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Homology of a certain associative algebra
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Abstract. Let R be a commutative ring, and let A be an associative R-algebra pos-
sessing an R-free basis B. In this paper, we introduce a homology H,, (A, B) associated
to a pair (A, B) under suitable hypotheses. It depends on not only A itself but also a
choice of B. In order to define H, (A, B), we make use of a certain submodule of the
(n + 1)-fold tensor product of A. We develop a general theory of H,, (A, B). Various
examples of a pair (A, B) and H, (A, B) are also provided.
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1. Introduction

Let G be a finite group. A family H of subgroups of G is regarded as
a simplicial complex (the order complex) associated to the poset H with
respect to the inclusion relation <. A complex H is called a subgroup
complex of G. One of the motivations of our earlier works [5], [6] is to
pursue the nature of subgroup complexes. An important thing is that a
poset (H, <) can be naturally thought as a quiver. From this viewpoint, we
studied in [5] representations of path algebras of quivers.

In our subsequent paper [6], we investigated a homology H,(Q; R) of a
quiver () over a commutative ring R. Recall that H, (Q; R) is defined by a

graded R-module P, -, Cn(Q) where C,,(Q) is the R-free module generated

by the set P(Q),, of paths in a quiver Q of length n. Here Q consists of the
same set of vertices of (), and the set of non-trivial paths in ) as arrows.
Thus it can be thought that H,,(Q; R) is associated to the path algebra R[Q)]
of Q which is an associative R-algebra possessing the set P(Q) of paths in
Q as R-free basis. In the present paper, we extend this situation to an
arbitrary associative R-algebra A with an R-free basis B, and introduce a
homology H,(A,B) (n > 0) determined by a pair (A, B) under suitable
hypotheses. Note that its structure depends on a choice of B, and that our
homology contains the notion of H,(Q; R). We develop a general theory of

2010 Mathematics Subject Classification : 16E40.



228 N. Liyori and M. Sawabe

H,(A, B).

The paper is organized as follows: In Section 2, we recall some basic
concept on a quiver ). Among them, a homology H,(Q;R) of Q is a
model case in our investigation. In Section 3, we introduce, under suitable
hypotheses, a homology H,(A,B) (n > 0) of an associative R-algebra A
with respect to an R-free basis B. Note that H,(A, B) is defined by a
graded R-module &, -, A" where A" is the R-free module generated by
a subset -

Bl iy = {bo @ @by | bi € B, by b, # 0} C AP

of the (n + 1)-fold tensor product A®("+1) of A. In Section 4, we provide
a homology H,(D) of a certain subset D C (J, 5, Bg(on+1). If D is the
whole set then H,,(D) = H, (A, B) holds. In Section 5, we extend our chain
complex to define a homology of degree —1. In Section 6, we see that our
homology is a natural generalization of H,(Q;R). In Section 7, we deal
with various examples, and present some calculation. In Section 8, we focus
on an R-algebra defined by a semilattice L. In particular, we consider the
subgroup lattice of a finite group. Furthermore some relations with the
associated order complex of L are also examined. Throughout the paper,
let R be a commutative ring with the identity element. For a set X, denote
by R[X] the R-free module with basis X. For an R-module M and a subset
Y C M, the notation (Y')z means an R-submodule of M generated by Y.

2. Preliminaries

In this section, we review some basis concept on a quiver @ (cf. [2,
Section ITI-1], [6, Sections 3 and 5]). In particular, a homology H, (Q; R) of
QQ described in Section 2.3 will be fundamental in our consideration.

2.1. Quivers and paths

A quiver Q is a quadruple Q = (Qo, Q1, (s: Q1 — Qo), (r: Q1 — Qo))
where Qo (# () and @y are sets, and their elements are called vertices and
arrows of @) respectively. Furthermore s and r are maps from @1 to Qg. For
an arrow « € @, if s(a) = a and r(a) = b then denote by a@ = (a — b)
or a % b. Elements s(a) and r(a) are called the start and range of «
respectively. A path A in Q is either a sequence (aq,aq,...,ax) (k> 1) of
arrows «; = (a;—1 — a;) € Q1 satisfying r(a;) = s(a;41) for (1 <i < k-1),
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or the symbol e, for a € Qg which is called the trivial path. We also write
A= (aoa—1>a1 §a2—>-~~—>ak_1%>ak) and e, = (a).

A vertex a is identified with e,. Denote by P(Q) and P(Q)"°" respectively
the totality of paths in @, and that of non-trivial paths in Q). For A =
(a1, 0,...,ar) € P(Q)™", define s(A) := s(ay) and r(A) := r(ag), and
denote by ¢(A) the length k of A. On the other hand, for a € Qy, define
s(eq) := a and r(e,) := a, and set £(e,) := 0. The notation P(Q); (i > 0)
stands for the totality of paths of length i. The path algebra R[Q] of Q over
R is the R-free module with P(Q) as basis, and a multiplication on R[Q)] is
defined by extending bilinearly the composition

A1A2 — {(ala'”aakyﬂlv'”vﬁm) lfT(O[k) :5(/81)

0 otherwise

of paths A; = (aq,...,ax), Ay = (f1,...,0m) € P(Q). Then R[Q] is an
associative R-algebra.

2.2. The closure of Q
For a quiver Q = (Qo, @1, s,7), we extend maps s and r on P(Q)"" as

5:P(@Q)™" — Qo by A s(A),
r:P(Q)"" — Qo by A~ r(A).

Then Q := (QO, P(Q)"°", s, r) forms a quiver which we call the closure of Q)
(cf. [6, Definition 3.5]). The set of paths in @Q is expressed as follows:

P@) = {(w0 ™o~ — a2 ) | k20, AP}

Note that a sequence (Aq,...,A,) of paths A; € P(Q)"°" is a member of

P(Q), if and only if the product A; --- Ay in R[Q)] is non-zero.

2.3. Homology of Q
Let Q be a quiver. The path algebra R[Q] = (P(Q))r of the closure Q

is a graded R-module R[Q] = €D, 5 Cn(Q) where C,,(Q) := (P(Q)n)r- Let

Jg : R|Q] — R[Q] be an R-endomorphism defined by, for (A4,...,A,) €
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Furthermore, for (z E z1) € C1(Q) and (z) € Co(Q), we set dg(xo N

71) := (21) — (20) € Co(Q) and dg(z) := 0. Then (R[Q], q) forms a chain

complex, and a homology H,(Q; R) := H, (R[Q],0g) (n > 0) of Q over R
is defined (cf. [6, Definition 5.10]). Set (9q)n := 0g|¢, (@) for n = 0.

3. Homology of (A, B)

Let A be an R-algebra, that is, A is a left R-module, and is a ring such
that (ra)b = r(ab) = a(rb) for all r € R and a,b € A. All R-algebras are
assumed to be associative. Suppose that A is the R-free module with B as
basis. In this section, we introduce a homology H, (A, B) of A with respect
to B under Hypothesis (P) below. This is a natural generalization of a
homology of a quiver stated in Section 2.3. A corresponding chain complex
is constructed by the tensor product of A. So we first prepare the related
notations.

