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Introduction. The extensor introduced first by H. V. CRAIG $[1]^{(l)}$

aPpears as an extension of the tensor concept and holds tensor member
as a part of its components, for example, let $\mathcal{I}_{B^{a}}^{\dagger a_{b}}$ be the components of
a second order mixed extensor of range $G$, then the quantities $\mathcal{I}_{e^{a_{b}}}^{\dagger 0}$ are
components of its tensor member. From this fact it has seemed to the
present author to be desirable to find such an operation of an extensor
that it applied to tensor member of the extensor just coincides with
the similar well-known tensor operation. As the first step towards the
desire, the principal purpose of the present paper is to establish an
excovariant derivation, in the above stated sense, of an extensor in a
space with an affine connection as well as in a $RIF_{\lrcorner}1IANNian$ space, using
the extended connection parameter $\Gamma_{\beta bfc}^{\alpha a}$ formed by the affine connection
parameter $\Gamma_{bc}^{a}$ and CHRISTOFFEL symbol by means of the metric extensor
$g_{\alpha a\beta b}$ induced by the metric tensor $g_{ab}$ respectively.

In the present paper we use certain of the ideas, notations and
results given in the previous paper [2] without explanation. The present
author wishes to express to Prof. A. KAWAGUCHI her appreciation for
his helpful guidance.

\S 1. The connection of extensor in the space with an affine con-
nection. We shall proceed to find what is so called the extended con-
nection parameter and to build up such the excovariant differential
that contains the eovariant differential of a tensor as a part of it, in
the space with a symmetric affine connection.

At each point on a parameterized arc of class $M:x^{a}=x^{a}(t)$ , where
$t$ is a fixed essential parameter, the quantities defined by differentiating
the connection parameter $\Gamma_{b_{G}}^{a}(t)$ successively by $t$ ;

(1) Numbers In brackets refer to the references at the end of the paper.
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(1.1) $\Gamma_{\beta bTc}^{\alpha a}\equiv(_{\beta^{\gamma}}^{a})\Gamma_{be}^{a(\alpha-\beta-T)}$ for $\beta+\gamma\leqq\alpha$

$\equiv 0$ for $\beta+\gamma>\alpha$

are considered along the arc, where $a$ is an integer not exceeding. $M$, and

$(_{\beta r}^{a})\equiv\frac{\alpha!}{\beta!\gamma!(a-\beta-\gamma)!}$ for $\beta+\gamma\leqq\alpha$ ,

$\equiv 0$ for $\beta+\gamma>\alpha$ .
We can then state the following theorems:

Theorem 1. 1. The quantities $\Gamma_{\beta bYc}^{aa}$ are changed by

(1. 2) $\Gamma_{\mathcal{B}^{bfc}}^{aa}=\sum_{f=f}^{\alpha-\beta}\sum_{\varphi\Rightarrow\beta}^{a-\theta}\sum_{\ddot{r}^{\Leftarrow\alpha}}^{\theta+\varphi}\Gamma_{\varphi^{\dot{v}}\dot{j}^{i}ffk}X_{+i}^{aa}X_{\beta b}^{\varphi j}X_{r_{c}^{k}}^{l}+ga\sum_{-}^{\beta+Y}X_{6rc}^{\theta t}b\Xi_{0t}^{aa}$

under a transformatim of the expoint ([11, p.765), where $X_{\beta brc}^{li}\equiv\frac{\cap^{n\prime_{\overline{l}j}}c^{\text{ノ}X^{\backslash }}}{\prime,\circ\alpha_{U}^{(\beta)b-}x^{(T)c}}$ .

Proof. Differentiating the transformation equation of the affine con-
nection parameter:

$\Gamma_{bc}^{a}=\Gamma_{jk}^{i}\overline{X}_{l}^{a}X_{b}^{j}X_{c}^{k}+X_{bc}^{i}X_{i}^{a}$ $(X_{bc}^{i}\equiv\frac{\partial^{\Phi}X^{i}}{9X^{b}9X^{c}})$

.

$(\alpha-\beta-\gamma)$ times by LEIBNITZ rule and multiplying the ’generalized bi-

nomial coefficient $(_{\theta\gamma}^{\alpha}l)$ , the left-hand member is equal to $\Gamma_{\beta br_{c}}^{aa}$ , and

the first and second terms of the right-hand member become as follows:

$(_{\beta \mathcal{T}}^{\alpha})(\Gamma_{jk}^{i}X_{i}^{a}X_{b}^{j}X_{c}^{k})^{(a-\beta-\Gamma)}=\sum_{9\leftarrow f}^{\alpha-\beta}(\rho^{a}\gamma)(\alpha-\theta\beta-\gamma-\gamma)i$

$=\sum_{\theta\approx}^{\alpha-\beta},,.(^{\alpha-\beta}\theta)(_{\beta}^{a})(1_{jk}^{\tau i}X_{i}^{a}X_{b}^{j})^{(a-\beta-\beta)}X_{Tc}^{fk}$

$=\sum_{f\Rightarrow T}^{\alpha-\beta}\sum_{\varphi-\beta}^{\alpha-9}(^{\alpha-\beta}\theta)(_{\beta}^{\alpha})\left(\begin{array}{l}a-\beta-\theta\\\varphi-\beta\end{array}\right)(\Gamma_{jk}^{i}X_{i}^{a})^{(a-0-\varphi)}X_{b}^{J(\varphi-\beta)}X_{\tau c}^{gk}$

