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A new class of reconstructible graphs

from some neighbourhood conditions
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Abstract. In this paper, we provide a new class of reconstructible finite graphs. We
show the following theorem: Let k£ be a positive integer number. Let I' be a finite
graph with at least 3 vertices. Suppose that I' satisfies the following two conditions:
(i) for any two distinct vertices w,w’ € V(I'), [w,w’] € E(T') & N(w) — {w’} 2 N(s)
for any vertex s € V(I'); (ii) there exists a vertex v € V(I') of degree k such that for
any k-vertices v1,va,...,v € V(I') — {v}, there exists a vertex u € V(I') such that
St?(u, T) N {v,v1,va,...,v,} = 0, where N(w) is the full subgraph of I' whose vertex
set is {v € V(I)|[w,v] € E(I')} and St?(u,T) = J{St(w,)|w € V(St(u,T))}. Then

the graph I' is reconstructible. We also provide some applications and examples.
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1. Introduction

A graph T' is an ordered pair (V(I'), E(I")) consisting of a set V(I") of
vertices and a set F(I") of edges. We use [u,v] to denote a pair of vertices
u,v € V(I'), and write [u,v] € E(T") or [u,v] ¢ E(I') to indicate whether
or not they form an edge in I'. If v € V(T'), the vertez-deleted subgraph of
I', denoted by I'y,_,y or I' — {v}, is the graph obtained from I' by deleting
the vertex v and its incident edges. A graph I' is finite if both its vertex set
V(I') and edge set E(T") are finite. A graph I' is simple if it has no loops or
multiple edges.

Two graphs I' and A are isomorphic, written I' 2 A if there are bijec-
tions 6 : V(I') — V(A) and o : E(I') — E(A) such that e = [u,v] if and
only if o(e) = [#(u), 0(v)].

In this paper, we consider only graphs which are finite, simple and
undirected.

A graph T is said to be reconstructible, if any graph I'" with the following
property (x) is isomorphic to T'.
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(%) There exists a bijection f : V(I') — V(I') such that the subgraphs
I' = {v} and IV — {f(v)} are isomorphic for any v € V(I').

The following open problem is well-known as the Reconstruction Con-
jecture.

Problem (Reconstruction Conjecture) Is every finite simple graph with
at least three vertices reconstructible?

Some classes of reconstructible graphs are known (cf. [2], [6], [7], [8], [9])
as follows: Let I' be a finite graph with at least three vertices.

(1) If " is a regular graph, then it is reconstructible.
(2) If T is a tree, then it is reconstructible.

(3) If ' is not connected, then it is reconstructible.
(4)

4) If T has at most 11 vertices, then it is reconstructible.

Now we provide some definitions.

Definition 1.1 (cf. [1]) Let I' be a finite graph and let v be a vertex of
the graph I'. Then the degree of the vertex v, denoted by deg(v), is the
number of edges with v as an end vertex in I". The neighbourhood graph of
the vertex v, denoted by N(v), is the full subgraph of I" whose vertex set
is {w € V(I)|[w,v] € E(I')}. The star graph of the vertex v, denoted by
St(v,T), is the full subgraph of T" on the vertex subset {v} U V(N (v)).

The purpose of this paper is to prove the following main theorem, which
provide a new class of reconstructible graphs. We prove this theorem in
Section 2.

Theorem 1.2 Let k be a positive integer number. Let I' be a finite graph
with at least 3 vertices. Suppose that 1" satisfies the following two conditions:

(1) for any two distinct vertices w,w" € V(I'),
[w,w'] € E(T) & N(w) —{w'} % N(s) for any vertex s € V(T');

(ii) there exists a vertex v € V(I') of degree k such that for any k-vertices
V1,2, ..., v € V(T') — {v}, there exists a vertex u € V(I') such that

StQ(qu) N {Uavlav%"'vvk} - (Z),
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where St*(u,T) = J{St(w,T)|w € V(St(u,I))}.
Then the graph T is reconstructible.

Remark The right-to-left implication in the condition (i) holds for any
graph, that is, in any graph I', the following condition holds:

(i) for any two distinct vertices w,w’ € V(T'),
[w,w'] € E(T) < N(w) — {w'} % N(s) for any vertex s € V().