Notation 3.1 For a non-negative integer n > 0, denote by
AP — A @ @ A= (0 ®Ra @ - ®an |a; € A(0<j<n)g

the (n + 1)-fold tensor product of A over R. For a subset D C A, we
set Dg(ny1) = {do®---®d, | dj € D (0 < j < n)} and D7,
{dy® -+ - ®d, € D®(n+1) | do - -+ d,, # 0}. Denote by

®(n+1)

- <B®(n+1)>R (bo® - ®by € By(n+1) | bo-+-bn # 0)r

an R-submodule of A®("+1) = <B®(n+1)>R. This is the R-free module with
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B;?nH) as basis. It is a convention that A=Y := {0}.

3.1. Standing hypotheses

Let A be an R-algebra possessing an R-free basis B = {by}xean C A.
We establish the following Hypothesis (P) on the product of base elements
under which we study throughout this paper.

Hypothesis (P) Fori,j € A, we express the product b;b; in A as a unique
R-linear combination

bib; = Z oz;\yjbk for some af:j € R.
AEA
(1) For any by ® --- @ b,, € Bg?nﬂ) and 0 < k < n —1, we have that
bo - br_1bAbg1o - b, # 0 whenever oz?k_H #£0 for A € A.
(2) For anyi,j € A such that bjb; # 0, we have that ), ., aftj =1.

One might think that Hypothesis (P) is a little strange at first sight.
However this is quite natural for constructing our chain complex described
in Section 3.2.

3.2. Chain complex and homology of (A, B)
In order to introduce a homology H,.(A, B), we define a chain complex
depending on an R-free basis B.

Definition 3.2 Assume Hypothesis (P) (1). For integers & > —1 and
n > 1, we define an R-homomorphism pp, : Al — Aln=1] by the formula

by @by, if k=-1
by ® - @bpbpr1 ®---b, fO0<k<n-1
b®"'®bn =
e = ith=n
0 ifk>n

for bgy®---®b, € Bg?n+1)' In the case of n = 0, a map ppy : A0 — Al

is defined to be the zero map. It should be mentioned that an element
b0®"'®bkbk+1®"'®bn

= Zaz,k-i-l(bO@"‘@bk—l Rbr Dby @ ®@by)
AEA
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#0

&n) p Decause

where brbri1 = D \en a?kﬂbx is a member of A= .= <B
of Hypothesis (P) (1).

Definition 3.3 Assume Hypothesis (P) (1). We define an R-endomor-
phism

Op =Y (-1 pps: @AM — Al

k>—1 n>0 n>0
of a graded R-module @nzo A" In other words, dp is defined by

Op(by ® -+~ @ by)
n—1

=01 @ @by)+ ) ()T (b ® - @bibi1 @ @ by)
i=0
+ (=) by ® - ®by1)
for by @ -+ @by € B/, ;) (n > 1), and dp(bo) = 0 for by € BE = B.
In particular, dp is of degree —1, that is, Op (A[”]) < Al»=1 Set (9p), =
8B]A[n] for n > 0.

Proposition 3.4  Assume Hypothesis (P). Then the equality Op o g =0
holds, namely

(9B)3 Al2] (0B)2 Al (9B)1 A0l — 4 (0B)o {0}

forms a chain complex.

Proof. We consider A := (95)%(bg ® - ®@by,) for by ® --- @b, € Bg?nﬂ)
(n > 2). Divide the image A into A = A; + A2 + A3 where

AL =01 ®--®by)=(ba ®---Rby)

n—1
A (D) (01 @ @bibig1 ® - ®by) + (—1)"(B1 ® - @ bp_1),
=1
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Az =0 ((-1)" by @ ®@by_1) = (1) (b1 @ ®@by_1)
n—2
+ (_1)n+1 Z(—l)iJrl(b() Q& bibi-i-l XX bn—l)
=0
— (bo®“'®bn—2),

n—1
As = O < STEDHF b @ @bibigr @ ® bn)>.
i=0

Then it is straightforward to calculate that

n—1

Az = Z(—l)iﬂ((h Q- ®@bibip1 @ ®by)

i=1

n—2
+ (—1)” Z(—l)i—i_l(bo Q- & bibi—i-l (SRR bn—l)
1=0

— YA @ @b) + D ad (b0 @ @by o).
AEA AEA

Thus A = 0 if and only if Y, 31 = > sca @n_1., = 1. So the assertion
holds from Hypothesis (P) (2). O

Definition 3.5 Let A be an R-algebra possessing an R-free basis B.
Under Hypothesis (P), denote by H.(A, B) := Kerdg/Imdg the factor
R-module. We call H,(A, B) a homology R-module of A with respect to B.

Remark 3.6 Suppose that B or B U {0} is a semigroup with respect
to a multiplication defined on A. Then B satisfies Hypothesis (P) since
b1by € BU {0} for any by, by € B.

Remark 3.7 Since a map 0 in Section 2.3 deletes a vertex z; (0 < i < n)
in order of index, it is quite natural from a viewpoint of simplicial com-
plexes. On the other hand, by identifying paths (A1, ..., A,) € C,(Q) with
elements A; ® ---® A, € (P(Q)“"“)gg of the tensor product, it is thought
that Op in Definition 3.3 is an algebraic generalization of g concerning path

algebras.

Remark 3.8 Recall that the standard complex or the bar construction of
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A (see [4, page 175]) is obtained from an R-homomorphism (bar resolution)
dy : A®(FD _ A® Jefined by

n—1
d(ag® - @ an) =Y (1) (a0 @+ @ ;011 @ -+ @ ap)
1=0

for all ag @ - -+ ® a,, € A"tV This is independent of a choice of B.

In this situation, if we add to d,, an operation of cutting out both ends ag
and a,, as in Definition 3.2 then, for example, an element a := agag®@aia1 =
apar(ag®ay) (a; € R) goes to respectively aya; — (g )(apar) + apar and
agay(ay —apay + ag) which are different. This implies that the image of a is
not uniquely determined. Furthermore the zero element 0 = 0® a1 ® as goes
to a non-zero element (a1 ® az) — (0®@az2) + (0@ araz2) — (0® a1) = a1 ® ag,
a contradiction.

In order to avoid that trouble, we need to deal with (9p), : Al —

Al"=11in Definition 3.2 which depends on an R-free basis Bg?n 1)

The following result on the image Im(dp); will be applied in Section
74.

Proposition 3.9 Assume Hypothesis (P). If A contains the identity ele-
ment 14 and 14 € B then we have that

m(d5)1 = (1a, (b— 14)(c—14) | b,c € B, be # 0)p.

