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On the variational problem associated

with standard differential systems
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1. Preliminaries

1.1. Left invariant differential systems on Lie groups, and condi-
tions (Cy), (C) and (C’)

At the outset we consider a new condition on differential systems (M, D)
as follows:

(Co) any two points p and g of M can be connected by a piece-wise
regular integral curve of (M, D).

Clearly condition (Cp) implies condition (C'). Suppose that M is con-
nected, and rank(D) > 0. Then it is known that condition (C”) implies
condition (Cp): (see Appendix in [5]). Furthermore it can be shown that if
(M, D) is real analytic, the three conditions (Cy), (C) and (C”) are mutually
equivalent. The proof of this fact is based on the fact above and Nagano’s
theorem ([4]) on real analytic involutive differential systems possibly with
singularities.

Now, let G be a connected Lie groups and g its Lie algebra. In the
present paper g is defined to be the tangent space T (G), e being the identity
element g, equipped with the natural Lie algebra structure. We denote by
exp the exponential mapping of g to GG, and by L, the left translation of G
corresponding to an element of G.

Let ¥ be a subspace of g. We denote by D the left invariant differential
system on G induced by the subspace ¥: (i) Do = ¢, and (ii) Dyb = dL,(Dy),
a,b € G. Tt is clear that the differential system (M, D) satisfies condition
(C"), if and only if the Lie algebra g is generated by ¢J. For completeness we
shall prove the following
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Proposition 1.1  Assume that dim 9 > 0. Then Conditions (Cy), (C) and
(C") are mutually equivalent.

We shall only prove the equivalence (C’) < (Cp). The equivalence
(C") & (C) can be similarly dealt with.

For a € G we denote by Qq(a) the set of all piece-wise regular integral
curves a(t) (t € [0,1]) of (G, D) from e to a, and set

H={aeG|[Q(a)# ¢}

We first assert that H # ¢. Indeed, z € ¢ — {0}. Clearly the curve a(t) =
exp(tx) (t € R) is a regular integral curve of (G, D). Hence «(t) is in H for
each t € R, proving our assertion. We next assert that H is a subgroup of
G. Indeed, let a,b € H, and take o € Qq(a), 5 € Qo(b). Then we define a
curve y(t) (t € [0,1]) of G as follows:

a(2t), 0<t<
y(t) = )
af(2t—1), <t<l

)

N

Then we have v € Qy(ab) and hence ab € H. We now define a curve v(t)
(t €10,1]) of G by

yt)=aty(1—1t), 0<t<1.

Then we have v € Qp(a™!) and hence a=' € H, proving our assertion.
Furthermore it is clear that if a € H and w € Qq(a),w(t) is in H for each
t € [0,1]. Therefore it follows that H becomes a connected Lie subgroup of
G (see Appendix 4 [2]).

Now, we denote by g(1J) the subalgebra of g generated by the subspace
¥ of g, and by G(¥) the connected Lie subgroup of G generated by g(9).
Then we show that the two Lie subgroups H and G(¥) coincide, from which
follows immediately the equivalence (C") < (Cj). First we have G(9) C H.
Indeed, take any X € ¥ — {0}. As we have seen, exp(tx) is in H for each
t € R, meaning that X is in the Lie algebra §h of H. We have therefore
shown that ¥ C b and hence g(¢) C h. This means that G(9) C H, proving
our assertion. Next we have H C G(¢). Indeed, we denote by D the
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left invariant differential system on G induced by the subalgebra g(J) of
g. Then D is completely integrable, and G(¢) is the maximal connected
integral manifold of D through e. Now, let a € H, and take w € Qq(a).
Since D C D, w is a piece-wise integral curve of D. Tt follows that w(t) is
in G(¥) for each t € [0,1]. We have therefore shown that a = w(1) € G(¥¥)
and hence H C G(9).

1.2. Fundamental graded Lie algebras and standard differential
systems
Let g be a Lie algebra (over the field R of real numbers), and (g,)pez
a family of subspaces of g, where Z denotes the additive group of integers.
Let us consider the following conditions on the pair (g, (gp)):

g= ng (direct sum), (GLA.1)
P

dim g, < oo, (GLA.2)

(80, 84] C Op+q- (GLA.3)

Under these conditions the pair (g, (gp)) or the direct sum g = _ g, is
called a graded Lie algebra.

Then a graded Lie algebra g = Zp gp is called a fundamental graded Lie
algebra or briefly a FGLA, if the following conditions are satisfied:

(FGLA.1) dimg < oo,
(FGLA.2) g; # {0}, and the Lie algebra g is generated by g;.

Let g = > g, be a FGLA. Then we see that g, = {0} for p < 0 and
gp+1 = [91,8p) for p > 1. It follows that there is a positive integer k such
that g, # {0} for 1 < p < k and g, = {0} for p > k. We also note that g
becomes a nilpotent Lie algebra.

Let 1 be a positive number. Then the FGLA, is called of the p-th kind,
if k = p, furthermore the FGLA is called a euclidean FGLA, if there is given
an inner product ( , ) on g;.

In the following we shall be concerned with a fixed FGLA,

I
gzzgp :ng’
D p=1
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of the u-th kind. Let G be a simply connected Lie group whose Lie algebra is
g. Since g is a nilpotent Lie algebra, the exponential mapping exp : g — G is
a diffeomorphism (onto). We then denote by D the left invariant differential
system on G induced by the subspace g; of G. Since the Lie algebra g is
generated by gq, we know from Proposition 1.1 that the differential system
(G, D) satisfies conditions (Cy), (C') and (C”). The differential system (G, D)
thus obtained is called the standard differential system associated with the
FGLA, or simply a standard differential system of the p-th kind.

Now, assume that g = Zp gp is a euclidean FGLA. We denote by g the
left invariant inner product of D induced by the inner product ( , ) on g:

(i) ge(X7Y):<X7Y>7 X,Y € g1,

and

(i) gas(dLa(X),dLa(Y)) = g7 (X,Y), X,Y € Dy,a,f €G.

The riemannian differential system (G, D, ¢g) thus obtained is called the stan-
dard riemannian differential system associated with the euclidean FGLA or
simply a standard riemannian differential system of the p-th kind. Con-
cerning the standard riemannian differential system (G, D, g) we may con-
sider the spaces Q(G,D,a, f) (a,f € G), the energy functionals E :
Q(G,D,a, f) — R, and the distance function d(a, f). Finally we extend,
once for all, the inner product ( , ) on g1, to an inner product {, ) on g, so
that any two of the subspaces g,, are mutually or orthogonal. Then we denote
by ¢ the left invariant riemannian metric on GG induced by the inner product
(, ) on g, and by d(a,b) the associated distance function on G. Clearly
both the distance functions d and d are left invariant: d(ca, cb) = d(a, b) for
a,b,c € G, and the same for d.

1.3. The distance functions d and d

In this and the subsequent paragraphs we are concerned with a eu-
clidean FGLA of the p-th kind, and preserve the notations in the previous
paragraph.

We take any vector X of g, and set X = 25:1 Xp, where X, € g,.
Then we define a function ¢ on g by
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o
P(X) = X7,
p=1

We also have the function d(e, exp(X)) on g.

Proposition 1.2 The two functions p(X) and d(e,exp(X)) are equivalent
in the following sense: There are positive constants Cy and Cy such that

Cro(X) < d(e,exp(X)) < Cap(X), X €g

Proof. Let Ry be the multiplicative group of positive numbers. For A € R,
we define an automorphism A the Lie algebra g by

MX)=MNX, Xeg, 1<p<p

Clearly the assignment A — A gives an injective homomorphism of the
group Ry into the automorphism group Aut(g) of the Lie algebra g. We
then denote by \ the automorphism of the Lie group G generated by the
automorphism A of g : dA\(X) = A(X) and A(exp(X)) = exp(A(X)), where
X eg.

Lemma 1 For any a,b € G and X € Ry the following equality holds:
d(X(a), \(b)) = Ad(a,b).
Proof. This fact follows immediately from the following equality
lAN(X)| = M X|, X eD., ceq,

which is proved as follows: We take Y € g, such that X = dL.(Y). If we
put & = A(¢)e™!, we have Ao L, = Lzo Lo o \. It follows that dA\(dL.(Y))
AdLz(dL.(Y)) and hence dA\(X) = AdLz(X). Therefore we obtain |dA(X)|
A X |, proving the desired equality.

