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Spatial Asymptotic Profiles of Solutions
to the Navier-Stokes System in a Rotating Frame
with Fast Decaying Data
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Abstract. The nonstationary Navier-Stokes system for a viscous, incompressible
fluid influenced by a Coriolis force in the whole space R® is considered at large dis-
tances. The solvability of the corresponding integral equations of these equations in
weighted L°°-spaces is established. Furthermore, the leading terms of the asymptotic
profile of the solution at fixed time ¢t > O for |x| > ¢t and far from the axis of rotation
are investigated.
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1. Introduction

In this paper we study the 3-dimensional “rotating” Navier-Stokes equa-
tions

up —Au+u-Vu+ Qes xu+Vp=f inR3x(0,7T),
(NSC) q divu =0 in R3 x (0,7),
u(0) = ug in R3,

with a given constant Coriolis parameter ) # 0, initial data ug and external
force f. The unknowns u = (u'(z,t), u?(z,t),u3(x,t)) and p = p(z,t) denote
the velocity vector field and the pressure of the fluid at the point (z,t) €
R3 x [0,T), respectively. Here e3 denotes the unit vector (0,0, 1), the term
Qes x u describes the Coriolis force, and wuy denotes a solenoidal initial
velocity field. These equations above are also referred to as the Navier-
Stokes-Coriolis equations.
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One of the most important features that distinguishes flows in fluid dy-
namics from those in ocean and atmospherical dynamics is the influence
of the rotation of the earth. The equations (NSC) describe the motion of
rotating fluids influenced by the Coriolis force. Almost all of the models of
oceanography and meteorology dealing with large-scale phenomena include
a Coriolis force. Many important features of oceanic flows, e.g. the inten-
sification of the Gulf stream near the Gulf of Mexico, can be explained by
the rotation of the earth. Although precise explanations require models in-
cluding temperature effects, boundaries describing the sea ground or coasts.
A first step is to neglect these additional influences and to investigate the
simplified equations (NSC).

The investigation of the spatial behaviour of the velocity field at large
distances and of the leading asymptotic term is an important research topic,
e.g. in the error analysis of numerical approximations. Bae, Brandolese and
Vigneron found out the leading terms in the non-rotating case, see [2], [3].
For the spatial behaviour of the Boussinesq system including heat convection
the reader can find in [8].

To investigate the spatial behaviour of the solutions of the rotating
Navier-Stokes system it will be helpful to consider the solvability of these
equations in weighted L°°-spaces. In the case of slow decay of ug the so-
lution decreases almost in the same way as the initial velocity. However,
Brandolese, Vigneron and Bae have already proved in the case of the non-
rotating Navier-Stokes equations that in general we can not expect a faster
decay behavior than |x|=* or even |x|~3 if the flow is influenced by an ex-
ternal force.

The present Navier-Stokes equations in a rotational frame have been
investigated by several authors, see e.g. [1], [4], [9], [10], [11], [12], [15]. In
particular, the technique for proving the global regularity has recently been
developed in Sobolev space setting in [14]. However, up to now the spatial
asymptotics is almost disregarded.

Recently there is also an intensive research on Navier-Stokes flow around
a rotating obstacle which leads to an additional linear term not subordinate
to the Laplacian. In particular Farwig, Galdi, Hishida and Kyed considered
the asymptotic structure of stationary solutions, see e.g. [5], [6], [7], [13],
[16].

Let us introduce some elementary concepts. Using the Riesz transforms
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and the Riesz vector R = (R, R2, R3) the Helmholtz projection is given by

R; = 9;(=A)"Y2  with symbol R;(¢) =i2, 1< <3, (1.1)

P=I+R®R= (5j,h + Rth)j‘,h:l'

Furthermore, with the matrix

0 —1
J=11
0

o O O

0
0

characterising the linear map J : R? — R3, Jv = e3 x v and the Coriolis
operator C = PJP we transform the first equation of (NSC) into the abstract
equation

ur + Agu + P(u - Vu) = Pf in R® x (0,7); (1.2)

here Ag := —PA 4+ QC is the so-called Stokes-Coriolis operator combining
the Stokes operator A = —IPA and the Coriolis operator. We also define the
Riesz symbol

1 0 —& &
& 0 =&, (1.3)
& & 0

3

R(é) = (Ri,j(é-))id':l = m

i.e., R represents the linear map a — Ra = (¢ x a)/[¢| for a € R® and
R;j(€) = (1= ;) (=D)>H/2H7il(gg_;_j)/[€|. The symbol C(€) of C is
nothing but (&3/]¢))R(§) and thus

0 Rs —Rao
C = R3 —Rg 0 Rl
Ry —-Ry 0

Note that we used the Fourier transform, e.g. of a Schwartz function ¢ €
S(R3), in the form
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FO©) = [ ola)e ¢ da.
Using this notation, (1.2) leads to the integral equation
t
u(t) = e” A2y — / e~ Aep(y, . Vy — f)(7)dr, (1.4)
0

where the semigroup e~*42 associated with the linearised problem of (NSC)
is given explicitly by the symbol

e Am el <cos (E"Qt)l — sin (%Qt) R(g)), (1.5)

see [10]. A solution u of (1.4) is called a mild solution.
To describe the spatial asymptotic structure in terms of ug and of the
external force f = (f1, f2, f3) we have to take into account the Helmholtz

projection involved in (1.4), i.e., it is necessary to control not only e~*4¢,
but also Pe~t4¢ = ¢~ t42P the symbol of which is given by
(I+ R® 7%)6_4”2”5'2 <COS (EQt) I —sin (EQt) R(f))
— 4T HEP (og (E’,Qt) (I+ R 7%)
— e HEl gip <5g’|m> R(¢); (1.6)

here we used that RR = 0 with the vector of symbols R = (7@1,7%2,7%3),
see (1.1).

