in page 38 of [3]), any invariant is
a function of the I(zx). Particularly, the set {J’, I} is a complete set of
differential invariants for a prolonged action.

Now we turn our attention to considering the invariants for the Example
3.2:

Example 3.2. (cont.) The normalized differential invariants up to order
two are as follows

(2,9,
= (Jm7 Jya IU>I%a 1571%1?1%27 152)

2 2
Ugzly® — 2Ugy Uz Uy + UyyUyg
0,0,u,0, =/ —uy? + uy?, —
<7777 Y uwz—uy2 )

2 2
—Ugg Uz Uy + UpyUz ™ + Ugy Uy ™ — Uyy Uz Uy

N
<

g.z 7unc7uy7umxaumyvuyy)‘g:p(z)

9

The first, second and fourth components correspond to the normalization
equations and are known as the phantom invariants.

Definition 3.5 The invariant differential operators denoted as D; =

Di‘g:p(z)’ where

_ d Pordi\ T
Di = - — - D .
dz; ; (dm) F

ik

According to Example 4.5.1 in [7], we know in general D; I # I5;. This
fact motivates the definition of the invariant differentiation and syzygy that
will be required in the next section.

Definition 3.6 As defined in [7], we define the invariant differentiation
of the jet coordinates, J* and I, by
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DjJi:(sij+Nija Djlg = I + Mg,

where N;; and My, are the correction terms, and d;; is the Kronecker delta.
For more information on correction terms see Section 4.5 of [7].

Now let I§ and If be two generating differential invariants, and let
JK = LM such that 1§, = If,,. Thus, as given in [7], we will have the so
called syzygies or differential identities

DiI§ — DI = MG — M&y,.

To obtain the correction terms, we define the infinitesimals of the pro-
longed group action with respect to the group parameters a;, evaluated at
the identity element e, as

;0% o oug;
f] = Ot ) SOK,] aaK
J lg=e J lg=e
Now let the normalization equations be {i\(z) =0, A = 1,...,r =
dim(G)} and suppose the n variables actually occurring in the 5 (z) are
(1,...,Cn such that m of these are independent variables and n —m of them

are dependent variables and their derivatives. Let T denote the invariant
p X n total derivative matrix

D
Ty =1 ).
! (D%Q>

Also, define ¢ to be the r X n matrix as follows,

- (29 Y,

v 9g;
Moreover, define J to be the n x r matrix

Jo— ;(I)
oI

that is, transpose of the Jacobian matrix of the normalization equations

Y1, ..., ¥, with invariantised arguments.
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Using the above defined matrices, the correction terms can be obtained
as follows, that has been proved in [7].

Theorem 3.7 The formulae for the correction terms are
Ny => Kug(I), Mg, => Kuphk, (),
=1 =1

where 1 is the index for the group parameters, r = dim(G), and the p x r
correction matriz K, is given by K = —TJ(oJ) L.

Now we calculate the invariant differentiation of the jet coordinates and
the syzygies of the transformation (4) in Example 3.2.

Example 3.2. (cont.) If we set u = u(z,y,t) and ¢ = ¢ and take the
normalization equations as before, we obtain

N o
ut’g:p(Z) = I3 = w,

ﬁy‘g:p(z) = I; = —1/—11@2 + qu,

2 2
UgpUy™ — 2UgpyUgp Uy + Uyy Uy

~ _ u
las|g=p(z) = 111 = w2 _ 2 ’
@ y

2 2
—Ugg Uz Uy + UpyUsz™ + Ugy Uy ™ — Uy Usg Uy

. Coqu o
“ry‘g=p(z)_Il2_ w2 — w2 )
x Yy

2 2
_ UgalUp” — 2Ugy Uz Uy + Ugyy Uy

Uyl gmp(z) = Iy =
vy |g=p(2) 22 Up? — U2 J

3 3 2
Ugzyly” + UgyyUs® + 2Ugyy Uz Uy
2 2 2
Uyyy Uz Uy + UgrgUzUy” — 2Uprylz“Usy

(s +1,%) |

~ . U
“my’g=p(z) = Iy =

3 3 2
UgayUz” — Ugyyly” — 2Ugyy Uz Uy
2 2 2
FlUyyy Uz Uy ” — UgrgUz Uy + 2Upgy Uz Uy