Lemma 2  There are a neighborhood U of e and a positive constant M
such that

dle,a) <M, a€lU
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Proof. For each 1 < p < pu we set n, = dimg,, and take a basis
(e(ap))lgagnp of g,. We then define a mapping of R to G by

o® (z) = exp (xgp)egp)) .. exp (xgi)egi)),

where z(P) = (:ng), .. .,a:%;)) € R"™. We further define a mapping R"! x
--- xR to G by

o(z) = 0(1)(37(1)) oW (w(u)%

where z = (z(),...,2(") € R™ x--.xR"™. Then o gives a diffeomorphism
of R -+ - XR™ onto G. We now set

U:{J(x)|‘x&p)‘<1, I <a<n, 1SPSM}>

being an open neighborhood of e and take any point a = o(x) of U. Since
the distance function d is left invariant, we have

Ko Mp
d(e,a) < Z Z d(e, exp(x(ap)e(ap))).

p=1a=1

Here, we notice that each x&p ) may be described as follows: :L'((Xp ) — 6@(A&p ))p ,

where gff’ islor—1or0,and o < /\gp) < 1. Then we have ;\&p) (e&p)e&p)) =

2 eP, and hence exp(x&p)e&p)) =3P (exp(s&p) e&p))). Therefore we see from
Lemma 1 that

d(e, exp(zP) e((lp))) = )\&p)d(& eXP(E((xp)eEvp))
< d(e,exp(ePel))

< d(e,exp(e(gp))) + d(e, exp(—eflp))).

Consequently if we put

M= 33 {dfesexp(el?)) +d{e.exp(—e)

p=1a=1
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we obtain d(e,a) < M, proving Lemma 2.
We are now in a position to prove Proposition 1.2. Take any X € g and

A € R. Since p(A(X)) = Ap(X), we see from Lemma 1 that

d(e, exp(z))p(A(X)) = d(e, exp(AX))p(X). (+)

Now, S5 denotes the sphere of radius § centered at 0 € g. U being as in
Lemma 2, we choose a sufficiently small § so that Ss C U. By Lemma 2
we then have d(e,exp(X)) < M for any X € S5. Let m a positive constant
such that (X) > m for any X € Ss. If we put Co = M/m, we see from (x)
that

d(e,exp(A(X))) < Cop(A(X)), AeR,, X € S;.

Furthermore there are positive constants M’ and m’ such that ¢(X) < M’
and

d(e, exp(X)) > d(e,exp(X)) > m/
for any Ss. If we put Cy, = m//M’, it follows from () that
Crp(M(X)) < d(e,exp(A(X))), A €Ry, X €55,
As is easily verified, we have
g—{0} = {AMX) [ A€ Ry, X € S5}
We have therefore shown that
Crp(X) < d(e, exp(X)) < Cap(X), X €g,

which proves Proposition 1.2.
By Proposition 1.2 we have the following two corollaries:
Corollary 1 (cf. Corollary to Theorem 5, Appendix in [5]) Let K be a

compact set of G. Then there is a positive constant C' such that

d(a,b) < d(a,b) < Cd(a,b)**, a,beK.
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In particular it follows that the topology of G defined by the distance function
d coincides with the topology of the manifold G.

Corollary 2  The distance function d is complete, that is, any Cauchy
sequence in G with respect to d converges to a point of G.

Proof of Corollary 1. There are positive constants ¢’ and C’ such that
(X)) < C|X[VH,

provided |X| < ¢’. Furthermore there are positive constants ¢’ and C” such
that

1 X| < C"d(e,exp(X)),

provided d(e, exp(X)) < &”. Therefore it follows from Proposition 1.2 that
there are positive constants € and C' such that

provided cZ(e, a) < €. Since both d and d are left invariant, we have shown
that

d(a,b) < Cd(a,b)"/",

provided cf(a, b) < g, from which follows easily Corollary 1.
Proof of Corollary 2. For any positive number R we define a subset K of
g by

K ={X eg|d(e,exp(X)) < R}.
Then it suffices to show that K is a compact set of g. By Proposition 1.2
we see that K is bounded in g, with respect to the norm | - |. Furthermore

K is closed in g, because the function X — d(e,exp(X)) is continuous by
Corollary 2. We have thus shown that K is compact, proving the corollary.
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1.4. An expression of the distance function d in terms of the
energy functionals
For simplicity we set Q(a,b) = Q(G, D, a,b).

Proposition 1.3 In terms of the energy functionals the distance function
d may be described as follows

d(a,b)*> = Inf E(w), a,b€QG.
we(a,b)

Proof. This fact is clear in the case where =1 i.e., the euclidean FGLA
is reduced to a euclidean vector space. Accordingly we may assume that
> 2, implying that dim g; > 2.

For any a,b € G we denote by Qq(a,b) the set of all piece-wise regular
integral curves w(t) (t € [0,1]) of (G, D). Since the differential system (G, D)
satisfies condition (Cj), we have Qq(a,b) # ¢. This being said, we set

do(a,b) = Inf L(w) .
w€p(a,b)

Since d(a,b) < dy(a,b), do(a,b) becomes a distance function on G. Here, we
notice that Proposition 1.2. together with its corollary remains true when
d is replaced by dy. Especially it follows that the topology of G defined by
dp coincides with the topology of the manifold G.

Now, let n(a,b) denote the right hand side of the equality in the propo-
sition. Then we have d(a,b)?> < n(a,b), because L(w)? < E(w) for any
w € Q(a,b). Let € be any positive number. Then we can find w € Q(a, b) such
that L(w) < d(a,b) + /2. By Lemma below we can also find w’ € Qq(a,b)
such that L(w’') < L(w) + /2. Hence we obtain L(w') < d(a,b) +¢e. '
being a piecewise regular curve, we may assume that |dw’/dt| is constant.
Therefore it follows that n(a,b) < E(w') = L(w')? < (d(a,b) + €)%, whence
n(a,b) < d(a,b)?. We have thus proved Proposition 1.3.

Lemma Let w be any path in Q(a,b) and & any positive number. Then
there is W' € Qo(a,b) such that

|L(W') — L(w)| < e.

Proof.  Clearly we may assume that w is smooth. We set
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dw

X(t) =wt) =

(t), tel0,1]

which defines a smooth curves of g;. For any A € g, we now set X4(t) =
X(t) — A, (t € [0,1]), and consider the unique curve wy(t) (t € [0,1]) of G
such that wa(0) = e and

o) A 1) = Xa0), te0,1),
which is an integral curve of (G, D). Since dimg; > 2, it follows from the
Sard theorem that we can find a sequence (4;);>1 of vectors € g, such that
A; ¢ X([0,1]) for any ¢ > 1 and A; converges to 0, as ¢ tends to +oc.
Then we have X 4,(t) # 0 for any ¢ and ¢ € [0, 1], and hence w4, becomes
a regular curve. Now, wa(1) is continuous with respect to the parameter
A, from which follows that dy(wa,(1),b) converges to 0 as i tends to +oc.
Furthermore, since | X 4, (¢)— X (t)| = | A;|, we see that |L(wa,)—L(w)| < |4;].
Therefore it follows that for any positive number e there is ¢ such that

L) = L) < 3¢

1
do(wa, (1),b) < €
By this last equality we can find 6 € Qp(wa,(1),b) such that L(0) < (1/2)e.
Now, define a path w’ € (a, b) as follows:

W'(t) = wa, (2t) <0 <t< 1>

-2
1
Then we have w’ € Qq(a,b), and |L(w') — L(w)| < &, proving the lemma.

2. The calculus of variations for the energy functionals

2.1. Euclidean FGLA of the 2nd kind
Here after a FGLA will always mean, that of the 2nd kind. Given a
euclidean vector space V, Skew (V') will denote the vector space of all skew
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symmetric endomorphisms.

Now, let g = g1 + g2 be a euclidean FGLA, and let g5 be the dual space
of go. For any 0 € g5 we define a skew symmetric endomorphism Ag of g;
by

<[$,y],0> = <$7A9y>7 T,y € g1,

where the parenthesis ( , ) in the left hand side stands for the duality
between g and g5. Since go = [g1, 1], we see that the assignment 6§ — Ay
gives an injective linear mapping of g5 to Skew(gy). Then we denote by <7
the image of g5 by this linear mapping:

7 ={Ag |0 €3},

The subspace o7 of Skew(g;) or the pair (g1, ) thus obtained will be called
associated with the euclidean FGLA, g = g1 + go.