This paper is organized as follows. In Section 2 we present the main
results, Theorem 2.1 on existence and uniqueness of mild solutions to (1.4),
and on their asymptotic spatial decay for fixed t > 0, see Theorem 2.2. In
contrast to previous works e.g. [12], [14], Theorem 2.1 concerns with the
solvability of (1.4) in weighted L°°-spaces, which are useful for the inves-
tigation of the spatial asymptotic profile. Next, in Section 3 we present
several auxiliary lemmata to be proved in Section 4. Whereas the proof of
Theorem 2.1 is already sketched in Section 3, the proof of Theorem 2.2 will
be postponed to Section 5.
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2. Main Results

In this paper we assume that the initial data ug and the external force f
belong to weighted L>*-spaces. The Banach space L}° (R3), > 0, is defined
as the set of all measurable functions h on R? such that

[l Lee »= ess sup (1 + [z|)*|h(x)] < co.
z€R3

Its solenoidal subspace is denoted by
0o 3\ oo Mmp3\3 . 3 —
Ly, (R?) ={u e L (R”)” : divu = 0}.
Furthermore, for any x > 0, we introduce the space

L,;”([O,T];Lff(R?’)) = {u:R? x (0,T] — R | u is measurable,

ess supg;p ¢ [|u(t)| e < o0}

Using Banach'’s fixed point theorem we get the following existence theo-
rem of mild solutions in spaces of weakly*-continuous functions in time with
values in weighted L°°-spaces.

For simplicity we assume the external force f to be independent of time.

Theorem 2.1 (Existence and Uniqueness of Mild Solutions) Let ¢ €
(0,1/3) and p € (0,3]. For every initial velocity uo € LS5 . ,(R?) and
external force f € L _(R®)? there exists a constant Ty > 0 and a unique

pte
solution
u e LP ([0, To); L? (R*)*) N Cuy ((0, To]; L2 (R?)?)

to the integral equation (1.4) for all k € (0,3¢2/2(1 +€2)). In particular,
with the bound Cy = Cy(Q2) for the operator norms in Lemma 3.2 below, Tj
is estimated from below as

+ (luollzes. + I1F®)llzze

nte nte nte

10 1/2 —K — K
10Cy <900||U0||L°° ) / >(T01/2 +Tp7") < 1.
The space C,((0,T]; Li?) denotes all Li°-valued weakly*-continuous
functions v(t) defined in (0,77, i.e., v(t') converges to v(t) in the weak*
sense on Lo° as t' — t for all ¢ € (0,T]. The necessity for working in the
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space C,, lies in the fact that already for the heat semigroup e*® the term
et®h, with h € L7, does not converge to hin L7 as ¢ ™\, 0, but only weakly™.
But at least, since the Stokes operator A = PA generates a bounded ana-
lytic semigroup e~*4 on L2(R?) for all p € (1,00), by perturbation theory,
see [18, Chapter 3|, we conclude that the operator Aq generates also an
analytic semigroup e~*42 on L2(R3), since the Coriolis operator C = P.JP
is bounded on L2 (R3).

In view of the result u(t) € L°(R*)? with u € (0, 3] for mild solutions in
Theorem 2.1 it is an interesting question whether the upper bound 3 for p
is optimal in some sense. Actually, the decay |x|~* is optimal for solutions
to the non-rotating Navier-Stokes equations without external forces; see
Brandolese and Vigneron [3] who proved that the result of Theorem 2.1 can
not be true for p > 4. Analogously, we will see that one can not get the
same results for p > 3 in Theorem 2.2 below.

For our purpose it is useful to introduce Bessel functions J, for v € Ny,
which can be represented as the series

They are analytic functions, and behave asymptotically as

Jo(2) ~ (sgnz)”\/gcos (|zy - %(m + 1)) 2] — oo, (2.2)
Jolz) 1 <2> B~ ;(2)

1/2\> 1/2\"
Jz(z)w2<2> _6<2> 2| =0,

see e.g. [19, Chapter 3, Chapter 7]. In our main result these three functions
play a crucial role by describing the asymptotic profile. Hence we define the
vector V := (VE), Vl, VQ, VE),, V4, V5) by

Vi) = (02 2 )
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¢

(-1 -1 Q-35 30 3 0

o+~ ST o —see |
0 -0 0@ @0

where n(x,t) := |Q[t(|2’]/|x]), {(x,t) = (Qt(z3/|z|))? and 2’ = (x1,x2,0).
Comparing z, h introduced in the proof of Lemma 3.5 below there holds
n =+vz+h and ( = —h. Moreover, we define the vector A := (AO,Al,
Ag, As, Ay, As) as the integral over time of V, i.e., A;(x,t) fo

1=0,1,...,5. We remark that the formal smgularltles of V for |77| — 0 as

|Qt| — 0 or |z'| — 0 actually do not appear, hence J,/n” is continuously
well-defined, see (2.2).

Theorem 2.2 (Spatial Asymptotic Profile) For an initial velocity uy €
Lo, (R%), > 4, and an esternal force f € L°(R®)%, let u be the mild
solution of Theorem 2.1. Then the following profile holds for almost all

2| >Vt

1 Ay Ay 0
u(z,t) = 2P —Ay Ay 0 | (z,t) [ fly)dy
0 0 A RS
TR T

+ As(z, ) 795 ></ Fy)dy + Ay(z, ) 227 e
0 0 I

+A5(z, t)‘ E 0 0 z fy)dy| + Oy(Jz|~).
Tr1 X2 0 R?

