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Introduction. It has been provecl by H. Liebmann [1]1) that the only 

ovaloicls with constant mean curvature in an Eucliclean space E3 are the 

spheres. The same problem for closecl hypersurfaces in an n・climensional

Eucliclean spacε E" has been investiεatecl by W. S�s [2] , T. Bonnesen ancl 

W. Fenchel [3] , (cf. p. 118), 11. Ilopf [4], C. C. Hsiung [5] ancl A. D. 

Alexanclrov [7]. The analogous problem for closεcl hypersurfaces in an 11-

dimensional Riemann space R" has been cliscussed by C. C. Hsiung [6] , A. D. 
Alexandrov [8] , Y. Katsuracla [9] , [10], [11 ], K. Yano [12] and T. ﾖtsuki 

[15]. 

1t is the aim of the present authors to investi伊te the analogous problem 

for an m-dimensional closed submanifold V川 in the n-dimensional Riemann 

space R". The generalized Minkowski formulas for V川 in R" are given in 

!:ll. 1n!:l2 and !:l 3 , we derive the second and the third integral formulas 

which are valid for V'" in R" under some conditions. Making use of those 

integral formulas , certain property of V'" in constant Riemann curvature space 
is proved in !:l4. Also , we prove a theorem for V川 in Rηwhich admits an 

one-parameter group of homothetic transformations 

!:l1. Generalized Minkowski formulas for a submanifold. We 

consider a Riemann space R)ι (n ミ 3) of class Cν(l.!孟 3) which admits an oneｭ

parameter continuous group G of transformations generated by an infinitesimal 

transformation 
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where Xi are local coordinates in R" ancl ﾇ' are the components of a contraｭ

variant vector �. We suppose that the paths of these transformations cover 

R" simply and that ご is everywhere continuous ancl *0. If the vector � is 
a Killing vector, a homothetic Killing, a conformal Killing etc. ([13] , p. :{~)， 

1) Nurnbcrs in brackcts refer to the references at thc end of the paper 
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then the group is called isometric, homothetic , conformal etc. respectively. 

We now consider a closed orientable submanifold V'" of class C3 imｭ

bedded in R", locally given by 

t 二 Xi(Ua )2) • 

Let the contravariant unit vectors ii (，1 二 1 ， 2 ， ・・・， m) span the tangent vector 

space at each point of V'" and they be orthogonal to one another. We shall 

indicate by nl (P=m+ 1, m 十 2 ， ..., Il) the contravariant unit vectors normal to 

lハιand suppose that they are mutually ortho只onal.

Puttin只

(1. 2) B7 二三 iftiJ 、 Cj = L: Jli 11 j 

we have 
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The f�. rst fundamental tensorσ"B of V'" is given by 

a.<:' a・rJ
σα:9 --σ包J ..... ~ ..... f.l 

。μα azl

and σrr/3 are de五ned by σαß g;91 = ò; , where σij denotes the 五rst fundamental tensor 

of }ヤ.

Denoting by “;" the operation of D-symbol due to van der Waerdenｭ

Bortolotti ([16 ], p. 254) , we have 

(1. 4) (~~: t =凡f ，
where H ,,/ means the Euler-Schouten curvature tensor ([16] , p. 256). Then, 

putting H ,,/ r，ん =bゅ we have 

(1. 5) Ha/ = L: bαßn~ . 
P 川 'J P P 

Multiplying (1.5) by 9吋 and contracting, we get 

(1. 6) 。"ßHa/ = L: mH1ni , 
P--m-tl P P 

1 
where we put Hl二一 σαßb吋 and H , is the 五rst mean curvature of V刷 for

f~ 11 ι f' P 

the normal direction nぺ
P 

2) Throughout the present paper the Latin indices run f rom 1 to 11 and the (;reel乞

ind ices f rom 1 to 川(川壬 11-1).
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Letfbe the mit vector of the same dimtion to the vectorf9Hzf-

1'hen, we may consider ni as one of the unit normal vectors of V'ヘ that is, 

In this case, we obtain from (l. 6) 

()JI :守o /ll e rう，)j>i' rl 1('.\ ρ1" a SlIlnllil Jl ifυld wilh COJl.¥laJlI 1\1昨日1 ('11 1"1 'alll/(' 

71 色 =Jz'l

m! 1 L' 