Indeed, if [w,w’] ¢ E(T), then N(w) — {w'} = N(w). Hence N(w) %
N(s) for any vertex s € V(I'). It is a contradiction.

Thus, the converse left-to-right implication is essential in the condition
(i)

We can easily construct graphs satisfying the condition (ii) in Theorem
1.2. Indeed, if a graph has enough many vertices and every vertex has small
degree, then the condition (ii) holds. We also note that the condition (ii) is
a key condition and we essentially use this condition in the proof of Theorem
1.2.

We introduce some examples and applications of Theorem 1.2 in Section
3. We need some defitions.

Definition 1.3 (cf. [5]) A simplicial complex L is called a flag complexz,
if the following condition holds:

(+x) For any vertex set {sg,...,sy} of L, if {s;,s;} spans 1-simplex in L for
any i,j € {0,...,n} with i # j, then the vertex set {sg,...,s,} spans
n-simplex in L.

Definition 1.4 (cf. [10]) Let v be a vertex of a simplicial complex L. Then
the open star of v in L, denoted by Sot(v, L), is the union of the interiors of
the simplices of L that have v as a vertex. Its closure, denoted by St(v, L),
is called the closed star of v in L. It is the union of all simplices of L having
v as a vertex. The set St(v, L) — St(v, L) is called the link of v in L and is
denoted by Lk(v, L).

A finite graph I" uniquely determines a finite simplicial flag complex L
whose 1-skeleton L) coincide with T' (cf. [5]). Then by Definition 1.1 and
Definition 1.4, we have the following.
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(1) The neighbourhood graph N (v) of the vertex v in the graph I' coincide
with the 1-skeleton of the link Lk(v, L) of the vertex v in the simplicial
flag complex L, i.e., N(v) = Lk(v, L)V,

(2) The star graph St(v,I") of the vertex v in the graph I' coincide with the
1-skeleton of the closed star St(v, L) of the vertex v in the simplicial
flag complex L, i.e., St(v,T') = St(v, L)1),

(3) St?(v,T) = St?(v, L)W,

By these correspondence, we obtain the following corollary from Theo-
rem 1.2.

Corollary 1.5 Let k be a positive integer number and ig be a nonnegative
number. Let I be a finite graph with at least 3 vertices. Suppose that T" is
the 1-skeleton of some simplicial flag complex L which satisfies the following
two conditions:

(i) for any two distinct vertices w,w’ € L),

[waw/] € L(l) g ﬁio (Lk(w7L) - {w/}) ?é ﬁio (Lk(S7L))
for any vertex s € L.

(ii") there exists a vertex v € LO) of degree k such that for any k-vertices
v1,vs, ..., v, € LO) — {v}, there exists a verter u € L) such that

St2(u, L) N {v,v1,v2, ..., v} =0,

where St?(u, L) = | J{St(w, L)|w € St(u, L)}.
Then the graph T' is reconstructible.

Indeed, the condition (i) in Corollary 1.5 implies the condition (i) in
Theorem 1.2.

Example 1.6 If L is a simplicial flag complex and a homology n-manifold
(n > 1), then the condition (i) in Corollary 1.5 holds, where ig = n — 1.
Detail of homology manifolds is found in [3, Section 5], [4], [10, p. 374], [11].
This is one of our motivations in this paper.

From Corollary 1.5, we also obtain the following.

Corollary 1.7 Let L be a (n + 1)-dimensional simplicial flag complex
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which is a triangulation of Ly * {a1,as,...,axr}, where Ly is a n-manifold
and k > 4. If L has enough vertices to satisfy the condition (ii") in Corollary
1.5, then the graph T = L) is reconstructible.

We also provide some examples and remarks in Section 3.

2. Proof of Theorem 1.2
We prove Theorem 1.2.

Proof of Theorem 1.2. Let I" be a finite graph satisfing the two conditions
(i) and (ii) in Theorem 1.2.

Then we show that the graph I' is reconstructible.

Let IV be a finite graph and let V, E and V', E’ be the vertex sets and
the edge sets of the graphs I and I respectively.