As long as the external force f belongs to L’ (R3)3 for u > 4, hav-
ing non-zero mean, this theorem shows that in general we only expect an
|z|3-decay of the velocity. It is remarkable that if the external force f
has vanishing mean value, the solution even decays as |z|~%, although the
convolution kernel, see (3.1) below, on which the study of spatial asymp-
totics is based has |z|~3-decay. In contrast, the Coriolis force does not affect
the rate of decay, essentially the structure of the leading terms, cf. [2]. In
particular, no matter how small the external force f is, it has a significant
effect at large scale analysis. Although the general formula given in The-
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orem 2.2 does not look manageable, for some special cases it simplifies to
better understandable representations in what follows.

For 2 = 0 the equations (NSC) turn to the usual Navier-Stokes
equations. In this case the vector V', see (2.3), equals to V(z,t)|g=0 =
(=1,-1,0,0,3,0). However, Theorem 2.2 yields the asymptotic representa-
tion

t
wz,t) = — v L / F@)dy+ Ozl ™) for 2] > VA,
FEAER

see [3] or [8, Theorem 2.3], i.e., we obtain the spatial asympotic profile of
the Navier-Stokes equations with external forces.

For the asymptotic profile along the x3-axis, i.e., |x3| > v/t and |2/| = 0
the components of vector A can be simplified to polynomials with respect
to Q and t:

Ag = —t+ éQQt?’, Az = gm? + éﬂ%‘i,
Ay = —t — 292753 — i94155, Ay =3t + Q% + i(24155,
3 10 10
1 2 1 2,3
A2:§(Q—3]Q\)t , A5:—§Q 3.

Finally, let us consider the asymptotic profile that arises in some sense
far from the rotating axis, i.e., for |z| > v/t there exists ¢ € (0,1) such that
|z3] < |z|¢. This case leads to ((z,t) = O(|z|**~2) and the leading terms
V' in V, see (2.3), are given by

Ji -1 -1 Qt 3Qt 3 0
/ — -
V'(z,t) = <J07 0 >(77) X (—772 0 0 0 0 —3(Qt)2> '

Due to the function (, the remaining terms of the asymptotic profile of u
with higher decay only behave like |z|~ ™ir{3+2(1-¢)4} instead of |x| 2.
3. Preliminaries

In this section we analyse the spatial asymptotics of the matrix-valued
convolution kernel K = (K; ;)7 ;_; defined by



Spatial asymptotics of the rotating Navier-Stokes flow 509

K(x,t):/ e~ dm tlel amiog
R3

X [cos (E”'Qt) (I+R®R) —sin <§’|Qt> R(g)] ¢ (3.1)
which corresponds to the operator Pe~t4¢ see ( 1.6); here I denotes the 3 x 3-
unit matrix and R, R(§) have been defined in (1.1), (1.3), respectively. In
[17, Proposition 11.1] the operator Pe!® which deals with the non-rotating
Navier-Stokes equations was treated as a pseudo-differential operator and
the derivatives of the corresponding convolution kernel satisfy certain decay
properties. Unfortunately, in the case of a rotating frame the convolution
kernel of the semigroup e~*4¢ does not belong to L'(R3) for ¢ > 0, since
the symbol (1.5) is not continuous at £ = 0. Giga et al. [10] proved that
this convolution kernel decays like |z|~2 and thus lies in LP(R3) N Cy(R?),
p € (1, 00], since the symbol (1.5) is integrable. However, as in [17] we need
a more precise investigation about the derivatives of this kernel given by the
next Lemma.

Lemma 3.1 Given the Riesz transforms R; let Ky = (’thk,t)%,k:l de-
note the matriz-valued kernel related to the pseudo-differential operators

(Rthe_tAQ)%ykzl, i.e, RERpe ™9 f = Kp e * f for t > 0. Then Ky(x)
= 732K (x/\/t,Qt) with a smooth function K(-,-) on R? x R, satisfying

[(z, 1) = (L4 (|Q)*Th =11 + [2])3 oo K (z, Q)] € L®°(R? x Ry)

for all multi-indices oo € N3.

Since e~ 40 = — Z?Zl Rie~t42  the above Lemma 3.1 implies that the
derivatives of the corresponding kernel K(z,t) := —Z?Zl KCjj+(x) decay
similarly to those of IC. This Lemma also leads to the estimate

09K, ()] < 73/

oic(L2.2)| £ (1 0y ) (VE 4 )

for all o € N}.

To construct a unique mild solution of (1.4) for given initial data ug €

Lffjrs’a(R?’)?’ and given external force [ € L/‘jo+€(R3)3, it is useful to study
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the integral operators

B(uy,us)(t) == — /Ot e~ t=9)APY . (uy @ uy)(s) ds (3.2)

t
D(f)(t) = / e~(=Aap (3.3)
0
Lemma 3.2 LetT >0, >0, u€ (0,4]. Then the operators

B('? ) : Loo([07T];LZO) X Loo([ovT];Loo) - Cw([QT];LZO)a

D(-): L

pte Co ([Oa T]» Lzo)v

defined by (3.2) and (3.3), are continuous with operator norm O(vVT + T9).

Thanks to the previous result, the estimates for B and D can be proved
in a similar way as in [17, Proposition 25.1].