ﬂwyy’9=P(Z) = Iy = (—up? +u 2)3/2
x y

According to Theorem 3.7 we obtain the invariant differentiation of the
jet coordinates as follows
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D, 13 = I, Dyly = I, DIy = 155,

DIty = Iy — 211;—1;[%27 Dalyy =I5y — 213—1;1“{
Dyliy = I, — 2([171“2‘5)2’ Dyl = 1355 — 2([112;2)2’
DIty =I5 — 2111;2;%37 Dilyy = I3p3 — 211;2;%37
Dyl = Ity — 1;1;1(1%1 + 135), Dyl = Iy — 1;1;2(1%1 +135),

We know that there are two ways to reach I}y, and since both ways
must be equal, we get the following syzygy between I and I{}:

Dol"((D1)*Dol™ — DoIty) + (I11)* + I}y (D2)* 1" — 2(D1D21%)* = 0. (6)

Similarly, there are two possibilities to obtain I{45. Thus, we get a syzygy
between I3 and I}4 and the syzygy is:

217D 14D
Dat = (0 - 222t ¢ 122 ),

I3 I3 (7)

and likewise, the syzygy between I§ and I3, is:

I“D
%%:(wﬁ—12ﬂw. ®)

Finally, there are two syzygies between I3 and I{%, which are as follows:

13D
Dsliy = <D1D2 - 212-u 1>I§L’ 9)
2
%Dy 14Dy 14D
D3I, = <D2D1 + lju 2 1}u L Q;L 1)1;;. (10)
2 2 2
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From Equations (9) and (10) we can verify that the invariant operators
D, and D, do not commute. In general, the invariant total differentiation
operators do not commute. In fact, we have the following Theorem [3]:

Theorem 3.8 Denote the invariantized derivatives of the infinitesimals

EF, forkyi=1,...,pandl =1,....r, by 2k = Diff(§)|g:p(z), then the

commutators are given by

[D;, Dj] ZA Dy, ZK,l_h Ka=f..

We now define invariant one-forms that will be required in the next
section.

Definition 3.9 The invariant one-forms are denoted as

I(dw;) = diy|,_ . = (ZD i dxj>

By Theorem 3.10 below, we see that an invariant total differentiation

g=p(2)

operator D; sends invariant differential forms to invariant differential forms.
In fact, if D; is the invariant differentiation operator and w is a form, then
D;(w) denote as a Lie derivative. For more details see [5].

Theorem 3.10 Consider the set of invariant total differentiation opera-
tors, {D;}, and the set of invariant one-forms, {I(dxz;)}. Therefore, if

I(dx)) ZB (dxy),

then By, = Al
Finally, in the end of this section, from the above Theorem 3.10 we
obtain the Lie derivatives of I(dx;) with respect to D; for the Hyperbolic

Rotation-Translation group action on (z,y,t), that has been given in Ex-
ample 3.2.

Example 3.2. (cont.) Recall that ¢ € G (the it Hyperbolic Rotation-
Translation group) act on (z,y,t), where ¢ is an invariant dummy indepen-
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Table 1. Lie derivatives of the I(dx;) with respect to the D;.

Lie derivative I(dx) I(dy) 1(dt)
It I It
D, 2Lr1(d —221(dy) — L2 1(dt
I I I
D — A 1(dx) — 22 1(dt 2271(d
y Ig(ﬂf) Ig() I;(ﬂf) 0
I I
D, 23 1(dy) 23 1(dx) 0
Iy Iy

dent variable introduced to effect variation. Therefore, the Lie derivatives
of I(dx;) with respect to D; are as shown in the Table 1.

4. Invariant calculus of variations and structure of Noether’s con-
servation laws

In this section, we will use the concept of invariant calculus of variations
as formulated by Gongalves and Mansfield [4], [5], [6] and Mansfield [7].
Suppose the Lagrangian L[u] of the variational problem @[u = [L] L[u] dx is

. - 1
a smooth function of x = (z1,...,2,) , u= (u",..