$=\sum_{\theta\leftarrow T}^{a-\beta}\sum_{\varphi-\beta}^{a-\theta}(_{\theta\varphi}^{\alpha})(\Gamma_{jk}^{i}X_{t}^{a})^{(a-\theta-\varphi)}X_{\beta b}^{\varphi j}X_{Tc}^{\rho k}$

$=\sum_{l-f}^{a-\beta}\sum_{\varphi-\beta}^{a\sim\theta}\sum_{\varphi\Rightarrow\alpha}^{9\dashv\varphi}(_{\theta\varphi}^{\alpha})\left(\begin{array}{l}\alpha-\theta-\varphi\\\alpha-\phi\end{array}\right)\Gamma_{jk}^{t(\phi-f-P)}X_{l}^{a(a-\varphi)}X_{\beta b}^{\phi j}X_{\mathcal{T}0}^{fk}$

$=\sum_{9-\gamma}^{a-\beta}\sum_{\varphi\Rightarrow \mathcal{B}}^{\alpha-\theta}\sum_{\sqrt{}’=\alpha}^{\theta+\varphi}\left(\begin{array}{l}\psi\\\theta\varphi\end{array}\right)I_{jk}^{i(\sqrt{J}-\theta-\varphi)}X_{\ell i}^{\alpha a}X_{\beta b}^{\varphi t}X_{Tc}^{fk}$

$=\sum_{g-r}^{a-\beta}\sum_{\varphi-\beta}^{a-\theta}\sum_{\Psi-\alpha}^{g+\mathcal{P}}\Gamma_{\varphi j\theta k}^{\sqrt{J}i}X_{:\mu l}^{aa}X_{\beta b}^{\varphi j}X_{Tc}^{fk}$

and



On the Extended Connection Parameters in a Space 19

$(_{\beta^{\gamma}}^{\alpha})(X_{bc}^{l}X_{i}^{a})^{(a-\beta-T)}=\sum_{l-\alpha}^{\beta+1}(_{\beta \mathcal{T}}^{\alpha})(^{\alpha-\beta-\gamma}\alpha-\theta)X_{bc}^{l(\theta-\beta-\tau)}X_{i}^{a(\alpha-\beta)}$

$=\sum_{\theta=a}^{\beta+T}\left(\begin{array}{l}\theta\\\beta T\end{array}\right)X_{bae}^{i(\partial-\beta-T)}X_{\theta i}^{aa}=\sum_{\theta=\alpha}^{B+\tau}(^{\theta-\beta}\gamma)\left(\begin{array}{l}\theta\\\beta\end{array}\right)X_{bc}^{i(f-\beta-\tau)}X_{\theta l}^{aa}$

$=\sum_{f\rightarrow a}^{\beta+t}X_{\beta e}^{f\ell}b\tau X_{fi}^{aa}$

respectively, accordingly (1.2) is obtained.
Theorem 1.2. $\Gamma_{6^{bYn}}^{aa}\dot{?}S$ symmetric with respect to the doublet indices

$\beta b$ and $\gamma c$ .
Theorem 1.3. When the index $\alpha$ of $\Gamma_{\beta b\Gamma c}^{aa}$ is equal to zero, both the

indices $\beta$ and $\gamma$ are also equal to zero and $\Gamma_{\beta b\gamma_{c}}^{\alpha a}$ coincides with $\Gamma_{bc}^{a}$ .
The two theorems are self-evident from (1.1).
Such the quantities $\Gamma_{\beta bYc}^{aa}$ are called the extended $c\sigma nnectim$ parameter

in the space with an affine connection.
Now we shall suppose such a continuous family of curves that one

and only one curve belonging to it passes through every one Point in
the considered domain of the space. In order to define the excovariant
differential of an extensor field defined on each curve belonging to it,
for example, let us consider an extensor $\mathcal{I}_{\beta b}^{\dagger aac}$ of the type indicated
by the indices (range with respect to $\alpha$ and $\beta$ being $G_{1}$ and $G_{2}$ respec-
tively, and of functional order $M;G_{J}^{\prime},$ $G_{2}\leqq M$), then the quantities
given by

(1. 3) $\delta^{*.\delta^{\backslash },e}\mathcal{I}^{\dagger\alpha ac}\epsilon+.\sum_{Y,b-0}^{\sigma_{1}}T^{l}d_{X^{\backslash }}^{\prime}$

$-\sum_{\tau_{0}^{\sim}\leftarrow 0}^{\theta g}\Gamma_{\beta b}^{\tau a_{\delta e}}I_{\tau a^{c}}^{\dagger aa}dx^{(\delta)\epsilon}+\Gamma_{ef}^{c}T^{\alpha a_{\mathcal{B}b}e}dx^{f}$

are the components of an extensor of the same kind as the original
extensor 7‘ $aac\beta b$

’ where the displacement $dx^{\langle e}\overline{o}_{\text{ノ}}^{\backslash }$ means difference of the
line elements at any two infinitesimally near points lying on any two
infinitesimally near curves belonging to the family respectively. Such
the quantities $\delta^{*}I_{\beta b}^{aac}$ and the quantities 7‘ $aac\beta b,fd$ defined by