Now we suppose that the condition () in the introduction is satisfied.

To show that the graph I' is reconstructible, we prove that the two
graphs I and I are isomorphic.

By the condition (ii), there exists a vertex v € V' of degree k such that
for any k-vertices v1,va,...,vp € V — {v}, there exists a vertex u € V such
that St?(u,T) N {v,v1,v2,...,v5} = 0. We use the condition (x) for the
vertex v € V. Then we see that I' — {v} and I'" — {f(v)} are isomorphic,
i.e, there exists an isomorphism ¢ : ' — {v} — IV — {f(v)}. Let v' = f(v).
Here it is well-known that the vertex v in I" and the vertex v’ in T have the
same degrees (cf. [9]). Since v and v" have the same degrees,

V(e (N ()| = IV(N())| = deg(v') = deg(v) = k.
By the condition (ii), there exists a vertex a € V such that
52(a.T) N (v} UV (p (N () = 0. (2.1)
Then,
P(52(a,T)) N ({v'} UN () =0,
hence,

St2(p(a),T")) N St(v',T) = 0. (2.2)
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Let a = f~'¢(a). Then f(a) = ¢(a). We use the condition (x) for the
vertex a € V. Then we see that I' — {a} and IV — {f(a)} =T — {p(a)} are
isomorphic, i.e, there exists an isomorphism ¢ : I' — {a} — IV — {p(a)}.

Let w’ be a vertex in V' — {f(a)}.

Now we show that if [f(a),w’] € E’ then [a, ¢, " (w')] € E.

Suppose that [f(a),w’] € E’. Then we first prove that N(p~!(w’))—{a}
is isomorphic to N (¢ *(w')) — {a}.

By (2.1), v ¢ N(¢~*(w")). Then

N(p™H(w")) = {a} = N(p™' (w) — {a,v}. (2.3)
Since ¢ is an isomorphism of T' — {v} and I" — {v'}, we obtain that
N(p™H(w") —{a,v} = p(N(p~ ' (w')) — {a,v}) = N(w') — {p(a),v'}. (2.4)
By (2.2), v ¢ N(w'). Hence
N(w') = {p(a),v'} = N(w') — {p(a)},
N(w') = {p(a),v'} = N(w') — {f(@)}. (2.5)
Since ¢y is an isomorphism of T' — {a} and I" — {f(a)}, we have that
N(w') = {f(a)} = g (N(uw') = {f(@}) = N(ep ' (w')) —{a}.  (2.6)
Thus, from (2.3), (2.4), (2.5) and (2.6), we obtain that
N(p™H(w")) = {a} = N(gpy ' (w) — {a}. (2.7)
Suppose that [f(a),w’] € E'. Then [p(a),w] € E'. Since ¢ is an
iliigfrphism of T — {v} and I' — {v'}, we obtain that [a, o~ (w')] € E.

[a, 07 (w)] € E
= N(¢ ' (w')) - {a} 2 N(s) for any s € V, by the condition (i)
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< N(py'(w'))—{a} 2 N(s) forany s € V, by (2.7)

< [a,p, ' (w')] € E, by the condition (i).

Thus, for any vertex w' € V' — {f(a)}, if [f(a),w'] € E’ then
a5 (w)] € E.

Since deg(a) = deg(f(a)) (i.e. |V(N(a))| = |V(N(f(a)))|, we obtain
that for any vertex w' € V' — {f(a)}, [@,¢; " (w')] € E if and only if
[f(a),w'] € E'.

Here we define a map ¢ : V' — V' by ¢|y_(a; = ¢o and @(a) = f(a).

Then from the above observation, we obtain that ¢ induces an isomor-
phism of the two graphs I' and I".

Therefore the graph I" is reconstructible. U

3. Examples and Applications

Example 3.1 Let L be a 1-dimensional simplicial flag complex whose
underlying space is Figure 1. In L, there are two kinds of points, that is, for
a vertex w € L) either deg(w) = 2 or deg(w) = 4.

