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Introduction. Recently Y. Tashiro [5]Y proved that an orientable hyper-
surface in an almost complex space has an almost contact structure and showed
that the induced almost contact structure of the hypersurface in a Kéghlerian
space is normal contact if and only if the second fundamental tensor of the
hypersurface has the form H,,=g.s+ .y [5].

The purpose of the present paper is to investigate some properties of
a hypersurface with analogous conditions in a K-space. §1 devoted to give
the fundamental concepts of an almost Hermitian space, and we show some
formulas concerning hypersurfaces in a K-space for the later use.

It is well-known that if the second fundamental tensor of a hypersurface
in Euclidean space has the form H,;=g.,+ pn.7;, then =0, that is, the hyper-
surface is totally umbilical [6], [7]. In §2, we shall obtain the similar proper-
ties of such a hypersurface in the special K-space. In the last section we
consider of the case that a hypersurface in a K-space admits the second funda-
mental tensor of more general form H,,=2g.s+ .7, and we shall give proper-
ties of such a hypersurface in the special K-space.

The author likes to express his sincere thanks to Dr. Y. Katsurada and
Mr. T. Nagai who gave me many valuable suggestions and constant guidances.

§ 1. Preliminaries. Let us consider a real (224 2)-dimensional almost
Hermitian manifold M?**? with local coordinate system {x’} and let (F?%, g,;)
be the almost Hermitian structure, that is, F%; be the almost complex structure

defined on M?*? and ¢,; be the Riemannian metric tensor satisfying g,.=
9, F%F%. Then it follows that

(1-1) F¢j= _Fﬂ- (Fu=nghj)

A differentiable hypersurface M?***! of M***? may be represented parametrically
by the equation X*®=X*%u*)?. If we put

1) Numbers is brackets refer to the references at the end of the paper.
2) Throughout the present paper the Latin indices are supposed to run over the range
1,2, ---,2n+2, and the Greek indices take the values 1,2, ---,2n+1.
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X? span a tangent plane of M ?*! at each point, and the induced Riemannian
metric tensor g, in M?**! is given by

Gap = 9usXaX{ -

Assuming that our hypersurface is orientable, we choose the unit normal
vector X*® to the hypersurface and put

(1.2) o =F3X: X/, §&=—FiXiX’, n9.=F%X.X7],

where we put X;=9%9,;X] and X,=g¢,X’.
Then it is known that the quantities ¢%;, &, 5, and g¢,, satisfy the fol-
lowing conditions [3]:

_— rank (7)) = 27,
(1' 3) Soaﬁsﬁ = O > ¢aﬁﬂa = O 5
@ s’ = — 0%+ &%, ,
and
(1. 4) GaE” = Mp» 9 a0 105 = Qrs— 175 -

Therefore we may consider the quantities ¢%, &, 5, and g,; define an almost
contact metric structure in M***!. From (1.3) and (1.4) it follows that
(1.5) Pap = — Ppa - (Pas = 9arts)
On making use of the Gauss equations we have from (1.2)
I Spaﬂ:r = F?.ngXng_’_Har’]ﬂ—Hﬁr’?a’S)
U oe = — F3. XXX} + H',
where H*,=g*"H, and H, denotes the covariant component of the second

fundamental tensor of M?***1,
Let M?***? be a K-space, then we have the following condition [1]:

(1.6)

(1. 7) ‘ F,gj,k+F.,;k,j=O.

If we put F;; , X:X]X*=A,,, then by virtue of (1.1) and (1.7) we can
find that the covariant tensor A,, is skew-symmetric with respect to all indices,
and it follows that if A,;,=0 holds good, then a K-space is necessarily a
Kizhlerian space [10]. Moreover, after some calculations (1.6) become

3) In the present paper comma and semi-colon denotes covariant differentiation with
respect to the Riemannian connection defined by g;; and its induced connection respectively.
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(1.8) Papir = Aapy + Homs— Hya
(l. 9) N = Hrﬁ¢ar + A‘dﬂnasoae [IO] .