。 "jl H,,/ = rnH1Jli , 
Jι 

(l. 7) 

VfII. where H , is the first mean curvature of 

the V'" with there belongs a covariant vector ~ of the vector 己1'0 

ux' f; 

uuα 日・

components 

= ‘ α 
(l. 8) 

Covariantly differentiating3J the vectorξ ， by means of (l. 4) we havァe

� J 1'" 

ωp fz;J 

a工も

さ~，d = H../ f:;-4ヤ~ , 
叶 Uj~ ...ι du“ 

(l. 9) 

Multiplying (1. 9) by σ吋 and contracting, we get by (l. 7) 

3竺￡ σリ'
OU" , 

'" T T .; ~ 1 ,., ux' O叩きα;ß 二刀1H1 ni ç包斗 Jσ吋工
E ~ ÔUα 
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where <f: 9リ is the Lie derivative of gij with respect to the infinitesimal transｭ

formation (l.1) ([13], p. 5). If we put 

竺￡σり=<f: σ小
01l"‘ E ミ

uxi 

UUα 

then (l.1O) is rewritten as follows: 

15α;何 = Hlll i Çι 十日1σ吋￡ σαß • 
111 l.'乙Jll

.ぜ

Since V川 is closec1 and orientable, we have 
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the obtain 1'hus of V'" ([14], p. 31). where dA is the area element 

following integral formula: 

市ve

~...~HlωL JJJσjl <f: σ 刈ニ o
R 乙m 1 1 

ι l'鳩

山 In this pap町、 covariant differentiation mean討 always け1e operation of J)-symboL 
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Let the group G be conformal, that is, 輅 satisfy the equation 
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￡ σり=乙;j+ ごj;i = 2φσ ，t) 

(cf. [13], p. 32). Then (1') becomes 

) ..:) Hl~，içidA +)少dA=O C
 

)
 

F
 

Y
E
i
 

(
 

)... )ドH1fうず行伊川t ç芦V乞t Çi乙μ也i d仙CJ j iL;J少jレμいdめμA 二 O l
 

t
 

)
 

, 
Y
E
E
A
 

(
 

Let G be homothetic , that is ， φ三c=const. Then 

Let G be isometric, that is, c= O. Then 
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S 2. The second integral formula. By virtue of (1.2) and (1.3) it 

follows that 

~， å:JプA
rl"." = し';.，.n"
/0.' "...I} 蛄" 

(2. 1) 

=戸l(fjAff;;;)f
Then we may put 

(2.2) 
... åx包

刀 1:
f~' ι，" 蛄r 

�.yﾍ 

Multiplying (2.2) by gij ~.{: and summing for i and j , we have 
�" 
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Since we have 

(2.4) 
/がyÍ ¥ 蛉J 

bδα±σsj11F7iff 二 σリココゲ;α ，
E ¥ du" / ・ α b_，'υU' J包

we obtain from (2.2), (2.3) and (2.4) 
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where b釘;=σダßrb"i1
I~'ι可 R

To the vector � given in S 1, we put 
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(2.6) 払 = n'Í;ttÇi ・
E 

Covariantly differentiating (2.6), by means of (1. 4) and (2.5) we get 

I 7 y ax' ~ , 1 y T T � ~ 'y  axt axj ~ ~ ¥ 

=-l bLEF56+bLHrJEe+b;-73z;31Ui ¥E-" allr .. E' or"  R- aur au゚ _'>J .." J 

~f ， p 

where Fa゚ = r'J:~ n~ "輻 and r~~ m回ns I7jnk B~nk' 
P Q 

Multiplying the above equation by ga゚  and contracting, we obtain 

(2.7) 内川=一 (g句 pf-54十川Hratçt+ σαßb~ 空空ん-g叫}
¥07 "RU:'P 蛄T ~H; "� ;-t-~TP ~'Ó' "ð ~a 蛄r 蛄ﾟ ~Z;J 'OJ ....apJ 

We shall first calculate the first term of the right hand side of (2.7): 

(2.8) gapbL;JPJ54= 内引;p aZ15￠ 
E du' 1-. du' 

Since the Codazzi equations hold good for the submanifold V'" in a Rieｭ

mann space Rn, we have 
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([16], p. 266) , 

where R此jl is the curvature tensor of Rn. 