Proof. Recall that (0p); : Al — AlY) = A where AY = <B§S>R. For
any b®c € ng, we have that (0p)1(b®c) = c—bc+b=14—(b—14)(c—14).
By our assumption, 14 ® 14 lies in ng. Thus (9p)1(1a ® 14) = 14. This
completes the proof. O

3.3. Cohomology of (A, B)
By the usual way, we can define a cohomology H*(A, B) of (A, B) as
the dual of H.(A, B).

Definition 3.10 Let A be an R-algebra possessing an R-free basis B.
Under Hypothesis (P), let

dp : @ Homp(A™, R) — P Homp (A", R)
n>0 n>0
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be an R-endomorphism of a graded R-module P, -, Hom r(Al" R) defined
by

dp(f) = fo ()i : AT 220, gl T,

for f € Homg(AM, R) (n > 0). Then dp is of degree +1 with the property
that dg o dg = 0. Denote by H*(A, B) := Kerdg/Imdp the factor R-
module. We call H*(A, B) a cohomology R-module of A with respect to B.
Set (dB)n = dBlHomp (Al k) for n > 0.

Example 3.11 Let Z be the ring of all rational integers. Let A := Z[G]
be the group algebra of a group G over Z. Since a Z-basis GG of A is a group,
G satisfies Hypothesis (P). Recall that A := <G7ﬁ(()n+1)>z = (Ggm+1))z
(n > 0). Then we have the following chain complex

{0} — Homgz (A7) 992, Homy (Al z) 19,

Here we consider H°(A,G) := Ker(dg)o. For f € Ker(dg)y C
Homy, (A%, Z), we have that 0 = (f o (Jg)1)(a®b) = f(a+b— ab) =
f(a)+ f(b) — f(ab) for any a ® b € Gg2. Denote by eq the identity element
of G. Then f(eg) = 0 and f(gg~!) = f(g) + f(g~?) for g € G, so that,
f(g71) = —f(g). This yields that f(G’) = {0} where G’ is the commutator
subgroup of G. Thus H°(A4,G) = {0} if G is a perfect group. On the other
hand, suppose that G is finite. Take an element g € G of order m > 1.
Then 0 = f(eg) = f(9™) = mf(g) and f(g) = 0. Thus H°(A,G) = {0} in
the finite case too (see also Remark 7.9).

4. Homology of a subset D

Let A be an R-algebra possessing an R-free basis B. Assume Hypothesis
(P). In this section, we provide a homology H, (D) of a certain subset
D C U.so Bg?nﬂ) This contains the notion of H, (A, B) discussed in
Section 3.

4.1. Op-invariant subsets
We begin with the definition.

g 0 .
Definition 4.1 For a subset D C |, Bg(n+1), we say that D is Op-
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invariant if dg((D)r) C (D)g.

Proposition 4.2 Let D C {J,~, Bg?nﬂ) be a Op-invariant subset. Put
— #0 -
Dn:=DN B, 1 (n>0).

(1) The union D = UnZO D,, is disjoint, and we have a graded R-submodule

(D) = P (Dn)r < € A,

n>0 n>0

(2) We have that 8B(<Dn>R) == 8B(<D)RHA[”]) g <D>RﬂA[n_1] = <Dn71>R-

The restriction

9p,p = 0p ‘<D>R : @U%)R — @(Dn>R

n>0 n>0

is an R-endomorphism of (D)r of degree —1 with the property that
Op,po0pp =0. The following is a chain complex:

(0B,D)2 <D1>R (0B,D)1 <DO>R (0B,D)o {0}
N N |
(0B)2 Al (9B)1 Al0] (9B)o {0}

(3) Let

dp.p : @ Homp((Dy) g, R) — @D Homp((Dn)r, R)
n>0 n=>0

be a map defined by dp p(f) := fo(9B,D)nt1 for f € Homg((Dn)r, R)
(n > 0) as in Definition 3.10. Then dpp is an R-endomorphism of
degree +1 with the property that dpp o dpp = 0.

Proof.  Straightforward. O

Definition 4.3 For a dp-invariant subset D C (J,,~, B7Y denote by

®(n+1)’
H.(D) := H*((A, B),D) = Ker 8B7D/Im8379,
H*(D) := H*((A, B), D) := Kerdp p /Imdp p
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the factor R-modules. We call H,(D) and H*(D) respectively a homology
R-module of D, and a cohomology R-module of D.

Remark 4.4 The whole set D := UnZO B is clearly Op-invariant. In

#0
®(n+1)

this case, D,, = Bg;?n 1) (Du)r = Al and (D) = @),,5 A" Tt follows
that H,(D) = H,(A,B) and H"(D) = H"(A, B). Thus H, (D) contains

the notion of H, (A, B).

Remark 4.5 Suppose that B is a semigroup. If a subset D C
U0 B®? +1) satisfies u.r(D) € DU{0} for all k > —1 where ppy is
defined in Definition 3.2, then it is clear that D is Op-invariant. We call

such D a “up-invariant subset”.

4.2. A-module actions

Let V be an A-module, that is, V is a left R-module and a right A-
module (A considered as a ring) such that (rv)a = r(va) = v(ra) for all
v eV, re R, and a € A. Then there exists the associated algebra ho-
momorphism ¢ : A — Endg(V) which is a ring homomorphism and an
R-linear map. This can be extended to an R-homomorphism

@ : A®FD L Endg (V)2 (n > 0),

using the same notation ¢, defined by ¢(ay®- - -®a,) :=
Recall that A = (B)r. Then an R-subalgebra p(A) = (¢
is generated by a set p(B).

0)® - @p(an).

o(a
(B > < EDdR(V)

Lemma 4.6  Suppose that ¢(B) is an R-free basis of p(A).

(1) @(B) satisfies Hypothesis (P) (2).
(2) Suppose that ¢(B§?n+1)) C go(B)g?n_H) (n > 0). Then ¢(B) satisfies
Hypothesis (P) (1).

Proof. (1) Suppose that 0 # ¢(b;)p(b;) = Lp(b b;) for some b;,b; € B. In
particular b;b; # 0. It follows that >, ., o', = 1 by Hypothesis (P) (2) on
B. Since ¢(bibj) = > \ca mgp(bA) the assertlon holds.

(2) For ¢(by) @ -+ @ ¢(b,) € go(B)®( vy and 0 <k < n—1, we
have that ¢(br)e(brr1) = D sen agkﬂap(b)\) Since B satisfies Hypothesis
(P) (1), if a4y # 0 then by ® -+ @ by ® - ® by, lies in BZ,. Thus
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0(bp) @+ @pby) @+ @ p(bn) = plbo® - @by ® -+ ®by,) belongs to
@(ng) C @(B)gg. This completes the proof. O

Lemma 4.7 Let V be an A-module with the associated algebra homomor-
phism ¢ : A — Endgr (V). Suppose that ¢(B) is an R-free basis of p(A),

and that @(Bg?nﬂ)) C @(B)g?nﬂ) (n > 0). For a Op-invariant subset

D C Unso Bg?nﬂ), the followings hold:

(1) »(D) € U,>0 @(B)g?nH) is Op(p)-tnwariant, so that, H,(¢(D)) is de-
fined.
(2) ¢ induces an R-homomorphism from H.(D) to H,(¢(D)).