Then for the Nijenhuis tensors of a hypersurface in a K-space we obtain the
following expressions :

(1. 10) N,=H, o'y ,

(1.11) Ny = 2807 — 2A00°0 0", + Huyy ns— Hopyy, 5

(1.12) Nty = 2A%y + H ' 'ns— Hs— 9771

(1.13) Ny = 2A°%¢°, — 2A%:0" s+ Hemp, — Hey 0’5 + 0% 60, — 77315 -

§ 2. The hypersurface admitting the second fundamental tensor of
the form H,=g.,+ pn.n. In a K-space M?***?, the induced structure ¢, in
a hypersurface M?**! satisfies the relation

(2.1) Pap = Nass+ Ao’ »

if and only if the second fundamental tensor H,, of M®*! has the form

(2.2) H.s = Gos+ tmans 5

where u is a scalar field in M***' [10].
Now, if we assume that the manifold M?**? be a K-space with constant

curvature, then the hypersurface satisfies the following Codazzi equation [2]:

(2. 3) Haﬁ;r—Hrﬂ;a = O .

Substituting (22) into (2.3), we get

(2. 4) (2257)Dame— (s ) D + 18 (Ns 76— Us0s + N M — Np,aly) = O
Multiplying (2.4) by ¢*7’ and summing for all indices, by virtue of (1.3) it
follows that

(2. 5) 120" (Dasy— i) = 0 .

By means of (2.1) and the skew-symmetric property of the tensor A,,, we
obtain #=0. Thus we have the following theorem :

Theorem 2.1. If the second fundamental tensor H,, of a hypersurface
in a K-space with constant curvature has the form

H.; = gup+ pmans »

then p=0 and the hypersurface is umbilical.
When a K-space is an Einstein space, we obtain the following theorem:

Theorem. 2.2. If the second fundamental tensor H,; of a hypersurface
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in an Einstein K-space is of the form

H.p = gus+ 17 »
then p=const. and the mean curvature H of a hypersurface is constant.
Proof. Substituting (2.1) and (2.2) into the Codazzi equation [2]:

(2- 6) Haﬁ;r—Hﬂ;a = KukzXszXgXl >
we obtain
(27) 0ams— (8 0) Dm0y — £ (200 0y + DaP5r — 1,0p0)

(2.7 + p(Ai) nep’e + A 0e0’s— A e 9590’ r — A a?) 1,0%)
- ij/chfXZXﬂle .
Since M?**? is an Einstein K-space, multiplying (2.7) by ¢* and summing for
a and B, we get
(2. 8) ()= ()"0 — p A g™ = 0,
from which by multiplying (2.8) by ¢"¢.; and summing for 7, we obtain
(2.9) ()0 ) = pa -

Moreover, differentiating (2.9) covariantly with respect to #* and multiplying
by ¢** and summing for 2, by virtue of (2.1) we have the following relation :

(2. 10) ()0 9 =0.
Hence p is constant in M?**! from (2.9) and (2.10).

§ 3. The hypersurface admitting the second fundamental mﬂéo: of
the form H,,=2g9.,+ p.n,. In this section, we consider that a hypersurface
of a K-space admits the second fundamental tensor H,, of the form

(3. 1) H, ;= 2g.s+ pmam;s -

where 1 and g are scalar functions.

At the first, let us consider a relation of a hypersurface, which is equivalent
to (3.1).

Substituting from (3.1) in the right hand member of (1.9), we have

(3. 2) Nasp — 2$0aﬂ+ A‘.x,gv'go"a .
Next, we shall show that (3.2) is the sufficient condition that H,,; be of the
form (3.1). Multiplying (3.2) by »’ and summing for 8, we get 7.7,°=0.
From the last relation it follows that N,=0, then from (1.10) we obtain the
relation -
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(3. 3) Haﬁvﬁ = p77a s

for a suitable function ©.
Moreover, by using (1.8) we have

(3' 4) Par;p+ Pprsa = 2Haﬁ7)r_H}3777a_Har77ﬂ .
Multiplying (3.4) by 5" and summing for 7, by virtue of (3.3) it follows that

1
o Parss+ Parsa) 7' = Hop— 775
from which by virtue of (1.3) and (1.6)‘ A
L ) .
(3.5) H.p = Pnugp+ —- (97 arso + @) -

Solving (3.2) for 7.5 and substituting from the solution in the right hand
member of (3.5), we obtain (3.1). Then we have the following theorem :

