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In mathematics, the concept of identity is most fundamental, and in
all mathematical deductions, it plays an important r\^ole. But hitherto,
as far as I am aware, the treatment of this notion has not been carried
on to its ultimate stage, so one is liable to lose sight of the delicate
functions it fulfils in mathematical deductions.

In this note, I will try to treat this notion thoroughly, and show
that, by doing so, mathematical deductions become much more formal

. and accurate.
After having explained the notations in \S 1, I will discusg in $2

some formulas concerning identity and their relations, and then in $l3$,
some of their applications.

\S 1. Notations.

(1) Propositions: $P,$ $ Q\ldots$ . ; Propositional functions: $F(x),$ $G(x,y)\ldots.$ .
(2) Logical sum (or): $v$ ; logical product(and):. ; Negation: –;

Implication: $\supset$ ; Equivalence: $\equiv$ ; Universal quantifler: (V);
Existensive quantifier: $(q)$ .

$Q$

For example, $PQvR$ means that $(P\cdot Q)vR$.
(3) FormuIas: $\mathfrak{A},$ $\mathfrak{B}(x),$ $\ldots$ .
(4) In mathematical deductions, we use two auxiliary $notations\rightarrow$

$and\Rightarrow$ . $\mathfrak{A}\rightarrow \mathfrak{B}$ if and only if $\mathfrak{A}\supset \mathfrak{B}$ is valid. $\mathfrak{A}\Rightarrow \mathfrak{B}$ means that at
is valid and $\mathfrak{B}$ is deducible from 91. If $\mathfrak{A}$ is valid and $\mathfrak{A}\Rightarrow \mathfrak{B}$, then
$\mathfrak{B}$ is valid. If $91\Rightarrow \mathfrak{B}$, then $\mathfrak{B}$ is valid.

For instance, if $9t(x)$ is valid, then we get $(Vx)$ ut $(x)$ , that is
at $(x)\Rightarrow(Vx)\mathfrak{A}(x)$ .

(5) We use the notations 1 and $0$ for the true formulas and the
false formulas respectively. $91$ . $\equiv$ . $1$ if and only if $9^{\backslash }l$ is required as
one of the axioms of some system with which we are concerned or can
be deduced from these axioms. $\mathfrak{A}$ . $\equiv.0$ if and only if $\overline{?J}$ . $\equiv.1$.
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1 $v\mathfrak{A}$ . $\equiv$ . $1$ , $0v\mathfrak{A}$ . $\equiv$ . $1\cdot PI$ . $\equiv$ . $\mathfrak{A}$, etc. .
(6) Umual; $\iota*[ms$

.
and $r$ules of logic are $auu\iota red_{\iota^{C1)}}$

\S 2. Identity.

The axioms of identity are as follows:

(A) $x=x$.
(A) For any formula 21 $(x),$ $x=y$ . $\supset$ . $\mathfrak{A}(y)\supset \mathfrak{A}(x)$ .

As usual, We obtain from these axioms that

2. 1 $x=y$ . $\supset$ . $y=x$ .
2. 2 $x=y\cdot y\approx\emptyset.$ D. $x=z$ .

Prom $(A_{3})\dot{a}$nd 2. 1, we get the

Lemma 1. For any formula ut $(x)$ , $x=y\cdot 9I(x)$ . $\equiv.x=y\epsilon$ Pt $\omega$ .
$Thl$ough this lem$lna$ is a very simPl\‘e consequettce Of aXiomS, this is

niore conVerife$ht$ khfih $(A_{d}^{\backslash },),$ $f6Ythl8e$hableg us to $calc\iota 1lat\epsilon$ mAth6h1gti\mbox{\boldmath $\alpha$}1

deductions without disturbing equality. So f@ the $foli0wing^{Z}1$etnffll.

Lemma 2. For any $f\sigma rmub\mathfrak{A}$ (ae),

. (A) $(ff\acute{y})$ [$su$ ti $y$ ‘ $\mathfrak{A}(y)$] . $\cong$ . $\mathfrak{A}(x)_{i}$

$Pr\infty_{\iota}f$ From $(A_{\underline{9}})$

$x=y$ . $\supset$ . $?1(y)\supset \mathfrak{A}(x)\Rightarrow x=y\cdot \mathfrak{A}(y)lae_{\iota}\cdot \mathfrak{A}(u)$

$\Rightarrow(Vy)[x=y\cdot?1(y)$ . $\Rightarrow. \mathfrak{A}(x)]\vee\Rightarrow(gy)$ [$ x=y\cdot$ ut $(y)$] $.\Rightarrow.\mathfrak{A}(x)$ .
$Cvr\forall ers\epsilon 1y$ by $(A_{1})$

$|,$

$\backslash $

$\Re(x)_{:}\Rightarrow x=.x\cdot l1(v)\Rightarrow(gy)[x=y\cdot \mathfrak{A}(y)]$ .
$J$

Hence, $\mathfrak{A}(x).\supset$ . $(Ey)[x=y\cdot \mathfrak{A}(y)]^{\wedge}$ .
This formula can be written moreover in the form