Sketch of the proof of Theorem 2.1. The existence and uniqueness of mild
solutions to (1.4) base on the abstract formulation of a solution u as a fixed
point of the coupled system cf. (1.4)

u(t) = e~ ug + Blu, u)(t) + D(f)(t)

in the Banach space L° ([0, To]; Li°(R?)?) N C,, ((0, Tol; Ly (R?)?). With the
help of Lemmata 3.1 and 3.2 the result is easily proved by Banach’s fixed
point theorem. Il

Similarly to [3], [8] we proceed to get an asymptotic profile of the so-
lutions of the rotating Navier-Stokes equations and have to handle mainly
the terms of the integral equation (1.4). Due to the symbol (1.5) of e~*42
the present issue exacerbates this method by dealing with an infinite sum
of Riesz operators applied to the heat kernel

1 —|x|? /4t
gt(.%') = W@ |/ .

The next statements are useful to manage this difficulty. At first we easily
obtain the following Lemma by induction.
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Lemma 3.3 Let R := (R1,R2,R3) be the vector of Riesz transforms, and
a € N3 be any multi-index of even order, i.e. |a| = 2n with n € N. Then
for all x € R® and t > 0 there holds

oo (S _ t)’l’L—l
[e4 — A A A 104
RGa) = [ o was
The purpose of Lemmata 3.4, 3.5 below is to ascertain the leading terms
of Pe~*42_ To handle high order derivatives of the heat kernel it is reasonable
to introduce Hermite polynomials

[n/2] !
. dn B L .
Ho(y) == ¢ v =l 2y)" 2,
y € R, n € Ny, (34)

using the floor function |[.|. Consider any mixed derivative 0% = 07! 05205*
of order |a| = 2n, and define the multivariate Hermite polynomial

HY(y) = Ho, (y1)Hay (y2) Has (y3), ¥ = (Y1, 2, Y3)-

Substituting y; = ;/v/4t in the identity (d/dy,)% eV = H,, (yj)e_y?, we
get that

8°Gy(z) = He <$>gs(x). (3.5)

1
(4s)" " \ Vs

Since the series

(S () 5)

converges for fixed ¢+ > 0 to the symbol of (1.6) in L!, the corresponding
inverse Fourier transform of this series converges uniformly to the kernel
K(z,t), see (3.1). Thanks to Lemma 3.3 and (3.5) we get for x € R? three
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converging infinite series consisting of terms

(Qt)2" |a] = 2n or
ROGy(z)  for (3.6)
(2n)! la| =2n+2, 2n < a3 < 2n+2,
(Qt)2n+1

For a typical term R*G,(x) with |a| = 2n we will use the change of variables
A = |z|/V4s to get that

ROGy(x) = /t b %aags(x) ds

- [ (7 )5t
- /me T (5 - t) <rxA|)H (51) M “

To find the leading term we simplify the above identity, split the term
(|z|2/42%)"=1 from (|]z|?/4X% — ¢)"~! and decompose the last integral as

follows:
a 4" > 21700 Az —\2
RYGi(x) = 3/2|x’3/ N H <| ’) dX + -

see [3, Lemma 2.1]. This equation is crucial to obtain the leading terms of
the integrals in (3.6) and (3.7) and of the asymptotic profile.
To this aim, we introduce the functions

1)!IT(n — 1+ 3/2) 2n=1)
L(O) = .
w3/2 Z 4!1' 2n — 21)! <yx> ’ (38)

n— 1 l 2n—1-21
(1) (2n — 1) x; 1)T'(n—1+3/2)
Lin@) = w32 x| Z 41(2n — 1 —21)! |£C| - (39)

L(2) ( 277, — 2 Z lF n — l + 1/2) In—2-2
() =
I 273/2 ll' 2n —2 —2])! ]:r\

=0
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iZj 1
X [QTxT; <n -1+ 2> - 6i7j:| s (310)

for all 7, j < 2 and establish the next result as a first step.

Lemma 3.4 Letn €N, i, j=1,2,3,i<j and|z|> > t. Then there holds

o
[ 6= 07 00,0 2.0 s = ol L) + ol 05 ()
: Vit
with leading term
LY, ifi=j=3,
Lijm=1{ L), ifi<j=3,
L ifi<j<3

defined in (3.8), (3.9) or (3.10), respectively, and a remainder term
Wi jn(y) = O(ly| ™) as |y| — oo.

Due to the crucial Lemma 3.4 and (2.3) we obtain the spatial asymp-
totics of the considered kernel K in Lemma 3.5 and 3.6 below. For this
let

Vo := CJo(n) = nJi(n) (3.11)
with n(z,t) = [Q[t(]2’|/|z]), ((z,t) = (Qt(x3/|x]))2. The kernel K =

(Ki ;)i j=1 corresponding to the semigroup e~tAa g

K(x,t) = /]RS e AT g +2min-g [cos (E’,Qt)[ — sin (E’Qt) R(f)} d¢,

and hence only differs from the kernel K of Pe~t4¢ in the additional term

K (z,t) := / e~ 4m e F2miag (g <§"Qt>7€ ® RAE,
RS

ie, K = K+ KT. Therefore, it is reasonable to investigate the spatial
asymptotic behaviour of K and of KT apart:
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Lemma 3.5 For |z|? > t the convolution kernel K has the decomposition
K(x,t) = K*(z,t) + |z| 2% (x,t) with a remainder ¥(x,t) = O(|x|~2).
Moreover, the leading term K*(x,t) has the form

- 1 ) -
K} (z,t) = yrpEl 8i i Vo(z,t) + SMWVS Tt

when i+ j # 3; here s, j = (1 — §; ;) (—1)Y/2+1/2+=3l * Finally,

K (@, t) = (—1)/2H1/24i] Va(x,t)

47 |x|3
when i+ j = 3.

The proof of the next lemma follows the same line as of the previous
Lemma 3.5. Since the remaining term K™ corresponds to (3.6) where |a| =
2n + 2 and 2n < a3z < 2n + 2, three distinct cases have to be considered.