Conversely let V' be a euclidean vector space, and &/ a subspace of
Skew (V). Assuming that dim .« > 0, we set

g1 = V) g2 = V*a and g=01+ 92,
and define a bracket operation [, | in g as follows:

(1) [z1,y2] = [w2, 1] = [22,92] =0,
(11) [xhyl] € g2, and <A7 [w17y1]> = <$17Ay1>7 AG'Q{7

where x;,y; € g; (i = 1,2). Then it is clear that g = g1 + g2 becomes a
euclidean FGLA, which is called associated with the subspace .7 of Skew (V)
or the pair (V, .o7).

In this way we have seen that there is a natural one-to-one correspon-
dence between the euclidean FGLA, g = g1 + g2 and the pairs (V, &) of
euclidean vector spaces V' and subspaces &7 of Skew (V') (up to the respec-
tive isomorphisms).

Example 1 Let g = g1 + g2 be a euclidean FGLA, and 7 the associated
subspace of Skew(gy). If we set n = dimg;, we have dimgy = dim &/ <
dim Skew(g1) = (1/2)n(n — 1). Given an integer n > 2, we now denote
by &, (resp. by (5"") the class of all euclidean FGLA, g = g1 + g2, with
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dimg; = n (resp. with dimg; = n and dimgs = (1/2)n(n — 1)). Then we
have the following.

(i) To every euclidean FGLA, g in the class &, there is naturally associ-
ated a euclidean FGLA, g, in the class &, together with a homomor-
phism of § onto g

(ii) Any two euclidean FGLA in the class &, are mutually isomorphic.

Indeed let V' be a euclidean vector space and &7 a subspace of Skew (V).
Let g be the euclidean FGLA associated with the pair (V, /). Furthermore
setting o = Skew(g1), let g be the euclidean FGLA associated with the pair
(V, o ). Then the identity mapping of V' and the natural linear mapping of
o/* onto &/* give rise to a homomorphism of § onto g, from which follows
immediately our assertions. In view of the facts above a euclidean FGLA in
the class éA"n will be called universal.

Example 2 A FGLA, g = g1 + g2, is called a strongly pseudo-convex
FGLA, if dimgs = 1, and if the subspace g; is equipped with a complex
structure I satisfying the following conditions:

(1) [Ia:,[y]:[x,y], T,Y, € g1,
(ii) [Iz,z] # 0 for any nonzero x € g;.

Now, let g = g1 + g2 be a strongly pseudo-convex FGLA. We fix a basis 6
of g4, and set

(x,y>=([[x,y],9>, x,y € g1,

which gives a definite symmetric bilinear form on g;. Accordingly we may
assume that (x,y) is positive definite by replacing 6 with —@ if necessary. We
have thus seen that the strongly pseudo-convex FGLA becomes naturally a
euclidean FGLA. Clearly the space & associated with the euclidean FGLA
is spanned by I. Incidentally let (G, D) be the standard differential system
associated with the underlying FGLA. Then we notice that D is a contact
structure, because the condition “x € gy, [z,g1] = {0} implies x = 0.
Furthermore let us denote by the same letter I the left invariant complex
structure of D (as a vector bundle) induced by I. Then we remark that the
triplet (G, D, I) gives a pseudo-complex manifold or a CR manifold, which
is called the standard strongly pseudo-convexr manifold associated with the
strongly pseudo-convex FGLA.
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2.2. Reduction of the energy functionals

For the rest of the present paper we are concerned with a fixed euclidean
FGLA go = g1 + g2 and present the notations in paragraph 1.2. Hereafter
we identity the Lie group G with the product manifold g; X go through the
diffeomorphism (a1, a2) — exp(a; + az) of g1 X go onto G. In terms of the
product manifold the group multiplication of G is given by

1
(a1,a2) - (by,b2) = <a1 +b1,a2 + by + 2[(11,51])7

where (a1, as), (b1,b2) € G. Note that e = (0, 0), e being the identity element
of G. We denote by 7 the projection of G onto g;. Then G is a fibred
manifold over the euclidean space g; with projection 7, and the differential
system D defines a connection in the fibred manifold in a generalized sense
so that the differential dm of m, restricted to the system D, preserves the
inner products.

In the present section we develop the calculus of variations for the en-
ergy functionals E : Q(G, D, a,b) — R. For this purpose it clearly suffices to
deal with the energy functionals E : Q(G, D, e,a) — R. For simplicity the
space (G, D, e,a) will be denoted by Q(G, D,a). Our task from now on
is to show that through the projection 7 : G — g; the variational problem
for the energy functionals E : (G, D,a) — R can be reduced to the varia-
tional problem with suitable additional conditions for the euclidean energy
functionals.

Let w(t) (t € I) be a smooth curve of G, I being an open interval, and
set w(t) = (w1 (t),w2(t)). Then we have

_qdw

w050 =0+ (G20 - 5 . 0] )

It follows that w is an integral curve of (G, D) (or a horizontal curve of the
connection defined by D), if and only if

et dr

dLUQ 1 dw1
dt |’

and further that if w is an integral curve of (G, D),
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| =| )

Now, let a be any point of G, and set a = (ay,as). Then we denote by
Q1 (g1,a1) the set of all piece-wise smooth paths v(t) (¢ € [0,1]) of g1 from
0 to a; and by E; the euclidean energy functional on (g1, a1):

dt, ’yGQl(gl,al).

We also define a functional F': Q4 (g1,a1) — g2 by

1/t dry
F(’}/) - 2/0 |}Ya dt:| dta v E Ql(ghal)'

We then set

M(g1,a) = {y € Q(g1,a1) | F(v) = a2},

and denote by F; the restriction of E; to Ql(gl, a).

From the discussion above it follows that (i) if w € Q(G, D, a), the image
v =mow of wby 7 (or the gi-component w; of w) is in Q4 (g1, a), (i) the
assignment w — ~y gives a bijection of Q(G, D, a) to Q1 (g1,a), and (ii)

We have therefore shown that the variational problem for the energy func-
tionals E : Q(G,D,a) — R is reduced to that for the energy functionals
E1 : Ql(gl,(l) — R.

2.3. The space Q(g;,a)

For simplicity we set Q; = Q;(g1,a) and Q = Ql(gl,a). As usual we
shall think of €2, as something like “an infinite dimensional manifold.” In
terms of a basis of go let us express the functional F' as a system (F}) of R-
valued functionals and similarly the vector as as a system (a3) of constants.
Then ; is defined by the finite system of equations: F* = as and hence
we may think of )y as something like “a subvariety (possibly with singular
points) of finite codimension of Q;”.

Let v be a path in €. By definition a variation of 7 in {27 is a mapping
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a : (—e,e) — i, € being a small positive number, which satisfies the
following conditions:

(a) a(0) =~

(b) Thereis asubdivisionty =0 <t < --- <t = 1 of the interval [0, 1] such
that the mapping « : (—¢,¢) x [0,1] — gy defined by «a(s,t) = a(s)(t) is
smooth on each strip (—¢,&) x [t;—1, ;]

Let a be a variation of v in ;. Then we define a mapping or rather
vector field X : [0,1] — g1 by

0
X(t) = aO[(S,t) )
s=0

which is (continuous and) piece-wise smooth, and satisfies the condition:

The vector field X thus obtained may be naturally regarded as a vector field
along the path ~, and will be called induced by the variation & of ~.

This being said, we denote by T’,(€2;) the vector space of all piece-wise
smooth vector fields X : [0,1] — g; satisfying the condition: X (0) = X (1) =
0. Clearly every vector field X in T (£2;) is integrable in €y, that is, it is
induced by some variation & of v in Q. The vector space T, () thus
defined is called the tangent vector space to €y at ~.

Now, suppose that 7 is in Q7. Then a variation @ of 4 in € is called a
variation of v in Qy, if @(s) € @ for all s. Furthermore a vector field X in
T, (£2) is called integrable in Q,, if it is induced by some variation & of ~ in
Ql.

We denote by () the subspace of g; spanned by the vectors dv/dt(t)
(t € [0,1]), which may be characterized as the smallest subspace of g; con-
taining the entire path 7, because v(0) = 0. Then we define a subspace
() of & by

() = {Ae%’AZZ _0}

={Aed | AN(y) = {0}}.
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These being prepared, we have the following two propositions.