Proof. Note that ¢(B) satisfies Hypothesis (P) by Lemma 4.6.
(1) For any n > 0, we have the following commutative diagram:

KUB K

Am = (Bley) —=  (Bf)) = AR

@l lso

p(AI = (p(B)alnin) e (p(B)Zn) = (A1
»(B),k

Since poup k= py(B)kop for all k > —1, we have that podp = 0,(p)oy
(see Definition 3.3 ). Thus

045) (¢((D)r)) = ¢(95((D)r)) € ¢((D)r) = (¢(D))r-

2) Straightforward. O
(2) g

Example 4.8 (Ag-module action) Let Ag := R[Q] = (P(Q))r be the
path algebra of a quiver Q = (Qo, @1, s,7), which is the R-free module with
basis B := P(Q). Let V := R[Qo] be the R-free module generated by Q.
First we recall an action of Ag on V introduced in [5, Section 3.1]. Let
w : @1 — R be a map which we call a weight function on ;. Then w can
be extended on non-trivial paths by setting w(A) := Hle w(ay) for A =
(@1,...,ax) € P(Q). It is a convention that w(e,) := 1 for a € Qo. Let AP,
be the opposite algebra of Ag. Then we regard V' as an Ag)-module induced
by an algebra homomorphism p,, : Ay — Endg(V') which is defined by
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Pw(A) -V — V; a— al = ’LU(A)(SG’S(A)T(A)

for A € P(Q) and a € Qg. Note that (p,(A1)pw(A2))(a) = (al)Ay =
a(A1A2) = pu(A1Az)(a) for Ay, Ay € P(Q) and a € V. Here we assume
that p,,(B) = {pw(A) | A € P(Q)} is an R-free basis of p,,(Ag) = (pw(B))r-
If w = 1 namely w(a) = 1 for any o € @1, then this assumption always
holds. Now we have the following.

e Since B U {0} is a semigroup, B satisfies Hypothesis (P).

o For Ag® - ® A, € Bg(nt1), we have that p,(Ao ® -+ ® Ay) =
puw(Do) ® -+ @ pu(An) € puw(B)gm+1)- Recall that Ag--- A, # 0
if and only if py,(Ag) - -+ puw(An) = puw(Do---Ay,) # 0. This implies

0 0
that py, (B;(n+1)) = pw(B)g(nH).

e Take the whole set D :=J,,5, B;?HH).
Remark 4.4).

By Lemma 477 pw(D) = UnZOpw(Bg(On—‘rl)) = UnZOpw(B)g(()n-l—l) is

9, (py-invariant, and H, (p, (D)) is defined. It is clear that H,(p,(D)) =

H (puw(AR), pu(B))-

Remark 4.9 (Up-Down algebra) Let Q = (Qo, @1, s,7) be a quiver. For
each arrow a = (a — b) € Q1, we define the symbol ‘a. Set Qy¢ := Q; U
{ta| @ € Q1}. Then

Then D is dp-invariant (cf.

Q" == (Qo, A1, (s: Q1 — Qo), (r: Q" — Qo))

forms a quiver where s and r are extended on Qy¢ as s(*a) := r(a) = b
and r(*a) := s(a) = a for a = (a — b) € Q1 (cf. [6, Definition 3.1]). Thus
ta = (b — a). Note that P(Q) C P(Q") =: B.

(1) In Example 4.8, if we just replace @ with a quiver Q" = (Qo, Q14, s,7)
then we have py(Agu) = (puw(A) | A € B)r < Endg(V). This R-
algebra py,(Agua) coincides with the “Up-Down algebra” UD(Q,w; R)
of @ with respect to w over R, which is first introduced in [5], and is
investigated in it. Thus a homology of UD(Q, w; R) can be understood
in our setting on module action under the assumption that p,,(B) is an
R-free basis of pu(AQua)-

(2) Suppose that @Q is finite. Suppose further that {A € P(Q) | s(A) =
a, 7(A) = b} # () for any a,b € Qp, and that w = 1. Then, by [5,
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Corollary 3.13], UD(Q, 1; R) is isomorphic to the total matrix algebra
Mg, (R). In particular, for a quiver @ defined as a -2, b, we have
that UD(Q, 1;C) = M5(C). In Section 7.2, we will consider homology
of matrix algebras.

5. An extension of a chain complex

Let A be an R-algebra possessing an R-free basis B. Assume Hypothesis
(P). In this section, we introduce an extension of a chain complex. This
idea will be applied to a realization of a homology of a quiver in the next
Section 6.

Lemma 5.1 LetD C Un>0 B70 be a Og-invariant subset, and let

®(n+1)
(0B,D)2 <D1>R (OB, D)1 <D0>R (9B,D)0 {0}

be the corresponding chain complex in Proposition 4.2. Suppose further that
there exist an R-module M and R-homomorphisms s,r: (Do)r —> M such
that

s(zy) = s(x) and r(zy) = r(y) for all x,y € Dy C B with zy # 0.
() s(y) for all x,y € Dy C B with xy # 0.
Let ( é/[ Jo:=r—s:(Dg)r — M be an R-homomorphism. Then
(6]1\3/1,D)2 (81]\3/1,D)1 (8}3 D)O
+ ——— (D1)p —— (Do)p ——— M — {0}
forms a chain complex where (agD) = (0B,p)n forn > 1.

Proof. 1t is enough to show that (O%D)O o (O%D)l = 0. For any by ® b €
D, C ng, by using our assumptions on s and r, we have that
((831) 0©° aBD 1) bp ®by) = aB D) (b1 — bob1 + bo)
( bl — S 1)) ( bobl — S(bobl)) ( (bg) — S(bo))
= (r(b1) —s(b1)) — (r(b1) — s(bo)) + (r(bo) —s(bo))
=r(bo) —s(by) = 0.
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This completes the proof. O

Definition 5.2 Under the situation of Lemma 5.1, there exists an R-
endomorphism

O p: (DM — (D) M

of a graded R-module (D)r @ M of degree —1 with the property that 9% ;o
8]1;{@ = 0. Denote by

HM (D) := HY((A,B),D) := Ker 83 1, /Im 9 .
Note that HM (D) = H,,(D) for all n > 1, and that H} (D) and Hy(D) are

not necessarily equal. Furthermore H™ (D) := M/ Im(@ﬁ{{ p)o of degree —1
is newly defined.

Lemma 5.3  Suppose that B is a monoid, that is, it is a semigroup having
the identity element 1p. Suppose further that 1p is contained in Dy C B.
Then s = r. In particular, H (D) = M.

Proof. For any = € Dy, since xlp = lgz = x # 0, we have that r(z) =
s(1p) and r(1p) = s(z) by the definitions of s and r. Furthermore r(1p) =
s(1p) since 151 = 15 # 0. This implies that s = r is a constant map. The
proof is complete. U

6. A realization of H,(Q;R)

Let Ag := R[Q] = (P(Q))r be the path algebra of a quiver Q =
(Qo,Q1,s,7). Let AﬁQ := (C)r be a subalgebra of Ag generated by
C :=P(Q)"". Note that AﬁQ is not unital. Since C'U{0} is a semigroup, C'
satisfies Hypothesis (P). In this section, we see that a homology H,(Q; R)
of @ (see Section 2.3) is realized as a homology of a subalgebra AﬁQ with
respect to C as in the following.