For a vertex w € L(®) such that deg(w) = 2, we have

~ Z =0
Hi(Lk(w,L))%{O P20

and for any vertex w’ € Lk(w, L)(©,

H;(Lk(w,L) —{w'}) =0 i>0.
For a vertex w € L(®) such that deg(w) = 4, we have

L2OLBL 1=0

H;(Lk(w, L)) = {0 2o

and for any vertex w’ € Lk(w, L)(©),

~ Z®7Z =0
Hi(Lk(w, L) — {w'}) = {0 P20
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Hence we see that for any two distinct vertices w,w’ € L(®),

[w,w'] € LW < Hy(Lk(w, L) — {w'}) % Ho(Lk(s, L))
for any vertex s € Lo
i.e., L satisfies the condition (i’) in Corollary 1.5. Therefore if L has enough

vertices to satisfy the condition (ii’), then the graph I' = L) is recon-
structible.

Figure 1.

Example 3.2 Let L be a 2-dimensional simplicial flag complex which is
a triangulation of S x {a1,az,as,as}. In L, there are two kinds of points,
that is, for a vertex w € L) either Lk(w, L) is homeomorphic to S or
Lk(w, L) is homeomorphic to Figure 1.

For a vertex w € L(® such that Lk(w, L) is homeomorphic to S', we
have

Ay(Lk(w, 1) = 7.
and for any vertex w’ € Lk(w, L)(®),
Hy(Lk(w, L) — {w'}) = 0.

For a vertex w € L(®) such that Lk(w, L) is homeomorphic to Figure 1,
we have

Hy(Lk(w, L) 2 Z®Z > Z,
and for any vertex w’ € Lk(w, L)(®,
Hy(Lk(w,L) —{w'}) =0 or Z& Z.

Hence we see that for any two distinct vertices w, w’ € L(©),
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[w,w'] € LY < Hy(Lk(w, L) — {w'}) % Hy(Lk(s, L))
for any vertex s € L),
i.e., L satisfies the condition (i’) in Corollary 1.5. Therefore if L has enough

vertices to satisfy the condition (ii’), then the graph I' = L(Y) is recon-
structible.

Example 3.3 Let L be a 3-dimensional simplicial flag complex which is
a triangulation of S? x {a1,as,as,as}. In L, there are two kinds of points,
that is, for a vertex w € L, either Lk(w, L) is homeomorphic to S? or
Lk(w, L) is homeomorphic to S  {ay,as,as, a4}

For a vertex w € L such that Lk(w, L) is homeomorphic to S?, we
have

ﬁZ(Lk(wa L)) = Z7
and for any vertex w’ € Lk(w, L)(©),
Hy(Lk(w, L) — {w'}) = 0.

For a vertex w € L(® such that Lk(w, L) is homeomorphic to S
{a1,a2,a3,a4}, we have

Hy(Lk(w, L) 2 Z &L & Z,

and for any vertex w’ € Lk(w, L)(©),

Hy(Lk(w,L) —{w'}) 20 or Z® Z.

Hence we see that for any two distinct vertices w,w’ € L(®),

[w,w'] € LY & Hy(Lk(w, L) — {w'}) % Hy(Lk(s, L))
for any vertex s € LO),
i.e., L satisfies the condition (i’) in Corollary 1.5. Therefore if L has enough

vertices to satisfy the condition (ii’), then the graph I' = L) is recon-
structible.
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Here we can prove Corollary 1.7.

Proof of Corollary 1.7. In L, there are two kinds of points, that is, for
a vertex w € L) either Lk(w, L) is homeomorphic to S™ or Lk(w, L) is
homeomorphic to S~ ! x {ay,as,...,ax}.

For a vertex w € L such that Lk(w, L) is homeomorphic to S™, we
have

A (Lh(w, L) = 7,
and for any vertex w’' € Lk(w, L)),
H,(Lk(w,L) — {w'}) = 0.