(1. 4) $\mathcal{I}_{\beta b,\delta a}^{\dagger\alpha ac}=I_{\beta b;(\delta^{\backslash },d}^{aac}+\sum_{l^{\leftarrow 1}}^{a_{1}}\Gamma_{\tau e\delta cl}^{\alpha a}\mathcal{I}_{\beta b}^{1}rec$

$-\sum_{f=0}^{\theta_{2}}\Gamma_{\beta b\delta d}^{Te}T_{\gamma e}^{aar}+\Gamma_{ek}^{r}I_{\beta b}^{\dagger aae}\delta_{\delta}^{0}$

( $\delta_{\delta}^{0}$ : KRONECKER delta)
are called the excovariant differential and the excouariant derivative of the
extensor $\mathcal{I}_{\beta b}^{\prime aac}$ respectively and when $\delta^{*}\mathcal{I}_{\beta b}^{I}\alpha ac=0$ , we say that the
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extensor $T_{\beta b}^{aac}$ is displaeed parallelly. From the definition we can get the
following theorems.

Theorem 1.4. The excovariant derwative of $T_{\beta b}^{\alpha ac}$ : $\mathcal{I}_{\beta b.\delta d}^{I}aac$ is an
extensor of the type indicated by the $indices$ , of ranges with respect to $\alpha,$ $\beta$

and $\delta$ be’ing $G_{1},$ $G_{2}$ and $M$ respectively, and of functional $\sigma rderM$.
Theorem 1. 5. Let $v^{\alpha a}$ be an excontravariant extensor of characteristic

$(1+0,.0, R, R)R\leqq M$ , then the following relat,ions are observed
$\delta^{*}v^{0a}=dv^{0a}+\Gamma_{bc}^{a}v^{0b}dx^{c}(\equiv\delta v^{0_{a}})$

fon the tensor member of $v^{ac\iota}$ , and $S$ being an integer not exceeding $R$,

$\delta^{*}v^{\alpha a}\sim=dv^{\alpha a}+\sim f\sum_{f,\overline{\tau}=0}^{\tilde{\alpha}}\Gamma_{\beta b\overline{\gamma}c}^{\alpha a}\sim v^{qb}dx^{(\gamma)c}\sim(\equiv\delta^{S}v^{\alpha a}\sim)$

for the member $v^{\overline{u}a}$
$(\tilde{\alpha}=0,. \cdots , S)$ of range $S$ whieh is a part of the extensor

$v^{aa}(\alpha=0, \cdots\prime R)$ .
The theorems are verified without difficulty by virtue of (1.1) and

(1.3).

Theorem 1.6. If $v^{a}$ is a contravariant vector, then it follows that
$(\delta^{*}v^{a})^{(\alpha)}=\delta^{*}v^{(\alpha)a}$ .

Proof. From Theorem 1.5, there exists the relation
$\delta^{*}v^{a}=\delta v^{a}\equiv dv^{a}+\Gamma_{bc}^{a}v^{b}dx^{c}$ .

Differentiatimg the above equation $\alpha$ times, we have
$(\delta^{*}v^{a})^{(n)}=dv^{(a)a}+(\Gamma_{bae}^{a}v^{b}dx^{c})^{(a)}$

$=dv^{(a)a}+\sum_{\beta.T=0}^{\alpha}(_{\rho^{\alpha}\gamma})\Gamma_{bc}^{a(a\leftarrow\beta-T)}v^{(@)b}dx^{(\tau)k}$

and
$(\delta^{*}v^{a})^{(a)}=\delta^{*}v^{(}a)a$

in consequence of (1.1) and $(1.3)*$

Corollary. If a vectw $v^{a}$ is displaced parallelly, that is, $\delta v^{a}=0$ , then
the extensor $v^{(a)a}$ induced by differentiating $v^{a}$ by $t$ is displaced parallelly $ t\omega$ .

These facts state that the components of the excovariant differential
$\delta^{*}v^{\alpha a}$ $(\alpha=0, \cdots , R)$ hold as a part those of the excovariant differential
$\delta^{S}v^{\alpha a}\sim$ (ec $=0,$ $\cdots$ , $S$) of the subextensor $v^{\tilde{\alpha}a}$ whose components are a part

of those of the extensor $v^{aa}$ , particularly the excovariant differential
of the tensor member becomes the covariant differential of the tensor
in the space with an affine connection, and when an extensor $v^{\alpha a}$ is dis-
placed parallelly, that is, $\delta^{*}v^{\alpha a}=0$ , the tensor member $v^{0_{a}}$ is displaced.



On the Extended Connection Parameters in a $\Phi ace$ 21

parallelly by means of usual sense. It should be specially noticed that
the connection theory of extensors by means of the above-stated ex-
covariant differential contains the theory referred to tensors in the
space of the affine connection as a part.

The similar statements for general extensors of higher order will
be indicated also.

\S 2. The metric extensor of a RIEMANNian space. Let us suppose
a one-parameter system of the metric tensors $g_{ab}(t)$ along a para-
meterized arc of class $M:x^{a}=x^{a}(t)$ . in an $n$-dimensional $R_{IEIfANN}ian$

space, differentiate successively by $t$, and constract the. quantities $g_{aa\beta b}M$

$(2.1)$ $g_{aa\beta b}M\equiv\left(\begin{array}{l}M\\\beta\alpha\end{array}\right)g_{ab}^{(M-\alpha-\beta)}$
$\alpha,$ $\beta=0,$ $\cdots,$ $M$,

then, as proved by CBAIG ([3], p. 336), the quantities $g_{aa\beta b}M$ are the com-
ponents of an extensor of characteristic $(0+2,0, M, M)$ . We shall call

$M$

such the quantities $g_{\alpha a\beta b}$ the components of the metric extensor in the
$R_{IEMANN}ian$ space of $M$-th order line-elements: $R_{n}^{(Jf)}$ . The properties
of $g_{aa\beta b}M$ are stated by the following theorems.