Proposition 2.0 Let v be a path in Qy, and & a variation of v in Q.
Then & is a variation of v in 4, if and only if

L/da O
/0<85’Ac’)t>dt_o’ Ae .

Proof. We have

whence

e =3 [ ([Go] + [ 5]

Since «(s,0) =0 and «(s,1) = a;, and

9] da Oa Oal [ 0%
ot | bs ot Ds Y tos |’

it follows that

%F(@(s)) - /01 B‘;, gﬂ dt.

Clearly this means that

d B L/ da oo .
<dsF(a(8))’9>_/o <88’A98t>dt’ 0 € g5,

from which follows immediately Proposition 2.0.

Remark Incidentally we see from the equality just above that

<(dF)7(X),9>:/O <X,A9‘Cl;>dt, X € T,().

Here, (dF), is the differential of F' at «y, and is defined by
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(@F),(X) = CF@(s)| . X eTy@),

§ s=0
@ being some variation of v in €2; which induces X.

Proposition 2.1  Let v be a path in Q1, and X a vector field in T, (82).
If X is integrable in 1, then it satisfies the following equations:

1
(i)/ <X,Ad7>dt=o, Aed,
; dt

(if) /01 <X,Aagt(>dt =0, Aed(y).

Proof. Being integrable in Qy, X is induced by some variation @ of ~ in
Q. Therefore (i) follows immediately from Proposition 2.0. By the same
proposition we have

! J?a | O da O«
/O(<8827A8t>+<88,/1688t>)dt_0, Aed.

If we set

J«a
Xo(t) = @(Oat%

it follows that

! dy dX
[ ((raa®) o (x a0, acr

from which follows immediately (ii).

Let v be a path in €. Then we define the tangent space T.Y(Ql) to
the subvariety Q at v to be the subset of T, (£21) consisting of all vector
fields X € T7,(£21) which satisfy the equations (i) and (ii) in Proposition 2.1,
which is a cone in the tangent vector space T (£21). We also define the ideal
tangent space IT,(Q;) to € at 7 to be the subset of T, (€;) consisting of
all vector fields X € T,(;) which are integrable in Q;. Then Proposition
2.1 means that IT,(Q1) C T, ().

The path v is called a non-singular path, if <7 (v) = {0}, and a singular

path otherwise. By the remark below Proposition 2.0 we know that v is



118 N. Tanaka

a non-singular path, if and only if the differentials (dF?*), of F* at v are
linearly independent. Note that if v is a non-singular path, T,Y(Ql) is a
subspace of the tangent vector space T (£2y).

Now, we shall prove the following.

Theorem 2.2 If~ is a non- singular path in O, then every vector field X
in T, (Qy) is integrable in Q = ITy(Q1) = T, ().

In general let v be a path in ;. We choose a complimentary subspace

/" of o/ () in /. In the following the indices i, j, k range over the integers

.,dim @’. We take a basis (4;) of &’ and a smooth function x on

[0,1] such that x(¢) > 0 for all ¢ € [0, 1] and the zeros of x consist of 0,1 and

the discontinuous points of dvy/dt. Then we define vector fields H; € T. 7(91)
by

dry

A,
th

If we put

! dry ! dry dry
o= (H, A e = 4,5 4N g
Pij /0< ’dt> /0X< dt ]dt>

we see that the matrix (p;;) is symmetric and positive definite. Accordingly
we may assume that p;; = d;;.

Now, take any vector field X € T 7(Ql), and consider a mapping @ :
(—e,e) — 4, € being a small positive number, of the following form:

A0 = alort) =7(0) + X0 + LA

where s € (—¢,¢), t € [0,1], and fi(s) are smooth functions on (—¢,¢)
satisfying the initial condition

dfi

1i(0) = ds

(0) =0.

Clearly & is a variation of v in 1, and X is induced by @. By Proposition
2.0, & is a variation of v in €y, if and only if
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oo Oo L /da  da
[0 a2, [ (245N acon)

The explanation above will be also available in the next paragraph.

Let us now proceed to the proof Theorem 2.2. Accordingly we assume
that v is a non-singular path, meaning that </ (v) = {0} or &' = /. We
have

0 0 df;
<6j Ay, a> <X+Z sz,Ak +SAk7+ij >

and

! dy
/ <X Ap— >dt—0
0 dt

Hence it follows that & is a variation of v in Qy, if and only if (fi) satisfies
the following differential equation:

Z Zfz <6zk + ajrs + Zazkz]f]> + (bks + Zbkjfj> =0,
) J

1

where a;i, aii;, etc are given by

! X ! H,

Qi — / <Hl,Akd >dt aikj = / <H1,Akd >dt
0 dt 0 dt
b—/lXAdth b»—/lXAdH dt.

k — 0 k dt ) kj — 0 k dt

This being said, we solve differential equation (*) under the initial condition
fi:(0) = 0, and denote by (f;) its unique solution, which clearly satisfies
(df;/ds)(0) = 0. Therefore if we define the mapping & by the use of the
solution (f;), we know that & is a variation of v in 1, completing the proof
of Theorem 2.2.

2.4. Critical paths
Let us consider the energy functional E; : Q; — R.For any path v in
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1 we denote by (dE1 ), the differential of £ at 7, which is the linear form

on T.,(€2;) defined by

d

(dE1)(X) = —-Er(a(s))

X e T,(Q
ds 5 € 7( 1)7

s=0

where & is some variation of + in €; which induces X. As is well known,
(dE1)~(X) may be described as follows:

;(alEl)y(X)z—/o1 <Xail;3>dt+ 2 <X(t)’AthllZ>

0<t<1

(see [3, Section 12]). Here, A.(dy/dt) stands for the discontinuity of dy/dt
at t:

dy dy dry
Yat dt(t )

Let us new consider the energy functional E; : Q3 — R, being the
restriction of F; to ;. For any path v in 1 we denote by (dEl)V the
restriction of (dF), to IT, (), which is called the differential of F; at ~.
Now, the path v is called a critical path for E, if (alE~1)7 =0.

The path « is called a reduced geodesic path if it is smooth, and satisfies
a differential equation of the following form:

Py _ 4
a2 T dt’

Note that a reduced geodesic path v is non-singular, if and only if A is
uniquely determined by v where A € /. Then we assert that a geodesic
path  is a critical path for F;. Indeed we have

1
- d -
(dE1),(X) = —/0 <X,Adz>dt =0, X eIT,(),
because IT, (1) C T, ().

Theorem 2.3 Let v be a non-singular path in Q1. Then 7 is a critical
path for the energy functional E1, if and only if it is a reduced geodesic path.



Variational problem associated with differential systems 121

Proof. Assume that v is a critical path for E;. We take any YV € T, (),

and set
- 1 dry
Y=Y — Y, A;,— )dt |H,
S (rag)a)

Clearly we have

1
/ <}7,Aich>dt =0,
0 dt

meaning that Y is in 7,(€). Since IT, () = T,(91) by Theorem 2.2, it
follows that

S (AB),(V) = —/01 <Y/ Ccl;:z >dt+Z<Y At?> )

We have
1 2 1 2
- d°y dy dry
Y, — )dt = Y — —A— )dt
/0<’dt2> /0<’dt2 dt> ’
where
1 d2,7
A= d; A; ith d; = H;, — )dt.
Saiai it di= [ (s )
We have

Y <Y At(j;> Zt: <Y,Atil;>.

t

Accordingly we have shown that

d?y dry d?~
— Y, —A dt Y, Ar— ) =0.
/0< dt? dt> +Zt:< tdt> 0

As is well known, it follows that
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Py _ gy p D

A Sy =0

from which follows especially that ~ is smooth. We have thus proved Theo-
rem 2.3.

2.5. Supplements to Theorems 2.2 and 2.3

In Theorems 2.2 and 2.3 we have assumed that the path v in Q; is a non-
singular path. There naturally arises the problem of whether the theorems
remain true or not in the case when ~ is a singular path. First of all we
study this problem in the case where &7 is abelian, that is, AB = BA for
all A, B € «f. Clearly this condition is satisfied, if dim go = 1. It should be
noted that if dim gy > 2, the condition depends on the choice of the inner
product on g;.

Proposition 2.4  Assume that < is abelian, and let v be a path in Q.

(1) Every vector field X in T, () is integrable in Qy : 1T, () = To(Q1).
(2) 7 is a critical path for Eq, if and only if it is a reduced geodesic path.