Lemma 3.6 For |x|?> > t the convolution kernel K has the decompo-
sition KT (z,t) = KT*(z,t) + |2| 3@ (2,t) with a remainder T (x,t) =
Oy(|z|72). Moreover, the leading term K *(x,t) has the form

% 1 - .
Kz—t_j (fE,t) = W (51'7]' ((1 - (5i73)(V0 - Vb)(l‘,t) + 51',3(‘/1 - VO)(J?,t))

XTiZj

+ ’:E‘Q (V4($,t) + (52‘,3 + 5]',3 — 251"3(5]'73)V5("L',t))

when i,7 < 3.

Combining Lemma 3.5 and 3.6 we obtain the decomposition K(z,t) =
K*(2,t) + |2| 30 (2, ) with K* := K* + K+* and @ := ¥ + ¥+,

4. Proof of Lemmata 3.1, 3.4 and 3.5

First of all let us briefly introduce some notation for the Littlewood-
Paley decomposition needed in the next proof. Let ¢ € S(R?) denote a
non-negative Schwartz function supported in the annulus {§ € R? : 1/2 <
€] < 2} such that "2 ¢(27%¢) =1 for all £ # 0. We define for all j € Z

a function ¢; as follows
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@;(&) := p(279¢) for all £ # 0.

Further we define
Yo(€) = F1 <1 — Z@(ﬁ)) for all ¢ € R3.
=0

Proof of Lemma 3.1. We define K by

£®¢
N5

with the bounded matrix-valued function

K(-,Qt) := —.7-"‘1< g(&, Qt)e—47f2|§|2>

g(&, Q) := cos <|£€3’Qt>1 — sin (EQt) R(¢).

By this definition and (1.5) there holds

Ki(z) = t—?’/QIC(\%, Qt).

In what follows, we write shortly K instead of K(-,Qt) for fixed 2¢t. Thanks
to its rapid decay, the symbol

£®¢

7 86 e~ dm Il

is integrable when multiplied by any polynomial. Thus 9K € Cy(RR3) for all
a € N3 and fixed Qt. For |z| > 1 we use the Littlewood-Paley decomposition
and write

K=(K—1hoK)+> prxK

1<0
with K — g * K € S(R?). By substituting £ = 2l€ we have for all [ < 0

e+ K() =F 1 (6(27'€K(©) ()
=21 F 1 (p(HK(2€)) (2") € S(R?).
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Since the set of functions {.7:_1(¢(£~)I€(2l§:)) < N}, N € N, is bounded
in S(R3), we get for each N € N and o € N§ a constant Cy > 0 such that

(1+ 2a)) V213D 192 (g 5 K) (2)] < Cv (1 + Q)Y
This gives for N := 4 + |a] and |z| > 1
0% (o * K) ()]

§0(1+|Q|t)N< Z 2l(3+|o¢|)+ Z 21(3+|a|—N)|x’—N>

l:2tz]<1 1:2Hz|>1

< C(1+ Q)N |z| 73 1el,
Since K — g * K € S(R?) Lemma 3.1 is proved. O

Proof of Lemma 3.4. First let i = j = 3. Then by (3.5) we have

€3

Vs

and thus by (3) and the substitution A\ = |z|/v/4s we get

o n—1 n o o n—1 1 I3

/t (s —t)" 192 Qs(a:)dS—/t (s—1) WHQTL(\/ZE) - Gs(z)ds
B D= DE [ (s =)t [ 2mg \ 2D
-0 ey | Cap () o
el (-
2m3/2 ; I(2n —21)!

|m‘/\/ﬂ 2 n—1 2n 2(n—1) )
x/ <‘:E|2—t> (A> (25”%) 2] ~te™>" d.
0 4N || ||

Therefore, we obtain

A5e) = gt

) )

/ (s — )" 102G, (x) ds
t
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_ ol+2k— 2 (= €3
773/2|x]3 Z 1'( 2n — 2l I Z < > BN

ol VT ]
% / )\2+2n+2k72l67)\ d. (41)
0

By the definition of the gamma function there holds

o/ v/ .
/ )\2+2n+2k—2l6—)\ d\
0

I‘<3 + 2n + 2k — 25) - /Oo \2H+2n+2k—21 —A% )
2 2 | /v/3E

for all k,1 =0,...,n. Now in (4.1) we fix K = 0 and get for each I =0...,n

(=)' (2n)!2' x3 2l /x|/\/ﬂ \2H2n—-20 =27 4\
w3/211(2n — 20)Y 2|3 \ |z 0

~wm | T D) ()

with the exponentially decaying remainder function

Q(TL*l) o0
= (BY [ v
3.3 |y lyl/2

which satisfies the estimate

oo
‘\Ilglg n l(y)‘ g 21_216_‘?4'2/8 / )\2+2n_2l6_k2/2d>\
o lyl/2

< 23/2+n—3l(n . 1)!e—|y\2/8.