$M$

Theorem 2. 1. $\mathcal{I}$‘he metric extensor $g_{aa\beta b}$ is symmetric.

Proof. From $g_{ab}=g_{ba}$ and (2.1), we have $Mg_{aa\beta b}=Mg_{\beta b\alpha a}$ .
Theorem 2. 2. If $G$ is $(M+l)$ n-rowed determinant constructed of$M$

$g_{aa\beta b}$ with respect to the pairs $(\alpha a)$ and $(\beta b)$ , then
$G\equiv|^{M}g_{\alpha a\beta b}|=|g_{ab}|^{M+1\backslash }\mp 0$ .

Proof. The statement follows from the fact that $Mg_{aa\beta b}=0$ for $\beta>$

$ M-\alpha$ and $Mg_{M-\beta a\beta b}=g_{ab}$ for $\beta=0,1,$ $\cdots$ , $M$ in consequence of (2.1).
Here we can define such the unique reciprocal excontravariant metric

$M$

extensor $Mg^{\alpha a\beta b}$ of the excovariant metric extensor $g_{\alpha a\beta b}$ that satisfies the
following equation:

$M$

(2. Z)
$g_{\alpha a\beta b}g^{aa\tau_{c}}=\delta_{\beta}^{\tau}\delta_{b}^{c}Jt$

where symbol $\delta$ denotes KRONECKER delta. The structure of $g^{aa\beta b}M$ is given
by the next theorem:

Theorem 2. 3. 7he quantities $[^{a\beta}M]g^{ab_{\backslash }^{\prime}a+\beta-M)}$ that are the $c\sigma mpments$
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of an extensor ([3], p. 335) are equd to $Mg^{aa\beta b}$ , where

$[^{\alpha\beta}M]=\left(\begin{array}{l}M\\MM-\alpha-\beta\end{array}\right)\left(\begin{array}{l}M\\\alpha\end{array}\right)\left(\begin{array}{l}M\\\beta\end{array}\right)$ for $\alpha+\beta-M\geqq 0$

$=0$ for $\alpha+\beta-M<0$ .

Proof. Putting $M^{\wedge}q^{aa\beta b}\equiv[^{\alpha\beta}M]g^{ab(a+\beta\rightarrow M)}$ , we get

$\sum_{\mathfrak{U}-1M}^{M}\tilde{q}^{aa\beta b^{ff}}g_{aa\tau c}=\sum_{\alpha\Rightarrow Q}^{M}(\alpha+\beta\beta--\mathcal{T}M)(_{\gamma}^{\beta})g^{ab_{\backslash }^{\prime}a+\beta-M)}g_{ac}^{(M-a-1)}$

$=(_{7^{\prime}}^{\beta})\sum_{\mu\approx 0}^{\epsilon-\tau}\left(\begin{array}{l}\beta-\gamma\\\mu\end{array}\right)g^{ab(\mu)}g_{ac}^{(\beta-Y-\mu)}$

(putting $f^{1}=\alpha+\beta-M$)

$=(_{\gamma}^{\beta})(g^{ab}g_{ac})^{(\beta-T)}=(_{\gamma}^{\beta})\delta_{c}^{b_{\backslash }^{\prime}\beta- T)}=\delta_{c}^{b}\delta_{T}^{\beta}$ ,

consequently $\tilde{M}\sigma^{aa\beta b}=Mg^{aa\beta b}$ , since $Mg^{aa\beta b}$ is determined uniquely by equa-

tion (2.2).
$R$

If we look for the relations between the metric $\cdot$ extensor $g_{aa\beta b}$ (or

$g^{aa\beta b})R$ defined by (2.1) in the space of $R$-th order line-elements and

$Mg_{aa\beta b}$ (or $Mg^{\alpha a\beta b}$) of $R_{n}^{(w}$ , $R$ being any fixed integer not exceeding $M$, we

ean find the following theorem:

Theorem 2.4. The folZbwing relation holds good:

$\left(\begin{array}{l}M+\sigma\\ M\end{array}\right)g_{\lambda aM-R+Ob}=\left(\begin{array}{ll}M+ & a\\R & \end{array}\right)g_{\lambda a6b}$ $\sigma,$ $\lambda=0,1,$ $\cdots\prime R$ .

Proof. From (2.1), we obtain that $M_{1}g_{\lambda aM\leftarrow R+0^{b}}|=\left(\begin{array}{ll}M+ & \sigma\\ R & \end{array}\right)\left(\begin{array}{l}M+\sigma\\ M\cdot\end{array}\right)g_{\lambda aab}$ ,

from which the statement follows at once.
Theorem 2. 5. 7here exists the relation

$\frac{M!}{M-R+\sigma!}g^{aaM- R+6b}=\frac{R!}{\sigma!}g^{aaab}M^{R}$ $\alpha,$ $\sigma=0,1,$ $\cdots,$
$R$ .