Proof. We shall use the notations as in the proof of Theorem 2.2. Since
</ is abelian we have AH; = 0 for all A € o/ (7).

(1) We take any X € T,(€) and consider the mapping & : (—¢,¢) —
in that proof which is determined by X and arbitrary functions f;(s) with
fi(0) = (df;/ds)(0) = 0. Then we have

L /da O«
92 AN g =0, Acw
/<a at>dt 0, Ac(v)

because AH; = 0, and

1
[ (xa o
o dt

Hence it follows that & is a variation of v in 4, if and only if

' /0o | da

Therefore, reasoning in the same manner as before, we find that X is inte-
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grable in (4, proving the first assertion.
(2) Assume that v is a critical path for E;. We denote by C, (1) the
cone of T, (§2;) consisting of all Y € T, (€2;) such that

/O<YACg>d =0, Aed(v).

We take any Y € C,(£21), and set

1
- dry
Y=Y — Y, A dt
S (g )
Then we have

1 1
~ df)/ dy
v, 4,5 Vat — o, V. A% Nar—0, Ae A(y),
/o < ’ dt> /0 < dt> =A40)

meaning that Y € T, ().
Furthermore we have IT,(21) = T,(€1), as we have just seen. There-
fore, reasoning in the same manner as in the proof of Theorem 2.3, we

obtain
>y dy dry
_ Y,— — A t Y, A =
/0 < dt? dt>d+z< tdt> 0

where Y € C,(£21), and A is given by

) 1 d2
A:Zd,»Ai with d,:/o <H dt2>dt

Now, let f be any piece-wise smooth function on [0,1] such that f(0) =
f(1) = 0, and let & be any vector of g;. Clearly the vector field fz is in
C, (1) and T, () is spanned by the vector fields of this form. Accordingly
the equality above for Y € C () holds likewise for any Y € T, (€2;). Hence
it follows that

d?y dy dy

— =A—, A;—=0
dt? dt’ dt ’
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proving the second assertion.

We shall now explain another result in this paragraph, which is due to
Mr. Moriyuki Honma who was a postgraduate student of Hokkaido Univer-
sity.

Let v be a path in ;. We denote by X, the subspace of T.,(Q;) con-
sisting of all vector fields X in 77, (€2;) which take values in (). Clearly
the intersection %, N T, () is composed of all X € ¥, which satisfy the

equation
1
/ <X,Ach>dt =0, Aed.
0 dt

Remark As we have remarked, () in the smallest subspace of g; con-
taining the path «. This being said, we denote by () the subset of Qy
consisting of all paths 7/ € ©; which are contained in X(7y). Then Q;(v)
may be regarded as an infinite dimensional submanifold of €2; and X, as
the tangent vector space to Q1(y) at v. Honma’s basic idea of the problem
is solely to consider variations of vy in Q;(y) N Q.

For any A € &/ we now define a skew-symmetric endomorphism A of

¥(v) by
(Az,y) = (Az,y), w,y € (y).

It is clear that if v satisfies a differential equation of the form as in Theorem
2.3, A leaves the subspace X(7) of g; invariant, ~ satisfies the following
differential equation:

d? —d

dy _ gdv

dt? dt
These being prepared, Honma’s result may be stated as follows, which above
all assumes the regularity of a singular critical path.

Proposition 2.5 (1) Every vector filed X in %, NT,(Qy) is integrable in
Ql .

(2) If~ is a critical path for E\, then v is smooth and satisfies a differential
equation of the following form:
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d*y _ gdy
a2 T dt’

where A € o .

Corollary  Assume that the euclidean FGLA, g = g1 + g2, is universal
and let v be any path in Q1. Then v is a critical path for Ev, if and only if
it is a reduced geodesic path.

Indeed the assumption means that o/ = Skew(g;). Hence it follows
that if A € o, A is likewise in /. Here A should be naturally extended
to a skew-symmetric endomorphism of g;. Therefore the corollary is an
immediate consequence of the proposition. Let us now make some remarks
on the proof of Proposition 3.5. We denote by @7 the kerned of the linear
mapping A — A which consists of all A € &7 sending (7) to its orthogonal
complement in g; so that it vanished on the orthogonal complement of ¥(~)
in g1. We then choose a complementary subspace .27 in 7. In the following
the indices 7, j range over the integers 1,2, ...,dim 7. Then we take a basis
(A;) of o7 and define vector fields H; € T, () by

dry
A,

If we put

) dy V) ady 4 ody
1=, I dt . P TAN T

we see that the matrix (p;;) is symmetric and positive definite. Hence we
may assume that p;; = d;;.

Now, the proof of the proposition can be carried out in the same manner
as in the proofs of Theorems 2.2 and 2.3 by considering the vector fields H;
instead of the vector fields H;. The details are left to the readers as an
exercise.

3. Geodesics

3.1. Geodesics and the exponential mapping
In view of the discussion in paragraph 2.4 we first give the following
definition. A smooth curve (¢) (¢t € R) of g is called a reduced geodesic
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of the standard system (G, D, g) if it satisfies a differential equation of the
following form:

d?y dy

e = Yar (r9)

where A € o7.

The reduced geodesic is called non-singular if A is uniquely determined
by ~, and singular otherwise.

Let us now recall that D defines a connection in the fibred manifold G
over g with projection . Then a geodesic of the standard system (G, D, g)
is simply defined to be a horizontal lift w of a reduced geodesic . Accord-
ingly let w(t) (t € R) be a smooth curve of G, and set w(t) = (w1 (t),wa(t)).
Then w is a geodesic, if and only if it satisfies a system of differential equa-
tions of the following form:

d?w dw1
Gw 8

o) a2 dt’

T e 17 di
a 2"V a |

where A € o7.
A geodesic w is called non-singular (resp. singular) if so is the image
v = wow; of w by 7 or the g;-component wy of w, being a reduced geodesic.
Given an element A of &7, a geodesic w will be called corresponding to
A, if the defining equation (g, 1) for w is considered with respect to the given
A. Furthermore let (z, A) be a point of g; x . Then there is a unique
geodesic w corresponding to A satisfying the following initial condition:

w(O) =, 2H0) =,

which will be called corresponding to (z, A).

Remark 1 (1) If w is a geodesic, |(dw/dt)(t)| = |(dw1/dt)(t)| is constant.
Indeed we have

dfdwy dor\ [/ dPwy dwn\ ) den dwy
dt\ dt’ dt | a2’ dt | dt ' dt

0,
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because A is a skew-symmetric endomorphism of g .

(2) The geodesics corresponding to a given A are invariant under the
left translations of the Lie group GG. Indeed let a be an element of GG, and
w(t) (t € R) be a smooth curve of G. Set a = (a1, a2), w(t) = (w1 (), wa(t))
and aw(t) = (@1(t),w2(t)). Then we have

1

01(t) = a1 +wi(t), wat) =az +wa(t) + §[a1,w1(t)],
from which follows that
PO oy dw ey
dt? dt — dt? dt’
dwp 1o dw) _dwp 17 dwr
a2\ ar | T a2V a |

This proves our assertion.

Now, let (x, A) be any point of g; Xx.o7, and w the corresponding geodesic.
Let us consider the exponential mapping B — e of Skew(g;) to the orthog-
onal group O(g1) of g1,

=1
e® =3 —B™ B Skew(g).

Then we have

Hence the curves w; and wy may be described as follows:

wi(t) = T,

1 t TA _ 1
wz(t):2/0 [e T x,eTAx}dT.

This being said, we define a mapping ®; of g1 x A to g1 by
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Dy (2, A) = wi(1) -

a mapping ®5 of g1 x & to go by

1 (e -1
Dy(x, A) = wy(1) = 2/0 [e I x,eTAa:]dT,
and a mapping ® of g; x A to G by
q)(l',A) - w(l) = ((I)l(xaA)v¢2(x?A))

Clearly @ is a real analytic mapping.
The mapping ® obtained in this manner is called the exponential map-
ping of g1 X & to G.

Remark 2 (1) For each (z,A) € g1 x o/ the curve t — ®(tx,tA) of G is
a geodesic corresponding to (z, A).
(2) For each (z, A) € g1 x &/ the following equality holds:

B((s +t)z, (s +1)A) = O(sz, sA) - D(te* 1z, tA),

where s,t, € R, and the dot “” in the right hand side stands for the group
multiplication.