Then, from (2.8) we get 

。吋bLP-Ozj 乙=内巾吋;δRMjtFt i ( 1.. D ..i axk ax.i axz ¥ ax1t 

f:" allr -- - . ¥R"r.. "'J' f: aua auδ auß J aur 

f... LI D ..t axk axj axz _aB¥ ..r' axh 
= r rnH1;� - Rikjl n 一一竺 g叶 gró 竺 ι.

¥ ". "._. E aua auδ auß v r aur 

(2.9) 

Next, we calculate the second term of the right hand side of (2.7). By 

means of (1. 5), it follows that 

(2. 10) g吋;Hrftz=rbLl b〆+ .L: br゚ni )ﾇi . 
R R ¥f: E P 制 i 2E P I 

Now , we assume that at each point on V明 the contravariant vector 輅 is 

contained in the vector space spanned by m + 1 independent vectors axt 

au. 
(α= 1, 2, "', 1ll) and ni. This assumption is always satisfied for the case 

jト:

m=n-l , that is, V川 is a hypersurface in Rn. Especially, if we consider 

a closed curve in ;3-dimensional Euclidean space, the above condition for the 
vector 輅 means that 輅 is contained in the osculating plane at each point on 

the curve. Now , we consider a closed plane curve and take a point in the 
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interior of the curve as the ongm of an euclidean coordinates .yi. Attaching 

to each point x the vector �(x) with components e=エヘ the vector � satis五es
our assumptlOn. 

From our assumption for e and (2.10), it follows that 

σαilb~Hr/Çi = σαß b~brßni ﾇi 
1:: f : E E  

Then, we have 

(υ2.11幻) σザα吋吋ßbι:H，/
E 、 I"~' , 1'; 

By means of (2.9) and (2.11), we get from (2.7) 

( .. TT n ..i 蛉k 蛉j å:yl αム同 åx"
可:二 =(mfJ1;。-RZK3271pO!lσ ー~ -=-1;" 

¥ ""  ....J.)} åuα åu' 蛄" !' au 

rn lmHj2-(rn-1)H2t n i乙 1_Hßr J!， めr 十 σザαp , 
f~' " p; 乙 F

(2. 12) 

where H，1r 二ダ>P g'ﾓ bαδand H2 denotes the second mean curvature of Vm for 
正 R E 

the normal direction ni. By means of (2.12) we have the following integral 

formula: E 

j j(ndud-Rujtrzz zr)σ52J山

二一日[m {(η珂 (m-叩戸十よ円刊一川3]dA
(II') 

If the group G of transformations is conformal, (II') becomes 

j仁以jf;い(卜ト同阿7刀川d州此Fμd尚t厄品H日1 dlμ:(.'. dμδ åu"" !" 蛄' 

= -)  ..~_) [rn {(mHj2 -(m 叩:凡十仰j} -g",3 F"ß] 正
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~3. The third integral formula. Putting 

(3. 1) ρ = n'輅 

by means of (2.6) we have 
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By covariant differentiation of (3.2), it follows that 
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(3.3) 

Multiplyi昭 (3. :3) by g"゚ and contracting, by virtue of (l. 7) and (2.5) we get 
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Therefore we have the following integral formula: 
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 Then we have 

Ç';j;k 二千(ム)-RZJ ，

Let the group G be conformal. 

(3.5) 

手(ム} =机十Ò~øj一向jk

where {ム} are the Christoffel symbols and φ戸 φ;ゎトダjφj ([叫 p 則)
By means of (1.11), the 五日t term of the left hand side of (III') becomes 
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Now司 we calculate the second term of the left hand side of (Ill'). 
means of (3.5) and (3.6) it follows that 
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九1.aking use of (:~. 9) and (:~.10) ， it follows that 
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By means of (1. 11), the third term of the left hand side of (llI') becomes 

(3.12) m H , ni nj O゚ qけ = tnφH， ・
2 -f) κ 

Therefore, by virtue of (3.7), (:1.8), (3.11) and (3.12), (III') is rewritten as 

follows: 

(3.13) 

) ...) {m~ ιi o.r刈a釘νrドj ÒXII い吋…~r{m~~刈刈叫ιゆ叫トφ仇釦Z汁+ル川z" __ q..cq 
f.' ÒUα our ou� ~ ~ 。μ。

h. oxj oxk ~'" , ~'" 17 1 +ρRU!tkn' n" ~.~ --:'~'. 9吋十 σ吋F"，，~ dll = 0 . 
J'''' R F ÒUα oU" ~ -, I 