Suf) and finite number
of derivatives of u®, where @[u] is invariant under some group action with
finite set of generators {/@1, ...,&n}. Thus, as given in [5], we can rewrite
o[u] as ¢[k] = [ L[x] , in which I(dx) = I(dx1)...I(dx,) denotes the
invariant Volume form and dx = dz; ...dx, is the standard volume form.
Now we suppose the functional ¢[u] be extremized by x — (x,u(x)), then

for a small perturbation of u

d
0= e Ezo@[u + ev]
q p f
- d (0L
— EO{ L (0% T o~ . d
/az::l[ (Lo +;dazi<8uf‘v + ﬂ .
DIKI 0
where  E“ = (-1 -
; Dk Dake .. -Da;];’) uic

is the Euler operator with respect to the dependent variable u®, and sym-
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bolically,

de e=0

According to [5], we have

0=, / L] I(dx)

:Dp+1/LI{IdX

/ (ZEO‘ LYI®I(dx)
p+1

# 3 2(XAtan) T ) )

=1

where E%(L) are the invariantized Euler-Lagrange equations, F;; depend on
I ,+1 and I§ with K and J multi-indices of differentiation with respect to
x;, fori=1,...,p, and

—

I(d.’IJl) e I(dl']> e I(d.’L'p+1) = I(dl’l) e I(d$]_1)I(d$]+1) .. .I(dibp+1).

Theorem 4.1  The process of calculating the invariantized Fuler-Lagrange
equations produces boundary terms

p+1

/ZD (Z FiI(dzy) ... I(da;) .. [(dxp+1)>,

that can be written as

/id(( ”{ZIKTCM} (dz1). . @x\j)...l(dxp+1)>,

where K is a multi-index of differentiation with respect to x;, fori =1,...,p,
and Cf ; are functions of I, with J a multi-index of differentiation with
respect to ;. [5]
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Now in this section we consider a variational problem associated to an
spacial case of an important equation known as the Monge—-Ampeére equa-
tion.

Example 4.2 Consider the variational problem

// [U(UxTU/yQ — uiy) + uy2 — uyg]dxdya (11)

associated to a type of the Monge—-Ampere equation, which is invariant
under the action presented in Example 3.2. To find the invariantized Euler-
Lagrange equation, introduce a dummy invariant independent variable ¢ to
effect the variation, and set u = u(x,y,t), therefore ﬂt}g:p(z) =TI = uy.
Rewriting the above variational problem in terms of the invariants of the
group action yields

J[ s, - ag + 14 - 1) 1) 1) (12)

To obtain the invariantized Euler-Lagrange equation and boundary terms,
after differentiating (12) under the integral sign we obtain

D, / / [19(I 12y — (I%)2) + I — 1] I(da)I(dy)

u u TU u \2 T u p— w

= // [(Dt(I Y1135 — (115)7) + 1" 15Dty + 1M 111 Dl
— 21"}, Dy Iy + DIy, — Dil3y)1(dx)1(dy)

+ (I 13y — (119)) + 11y — Isp) Dy (I (dx) I (dy))] -

Using Table 1 we see that Dy(I(dx)I(dy)) = 0. Then substituting D;I}y,
D 1%, and D I3, by (7), (8), and (9), respectively, and performing integra-
tion by parts yields

/ / 3(I I8 — (I1)?) 1Y T(de) T(dy)

TeIe I JeIe T
+// [Dx<{< }i 12 4 125 12 —I“I}‘22>I§‘ + TV T,
2 2
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+ 15 — 2[“]%2.753} I(dzx) I(dy)

IV IS 1518 118
+{ 22-13°3 4 133 }I(d:c) I(dt)>
Iy Iy

Ie(Is)? eI I
+D({@%m—@m— UL @”)@

+ﬂm%—&%mmu@>

2115 11515 IsIry I 1S18
_ 12-°13°3 I(dx) I(dt) + 1373 11-13°3 I(dy) I(dt) 7
Iy Iy Iy

where all forms involving I(dt), because there is no integration along ¢, have
been discarded. Thus, we obtain the invariantized Euler-Lagrange equation

E“(L) = 3(I11 I35 — (1?2)2) = 3(Uz2uy2 - U?gy)