3.2. The geodesic flow

We denote by V' the left invariant differential system on G induced by
the subspace go of g, which may be characterized as the vertical tangent
bundle of the fibred manifold G over g; with projection 7:

V={X€T(G)|dr(X)=0.

Clearly T(G) = D + V (direct sum), and V is completely integrable. Then
we denote by V* the vector bundle dual to V, and by T the Whitney sum
D+ V*of D and V*.

Now the tangent bundle T'(G) of G may be identified with the product
manifold G x g as vector bundles. Indeed, the mapping which maps energy
(a,X) € GxgtodL,X € T(Q) gives a diffeomorphism of G x g onto T'(G),
L, being the left translation of the Lie group corresponding to a. On the
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Lie basis of this identification V* may identified with the product manifold
G x g5, D with the product manifold G'x g1, and T with the product manifold
G x (g1 +93)-

Let us now consider a system of differential equations for curves

(w(t),0(t)) of V*:

d2w1 dwl
S A,
dt? O
dw 1 dw
2 w2 _ - a1
w23 2[“1’ dt]’
do
<o
\dt

Here, we set w(t) = (w1(t),w2(t)), and Lambdag means the function ¢ —
Agy(€ o). If we put § = dw:/dt in system (g.2), we have the following
system of differential equations of the first order:

'dwl
oS
dwg 1
W) W—jwhﬁ],
qg.
€,
dt - 0S,
do
| E—O.

If (w(t),0(t)) is a solution of system (g.2), 6(t) is constant, and w(t) is
part of a geodesic corresponding to Ag,, where 6y = 6(t). Then we see
that given 6y € g5 the projection of V* onto G induces a one-to-one corre-
spondence between the maximal solutions (w(t),0(t)) of system (g.2) with
0(t) = 6y and the geodesics w(t) corresponding to Ap,. Furthermore a so-
lution (w(t),£&(t),0(t)) of system (g.3) may be regarded as a curve of T
through the identification (w(t),&(t),0(t)) = (w(t),£(t) + 6(t)). Then we
see that the projection of T onto V* induces a one-to-one correspondence
between the maximal solutions (w(t),&(t) + 0(t)) of system (g.3) and the
maximal solutions (w(t),0(t)) of system (g.2).
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For each t € R we now define a mapping ®; of T to itself as follows:
Take any (a,m) € T and set 79 = & + 6o, where & € g1, and 6, € g5
Let (w(t),&(t) +0(t)) be the unique maximal solution of system (g.3) which
satisfies the initial condition:

w(0)=a, £0)=¢&), and 6(0) =0,
Then ®;(a, 1) is defined by
®i(a,0) = (w(t),&(t) +0(1)).

Clearly the family @, gives a one-parameter group of transformations of T,
which is called the geodesic flow associated with the riemannian differential
system (G, D,g). We denote by 2" the vector field on T induced by the
geodesic flow, which is called the spray associated with the system (G, D, g).
We shall give a concrete description of the spray in terms of a canonical
coordinate system of T.

For this purpose we first prepare some notations, which will be also
utilized in the next paragraph. In the following the indices i, j, k range over
the integers 1,...dim g;, and the indices «, 3 over the integers 1,...dim g,.
Let (e;) (resp. (fa)) be a basis of g1 (resp of g2), and (e?) (resp of (f%)) its
dual basis. Set

[eiaej] = Zcijfow

(a) We denote by (z%) (resp by (y®)) the coordinate system of g; (resp
of go) associated with the basis (e;) (resp. (f.)). Then (x%,y%) gives a
coordinate system of G.

(b) We define 1-forms n“ on G by

a a 1 a1 j
n* =dy” — 52(]“:1; da’.
2

Then (dz‘,n®) gives a basis of the space £*(G) of Maurer- Cartan forms
on G which corresponds to the basis (e, f*) of g*. Let us now consider the
cotangent bundle T*(G) of G. Since T(G) = D + V (direct sum) we have
T*(G) = D* + V* (direct sum). Clearly (dz®) (resp. (n®)) gives a global
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moving frame of D* (resp. of V*).
(c) We define vector fields X; on G by

Xi = a$z+ Z Ji ]aa

Then (X;,0/0y%) gives a basis of the Lie algebra Z(G) of left invariant
vector fields on G which corresponds to the basis (e;, fo) of g. Clearly (X;)
(resp. (0/0y®)) give a global moving frame of D (resp. of V).

(d) We denote by (z¢,y“,u’/,v3) the coordinate system of T associ-

ated with the coordinate system (2%, %) of G and the global moving frame
(Xi,n™) of T:

1= ZUZ(CZ)(Xz)a + Zva<d)<77a)a7 deT

where a = p(d), p being the projection of T onto G.

We are now in a position to describe the spray in terms of the canonical
coordinate system. Let us consider the dependent variables w1, ws, & and 6
in system (g, 3), and set

=> ale, wa=> y*fa,
szuiei, 0:Zvaf°‘.

«

Then system (g.3) may be rewritten as follows:

da’ ;

a

dCZi = — Zijvauj,
Do _

\dt
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It follows immediately that

1 a, i, ]

Ly = §ZCUJL’ u’,

(S.1) ) '

Zut = — ZCiajvauJ
a,j

Z e =0,

giving the desired description of the spray 2.

3.3. The spray and the hamiltonian mechanics

Let us consider the vector bundle T = D+ V* and the cotangent bundle
T*(G) = D* + V*.

First of all the inner product g of D naturally gives rise to an isomor-
phism ¢ of D onto D*:

(d,¢(8)) = g(d,8), d,6 € D,, acQ@.

Then the isomorphism ¢ together with the identity mapping naturally gives
rise to an isomorphism of 7" onto 7% (G), which is denoted by the same letter

©.
Next, we denote by © the canonical symplectic form on T (G):

© = —di.
Here, 9 is the canonical 1-form on 7%(G), and is defined by
P(X) = (dw(X),d"), X €T (T7(G)), d"eT(G),

w being the projection of T%(G) onto G. For any smooth function f on
T™*(G) there is a unique vector field 2 on T%(G) such that

Sdf = 276,

that is,
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%df(Y) _0(2,,Y), Y eTu(T*(G)), d*eT*(q),

which is called the Hamiltonian vector field corresponding to f.
Finally we define the energy function £ on D* by

E(d*) = |d*[?,

where |d*| stands for the norm of d* with respect to the inner product g of
D. The function F may be naturally confounded with a function on 7%(G)
through the projection of T*(G) onto D*, which is also called the energy
function. These being prepared, we shall prove the following.

Proposition 3.1  The differential dp of the isomorphism ¢ of T onto
T*(QG) sends the spray 2 to the Hamiltonian vector field g corresponding
to the energy function E on T*(G).

Let (z*,y“, uj,v3) be the coordinate system of T*(G) associated with
the coordinate system (z¢, y*) of G and the moving frame (dz?, n®) of T*(G):

d* =Y ui(d)(dz")a+ Y va(d)(n®)e, d* € T(G),
where a = w(d*). Then we have
FE = Zu?,
P = Zuidazi + Zvana,

where n® should be confounded with 1-forms on 7*(G) through the projec-
tion w of T*(G) onto G. Hence we obtain

%dE: Zuidui,
@:Zdwi/\dui—l—Zna/\dva—i—%ZC?jvadxi/\dxj.

Then we have
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,Q//EJ@ = E,%”Ex’duz — Z %E’U,Zd$l + ZT}Q(%E)CZUQ
— Z ZEvan™ + Z C’f‘jva%EJ:id:cj.
a,t,]
Since (1/2)dE = 20O, it follows that
( X pxt = u;

1 )
%Eyo‘i ZC’%xluj,
(S5.2) I
Zru; = — Z Cf‘jvauj,

7j

\ %‘E'Ua =0.

Now in terms of the coordinate systems of 7" and T(G), the isomorphism
¢ : T — T*(G) may be defined by

7 1 «@ _ «@ 1 _
ropy=x, Yo=Y, UOoP=U, UgOP = Vq.

Consequently we conclude from systems (S.1) and (S.2) that dp(2") = 2%,
proving Proposition 3.1.

4. Minimizing geodesic segments and the exponential mapping

4.1. Preliminaries

Let V be a euclidean vector space and A a skew-symmetric endomor-
phism of V.

(A) The canonical decomposition of V' with respect to A.