To establish the above estimate we applied the equality
° d+1
/ rle= /2 47 = 9ld- 1>/2F< —5 >, d> —1. (4.2)
0

This yields for
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(1) . v
q’s,sn = 773/2 E :l' 33nl(y)
the exponential decay

. A -
“I/g%n(y)l < 372 (n+1)(2n)le1vI"/8

since (n — [+ 1)! < (n +1)217"(2n — 20)! and Y, ,(1/11)2720 < el/4,
In the same way we see that for all £ # 0 and [ = 0,...,n the term

2(n—1
<x3 D lw‘/rA2+2n+2k =X g\ < I‘ 3+ 2n+2k — 2]
|| 0 2

< (2n —1+1)!
- 2n

(2)

uniformly in € R3. Thus we put the left terms into the remainder Vi3,

defined as

n—lI
e) — Z Z 1\ grvan—2 (= t)" (3 2ot
3,3m \/ ' 773/2 1 2n— 2l ! |z[2F \ |z

ol / VT ]
% / )\2+2n+2k—2le—)\ d\
0

and get for y = x//t with |y| > 1 the estimate

@) -1+ 1) 2k
‘\I/33n y) = nﬂ.S/Z‘yP Z lu 2n_2[ Z ( >2 i

k=1

Since the inner sum over k equals 5"~ ! it suffices to estimate the term

n n

2—2l

— l' n—21 Bl+1,2n—2l+1)

(4.3)

where B denotes the beta function. Since



Spatial asymptotics of the rotating Navier-Stokes flow 519

1
B(l4+1,2n—2l+1) = / (1 -7 "2 dr
0

> /1 21— )22 qr = (20)!(2n —21)!
) (2n+1)! 7’

we see that the term in (4.3) can be estimated by

< (2n+ 1);”; @7)221 <(2n+1) Z (2”>2 i =(2n+ 1)(2)%.

=0/

Finally, with W33, := \Ilglg,n + \Ilgzg)n, (4.1) and a summary of the previous
estimates yield

Vit

where L{” has been defined in (3.8) and, using that 67(3/2)?" < 14",

/ (s — t)”_lﬁgngs(x) ds = |x]_3L£LO) (x) + ]a:|_3\113737n <$>,
¢

|P3,3,0(y)| < 14"(2n)!]y| (4.4)

for all n € N and |z| > V.
Now, let ¢« < 7 = 3. In this case there holds

aiagn‘lgs(:c):—%(43)%2"4)/?1{2 (\ﬁ) Gs(z).

Repeating the previous procedure we get with L( ) as in (3.9)

* ¢ n718i82n—1 § ds = 3L(1) + 73\111. n<x>7
/t<s 700810, (w) ds = ol L @) + ol W (2

with the remainder

l

)
Yi 4~
Ui 3n(y) =21~ 3/2 ) Z 1( 2n — 1 —20)!

Iyl

e 2’“(?7)2W
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lv1/2 242n+2k—21 _—\2
x/ \2T2n A2k =2l =A% g\
0

_ <yi’>> / N2F2n=2l=A"gN .
|y‘ lyl/2

The term corresponding to (4.3) now reads

n—1

Z 2—2l (2n — l Z 2_2l
2" Nen-20-1) < B(l+1,2n-2])

which comes from the inequality B(l+1,2n—20)"! > B(20+1,2n—2[)"! =
2n(2"21 1) bounded by 2n(3/2)?"~!. Hence ¥, 3, satisfies the estimate
W5 ()] S 147(20)![y| 2, see (4.4).

Finally, let ¢ < j < 3. Since there holds

Iimj (51 j

0;0;05"*Gs(x) = [432 _23] (45)~ """V Hy,, 2<\/4—8> Gs(x)

we obtain in the same line as above

0o B - B T
[ =000 26, ds = o] L, (o) + b \p<>
t \/{

with the remainder

l4 1 n—1
\I/i i, 3/2 4k -
gn(Y) = Zz' o2n — 2 — 21)! [Z< ) v

k=1

) <y3>2(n—l)—2 /|y|/2 < Yili 2 _ 5, ))\2n+2k—2l€—/\2d)\
] 0 ly[?
2(n=1)—2 o0
o <y3> / ( yly] )\2 6 '))\2"_2l6_)\2d)\:| .
Y| w2 \ Y2 Y

Again the remainder VU, ; ,, satisfies |¥; ; ,(y)| < 14"(2n)!y| 72, see (4.4). O

Proof of Lemma 3.5. Applying Lemma 3.4 to (3.6), we get for |a| = 2n
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G+ xl|3 i (271()?(22:11)' [L%O) () + qugn(jz)]

n=1
I < ()™ 1
- 7,0) = g (r ¢
o 2 @l D @)t @0,

where WO(z,1) = [2[’Gy(x) + Y0, ((0)2"/(2n)(n — 1)) W3 5 0 (z/ V).
Since the heat kernel G;(x) decays for fixed ¢ > 0 exponentially fast as
|z| — oo, we now pay attention to the absolutely convergent series

—~ (2n)!(n — 1)!
L& (=)™ (14 3/2) o T3 21
o nzl = 4n=l(n —1)!(n — DI(20)! O™
= {! || (n+1—1)n!\ 2
=1 o
! 3 (—1)" 2n
"o ; Trni(n — i)
1 Z141/2 (x5 2 e\ .
T = ! <|95|> 2 Ji-1(62) — aﬂt(h(flt).

By Lommel’s expansion [19, Section 5.22] of (z 4 h)~*/2.J,(v/z + h) with
h = —(Qt)*(x3/|z|)?, z := ()% and v € {0, —1} we obtain the equation
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+27TZZ'<\33|) <2) (sgn Q) " Ji_1(|Qf¢)

QtJ’l(Qt)——\Zﬂ§HJiﬂlw

! <Qt|> o(Vz+h)+ i\/Z‘f‘hJ_l(\/Z‘i‘h)

1
—EmLﬂm—Emumy

Actually, since J_; = —J; we have
> G @)
n=1 )

1

- [(Qt‘ ’> Jo(Vz+h) =zt hi(Vz+h)

Am

and thus by (3.11)

fl(cos <|£§3! ) 4”2t|52> = Tl ’3Vo(ac ) + 2| 73O (1, 8).