Therefore, according to Theorem 4.1 the boundary terms can be written as

JRF &Y I“ I
//({( ”iﬁ””—ﬂ%9@+ungmynﬂ%&%u@>

eI (I 4 1Y)
~{ (e - gy, - IR

(1T - 1)1;3} I(d:c)). (13)

Theorem 4.3 ([5]) Let [ L(ky,ko,...) I(dx) be invariant under G x M —
M, where M = J"(X,U), with generating invariants k;, for j =1,...,N.
Introduce a dummy invariant variable t to effect the variation and then in-
tegration by parts yields

Dt/L(kl,kg,...)I(dx)
_ / [;EQ(L)ffI(dx)

+zp: ( <ijtcjk> (dz).. @)...I(dxpﬂ))],

k=1
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where this defines the vectors Cif = (CF,).

Recall that E*(L) are the invariantized Euler- Lagrange equations and
19, = I(u,), where J is a multi-index of differentiation with respect to
the variables x;, for i = 1,...,p. Let (ay,...,a,) be the coordinates of G
near the identity e, and v;, for ¢ = 1,...,r, the associated infinitesimal
vector fields. Furthermore, let Ad(g) be the Adjoint representation of G
with respect to these vector fields. For each dependent variable, define the
matrices of characteristics to be

P

Q%(2) = (Dk(Q), a=1....q

where K is a multi-index of differentiation with respect to the x;, and

are the components of the ¢g-tuple Q; known as the characteristic of the
vector field v;. Let Q%(J,I), for « = 1,...,q, be the invariantization of
the above matrices. Then, the r conservation laws obtained via Noether’s
Theorem can be written in the form

d(Ad(p)_l(Ul, .. ,Up)dep_l)AQ =0,
where

ve = (=D)"HQY (I D)CY + LE(, D)k),

(e

are the vectors of invariants, with (2(.J, I)); the k** column of Z(J,I), M7
is the matrix of first minors of the Jacobian matrix evaluated at the frame,

J = (d&/dx)|g=p(z), and

d/a;darg ...dxy dxodzs ... dx)
d$1d/x\2dI3...dl’p dl’ldl'g...d{l}p

P ti = =

d:Cl ...dZL‘p_ld/x; dﬂ?ldﬂfg...dl‘p_l
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Lemma 4.4 The inverse of the Adjoint representation of the Hyperbolic
Rotation- Translation group with respect to its generating vector fields eval-
uated at the frame (5) is

= 0 0
0 fM 0
Ad(p()) ! = N ()
1 (z — y)(uz — uy) 1 (x + y)(uz + uy) 1
2 \/@2 — Uy 2 2 Uy? — ug?

Proof.  Consider the action (4) and let it act on the infinitesimal vector
fields generating the Hyperbolic Rotation-Translation group,

Vi :_ax"i'ayy V2 :a:z"i’@ya V3:yaz+$aya
as follows

9-(a(=0z + 0y) + B(0x + 0y) + ¥ (y0r + 0))
= a(=0z + 0y) + B(0z + 9y5) + v(y0z + 20y)
= o— cosh(#)0; + sinh(#)0, — sinh(6)9, + cosh(8)d,)
+ ((cosh(#)0, — sinh(0)9, — sinh(8)0, + cosh(#)0,)
+v((a+ b+ zsinh(0) + y cosh(h))(cosh(#)9d, — sinh(6)9,)
+ (—a + b+ x cosh(#) + ysinh(§))(—sinh(#)0, + cosh(#)dy))
= a(cosh(0)(—0, + 0y) + sinh(0) (=0, + 0y))
+ B(cosh(0)(0, + 0y) — sinh(6) (0, + 0y))
+v([(a + ) cosh(#) + (a — b) sinh ()]0,
+ [(—a +b) cosh(#) — (a + b) sinh(0)]|0y + (y0 + 20,))
= a(cosh(0)(—0, + 9y) + sinh(0) (=0, + 0y))
+ B(cosh(0)(0, + 0y) — sinh(6) (0, + 0y))
+ y([—acosh(f) — asinh(8)](—0, + 9y)
+ [bcosh(0) — bsinh(0)] (0, + Oy) + (yOz + x0y))
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cosh(#) + sinh(6) 0 0 —0y + 0y
=(afB7) 0 cosh() —sinh(f) 0 Or +0y |
—a(cosh(f)+sinh(f)) b(cosh(d)—sinh(f)) 1 YOy +x0y