$M$

We define the quantities $v_{\beta b}\equiv g_{aa\beta b}v^{aa}$ determined by components

of an extensor $v^{aa}$ of characteristic $(1\backslash +- 0,0, M, G)$ as the excmmriant
$c\sigma mwnents$ of the extensor, then we have

Theorem 2.6. If $v_{b}$ are covariant components of a contravariant vector
$v^{a},$ $i.e.,$ $v_{b}=g_{ba}v^{a}$ , then the excovariant components of the extensor $v^{\prime}a$ ) $a$ are

equal to the quantities $\left(\begin{array}{l}M\\\beta\end{array}\right)v_{b}^{(M-\beta)}$ that are the $comp\alpha nents$ of an excavariant
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extensor in virtue of the theorem of Kawaguchi ( $[4\rceil$ , p. 22), that is,

$v_{\beta b}\equiv g_{\alpha a\beta b}v^{(a)a}M=\left(\begin{array}{l}M\\\beta\end{array}\right)v_{b}^{(M\rightarrow\beta)}$

Proof. Differentiating the equation: $g_{ba}v^{a}=v_{b}$ $(M-\beta)$ times by

LEIBNITZ rule and multiplying the binomial coefficient $\left(\begin{array}{l}M\\\beta\end{array}\right)$ to the both

members of the resulting equation, we get $g_{aa\beta b}v^{(a)a}=\left(\begin{array}{l}M\\\beta\end{array}\right)v_{b}^{(M-\beta)}$ .
Corollary 1. $\mathcal{I}^{\prime}\dagger w$ followm $g$ relation consists: $v_{\beta b}g^{aa\beta b}M=v^{\alpha a}$

Corollary 2. It follows that $\sum_{6-0}^{M}\left(\begin{array}{l}M\\\beta\end{array}\right)v_{b}^{(M-\beta)}g^{aa\beta b}M=v^{(a)a}$ .
Let $v^{\alpha a}$ be the components of an excontravariant extensor in $R_{n}^{V)}/\backslash A$

$M$ $M$

and consider the quantity $g_{aa\beta b}v^{\alpha a}v^{\beta b}$ , then $g_{aa\beta b}v^{\alpha a}v^{\beta b}$ is a scalar. The
square root of the scalar $(g_{\alpha a\beta b}v^{\alpha a}v^{\beta b})^{Z}M1$ is called the length of the ex-
contravariant extensor $v^{\alpha a}$ , and the scalar : $g_{aa\beta b}v_{1}^{\alpha a}v\xi^{b}(g_{aa\beta b}v_{1}^{\alpha a}v_{1}^{\beta b})^{-\doteqdot}MM$

$\times$

$(g_{aa\beta b}v_{\sim}^{\alpha}M ,v_{d}^{8b})^{-\#}$ formed by any two excontravariant extensors $v_{1}^{aa}$ and
$v_{-}^{\mu a}$ of the same kind is called the cosine of the angle between the two
extensors. Further we define the length 7‘ of a general extensor
$\mathcal{I}^{\alpha_{1}a_{1}\cdot\cdot a_{A}a_{A}}\beta_{1}b_{1}\cdots\beta_{B}b_{B}$ with th.e different ranges $G_{r}$ and $G_{s}^{\prime}$ for the indices
$\alpha_{r}$ and $\beta_{S}$ and the angle $\theta$ between two extensors $\mathcal{I}_{1\beta_{1}b_{1}\cdots\beta_{B}b_{B}}^{\dagger a_{1}a_{1}\cdots a_{A}a_{A}}$ and
$T_{2}^{\alpha_{1}a_{1}\cdots a_{A}a_{4}}\mathcal{B}_{1}b_{1}\cdots 8_{B^{b}B}$ of the same kind as follows:

$\theta_{1}$ $e_{A}$

(2. 4)
$I^{1}2=g_{a_{1}a_{1}T_{1}c_{1}}\cdots g_{a_{A}a_{A}\gamma_{A^{c}A_{\theta_{1}\Theta^{i}}}}.g^{\beta_{1}b_{1}\delta_{1}d_{1}}\cdots g_{B}^{\beta_{B}b_{B}\delta_{B^{d}B}}$

$\times \mathcal{I}^{a_{1}a_{1}\cdots a_{A}a_{A}}\beta_{1}b_{1}\cdots\beta_{B}b_{B\tilde{6}_{1}d_{1}\cdots\overline{6}_{B}d_{B}}\mathcal{I}^{1r_{11}\cdots r_{A^{c}A}}c\wedge$

and
1 $\Theta_{1}$. (2. 5)

$G_{A}$cos
$\theta=b_{B^{-}B^{(}B}\overline{\mathcal{I}_{1}^{\prime}I_{2}^{1}}AA^{T}A^{c_{i}r_{G_{1}^{\prime}\Theta^{\prime}}}$

$\times \mathcal{I}_{1}^{\prime\alpha_{1}a_{1}\cdots\alpha_{A}a_{A}}\mathcal{I}_{o,-\delta_{1}a_{1}\cdots\delta_{1i^{d}B}}^{T_{1}c_{1}\cdots\Gamma_{A}c_{A}}\beta_{1}b_{1}\cdots\beta_{B}b_{B}$

respectively. By m\‘eans of this definition, the following theorem is
stated:

Theorem 2. 7. If $v$ is the length of an excontravariant extensor $v^{\alpha a}$ ,
then we get: $v^{o_{d}}=Mg^{\alpha a\beta b}v_{aa}v_{\beta b}$ .