We denote by V¢ the complexification of V. The inner product of V¢
as a complex vector space, and A an endomorphism of V¢ which will be
denoted by the same letter A. Note that A = (1/v/—1)A is a hermitian
endomorphism of gf.

We denote by A\;(A) (1 <1i < k(A)) the distinct positive eigenvalues of
A, where we promise that

AL(A4) > > Aga)(A).
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Then +X;(A) (1 < i < k(A)) are the distinct nonzero eigenvalues of A and
for each i the eigenvalues A(A) and —\;(A) have the same multiplicity. For
each 1 < i < k(A) we now denote by U;(A) the eigenspace of A correspond-
ing to the eigenvalue \;(A):

Ui(A) = {z e V¢ | Az = \j(A)z}.
Then the conjugate U;(A) of U;(A) with respect to the real form V' of V¢
is the eigenspace of A corresponding to the eigenvalue —\;(A), and V¢ is
orthogonally decomposed as follows:

B(A) B(A)
Ve=Up(A)+ ) Ui(A)+ > Ti(4),
=1 =1

where Up(A) denotes the kernel of A.
For each 1 < i < k(A) we denote by V;(A) the real part of U;(A)+U;(A):

Then V is orthogonally decomposed as follows:

k(A)

V=> Vi(4),
=0

where V5(A) denotes the kernel of the skew-symmetric endomorphism A of
g1: Vo(A) =V NU(A). For each 1 < i < k(A) we then denote by I;(A) the
natural complex structure on V;(A):

U;(A) = {x eVi(A) | L;(A)x = ﬁx}
Then we have

According to the decomposition above of V' every vector x € V is decom-
posed as follows:
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k(A)
=Y x(A) with x;(4) € Vi(A).
=0

Furthermore, if we set

r(A) = lrank(A),

2
1
ri(4) = 5 dimVi(4) (= dimUs(4)), 1<i<k(A).
We have
k(A)
T(A) = Z Ti(A)-
i=1

(B) The quadratic form H 4.

We denote by T(V') the vector space of all piece-wise smooth vector fields
X :[0,1] — V such that X(0) = X (1) = 0. We then define a quadratic
form Hs on T(V) by

Ha(X) = /01

We also denote by ||A]| the operator norm [|A| of the skew-symmetric en-
domorphism A of g;:

dX

2 1
- dt+/ <X,AdX>dt, X eg(V).
0

dt

A
4] = Max 421
a£0 ||

which is equal to the maximum of the positive eigenvalues of the hermitian
endomorphism A. Hence we have

[A]l = A (A).

These being prepared, we shall prove the following.

Proposition 4.0 (1) If ||A|| < 2w, then H4 is positive define.
(2) If ||A|| = 27, then Hy is positive semi-definite, and its null space con-
sists of all vector fields X € T(V) of the following form:
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X — e?ﬂ'tll(A)c _ C,
where ¢ € Vi(A).
(3) If ||A]| > 2w, then H 4 is indefinite.

For simplicity we set k = k(A), \; = A\i(A) and I; = I;(A). Now, let X
be a vector field in T(V). For each 0 < i < k we denote by X; the V;(A)-
component of X with respect to the decomposition V = Zf:o Vi(A). Then
for each 1 <14 < k X; can be expanded to a Fourier series as follows:

Xi — E 621171”15]1'01‘7’“7
n

where ¢; , € Vi(4).

Lemma 4.0 In terms of the Fourier series of X; (1 <i <k) Hu(X) may
be described as follows:

Hu(X) :/0

Proof. We have

dXO

dt+2ﬂ'zz own’r —n)\; |cZn|2

i=1 n

dt+Z)\ / <X1,I d§>dt.

As is well known, the derivatives dX;/dt of X; (1 < i < k) can be expanded
to a Fourier series as follows:

dX
ZerI e2nitlic, i

For each 1 < i < k we therefore obtain
1
/

1
dX; ,
/0 <Xi,1idt>dt = —27r;n]c,;,n| .

dt

2
dt = 4n* Zn2|0i7nl2,
n
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From these equalities follows immediately Lemma 4.0.

We are now in a position to prove Proposition 4.0. Let X be as above,
and assume that ||A]| < 27. Then we have \; < 27 for any 1 < i < k.
Hence we obtain 2n?m — n\; > 0 for any 1 < i < k and any n. Therefore it
follows from Lemma 4.0 that H4(X) > 0. Now, assume that H4(X) = 0.
We first consider the case where ||A|| < 27. Then we have \; < 27 for any
1 < i < k. Hence we obtain 2n?r —n\; > 0 for any 1 < i < k and any
n # 0. Therefore it follows from Lemma 4.0 that dX,/dt =0, and ¢; ,, =0
(1 <i<k, n#0). Since X;(0) = X;(1) =0 (0 < i < k), we have thus
shown that X; =0 (0 <14 < k), that is, X = 0. Let us now consider the case
where ||A|| = 2r. Then we have \; = 27 and \; < 27 for any 2 < i < k.
Hence we obtain 2n?m —n)\; > 0 for any 2 < i < k and any n # 0 and
2n21 —nX; > 0 for any n # 0. Since X;(0) = X;(1) =0 (0 < i < k), it
follows from Lemma 4.0 that Xo = X; =0 (2 <7 < k), and

X1(t) = 627rt]10171 + 0= 62””101,1 —c1,1-
Putting ¢ = ¢;,1, we therefore obtain
X(t)=e*he—c, ccVi(A).

Conversely it is clear that if ||A|| = 27, a vector field of this form is in
the null space of Hs. We have thus completed the proof of (1) and (2) of
Proposition 4.0. Finally the proof of (3) is left to the readers as an exercise.

4.2. Minimizing geodesic segments

Let (2, A) be a point of gy x 7, and w the corresponding geodesic seg-
ment, by which we mean the restriction to the interval [0, 1] of the geodesic
corresponding to (x, A). In other words w(t) = ®(tx,tA) (¢t € [0,1]). Let ~y
be the g;-component of w. We set a = w(l) = ®(z, A), and consider the

energy functionals £ : Q(G,D,a) — R and E; : Q;(g;,a) — R. Then w

gives a path in Q(G, D, a), and v a critical path for F; as a reduced geodesic
path. Furthermore we have

L(w)® = Ew) = E1(7) = |a|*.

In the discussion below we shall apply the notations explained in the previous
paragraph to the pair (V, A) = (g, A). (The symbols V;(A) will be preserved,
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so that the canonical decomposition of g; will take the following form: g, =
> Vi(4).)
Theorem 4.1  Assume that ||A|| < 27.

(1) w minimizes the energy functional E :
E(w) < E(W), weQG,D,a).

(2) Assume that E(w) = E(W') for some w' € Q(G,D,a). If ||A] < 2,
then W' = w. If ||A|| = 2r, then there is ' € g1 such that |2'| = |z|,
' —x € Vi(A), and w' is the geodesic segment corresponding to (x', A).

A geodesic segment 0(t) (¢t € [t1,t2]) is called a minimizing geodesic
segment, if L(0) = d(6(t1),0(t2)). By virtue of Proposition 1.3 we have the
following.

Corollary 1 If ||Al| < 27, then w is a unique minimizing geodesic seg-
ment. If || Al = 27 then w is a minimizing geodesic segment.

Corollary 2 Let (z,A) be a point of g1 x <. If || Al| < 27, then

d(e,®(x,A)) = |z|.

Before proceeding to the proof of Theorem 4.1 we make a general consid-
eration on the energy functional F;. (For the time being we do not assume
that || Al < 27.)

For simplicity we set Q; = Q1 (g1, a1) and Q; = Q1 (g1, a), a; being the
gi-component of a. If X € T(g1) (= TW(Ql)), ~v+ X gives a path in Qq, and
the assignment X — 4 X a bijection of T(gy) to 1. Let us consider the
quadratic form H4 on %(g1).

Lemma Let X be a vector field in T(gy).
(1) v+ X is in Qy if and only if

1 1
dry dX
2/0 <X, B >dt+/0 <X, B >dt —0, Bed.