By means of (II')c in ~ 2 and (3.13), finally we obtain the following 

integral formula: 
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If the group G is homothetic , we have 
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M. Some properties of a closed orientable submanifold. If Rn is 

the constant Riemann curvature space ancl if Vm has the property H1 = const. , 

then the left hand side of (II') in ~ 2 vanishes and we ha ve 
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If the group G of transformations is concircular (II") becomes 

~ ~ {mHi一山)子炉i dL1 十 ~ ... ~φHjdA ニ o . (II")c 

If the group G is homothetic, 

jiiJjim庁 (m ザJjffsztfJ1+cjiJ-jHltfA ニ o , (1ハ
and if G is isometric 

jj(mHf-(nt 叫凡めい 0 但
R ~ rマ

Now , we shall prove the followi出ng t出heorem:

Theorem 4. 1. Let R" be a constant RiemωlJl curvature space ωzd V叫

a closed orientable submanifold with Hj = const. We suppose that tlzere exists 

a continuous one-parameter grozψG of concircular transformations generated 

by a vectοr t;' of R" such tlzat the scalar ρroduct ρ二 Jl l t; ι does Jlot chωzge 
r 

tlze sign (ωzd is not 三 0) Oll Vぺ ωherc the vcc初r t; is contained iJl the 
axi 

vector ゆace sρωzned by m + 1 vectors ~ ん (α 二 1 ， 2 ， ・・・ ， rn) and Jli. Then 
au吋 F

evelッ ρoint of Vm is umbilic with res，戸ct tο Euler-Schouten vector n. 
z 

Proof. Multiplying the formula (I')c in ~ 1 by Hj (二 const.) ， we obtain 

jiJjH2M41+jJ仰jdA=O

Therefore, subtracting this formula from the formula (II")c in ~4， we f�d 

(4.1) J ... J(m~1)(Hi~lf2)Pdil = 0 

By means of 

mHj ニ手 ~a , (す)十日イtヨ
we 只et

(4.2) Hi~H2 ニ 1 L: (丸丸)2
m2 (m ー 1 )α く:， l: J./' 

where /'hι，・・・， んm denote the principal curvatures for・ n. 
_}_' },' F L' 

Then we see that 
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HI2-H?;;;;0. 
r 

Therefore, because of (4.2), it follows that 

kl = ι= ・・・=ん明
FJ FJ R 

hold good at each point of V叫.

Theorem 4. 2. Let Rn he ω1 n-dimensional RiemωlJl space ωzd V明

ωz m-dimensional closed orientable submanifold with HI = 印Jlst. We suppose 

that tlzere exists a continuous oneヂarameter group G of homothetic transｭ
formations generated by a vector 輙 of Rη such that the scalar product 

P=n'輅 does Jlot change tlze sign (and is not ==:0) on Vぺ where the vectοrç 

IS conωined in the v切e仰r 乎俳卯正ace印e 学似G仰nned り m肘+1 vec仰C

and ni. 1 f the relation 
R 

筑n

Rijl!k 111 n" .E ij ik ミ O
E R 1-11 1 

ou凶

holds good OJl Vぺ theJl evelッ ρoint of Vm is umbilic with res，ρect to Eulerｭ

Schouten vector n. 
R 

Proof Multiplying the formula (I')h in ~ 1 by HI (= constよ we have 

(4.4) ) ... )HI2~i出

From our assumption HI = const. , (III')h becomes 

;汁Jj;jj ρRんdりψ帥ぺjρμ"

=一j よ.) {いη四一(m一叩)旬:7!d守もieidιμidA 一j ij;Jj卜ドcH1五1
(4.5) 

By means of (3.1), (4.4) and (4.5), we have 

(4.6) jL;;少川Jj少j十ρ{(仰m一川一-H2民~)汁+1R附仇ωωk凶'，k'ρ川FI E ηm 品 E E OUα au 

Since we have 

g.゚ . ~x~. . ~x~ 手，吋- ), lJ r . au. au゚ ;--1" 

if Rijhk,hzh I: ijik;;;;O hold good on vm , we get from (4.6) the relation 
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Hi-H,=O. 
五7

This means k] =ι二・・・ =km，.
F F F' 
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