Theorem 2. 8. When $v$ is the length of a contravariant vectcr $v^{a}$ , the
rekztion :
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$\frac{d^{M}v^{2}}{dt^{M}}=Mg_{aa\beta b}v^{(\alpha)a}v^{(\beta)b}$

$\dagger wu_{S}$ good.
Proof. Differentiating the equation $v^{o}\cdot=g_{ab}v^{a}v^{b}M$ times by $L+1BNITZ$

rule, the above equation is obtained.

\S 3. Extended CHRISTOFFEL symbol in the RIEMANNian space.
Denoting $CHBISTOFFEI_{\lrcorner}$ symbol of the first kind and of the second kind

$M$

by means of $g_{\alpha a\beta b}$ and $Mg^{\alpha ara}$ by

(3. 1) $\Gamma_{\beta b\gamma_{c},\alpha}M=\frac{1}{2}(g_{\alpha a7c;(\beta)b}M+g_{\beta baa;(f)c}-g_{\beta bYc;(\alpha)a})MM$

and

(3.2) $\tau_{\beta bTc}^{M}aa=\sum_{\delta-0M}^{M}g^{\alpha a\delta e}\tau_{\beta b\tau_{c}.\delta e}^{M}$

respectively, we have the following theorems:

Theorem 3. 1. CHRISIOFFEL symbol of the second kind $\Gamma_{\beta bfc}^{\alpha a_{\wedge}}M$ coineides
just with the extended connection parameter: $(_{\beta \mathcal{T}}^{\alpha})0\Gamma_{bc}^{a(a-\beta-\gamma)}$ , where $\Gamma_{bc}^{a}0$ in-
dicates CHRISqOFFEL symbol of the second $k\prime ind$ by means of $g_{ab}$ anxl $g^{ac}$ .

Proof. At first let us calculate the first term in the right-hand
member of (3.2), that is,

$\Gamma_{\beta b^{\wedge}tc}^{\alpha a}=M\underline{1}\sum^{M}g^{\alpha a\delta e}(g_{\delta eTc;(\beta)b}+g_{\beta b\delta e;(T)c}M.M-g_{\beta br_{c};(\delta)e})M$ ,
2 $\delta\Leftrightarrow 0M$

then we have

$\sum_{\delta-\gamma}^{M}g^{\alpha a\delta e}g_{\grave{0}eTc;(\beta)b}=\sum_{bM-0}^{M}M$.
$\wedge\left\{\begin{array}{l}\alpha\delta\\ M\end{array}\right\}g^{ae(a+\delta- M)}\wedge$ $\left(\begin{array}{l}M\\\delta\gamma\end{array}\right)g_{ec;\beta)b^{(M-3-t)}}($

$=\sum_{\delta\Leftrightarrow M-f-\beta}^{M-a}\left\{\begin{array}{l}\alpha\delta\\ M\end{array}\right\}\left(\begin{array}{l}M\\\delta\gamma\end{array}\right)\left(\begin{array}{l}M-\delta-\gamma\\\beta\end{array}\right)g^{ae_{\backslash }^{\prime}\alpha+\delta-M)(M-\delta\cdot- Y-\beta)}g_{ec;b}$

and putting $\mu=\alpha+\delta-M$ ,

$\sum_{\delta=0}^{M}g^{\alpha 6e}g_{\delta eYc;(\beta)b}=\sum_{\mu M\leftarrow 0}^{a-\tau-\beta}\sim^{M}(_{\beta^{\gamma}}^{\alpha})\left(\begin{array}{l}a-\beta-\gamma\\\rho\end{array}\right)g.g_{ec;b}$

$=(_{\beta/}^{\alpha}.)(g^{ae}g_{ec;b})^{(a-\beta-\gamma)}$

from the reason that $\left\{\begin{array}{l}\alpha\delta\\ M\end{array}\right\}\left(\begin{array}{l}M\\\delta \mathcal{T}\end{array}\right)\left(\begin{array}{l}M-\delta-\gamma\\\beta\end{array}\right)=(_{\beta}^{\alpha_{1^{\prime}}}.)\left(\begin{array}{l}\alpha-\beta-\gamma\\\mu\end{array}\right)$ .
.
Similarly

the second and third terms in the right-hand member of (3.2) become
as follows:
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$\sum^{\acute{t}M}g^{\alpha a}\delta-0M$ Se $Mg_{\beta b\delta\epsilon;(\gamma)c}=(r\alpha\rho)(g^{ae}g_{b\epsilon;c})^{(-T-f)}$

and

$\sum^{M}g^{a\prime}a^{-}e^{M}g_{\beta bfc;(\delta e}=\delta-0M(_{\beta^{\gamma}}^{\alpha})(g^{ae}g_{bc;\epsilon})^{(\alpha-\beta-\tau)}$

respectively. Consequently we get

$\Gamma_{\beta bY\sigma_{\iota}}^{aa}=M(_{\beta^{\gamma}}^{\alpha})(\Gamma_{bc}^{a})^{(a-\beta-t)}0$

Theorem 3. 2. If $R$ is an integer not exceeding $M$ and if $\Gamma_{aa\beta b,\delta 0}R$. is
$CHRISqOFFEL$

?
symbol of uoe frst kind by means of $g_{aaflb}R$ then we see that

$\left(\begin{array}{ll}M+ & \sigma\\ R & \end{array}\right)\Gamma_{aa\beta b_{\delta c}},=R\left(\begin{array}{ll}M+ & \sigma\\ M & \end{array}\right)\tau_{\alpha\beta b.M-R+6c}^{M}$
$\alpha,$ $\beta,$ $\sigma=0,$ $\cdots\prime R$.