Proposition 6.1 Let QQ be a quiver. Then there exist an R-module M and
R-homomorphismss,r : Ag — M such that H%(Ag, C) >~ H,11(Q; R) for
alln > —1.

Proof. As in Remark 3.7, c70

&(nt1y can be identified with the set P(Q)ni1
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of all non-trivial paths of length n + 1 in the closure @ of Q. Thus we may

assume that C®?n+1) P(Q)ns1 (n > 0). A path of length 0 is a trivial

path. It follows that (Aﬁ )l = <C7ﬁ(n+1)>R = (P(Q)ns1)r = Cns1(Q).
This yields a chain complex

(8c)z (A“ i ey (9c) (Aﬂ)H — {0}
I |
Ca(Q) Bak, C1(Q)

(9Q)s (90)1
— —

Co(Q) — {0}

Note that (0c)n = (0g)n+1 for n > 1. Therefore H,, (A ,C)=H,1(Q;R)
for all n > 1.

On the other hand, let M := R[Qo] be the R-free module generated
by Qg. We identify a vertex a € @y with a corresponding trivial path
eq € Co(Q) in Q, so that, M = Cy(Q). Define R-homomorphisms

s: (A0 = AL, — M by A s(A) for A€ C=PQ)"",

(A = 4L M by A r(A) for A€ C=P(Q)™"

These maps s and r clearly satisfy the two conditions in Lemma 5.1. Thus
we have a chain complex

(80 )2 (Aﬁ )[1] (081 (Aﬁ )[0] (8&)o M — {0}
| | |
G(Q) 225 1@ P Go(@) — {0}

(0Q)s
—_—

where (0M)o :=r —s : (Dy)r — M coincides with (9g)1. It follows
that Hé\/[(AﬁQ,C) H1(Q; R) and HM (Aﬂ C) = Ho(Q; R). The proof is
complete. O

7. Examples

In this section, we give various examples of a pair (A4, B) and H,, (A, B).
Denote by R™ the natural R-module {*(z1,...,2,,) | #; € R} with R-basis
{vi}1<i<m where v; is a vector in R™ whose i-th entry is 1, and the other
entries are all 0.
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7.1. Path algebra AﬂQ

Let Q be a quiver defined as a —— b. Then P(Q) = {eq,ep,a}, C :=
P(Q)"™ = {a}, and AﬁQ :=(C)r = (a)r = R. Since (Ag)["] = <C’§(On+1)>R
for n > 0, a corresponding chain complex is as

e {0} — {0y 2 (ah)l L2 qoy.

Note that (A}))l% = A% Thus Ho(A),C) = Af, = R. Let M := R?, and
define R-homomorphisms

s:AﬁQ—>M by «a+— vy,

r:AﬁQ—>M by a+— vs.
Then, by Lemma 5.1, we have a chain complex

(081

§ 0] (92
s {0y L aglr LR

M — {0}
where (0M)o :=r—s: AﬁQ — M with Im(0X)o = (va—v1)r = R. It follows
that HY (A}, ©) == Ker(0M)o = {0} and HM, (AL, C) := M/Tm(0})o = R.

Summarizing

n n>1 0 -1

H,(AL,C0) || {0y R -
H)'(A5,C) || {0}y {0} R

7.2. Matrix algebras

Let M,,(R) be the total matrix R-algebra of degree m with {e;; | 1 <
i <m, 1 <j<m} as R-basis where e;; is a matrix whose (s,t)-entry is
1if (s,t) = (i,7), and O otherwise. Let A be a subset of {1,2,...,m} X
{1,2,...,m} such that (i,k) € A whenever (i,5),(j,k) € A. Then

A= @ Rem

(¢,7)EA
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is an R-subalgebra of M,,(R) possessing an R-free basis B := {e; ; | (4,]) €
A}. Since B U {0} is a semigroup, B satisfies Hypothesis (P). Recall that,
for n > 0,

Al = <B(§?n+1) >R

= (€igir @ €iiy @+ @iy | (iksingr) €A, 0 <k <m)g
Note that A%l = (B)z = A. Then we have a corresponding chain complex

(OB)3 (9B)2 (9B)1 (9B)o

Al2l Alll Al0]

{0}.

Let M := R™, and define R-homomorphisms

s:A— M by Z Nij€ij Z i j Vi,

(4,5)EA (i,5)eA
r:A— M by Z Hi,j€q5 Z Hi V-
(i,5)€EA (i,5)eA
Then, for e;,ej, € B, we have that s(ejjeju) = s(eix) = vi = s(es;),

r(eijejr) = r(eix) = v = r(ejx), and r(e;;) = v; = s(ejx). By Lemma
5.1, we have a chain complex

O, O3 (00

Al AlO]

M — {0}

where (04),, := (0p)n forn > 1, and (0¥ )g:=r—s: A — M.
Proposition 7.1  Suppose that (1,i) € A for any 1 <i < m. Then

{0} ifn>0

H%(AB)—{
R ifn=-1

Proof. Using the assumption that (1,7) € A for any 1 < i < m, the

following R-homomorphisms h,, can be defined.

hy : AL — Al (4 > )

by €igi; @ @ €iinyy F €lig @ €igiy @ @ €40y
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h_1 M — A[O] by Vi V= €14.

Then we can check that (0% )10k, + hy—10 (0¥ ), = Id gim) for any n > 0
where Id 4 is the identity map on A, This shows that Ker(0} )n <
Im (¥ )41, and thus HM (A, B) = {0} for n > 0.

On the other hand, we have that Tm(9%)o = (v; —v1 |2 <i <m)g. It
follows that H™ (A, B) := M/Tm(0¥ )¢ = R as desired. O

Let T,,(R) be an R-subalgebra consisting of all upper triangular ma-
trices in M,,(R). Then we are able to apply Proposition 7.1 to R-algebras
M,,(R) and T,,(R). Here it is worth mentioning that we originally calcu-
lated homology HM (A, B) for My(R) and Ty(R). But the referee pointed
out that our earlier results can be generalized as in Proposition 7.1.

Remark 7.2 Let Q be a quiver defined as a —— b Then by Remark
4.9 (1) and (2), we have that py(AQu) = (pw(D) | A € P(Q)) =

D(Q,w;C) =2 M5(C) where w = 1. So the above result is regarded as
the calculation of homology of the Up-Down algebra UD(Q,w;C), and at
the same time, regarded as the calculation of homology of Agua-action p,,
discussed in Section 4.2.

Remark 7.3 Let Q be a quiver defined as a > b, and let Ag := C[Q] =
(P(Q))c be the path algebra of @ where P(Q) = {eq, e, a}. Then p,,(Ag) =
(pw(A) | A € P(Q)) appeared in Example 4.8 is isomorphic to To(R) where
w = 1. So the above result is regarded as the calculation of homology of
Ag-action p,, discussed in Section 4.2.