where the above 3 x 3 matrix, Ad(g), is the Adjoint representation of G with
respect to its generating infinitesimal vector fields. Thus, Ad(g)~! is

cosh @ — sinh 0 0 0
Ad(g)~ ' = 0 cosh @ + sinhf 0
a -b 1

Now evaluating Ad(g) and Ad(g)~! at the frame (3.2), leads

_M 0 0
Uy — Ug?
0 Uy — Uy 0
Uy2—Ux2 9
1 +1 1 1 1
2t T oY 2" oY
Uy — Uy 0 0
Uy — U2
0 Uz Uy 0
\/uy2—ux2 )
1@ —y)(us —uy) 1(@+y)(us+uy) )
2 Uy? — Uy? 2 Uy? — ugy?

respectively. ([

We now calculate the Noether’s conservation laws of Euler-Lagrange

equations for the variational problem (11), associated to the Monge—Ampeére
equation.

Theorem 4.5 The three Noether’s conservation laws of Fuler-Lagrange
equations for the variational problem

// [u(ugzuy — uiy) + ugz — uy2| dady
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are
Up — Uy 0 0
Uy % — U2
0 _ Ug Uy 0
d Uy? — 2
La—ya—u) 1@+y.+uv)
2 U, % — U2 2 U, % — U2

I(—I Iy + I3, — (I1)?) — Ity + 13,
x | I(—I1 11y + I3 19y + (119)?) — Ity — I3h
11315 — I3
IvI (11 — Iy — Ish) + T(I3 I + (I1h)?) — I (I3) + Iy — 114
TUI (=11 + Iy — Ish) + T(I3 T, + (I1h)?) — I (I3)? — Iy — 114

0
—Uy —Uyp
Viy? =tz \uy? = ug (dy)
X =0.
—Ug — Uy dx

Vg i =

Proof. According to Theorem 4.3 the elements of C{, C% correspond to
the coefficients of the I}, in (13), respectively, as follows

I (1Y + 135) /13 — I I35 — 111,
IMI% +1 :
—2JuTY,
IMIfyy — 13T — I (I + 135) /15
0 ;
IeTy — 1

and the (2(J,I));, for i = 1,2, are
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£" 134

a [ —1 a1

(‘E('L I))l =9 1 ) (E(J7 I))Q =9 1
0 0 0 \0

Since I}* = 0, the invariantized matrix of characteristics is

Q" Di(Q")  Dy(Q")
" a—Iy Iy =1y Iy — I3
QLI = | -1y -1y -1 —I%—1% |
o\ 0 Iy 0

thus, the vectors of invariants are

I (=T8I + T3T, — (I1y)?) — Ity + 13
vr = | I%(=I4 1Y + I§Thy + (1)) — Ity — I |
1L, - I
TUI (— I — I — %) + T(I3T , +(13)°) — I (1) + Iy — Iy
vy = | IUITy (=1 + 1Y — I5y) + T (I3 1o+ (11y)7) — 114 (1) — Iy — Iy |
0

and according to Lemma 4.4, the inverse of the Adjoint representation
Ad(p)~! is as (14). Finally, the Jacobian matrix J is

oz oz
x|, . Oyl _ :
7= 9=p(2) g=p(=) [ _ <c9sh(9) s1nh(9)>

oy oy sinh(#) cosh(6)
Oz g=p(z) 0y 9=nr(2)

—Uy — Uy
NN

—Uyg — Uy ’

Vi =i g -

and its matrix of first minors, M7, is
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— Uy — Uy

ik i iy =

Uy, — Uy

Vi —w? =

My =

Thus, the conservation laws are

5.

d(Ad(p)~ (v v2).Mgz.d'3) =0,  where  d'd@= <d3/) . O

Concluding remarks

We see that the three Noether’s conservation laws are in terms of vectors

of invariants, the adjoint representation of the moving frame and a matrix
which represents the group action on the 1-forms. Also, we notice that for
calculation of (13) in Example 4.2 if we substitute D;I}, by Equation (10)
instead of Equation (9), or we use a combination of the two; in any case the
conservation laws are equivalent.
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