Proof. In virtue of Theorem 2.4, we can find
$g_{aaM-R+\mathcal{O}c;(\beta)b}M=\left(\begin{array}{ll}M+ & \sigma\\ R & \end{array}\right)\left(\begin{array}{ll}M+ & \sigma\\ M & \end{array}\right)g_{aa\mathcal{O}c;(\beta)b}$ for $\beta\leqq R$

$=0$ for $\beta>R$ ,

$g_{M-R+0c\beta b_{1}(a)a}M=\left(\begin{array}{l}M+\sigma\\ R\end{array}\right)\left(\begin{array}{ll}M+ & \sigma\\ M & \end{array}\right)g_{6c\beta b_{1}(a)a}$ for $\alpha\leqq R$

$=0$ for $\alpha>R$

and

$g_{aa\beta b;(M-R+)c}M=\left(\begin{array}{l}M\\\alpha\beta\end{array}\right)g_{ab}^{(M-a-\beta)};(M-R+G)c$

$=\left(\begin{array}{l}M\\a\beta\end{array}\right)(_{M-R+\sigma}^{M-\alpha-\beta})r_{J_{ab;c}^{(M-a-\beta-\tilde{\overline{M}}- R+a)}}$

$=\left(\begin{array}{l}M\\\alpha\beta\end{array}\right)(_{M-R+\sigma}^{M-\alpha-\beta})(^{R-\alpha-\beta}\sigma)^{-1}g_{ab}^{(R-a-\beta)}:(a)c$

$=\left(\begin{array}{ll}M+ & \sigma\\ R & \end{array}\right)\left(\begin{array}{l}M+\sigma\\ M\end{array}\right)\left(\begin{array}{l}R\\a\beta\end{array}\right)g_{ab}^{(R-a-\beta)}:(a)c$

$=\left(\begin{array}{ll}M+ & \sigma\\ R & \end{array}\right)\left(\begin{array}{ll}M+ & \sigma\\ M & \end{array}\right)g_{\alpha a\beta b;(\mathcal{O})c}$ for $\sigma\leqq R$

$=0$ for $\sigma>R$ ,
consequently, it follows that

$\left(\begin{array}{l}M+\sigma\\ R\end{array}\right)\Gamma_{a\beta b\delta c}=R\left(\begin{array}{l}M+\sigma\\ M\end{array}\right)\Gamma_{\alpha a\beta b.M-R+gc}M$

Theorem 3. 3. $\mathcal{I}^{\prime}lwre$ exists the. relCttiOn
$\Gamma_{aa\beta b}^{\tau c}R=\sum_{a-M- R}^{M}g^{1coe}I_{aa\beta b,\sigma\epsilon}^{Y}M$

$\alpha,$ $\beta,$ $\gamma=0,$
$\cdots,$

$R$ ,
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$I_{aa\beta b}^{1^{\prime}c}R$ being CHRISqOFTEL symbol by means of $Rg_{\alpha a\beta b}$ and $Rg^{aaY\alpha}$ .
The theorem is verified without difficulty from Theorem 2.5 and

Theorem 3.2.

.Corollary 1. If $\Gamma_{ab}^{c}\cap$ is $CHR1S2OFFEL$ symbol by means of the metric
tensor $g_{ab}$ , then

$\Gamma_{ab}^{r}\Uparrow=g^{\gamma cMe}\Gamma_{\alpha a\beta bMe}MM$
$\alpha,$ $\beta,$ $\gamma=0$ , ($M:noi$ summing).

In virtue of the theorem, we know that the quantities $\sum_{c=M-R}^{M}g^{Tc\emptyset e}M$

$\times\Gamma_{\alpha a\beta b,\delta e}M$ being a part of CHRISTOFFFr, symbol by means of $g_{aa\beta b}M$ and $g^{\alpha a\Gamma c}M$

may be adopted as connection parameter for a member of range $R$ of

an extensor and especially $g^{tcMe}\Gamma_{\alpha a\beta b,Me}MM$ ($M$ : not summing) as that for

a tensor member. Such a set of $(M+1)$ CIIRISTOFFET, symbols in $R_{n}^{M)}’\backslash ,$ $i.e.$ ,

$\sum_{a-M-RM}^{M}g^{Tc\delta e}r_{aa\beta b.6e}^{M}(=\Gamma_{\alpha a\beta b}^{rc})RR=0,\cdots,$ $M$ is called extended CHRlS7OFFEL

symbol.

\S 4. The excovariant differentiation of the RIEMANNian space.