7.3. Group algebras

Let G be a group with the identity element eq. Let R[G] be the group
algebra of G over R. Since a R-basis G of R[G] is a group, G satisfies
Hypothesis (P). Thus homology H,, (R[G], G) is defined. Note that, in this
case, R[G]I : <B7ﬁ0 +1)>R and G B(ni1) = Gam+n) = {90®-®gn|g €
G} for n > 0. Then we have a corresponding chain complex

(0c)2 (aG)l (9a)o

R[GIM === R[G]" {0}.
Recall that Im(9g)1 = (Og(z ®@y) |2,y € G)p = (r+y — 2y | z,y € G)g.

Let Q and Z be respectively the field of all rational numbers and the ring
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of all rational integers.

Proposition 7.4  Suppose that G is finite. Then Ho(Q|[G],G) = {0} and
HM (Q[G],G) = M for any extension (--- — Q[G]Y) — M — {0})
defined in Section 5.

Proof. 1t is enough to show that (Jg); is surjective. Take any element
g € G of order m > 1. Then Im(dg): contains Z?;_ll(ac;)l(g ®g') =
mg — eq and (0g)1(eq ® eg) = eg. It follows that G C Im(dg);. Thus
Im(9g)1 = Q[G] = Q[G]"Y). Furthermore since G is a group, we have by
Lemma 5.3 that H™ (Q[G],G) = M. O

Lemma 7.5 A surjective group homomorphism h : G — K induces a
surjective homomorphism h : Hy(Z|G|,G) — Hy(Z]K], K).

Proof. A map h : Z|G] — Z[K] defined by ﬁ(zgeG g9) =D eq Agh(9)
gives a surjective homomorphism. — Thus it is enough to show that
h(Im((?(;)l) C Im(0k)1. Indeed, for g1,92 € G,

2((36)1(g1 @ g2)) = h(gr + g2 — g192) = (I )1 (h(91) ® h(ga)) € Tm(Ipe )

This completes the proof. Il

Lemma 7.6 Let G = (z1) X -+ X (x,) X (h1) X -+ x (hy,
(gm+n) be a finitely generated abelian group where g; = x; (
Ui = o(x;) < 00, and gm+j; = h; (1 < j <n) with o(h;) = co. Consider the
group algebra Z|G|. Then we have the following.

(1) Im(9e) = ([I727" 95" — 273" sigi | 86 € Z)z € Z[G).
(2) Im(dg)1 NG = {eg}.
(3) Ho(Z|G],G) = G as groups.

Proof. (1) For any g = Hzr:in g;* and h = Hjj” g in G where s;,t; € Z,
we have that (9¢)1(9®h) = g+h—gh = (9= 121" sigi)+(h—314" tigi) —
(gh — 3" (s; +ti)gi). Conversely, modulo Im(dg)1 = (x +y —ay | z,y €
G>Za

m+n m—+n m+n m+n

H 9;" — Z Sigi = Z 8;G; — Z 5;g; = 0.
i=1 i=1 im1 =1
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Thus the first assertion holds.

(2) Let Z :== {(v1,- -, Ums b1, -5 fin) | 0 < vy < &, p; € Z}. For
A = (51, ,8m4n) € L, put ¢» == [["" g% € G, ga :== S " sig: €
Z|G], and Ja = {i | 1 < i < m+mn, s; # 0}. By the previous result,
Im(dg)1 = (9™ —ga | A € T)z. Let S be the totality of sequences A € T
such that Ja = {k} for some 1 < k <m+n and s = 1. Then, for A € Z,
we have that ¢ — ga = 0 if and only if A € S. Thus any element Y in
m(9dg)1 can be expressed as

Y = Z an(g™ —ga) (finite sum)
AeS’

where S’ := T\ S. Suppose now that ¥ = ¢g®° € G for some Ay =
(t1y. . ytmyn) € Z. If Ag ¢ S’ namely Ay € S then, since G is a Z-free
basis, aa = 0 for all A. Thus ¢g° = 0, a contradiction. So Ay € S’. Then
by the same reason, we have that g~° = aa,(g”° — ga,). This implies that
an, =1land 0 =ga, = ZZ’Hn t;g;- Thus t; = 0 for all 4, so that, gAO =eq
as required.

(3) Since Im(dg)1 = (x +y — 2y | z,y € G)z, we have that
Hy(Z|G],G) = Z[G]/Tm(dg)1 = (gi + Im(9g)1 | 1 < i < m +n)z. Note
that c¢(g; + Im(0g)1) = (cgi) + Im(9g)1 = (¢:)¢ + Im(dg)1 for ¢ € Z and
1 < i <m+ n. Suppose now that, for some Ag = (t1,...,tmin) €L,

+
Z (g9: + Im(0c)1) = g™ + Im(dg);1.

Then since g~° € Im(dg)1 N G = {eg}, we have that ¢; = 0 for all .
This shows that (g; + Im(dg)1 | 1 < i < m + n)z is isomorphic to G =
(g1) X -+ X {gm+n). The proof is complete. O

Example 7.7 Let G be a finitely generated group. Then Hy(Z[G],G)
G /G’ as groups where G’ is the commutator subgroup of G.

Indeed, let 7 : G — G/G’ be the canonical map. Since G/G’ is
a finitely generated abelian group, we obtain a surjective homomorphism
7: Hy(Z|G),G) — Hy(Z|G/G'],G/G") = G/G' by Lemma 7.5 and 7.6. On
the other hand, a map k : G — Hy(Z|G], G) defined by k(g) := g+Im(9g)1
for g € G is a surjective homomorphism such that x(G’) = {0}. Thus we

1
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have a surjective endomorphism
G/G' = Ho(ZIG), G) = Ho(ZIG/G),G/G) = G/,

and this must be an isomorphism in general. It follows that % is an isomor-
phism.

Remark 7.8 (Relation with group homology) Set A := R[G| and B :=G.
Then we have that H, (A, B) = Hp4+1(G, R) for n > 0 where H,4+1(G, R)
is the usual group homology (cf. [3, pages 35 and 36]). Indeed, we first
recall H,,+1(G, R). Let F,, for n > 0 be the left R[G]-free module with basis
{lg1lg2| - - - 1gn] | gi € G}. Note that Fy = R[G][ | = R|G]. Define an R[G]-
homomorphism 0, : F,, — F,—1 by On([91]92] - |9n]) = g1l92] - - |lgn] +
Yo (=1)[g1l - lgigisa] -+ gn) + (=1)"[g1]g2| - - |9n—1]. Then

is a free resolution of the trivial R[G]-module R. Consider the tensor product
F} := R®pgjq) Fn where R is the right trivial R[G]-module. Then F}, is the
R-free module with basis {[g1|g2| - |gn] | 9 € G}, and we have a chain
complex

T Ny e Ry 7/ N R (1)

where 9, ([g1192] - gn]) = [g2|---[ga] + X129 (=1)[on] -+~ gigi1 - -~ gu] +
(=1)"[g1lg2| - - - |gn—1]- In particular, 91 is the zero map. Then H, (G, R) :=
H, (F!) by definition. Now identifying go®- - -®g,, € A" with [go| - - - [gn] €