Let us now apply Lemma 3.4 to (3.7)

(& <@Q)—m%w>
(= g (e
0 (Qt)QnJrl
= |z|” 32271—|—)|||:L13n+1( )+\Ilz3n+1<ji>:|-

We have to differ the cases if either ¢ = 3 or ¢ # 3 to analyse the second
term further. Let ¢ = 3, then we obtain again by Lommel’s expansions

— 5@ (53 > —4x? 2
F 1<—sm Qt el
€] iy
[e'e] n+1
= 2 Fz]” nZ:OlZ% 4ln'l' (2n +2—20)!
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2(n+1-1)
(Qt)2n+1 (503>

|z|
= ()2t x
-3
+ [z]” E 2n+1' i 13,n+1<\/i>

1 e )
=———7W(z,t 3! t
T V2 0 el ),

523

where we define \Ilgl)(x,t) = 300 ()2 (2n 4+ D)) W, 3011 (2/V/1).

Now let i # 3. This case implies

— 51 . (53 ) —4r? 2
F ( — 2sin | 2t |em 4 el
i §
o—3/2 %3 ZZ I(n—1+5/2) ()21 x5\ 20
|z|® 4ln'l' 2n +1—21)! ||

3 e (Qt)2”+1 T
+ [=]” 27271—1— 1! "I/zsn+1 \/f

TiT3

= Gnlap @0+ 2] 0 (a, 1),

Now, by (3.1), for i + 7 # 3

> i—7 Le—i—j7L3
Riglo,) = (<1240 b, ) i o

1
4 ‘ |351J‘/0($ t)—|-|.CC’ 3\I/Z]<x t)
and for i+ j =3

K; j(z,t) = (—1)/2FI/2 =il Va(a,t) + |23 0 (2, 1).

47 |x|?
Here the remainder term \E,j is defined by

U (2, t) =6, ;0O (2, ) + (—1)/2H1 /240l — 5, ywlh) (@)1,
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It remains to verify the decay of this function. Therefore, due to (4.4) we
obtain

W, 5 (2, 8)| < [OO (2, )| + |9, (2,0)]

6—i—j
< [[3 2 = 16n 2n
S2PGe(x) + |2 721 + Q) Z Q)™ +1
n=1
S |2PGe(x) + |2 721+ Q)P [1 + 6<Qt>] (4.5)
and the proof is complete. O

Note that due to (4.5) the remainder term ¥; j may glow up at most
exponentially in time at ¢ — oco. In fact, also ¥, see Lemma 3.6, can be

estimated by (4.5).

'Z]’

5. Proof of Theorem 2.2

In this section we strongly refer to [3]. Since a mild solution solves (1.4)
we can rewrite each component of the velocity as

3 ~
= Kij(t)xuo;— Y /ahK” s) * (ujup)(s) ds
7=1 7,h=1

+Z/ K j(t—s)* f;ds,

where K, j and K, j = (0;; + RiR;) K, j denotes the corresponding compo-
nents of the convolution operator e~*4¢ and Pe~*42, see (3.1), respectively.
Assuming p > 4 we obtain with Lemma 3.1

/0 (On(0i,5 + RiR ) K i (t — 5) * (ujup)(s)) (x) ds S (VE+1°) (1 +[a])~*
for all j,h=1,2,3, i.e.
/Ot e~ Aap(y, . V) (1) dr = O (|z| ™). (5.1)

Thus it suffices to analyse only the terms dealing either with the initial data
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or with the external force more precisely. Note that the profile of (K ])S’] L
has already been investigated in Section 3.
Let us define the auxiliary functions v; and wy, j = 1,2, 3, as follows:

g = G1la) [ w0y (o) dy -+ 0y(o). (52)

=61 [ 1) du-+ wy (o). (53
This leads us to
(s (05 @) = (s ()2 60)(@) [0+ (i 0) ) o)
= Kiyot) [ 500 du+ a8 [ 10 dy
+ (Kislt) 5 wy)(2)

and the Fourier transform yields

(K () * G1)(2)

=F! <e—4w2(t+1)|52 [cos <§’| >(6m’ +RiR;) — sin <§)‘Qt> Rm’(f)] >

Due to Lemma 3.4 we get the same leading term L; ;,, independent on time
for the shifted integral

~ n— n— — €L
/t+1<8 —t+1)"719;0;05" *G(z) ds = |z|? [Liyj,n(x) + W in (M)] .

Dealing with K ;(t) * G; instead of K; ;(t) thus only requires a slight mod-
ification on the remainder terms ¥, ;. Since, e.g.

@91 =4 3 5 = (Qt)Qn U L
i5(@,t) 1= 04 j|2]° G () + 04 i =1 e\ i

n=1

oo Qt 2n+1
1/2—{—\1/2—1—1 ]|
+(=1) Z (2n + 1)In!
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xr
X W6 _i—j3n+1 (\/ﬁ)

decays like |z|~2, comparing (4.5), it remains to investigate the decay of the
convolution K; ;(t) x w;. Since [p5w;(y)dy = 0 the Taylor formula yields

(535 (1) ;) ()] < / yllwy () dy sup VK., (z+ 2, 0)]
ly|<|z|/2 |z|<|z|/2

4 / o ()] dy Ko (. 8)]
ly|>]x]/2

[ K - 0] dy
lyl>]z]/2
Let 0 < e < (1 —4)/3. The definition of w;, see (5.3), implies

lw; (W) < 1F5 W+ G fll S A+ Ty) ™"

Applying Lemma 3.1 for any x > 0 as well as the Holder inequality yield

| (K3 (8) + wy) ()| S (1+(120)°) (Vi + le)4/ lyllw;(y)| dy

ly|<|z]/2

SO (Y l) [ el

ly|>]=|/2

) e/(1+¢)
+ ||Ki,j<t>||1+s< [ juwlasre dy)
ly|>|x|/2

< (14 (200° + 1Koy (8) 1<) (min{v/7, 1} + ) ™.