We shall adopt the definition of excovariant differential of an extensor
given by (1.1) in \S 1. Then we have the following theorems:

Theorem 4. 1. $I^{\dagger}he$ extensor $g_{aa\beta b}$ , $g^{\alpha a\beta b}R(.R=0, \cdots, M)$ and $\delta_{\beta}^{a}\delta$

“

behave as constants in excovariant $differentidi\sigma n$ .
Theorem 4. 2. If $I^{\dagger\alpha_{1}a_{J}\cdots\alpha_{A}a_{A_{\beta_{1}b_{1}\cdots\beta_{B}b_{B}}}}$ is an extensor of range $R$, its

$e\dot{x}covariant$ differential $\delta^{R}I$
‘

$\alpha_{1}a_{1}\cdots\alpha_{A}a_{A\beta_{1}b_{1}\cdots\beta_{B^{b}B}}$ by means of $\Gamma_{\beta bTc}^{aa}R$ is equal

to $\delta^{*}\mathcal{I}^{\mathfrak{s}a_{1}a_{1}\cdots\alpha_{A}a_{A_{\beta_{1}b_{1}\cdots\beta_{b}b_{B}}}}$

Corollary. When 7 $\dagger a_{1}\cdots a_{\Lambda b_{J}\cdots b_{B}}$ is a tensor, the well kmuywn covariant d/if-

ferential $\delta \mathcal{I}^{a_{1}\cdots a}$
, the $RIEM\Lambda NNian$ spaee is nothing. but $\delta^{*}\mathcal{I}^{\prime_{a_{1}\cdots a_{\Lambda_{b_{1}\cdots b_{B}}}}}$ .

Theorem 4. 3. If $v_{1}^{ac\iota}$ and $v_{\rightarrow}^{aa}$ are two extensors of range $R$ safisfying
$\delta^{*}v_{1}^{aa}=0$ and $\delta^{*}v_{2}^{\alpha a}=0$ , that is, the extensors are displaced parallelly to
themselves, then it follows that $\delta^{*}v=0$ and $\delta^{*}\theta=0$ , where $v$ and $\theta$ mean
the length of $v_{1}^{\alpha a}$ and the angle between $v_{1}^{\alpha a}$ and $v_{2}^{aa}respect\dot{w}ely$.

Theorem 4.4. If $v\prime is$ the $k\prime ngth$ of a vector $v^{a}$ and if $v^{a}$ is displaced

parallelly, then the extensor $v^{(a)}$’ $(\alpha=0, \cdots , R)$ formed by diferentiating the

$vect\sigma rv^{\prime\iota}R$ times is dispfaced parallelly and the scalar $\frac{d^{a}v^{\phi}\lrcorner}{dt^{\alpha}}(a=0, \cdots , R)$

does not change.
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The theorem is proved by virtue of Theorem 1.6, Theorem 2.8 and
Theorem 3.1.

Theorem 4. 5. If $\mathcal{I}^{\prime a_{1}r\iota_{1}\cdots a_{A}a_{A}}\beta_{1}b_{1}\cdots\beta_{L}b_{B}^{\prime}\iota^{\prime}s$ any general extensor unth dif-
ferent range for each Greek index, $\delta^{*}\mathcal{I}^{\mathfrak{s}z}=0$ follows from $\delta^{*}T^{\alpha_{1}a_{1}\cdots a_{A}a_{\Lambda}}\beta_{1}b_{1}\cdots\beta_{B}b_{B}$

$=0$ .
Corollary. 7he length of a vector and the angle between two $\iota\cdot ect\alpha rs$

are invtzriant under the $\mu raueld\ovalbox{\tt\small REJECT} ent$ of $uw$ vec$rs$.
In consequence of the above-mentioned result, our excovariant dif-

ferential is the operation with the geometrical meaning such that the
scalar $\frac{d^{R}v^{=}}{dt^{R}}$ resp. $\frac{d^{R}c\infty\theta}{dt^{R}}(R=0, \cdots, M)$ obtained by. differentiating

the square of the length of a vector $v^{a}$ resp. cosine of the angle between
two unit vectors $v_{1}^{a}$ and $v_{\rightarrow}^{r\ell}R$ times becomes invariant under the parallel
displacement of the extensors $v^{(\alpha)a}$ and $v_{\underline{?}}^{(a)a}$ of range $R$ and that the,
operation coincides with the ordinary covariant differential in the RIE-
MANNian space for tensor members. Thus it will be very interesting
that the connection theory of extensor which holds the already known
tensor theory in the $RIF_{A}MANNian$ space as a part of it has been es-
tablished. .

\S 5. The connection of extensor in an EUCLIDean space. Consider
an Euci,IDean space that. is a special one of the RIBMANNian space, then
the space has the rectangular cartesian coordinate system $x^{a}$ in which
the metric tensor $g_{ab}$ becomes equal to $\delta_{ab}$ , and the metric extensor
$g_{atl\beta b}M$ and $Mg^{aa\beta b}$ are equal to $\delta_{ab}\delta_{\alpha\beta}M$ and $\delta^{ab}\delta^{a\beta}M$ respectively, putting

$\delta_{\alpha\beta}M=\left(\begin{array}{l}M\\\alpha\end{array}\right)\delta_{M-a\beta}$ and $M\delta^{\alpha\beta}=\left(\begin{array}{l}M\\\alpha\end{array}\right)\delta^{M-\alpha\beta}$ . Evidently, we have the fol-
lowing theorems:

Theorem 5. 1. $\mathcal{I}he$ following relation $hoMs$ good:

$\sum_{\alpha\Leftrightarrow}^{M}\delta_{a\epsilon_{M}^{\delta^{a\tau}}}M=\delta_{\beta}^{r}$ .
Theorem 5. 2. In the earteszan cwrdinate system, the extended

CHRISqOFFEL symbol $\Gamma_{6^{bfc}}^{\alpha}R$ $(R=0, \cdots , M)$ vanishes identically and the
excovariant differential becomes the ordinary differential. $\cdot$ .

(July 1951)
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