F} .1, we have the following commutative diagram.

c0B)z2 g OB 40

| |
a a,

% F| 2 By — {0}

— F
It follows that H,, (A, B) = H,1+1(G, R) for n > 0. From this viewpoint, it
is known that Hy(Z[G],G) = H1(G,Z) = G/G" for an arbitrary group G.
Thus, in fact, Example 7.7 holds without the assumption on G.
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Remark 7.9 As in Remark 7.8, we have H"(R[G],G) = H""Y(G, R)
for n > 0 where H"™}(G, R) is the usual group cohomology. It is well
known that H!'(G,R) = Hom(G, R). From this viewpoint, we have that
H°(Z|G),G) = HY(G,Z) = Hom(G,Z) = {0} if G/G’ is finite. This is the
conclusion of Example 3.11

7.4. The character ring Q[NIrr (G)] of a finite group

Let G be a finite group, and Irr(G) be the set of irreducible complex
characters of G. Denote by 1¢ and pg respectively the trivial and regular
characters of G. Let Z[lrr(G)] = {X, err(q) MxX | my € Z} be the char-
acter ring of G which is a Z-algebra with Irr(G) as Z-basis. Consider the
tensor product A := Q®yz Z[Irr(G)] over Z which is a Q-algebra. Define x :=
(1/x(ec))x € A for x € Irr(G), and put NIrr(G) := {X | x € Irr(G)} C A.
Then A possesses NIrr(G) as Q-basis, that is, A = Q[NIrr(G)]. Note that 1¢
is the identity element of A. Denote by m(G) the set of all primes dividing
the order |G| of G.

Firstly, we claim that a Q-basis NIrr(G) satisfies Hypothesis (P) (2).
Indeed, for X,1) € NIrr(G), let xv = Znelrr(G) cyn for some ¢, € Z. Then

we have that Y¢ = Znem(G) d,n where

cy X n(eq)

™= e x ¥leq)

€ Q.

Since X(eq) = v¥(ec) = n(ec) = 1, the equality >, 1., dy = 1 holds.
Secondly, we claim that a Q-basis NIrr(G) satisfies Hypothesis (P) (1). This
is because that for any x1,...,xm € NIrr(G), we have that x1--- xm # 0.
In other words, denote by B := NIrr(G), then Bg?nﬂ) = Bg(n+1) (n > 0)
holds. Set B —1¢ :={x — 1l¢ | X € B}.

Proposition 7.10  Under the above notation, we have the following.

(1) {p € Alpleq) =0} = (B - la)e-
(2) Ho(A, B) = {0}.

Proof. (1) Put X :={p € A| p(eg) = 0}. Forany ¢ =3 cp,q) axX €
X, we have that 0 = w(eq) = >\ cn(a) WxX(€a) = X\ (@) dx- This
implies that ¢ = 3 (1. @) ax(X — 1¢) is contained in (B — 1g)g. The
converse is trivial.



250 N. Tiyori and M. Sawabe

(2) It is enough to show that Im(dp); = A. Let

1 x(eq)? -
0:=1g— —pg=1g — E A.
¢ |G|pG ¢ x€Irr(GQ) |G| e

Since 6(e¢) = 0, we have that § € X = (B — 1g)g and express as 6 =
2 xernr(c) (X — 1g). Furthermore pf = ¢ for any ¢ € X because of
0(g) = 1 for any g € G with g # e. Thus for any 1’/;— lg e (B-1g) C X,
we have that

b-lg=-1a)0= Y o -16)(X-1a)

X€Irr(G)

€e((m—1a)(X—1c) |7, X € B)g-

It follows that <lg, (ﬁ— 1g)(%—lg) ‘ 7,X € B>Q D) <1g, QZ— lg ‘ QZ S B)Q =
A, and that those two sets are equal. On the other hand, since 77y # 0 for any
7, X € B, we have by Proposition 3.9 that Im(d5)1 = (1¢,(1—1¢)(X —1¢) |
7,X € B)g. Thus Im(dp); = A as wanted. This completes the proof. O

Remark 7.11 For a positive integer n > 1, let 7(n) be the set of all
primes dividing n. Let N := N(G) be the least common multiple of the
degrees x(eq) for all x € Irr(G). Set nr :=[[,c () |Glp where |G|, is the
p-part of |G|, and set n, = |G|/nx.

Now we consider a subring R := Z[1/N] = {f(1/N) | f(X) € Z[X]}
of Q instead of Q itself, and observe the R-free module R[NIrr(G)| with
B := NIrr(G) as basis. Note that 7(x(eq)i(eq)) for any x,¢ € Irr(G) is a
subset of (). This implies that d,) appeared earlier in this Section lives
in R, and that R[B] is defined as an R-algebra. At the same time, we can
see that an R-basis B satisfies Hypothesis (P).

We follow the notation in the proof of Proposition 7.10. Then, by the
same way, we can show that X = (B — 1) g. Furthermore let

1 x(eq)? -
9/ = Nyt 1 — T = 71-/1 — .
n ( lei |G‘PG> nqrlg Z Tor X

x€lrr(G)

Since m(n,) = w(N), we have that §’ € R[B]. Then, along the same way
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as in the proof of Proposition 7.10, it is shown that (1¢, nwf(zz —1¢) | J €
B)g = (1g, nwth | ¥ € B)g is contained in Im(dp); by using ¢’ instead of
9. It follows that Ho(R[B], B) is a (n(G) \ m(NN))-group. We will see in the
next Example 7.12 that it is not always equal to {0}.

Example 7.12 Under the situation of Remark 7.11, we give an example.
Let G be the dihedral group Dqo = ((1,2,3,4,5),(2,5)(3,4)) of order 10.
The character table of G is given as follows:

lec (2,5)(3,4) (1,2,3,4,5) (1,3,5,2,4)

x1=1lg| 1 1 1 1
o 1 1 1 1
X3 2 0 e+et g2 4¢3
X4 2 0 2 4¢e3 e+¢et

where > = 1 and € # 1. Then N := N(G) = 2 and a coefficient ring is
R = Z[%] C Q. Furthermore n, = 2 and n,» = 5. Now we calculate that
(0B)1(X1 ® Xi) = X1+ Xi — X1Xi = x1 for all 1 < i < 4. By the same
way, (Op)1(X2 ® X2) = 2X2 — X1, (0B)1(X2 ® X3) = (OB)1(X2 ® Xa) = X2,
(08)1(X3 ® X3) = 2X3 — 4X1 — 51Xz — 3X4, (08)1(X3 @ X1) = 3X3 + 5X4,
(0B)1(xXa ® X1) = 2x4 — if(vl — %5{2 — %5{5 Then Im(0p); is generated
by those (0p)1(X: ® X;) over R, and we eventually obtain that Im(dp); =
(X1,X2,5X3, X3 + Xa)r- Thus Ho(R[B],B) = (x3 + Im(dp)1)r is a cyclic
group of order n, = 5.