(A) $(Vy)$ [$ae\neq y.v$ . at $(y)$] $.\overline{=}$ . $?t(x)$ ,

(A’) $(Vy)[x=y\supset. 91(y)]\cdot=$ gl $(x)$ .
(1) $Fem:Grt\&\dot{\theta}g$ ’ . $-$
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Lemma 3. $(Hy)[x=y]$ .
Proof. Let $\mathfrak{A}(x)$ . $\equiv$ . $1$ in (A), then

$(Ey)[x=y\cdot?1(y)]$ . $\equiv$ . $\mathfrak{A}(x)\Rightarrow(Hy)[x=y\cdot 1]$ . $\equiv$ . $1$

$\Rightarrow(Hy)[x=y]$ .
Theorem. (A) is \ell q\nu iva&M to $(A_{1}\phi rd(A_{2})$ .
Proof. Tbat (A) follows from $(A_{1})$ and $(A_{\underline{o}})$ wars shown already.

Assume (A). then we get $(A_{\underline{n}})$ immediately. By lemma 3 and (A)

$(H\phi$ $[oe \infty y]\Rightarrow(Hy)fx=y\cdot x=y]\Rightarrow x=x$ ,

that is, $(A_{1})$ is proyed.

\S 3. Applications.

In this \S , I will show some examples of the application of above
lemma8. The propositions and notions refer to K. GODEL.(1)

3. 1 $\{xy\}=\{uv\}$ $:\equiv:x=u\cdot y=v$ . $v$ . $x=v\cdot y=u$ .
Proof. $\{xy\}=\{uv\}\leftarrow\rightarrow(Vt)[t\in\{xy\}. \equiv. t\in\{uv\}]$

$\rightarrow\leftarrow(Vt)[t\neq x\cdot t\neq y v. t=u v. t=v](Vt)[t\neq u\cdot t\neq v$ $v$ . $t=x$ $v$ .
$t=y]\leftarrow^{\rightarrow}(Vt)[t\neq x. v. t=u. v. t=v](Vt)[t\neq y$ . $v$ . $t=u$ . $v$ .
$t=v](Vt)[t\neq u. v. t=x. v. t=y](Vt)[t\neq v. v. t=x. v. t=y]$

(by $(A^{\prime})$ ) $\rightarrow^{\leftarrow}$ $(x=u. v. x=v)(y=u. v. y=v)(u=x.v. u=y)$

$(v=x. v. v=y)\leftarrow^{\rightarrow}$ $\{(x=u.v. x=v)(y=v. v. x=v)\}\{(x=u$.
. $v$ . $y=u$) $(y=v.v. y=u)$ }

$\rightarrow^{\leftarrow}(x=u\cdot y=v. v. x=v)(x=u\cdot y=v.v. y=u)$

$\leftarrow^{\rightarrow}x=u\cdot y=v.v$ . $x=v\cdot y=u$ .

3. 2 $\langle xy\rangle=\langle uv\rangle$ $:\equiv:x=u\cdot y=v^{(2)}$ .
Proof. $\langle xy\rangle=\langle uv\rangle\leftarrow^{\rightarrow}\{\{x\}\{xy\}\}=\{\{u\}\{uv]\}$

$\leftarrow^{\rightarrow}\{x\}=\{u\}\cdot\{xy\}=\{uv\}.v$ . $\{x\}=\{uv\}\cdot\{xy\}=\{u\}$

$\rightarrow\leftarrow x=u\cdot(x=u\cdot y=v. v. x=v\cdot y=u)$ . $v$ . $x=u\cdot x=v\cdot x=u\cdot y=u$

$\rightarrow^{\leftarrow}x=u\cdot y=v.v$ . $x=u\cdot x=v\cdot y=u$

$\rightarrow\leftarrow x=u\cdot y=v$ (by lemma 1 and absorptive law in lattice theory).

(1) Kurt $G6DEI_{\Delta}$ ; $\dot{T}he$ consistency of the axiom of choice and of generalized $\infty ntinuu\iota n$.
hypothesis with the axioms of set theory, 1940.

(2) K. $G\circ DEL,$ $ 1\infty$ . cit., p. 4.
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3. 3 $x\not\in x^{(1)}$.
Proof. In axiom $D^{(2)}$, putting $A=\{x\}$ , we get

$\overline{\mathfrak{G}\mathfrak{n}\iota(A)}$ . $\supset$ . (Eu) $[u\in A. \mathfrak{E}t(uA)]$

$\Rightarrow\overline{\mathfrak{G}\mathfrak{n}\iota(\{x\})}$ . $\supset$ . $(Hu)[u\in\{x\}\cdot \mathfrak{G}t(u\{x\})]$

$\Rightarrow\overline{(Vu)[u\not\in\{x\}]}\supset$ . $(Hu)[u=x\cdot(V^{v})\overline{(v\in u\cdot v\in\{x\})}$ (by $(A)$ )

$\Rightarrow\overline{(ffu)[u=x]}$ . V. $(Vv)\overline{[v\in x\cdot v\in\{x\}]}$ (by Iemma 3)

$\Rightarrow Iv$. $(Vv)[v\not\in xv. v\neq x]$ (by $(A^{\prime})$ ) $\Rightarrow x\not\in x$ .

(1), (2) K. $G\theta DD$, loe. cit., p. 6.