For a vertex w € L(®) such that Lk(w, L) is homeomorphic to S™~ !
{a1,aq,...,a}, we have

H,(Lk(w, L) 2 ZSZ® - DL,
—— —
k—1

and for any vertex w’ € Lk(w, L)(©),

H,(Lk(w,L) — {w'}) 200r ZSZ& - & Z.
~———————
k—2

Hence we see that for any two distinct vertices w,w’ € L),
[w,w'] € LW < H,(Lk(w, L)—{w'}) % H,(Lk(s, L)) for any vertex s € L(®,

i.e., L satisfies the condition (i’) in Corollary 1.5. Therefore by the Corollary
1.5, the graph I' = L™ is reconstructible. Il

Remark The condition k£ > 4 in Corollary 1.7 is necessary. For example,
let k = 3 and let L be a 1-dimensional simplicial flag complex whose under-
lying space is Figure 2. In L, there are two kinds of points, that is, for a
vertex w € L) either deg(w) = 2 or deg(w) = 3.

For a vertex w € L(®) such that deg(w) = 2, we have
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Z 1=0

H;(Lk(w, L)) = {O P20

and for any vertex w’ € Lk(w, L)(©),
Hi(Lk(w,L) —{w'}) =0 i>0.
For a vertex w € L(®) such that deg(w) = 3, we have

Z&Z i=0
0 i£0

Z i=0

0 i#0
Hence we note that Ho(Lk(w,L)) = Z for vertex w € L with
deg(w) = 2 and Ho(Lk(w,L) — {w'}) = Z for vertex w € L© with
O)‘

deg(w) = 3 and vertex w’ € Lk(w, L) Therefore L does not satisfy
the condition (i’) in Corollary 1.5.

N
N

Figure 2.

H;(Lk(w, L)) = {

and for any vertex w’ € Lk(w, L)(,

12

ﬁi(Lk(w,L) —{w'})

Example 3.4 Here we give an example of a graph which satisfies the
conditions in Theorem 1.2 but does not satisfy the conditions in Corollary
1.5.

Let L be a 2-dimensional simplicial flag complex whose underlying space
is Figure 3, i.e., the underlying space of L is the join of the circle and
the three points set. In L, there are two kinds of points, that is, for a
vertex w € L)) either Lk(w, L) is homeomorphic to S' or Lk(w, L) is
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homeomorphic to Figure 2.
We claim that L does not satisfy the condition (i’) in Corollary 1.5.
Indeed, for a vertex w € L(®) such that Lk(w, L) is homeomorphic to
St we have

Z i=1

H;(Lk(w, L)) = {0 P41

and for any vertex w’ € Lk(w, L)(®),
Hi(Lk(w,L) —{w'}) =0 i>0.

For a vertex w € L(®) such that Lk(w, L) is homeomorphic to Figure 2,
we have

Z®Z i=1

H;(Lk(w, L)) = {o oy

and for any vertex w’ € Lk(w, L)(©),

Z =

E(Luw,m—{w’})%{o i

H;(Lk(w,L) — {w'}) =0 i>0.

Hence we note that Hi(Lk(w,L)) = 7Z for vertex w € L such that
Lk(w, L) is homeomorphic to S* and Hi(Lk(w,L) — {w'}) = Z for ver-
tex w € L(® such that Lk(w, L) is homeomorphic to Figure 2 and vertex
w' € Lk(w, L)(®). Therefore L does not satisfy the condition (i’) in Corollary
1.5.

There exist some triangulations such that it can not apply Corollary 1.5
but it can apply Theorem 1.2.

For example, we consider a triangulation of L as for a vertex s € L(®)
such that Lk(s, L) is homeomorphic to S, Lk(s, L) has a triangulation as
Figure 4.
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= O

Figure 3. Figure 4.
Figure 5. Figure 6.

(I) For a vertex w € L(®) such that Lk(w, L) is homeomorphic to Figure 2,
Lk(w, L) has a triangulation as Figure 5.

In the case (I), the condition (i) in Theorem 1.2 does not hold and we cannot
know whether or not the graph I' = L1 is reconstructible from Theorem
1.2.

(IT) For any vertex w € L(®) such that Lk(w, L) is homeomorphic to Fig-
ure 2, Lk(w, L) has a triangulation as Figure 6.

In the case (II), the condition (i) in Theorem 1.2 holds. Hence if L has
enough vertices to satisfy the condition (ii), by Theorem 1.2, the graph
I' = LM is reconstructible.
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