Example 7.13 Suppose that G is a finite abelian group. Since ev-
ery irreducible character is linear, we have that N := N(G) = 1 and
NIrr(G) = Irr(G). Furthermore Irr(G) together with the usual product on
characters forms a group which is isomorphic to G. Thus R :=Z[1/N] =Z
and B := NIrr(G) = Irr(G) =2 G. Then by Example 7.7, Hy(R[B], B) =
Hy(Z|G],G) = G.

8. Semilattices

Let (L, <) be a meet-semilattice, namely this is a poset such that there
exists the greatest lower bound aAb for any a,b € L. In this section, we focus
on an R-algebra R[L]. In particular, we consider a subalgebra of Q[Sgp(G)]
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where Sgp(G) is the subgroup lattice of a finite group G. Furthermore some
relations with the associated order complex of L are investigated.

Definition 8.1 For a meet-semilattice (L, <), let R[L] be the R-free mod-
ule with basis L. A multiplication on R[L] is defined by extending bilinearly
the product ab := a Ab € L for a,b € L. Then R[L] is an associative R-
algebra (cf. [1, page 185]). Note that an R-free basis L is a semigroup, so
that, L satisfies Hypothesis (P).

8.1. Subgroup lattice

Let G be a finite group. Denote by Sgp(G) the set of all subgroups
of G. Then Sgp(G) is a meet-semilattice with respect to the inclusion-
relation. Note that H A K = HN K € Sgp(G) for any H, K € Sgp(G). Put
L := Sgp(G) and a Q-algebra A := Q[L].

Definition 8.2 For a subgroup H € L, define an element

|G|Z e H|(|H|ZH9>€Q”

where HY := g7 'Hg for g € G. Put X¢g := {[H] | H € L/~.} where
L/, is a set of representatives of G-conjugate classes of L. Denote by
Q(G) := Q[X¢] the Q-free module generated by X¢-.

Note that for [H], [K] € X, we have that

[H] ‘2 ZH%K@!—‘GPZ<Z HHKWI)“C)

z,yeG zeG “yeq
|G|2Z(ZH”Ky )= S (g )
zeG “yeqG yeG wEG

Y [HNEY] € Q(G).

yeG

IG ]
This shows that Q(G) is a subalgebra of Q[L] with a Q-basis X¢, and also

shows that X satisfies Hypothesis (P).
Proposition 8.3  Under the above notation, we have that Hy(Q2(G), Xg) =

{0}
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Proof. Tt suffices to show that Im(dx,)1 = Q(G). Let E := {eg} be the
trivial subgroup of G. First we note that (0x,)1([E]|®[E]) = 2[E]—-[E|[E] =
2[E] — [E] = [E]. Next we take any [H] € X¢ such that H # E. Then by
using the above formula on [H|[K],

Ox (i) 1) = (2- ol - S (A

yENg(H)

The coefficient of [H] is non-zero. By induction on the order of a subgroup
of G, Im(0dx, )1 contains [H]. Thus X C Im(dx, )1, so that, Im(dx,)1 =
Q(G) as desired. O

8.2. Associated order complex
For a poset (L,<), the order complex O(L) = O(L,<) of L is the
abstract simplicial complex whose k-simplices are all inclusion-chains (zo >
- > xy,) of length k& where x; € L. Denote by O(L); the set of all k-
simplices of O(L) for k > 0. For s € L and a subset K C L, we define a
subposet K. :={a € K | a < s}.

Notation 8.4 Let (L, <) be a meet-semilattice. For s € L and a subset
K C L, denote by
f(K<5)n_1 = {bo Q- Rby_1 | (b() > e > bn—l) € O(K<s)n_1} (7’1, > 1)

Forby®---®@bp_1 € F(K<s)n_1, we have the product by -+ - by,—1 = bp—1 # 0
in the algebra R[L]. Thus F(K<gs)n-1 C Lg%. Furthermore denote by
S ®f(K<s)n71 = {S ® bO K& bnfl | bO K- Q& bnfl S f(K<s)n71}a
s®F(Kcg)-1:={s},

D(K<y) = |J s @ F(K<o)n1 € | LLin)-
n>0 n>0

Recall that D(K ), := D(K<4) N LY

®nt1) =5 & F(K<s)n—1 forn>0. In
particular, D(K<s)o = {s}.

Proposition 8.5 Let (L, <) be a meet-semilattice. For s € L and a subset
K C L, we have that D(K.,) is Op-invariant, and that H,(D(K.,)) =
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ﬁn_l(O(K<s)) for any n > 0 as R-modules where f[n_l(O(K<s)) s the
usual reduced homology of a simplicial complex O(K ).

Proof. For s®@by® -+ Q@by_1 € D(K<s), (n > 1), we have that

OL(s®@by® -+ @bp_1)
:(bo@"'@bn_l)—(8b0)®b1®"'®bn_1

n—2
+D (1)@ @ (bibig1) @+ @by + (—1)" s @by ® -+ @ by
=0
n—1 .
=) (-1)'s®@by @ ®b; @+ @by_1 € D(K<s)n—1.
1=0

Note that sbg = by and b;b;11 = b1 as s > bg and b; > b; 1 respectively,
and that b; means to delete the element b;. This shows that D(K<y) is
Or-invariant.

Put D := D(K.s). An element s®@by®- - -®b,—1 € Dy, = sQF (K<g)n-1
(n > 1) is identified with an (n—1)-simplex (bg > -+ > b,_1) € O(K<s)n—1-
Furthermore, for s ® by € Dy, we have that d1,(s ® by) = s € Dy = {s}. It
follows that (0r,p)1 : (D1)r — (Do)r = (s)r gives the augmentation map.
Thus we have the following chain complex

(Or,p)2 (Or,p)1

- — (D2)r (D1)r (Do)r — {0}
| | |
(O(K<s)1) r (O(K<s)o)r R

Then the above calculation of Jy, yields the required isomorphism. O

Example 8.6 Let G be a finite group. Suppose that |7(G)| > 2. For
p € m(G), denote by S,(G) the set of all non-trivial p-subgroups of G. Put
L :=8,(G)U {{ec},G}. Then L is a meet-semilattice with respect to the
inclusion-relation. Note that PAQ = PN Q € L for any P,Q € L as in
Section 8.1. Then for G € L and a subset K := S,(G) C L, we have by
Proposition 8.5 that

H,(D(K<g)) = Hy1(0(K<g)) = Ho1(0(Sp(Q))).
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Thus the reduced homology of the Brown complex O(S,(G)) can be realized
as our homology of an R-algebra R[L].

Theorem 8.7  For a meet-semilattice (L, <), let

D(L):=|JDPL) = (U s®f(L<5)n1) < U Litsny

seL n>0 “seL n>0

Then D(L) is Or-invariant, and

H,(D(L)) = @D Ha-1(0(L<y))

seL
for any n > 0 as R-modules.

Proof. By the definition, (D(L))r = @, (D(L<s))r as R-modules.
Since D(L<s) is dr-invariant by Proposition 8.5, so is D(L). Furthermore
H, (D(L<S)) o fNIn_l(O(L<S)) for any n > 0. Thus the assertion clearly
holds. |
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