Theorem 3.1. 7The second fundamental tensor H,, of a hypersurface
in a K-space is of the form

H.y = 295+ 1075 »
if and only if ¢.; satisfies the relation
Nasp = APap+ Ao’ -
In particular, we have the following lemma in a constant curvature K-
space :

- Lemma 3.2. If the second fundamental tensor H,, of a hypersm:face
in a %—space with constant curvature has the form

H.s = 295+ .7 »
then
A-p=0.
Proof. Since M?®*? be a K-space with constant curvature, from (2.3)
and (3.1), we get
(47) 9as— (k) 90 + (t85:) 09— (t850) 0,
+ (a3 5+ D57 — Ny alp— Nssay) = O -

Multiplying this equation by ¢*%’ and summing for all indices, by virtue of
(1. 3) it follows that

(3.6) 20 (s —Nrsa) = 0 .
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Substituting (3.2) into (3.6), we have the conclusion.

Theorem 3.3 If the second fundamental tensor H,, of a hypersurface
in a K-space with constant curvature has the form

H.p = 2.5+ pmas

then the hypersurface must be reduced to one of the following three cases:

(1) H,,= .y for a suitable function u t.e. rank (H,)=1;

(2) H.;=29., and 2 is constant, i.e. the hypersurface is umbilical ;

(3) H,, =0, i.e. the hypersurface is totally geodesic.

Proof. From the result of Lemma 3.2, we must have one of the following
three cases; 1=0, p#=0 and 1=p=0.
If 2=0, then we have the case (1).
If £=0, then the hypersurface is umbilical. Since in a hypersurface of con-
stant curvature space the relation H,,,— H,,,=0 is satisfied, from this relation
and H,,=12g.;, we see that 1 is constant. Then we have the case (2).
If 2=p=0, then H,=0, i.e. the hypersurface is totally geodesic.

When M?**? be a space of constant curvature, from the Gauss equation
[21:

Keprs = H, Hy— H,,Hy, + K, ;1 XEXIXEXE

we can easily obtain that the hypersurface is of constant curvature for above
three cases. Thus we have the following corollary :

Corollary 3.4. If the second fundamental tensor H,, of a hypersurface
in a K-space with constant curvature has the form

H.s = 29.s+ .35 ,

then the hypersurface is also of constant curvature.
Next, we assume that M?**? be an Einstein K-space, then we have the
following lemma :

Lemma 3.5. If the second fundamental tensor H,, of a hypersurface
in an Einstein K-space has the form

H,; = 29,5+ p.ns
then
3.7 A(2na+p), 7 =0.

Proof. Substituting (3.1) into (2.6) and multiplying by ¢** and summing
for @ and B, we get

2n(4;,) + () + ()0, + (2000 — D) — 1,07 ps0) = Ko X 1X2 .
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Since M?**? is an Einstein K-space, we obtain by means of (3.2)

(2n2+ p)sr + ()"0, — pm A @™ =0 .
Multiplying the above equation by ¢™¢p, and summing for 7, it follows that
(3.8) (2nA+ p);. = 2nad+ ), 9. -

Differentiating (3.8) covariantly with respect to #* and multiplying by ¢** and
summing for a and x, we have the conclusion by means of (3.2).

Theorem 3.6. If the second fundamental tensor H,, of a hypersurface
in an Einstein K-space has the form

H.p= 295+ pmans »
then the hypersurface must be reduced to one of the following four cases:

(1) H,= A0+ pun.ns, where 2ni+ pu =constant ;

(2) H,;=Ag.; and A is constant, i.e. the hypersurface is umbilical ;
(3) H,= .y, for a suitable function p, i.e. rank (H.,)=1;

(4) H,; =0, i.e. the hypersurface is totally geodesic.

Proof. From the result of Lemma 3.5, if 10, then (2ni+ p),7"=0.
From this equation and (3.8), it follows that 271+ pg=constant. This is the
case (1). Specially, if 2%0 and p¢=0, then H,,=1g.;, where 21 is constant.
Hence we have the case (2). ’
From (3.7) if 1=0, then we have the case (3). Specially, if 2=p=0, then
H,_,=0, that is, the hypersurface is totally geodesic.
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