Note that due to the choice of ¢ there holds (1 — 4)((1 +¢)/e) > 3 which
ensures the convergence of the integral [5,(1 + |y|) (=D ((A+e)/e) qyy.

Due to the assumptions on the solenoidal initial data ug € L5°(R3)3 we
obtain that the Fourier transform F(ug) is continuous and & - F(ug)(§) =0
for all £ € R3. By continuity this implies F(ug)(£) = 0 for all £ € R and
thus in particular
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/RB uo(y) dy = 0.

Therefore, repeating the above procedure with f{i,j *vj, see (5.2), we finally
get for ¢ = 1,2 the asymptotic profile

ui<x,t>=13[Ao<x,t> £ dy+ (—) s, t) [ fasly) dy
47T‘:B| R3 R3

i T3—;T3 ;XT3
+((_1) +1 e Az(z,t) + ]2

@) [ At

3

T

=1

/fk dy]+(9t(|x! ),

usz(x,t) { x,t) / fa(y)dy + ( FE 2 A 5(x,t) — J;T;?’Ag(x,t)>
/ y)dy + (7;7623 As(w,t) + QETU;’A5(%75)> - fa(y)d
3 xax
Z 3 kA4 (2, 1) / Fi(y dy} + Oy(|z]%),
k=

which is the component-wise presentation of the assertion. This completes
the proof of Theorem 2.2. O

References

[1] Babin A., Mahalov A. and Nicolaenko B., Global regularity of the 3D ro-
tating Navier-Stokes equations for resonant domains. Asympt. Anal. 15
(1997), 103-150.

[2] Bae H.-O. and Brandolese L., On the effect of external forces on incom-
pressible fluid motions at large distances. Ann. Univ. Ferrara Sez. VII Sci.
Mat. 55 (2009), 225-238.

[3] Brandolese L. and Vigneron F., New asymptotic profiles of the nonstation-
ary solutions of the Navier-Stokes system. J. Math. Pures Appl. 88 (2007),
64-86.

[4] Chen Q., Miao C. and Zhang Z., Global well-posedness for the 3D rotat-
ing Navier-Stokes equations with highly oscillating initial data. arXiv:0919.



928

(10]

(11]

(12]
(13]
(14]

(15]

(16]
(17]
(18]

(19]

R. Farwig, R. Schulz and Y. Taniuchi

3064v2 [math.AP] (2009).

Farwig R. and Hishida T., Asymptotic profiles of steady Stokes and Navier-
Stokes flows around a rotating obstacle. Ann. Univ. Ferrara 55 (2009), 263—
277.

Farwig R. and Hishida T., Asymptotic profile of steady Stokes flow around
a rotating obstacle. Manuscripta Math. 135 (2011), 315-338.

Farwig R., Galdi G. P. and Kyed M., Asymptotic structure of a Leray
solution to the Navier-Stokes flow around a rotating body. Pacific Math J.
253 (2011), 367-382.

Farwig R., Schulz R. and Yamazaki M., Concentration-diffusion phenomena
of heat convection in an incompressible fluid. Asymptotic Anal. 88 (2014),
17-41.

Giga Y., Inui K., Mahalov A. and Matsui S., Uniform local solvability for
the Navier-Stokes equations with the Coriolis force. Methods Appl. Anal.
12 (2005), 381-393.

Giga Y., Inui K., Mahalov A. and Matsui S., Navier-Stokes equations in a
rotating frame with initial data mondecreasing at infinity. Hokkaido Math-
ematical Journal 35 (2006), 321-364.

Giga Y., Inui K. and Mahalov Saal J., Uniform global solvability of the
rotating Navier-Stokes equations for nondecaying initial data. Indiana Univ.
Math. J. 57 (2008), 2775-2791.

Hieber M. and Shibata Y., The Fujita-Kato approach to the Navier-Stokes
equations in the rotatinal framework. Math. Z. 265 (2010), 481-491.
Hishida T., An existence theorem for the Navier-Stokes flow in the exterior
of a rotating obstacle. Arch. Ration. Mech. Anal. 150 (1999), 307-348.
Iwabuchi T. and Takada R., Global solutions for the Navier-Stokes equa-
tions in the rotational framework. Math. Ann. 357 (2013), 727-741.
Konieczny P. and Yoneda T., On dispersive effect of the Coriolis force
for the stationary Navier-Stokes equations. J. Differential Equations 250
(2011), 3859-3873.

Kyed M., Asymptotic profile of a linearized flow past a rotating body. Quart.
Appl. Math. 71 (2013), 489-500.

Lemarié-Rieusset P. G., Recent developments in the Navier-Stokes problem.
Chapman & Hall, CRC Press Boca Raton (2002).

Pazy A., Semigroups of linear operators and applications to partial differ-
ential equations. Applied Mathematical Sciences 44, Springer (1983).
Watson G. N., A treatise on the theory of Bessel functions. Cambridge
University Press, (1980)



Spatial asymptotics of the rotating Navier-Stokes flow 529

Reinhard FARWIG

Department of Mathematics

Darmstadt University of Technology

64283 Darmstadt, Germany

E-mail: farwig@mathematik.tu-darmstadt.de

Raphael SCHULZ

Mathematics Department
University of Erlangen-Nuremberg
91058 Erlangen, Germany

E-mail: raphael.schulz@math.fau.de

Yasushi TANIUCHI

Department of Mathematical Sciences
Shinshu University

Matsumoto 390-8621, Japan

E-mail: taniuchi@math.shinshu-u.ac.jp