(2) If v+ X is in Qy, then
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Proof. We have

2(F(7+X)—F(7)):/01 [y,‘iﬂdH/ol {v,gf]dwr/ol [X,

Since X (0) = X (1) =0, and

d vy ax
Sy X = |2 X =

it follows that
! dy ! dXx
2(F(7—|—X)—F(fy)):2/ X, — dt+/ X, —|dt.
0 dt 0 dt

Hence we see that v+ X is in Qq, if and only if

dv ! dX
2 dt X,—|dt=0
or equivalently

1
2/ <X Bd7>dt+/ <X BdX>d —0, Bed,
; dt ; d

proving the first assertion. Next, we have

2 1
dX dvy
=l dt+2 dt.
ar | T /0 <dt dt>

E1(’)’+X) —E1(’7) :/0

Accordingly we must prove the equality

dX dvy ! dX
2 dt = X, A dt.
[y [ (xa )

First of all we see from the first assertion that
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1 1
dy dx
2 [ (x,A5 )at X, A== \dt = 0.
/0< dt>+/o<’dt> "

Furthermore we have

d dy\ /dX dy dy
dt<X’dt>_<dt dt> <XAdt>

because d?vy/dt? = A(dy/dt). Since X (0) = X (1) = 0, it follows that

1 1
dX dv dry
X, A dt =10
[ (@) [ (eag)
We have therefore established the desired equality, proving the second as-
sertion.

Remark Let Y be any vector field in IT,(Q;), and take a variation @ :
(—e,e) — Qp of v in 7 which induces Y. For each |s| < € set X (s) =
a(s) —~. By the lemma we then have

Eyv(a(s)) = Ev(y) = Ha(X(s)).

Since
x0) =0, Lxw| =v
- 9 ds S_O - )
it follows that
1 d? -
iﬁEl(a(S)) o = Ha(Y)

Accordingly the restriction of H4 to I TW(Ql) is denoted by lEIW, and is called
the Hessian of E; at the critical path.

We are now in a position to prove Theorem 4.1. Let w’ be a path in
Q(G,D,a), and «' its gi;-component. Set X = " —~ (€ %(g1)). Then it
follows from the lemma that

E(W) = BEw) = Ex(v+ X) = Ei(y) = Ha(X).



142 N. Tanaka

Therefore the first assertion as well as the first half of the second assertion
follows immediately from Proposition 4.0. Let us prove the second half. By
the same proposition we then have X = e2™*/i¢c — ¢ with some ¢ € Vi (A4),
where I} = I;(A). Hence we obtain

v (t) = ~(t) + ¥ e — .
Since d?vy/dt* = A(dy/dt), it follows that

d2'y/ d’}’/
=A—.
dt? dt

Then we have

el

o (0) =2+ 2nlc.

If we set ' = x + 2wli¢, we have therefore seen that o’ — z € Vi(A),
and w’ is the geodesic segment corresponding to (z’, A). Furthermore we
have |2/|? = E(w') = E(w) = |x|?, proving the second half. We have thus
completed the proof of Theorem 4.1.

4.3. Injectivity and regularity for the exponential mapping

Let (z, A) be a point of g; x «7. Let w be the corresponding geodesic,
and v its gi-component. Then we denote by 3(z, A) the subspace of gy
spanned by (dvy/dt)(t) (t € R), and define a subspace <7 (z, A) of &/ by

o (z, A) = {B € %’BCZ = 0}

={Be o | BX(x,A) ={0}}

(cf. the subspace X(7) of g1 and the subspace <7(v) of &7 defined in para-
graph 2.3). Since (dy/dt)(t) = et“x, X(x, A) is spanned by the vectors
x, Az, A%x,.... The point (z, A) is called nonsingular or preferably regular,
if o7 (z, A) = {0}, and singular otherwise. Clearly the point (z, A) is regular
if and only is so is the corresponding geodesic w.

Now, let (z, A) and (', A’) be two points of g; X &/. Let w and '
be the corresponding geodesics and let v and ' be their g;-components.
Then (2’, A’) is said to be equivalent to (z,A), if w = W’ or equivalently
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v =~'. We can easily verify that (2’ A’) is equivalent to (x, A), is and only
if x =2’ and A’ — A € /(x, A). Finally assume that (x, A) and (z/, A’) are
equivalent. Then we make an obvious remark that

(¥) For example a point (x, A) of g1 X &7 is a singular point,
if either z =0 or A # 0 and z € Vy(A).

(1) Y(z,A) = > (o, A), (i) A (z,A) = (2, A"), and (iil) ®(x, A) =
Oz, A", and (iv) (z, A) = (2’, A"), if (z, A) is a regular point.

Proposition 4.2  Let (x,A) and (2, A’) be two points of g1 X </, and
assume that || A, [|A’| < 2.

(1) The case where ||A|| < 2m. Then ®(z,A) = ®(2', A’), if and only if
(z,A) and (', A") are equivalent.

(2) The case where ||A|| = 2n. If (x,A) and (2', A") are equivalent, then
o2/, A') = ®(2’, A"), then |2| = |z|, 2’ —x € V1(A), and (2, A) and
(', A") are equivalent.

Corollary Let (2, A) and (z', A") be two points of g1 X o/ . Assume that
|A]| < 27 and ||A'|| < 27, and that (x, A) is a reqular point. Then ®(z, A) =
o2, A") if and only if (x, A) = (a', A").

Proof of Proposition 4.2. Let w and w’ be the geodesic segments corre-
sponding to (z, A) and (a’, A"). Assume that ®(z, A) = ®(a’, A’). Then it
follows from (1) of Theorem 4.1 that F(w) = E(w').

(1) The case where ||A|| < 27. By (2) of Theorem 4.1 we have w = ’,
meaning that (x, A) and (z’, A’) are equivalent.

(2) The case where ||A|| = 27. By (2) of Theorem 4.1, these is 2" € g3
such that |z”| = |z|, 2" — x € V1(A4), and w’ is the geodesic segment corre-
spondent to (z”, A). Then it follows that (', A") and (2", A) are equivalent,
implying that 2"/ = . We have thus proved the second assertion.

Now, let (z, A) be a point of g1 x o, and let us consider the differential
(d®)(5,4) of ® at (z, A). Then we assert that the kernel of (d®),, 4y contains
the subspace 0 x &7 (x, A) of g1 x &7. Indeed, we have ®(z, A) = &(x, A+1tB)
forany B € &/ (x, A) and t € R, because (z, A) and (z, A+tB) are equivalent.
Hence we obtain (d®),, 4)(0, B) = 0, proving our assertion.

Proposition 4.3  Let (z, A) be a point of g x &, and assume that || Al <
2m.
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(1) If ||Al] < 27, then the kernel of (d®)(,, a) coincides with the subspace
0x o (x,A) of g x .

(2) If ||All = 27, then the kernel of (d®), ) contains the subspace 0 x
o (x,A) of g1 X &, and is contained in the subspace Vi(x, A) x o/ (x, A)
of g1 X o, where Vi(x,A) ={z € V1(4) | (z, 1(A)) = 0}.

Corollary  Let (z,A) be a point of g1 X &/, and assume that | Al < 2.
Then ® is reqular at (x, A), if and only if (x, A) is a regular point.

Before proceeding to the proof of the proposition we make a general
consideration on infinitesimal variations (by geodesics) of a geodesics w.

Let (z, A) be any point of g; x A, and w the corresponding geodesic. Set
w(t) = (y(t),4(t)). Let (z, B) be any vector of g1 x <7, and take a smooth
curve (x5, As)(|s| < €) of g1 x &7, £ being a small positive number, which
satisfies the following conditions:

Xro =T dxs =z
0o— 4, ds 5:0_ 9
A
Ag=a M| _p

ds |,

For each s let wy be the geodesic corresponding to the point (zg, As), and
set wg(t) = (7s(t),0s(t)). Then wy = w or 79 = 7, dp = I, and w; satisfies
the following system of differential equations as well as the following initial
condition:

d2'75 drys
dt? dt’
s, 1[4,
dt 2[%’ i ]
dys
~s(0) =0, o (0) = x5, 65(0) =0.

Now, we define vector fields J, K : R — g; as follows:

0

IO = 570

s=0
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Then we have

27 dJ _dy

dt dt’
K 1], dy] 1] dJ
() dt_2[ dt] JMJ
(©) J(O) =0, %(0) — 2 K(0) = 0.

Here, we remark that the pair (J, K) can be characterized as a unique so-
lution of the system of equations (a) and (b) satisfying the initial condition
(c), which is therefore uniquely determined by the vector (z, B). This be-
ing said, the pair (J, K') will be called the Jacobi field along the geodesic w
corresponding to the vector (z, B).

Since (x4, As) = ws(1) = (75(1),05(1)), we have

Let us consider the quadratic form Ha on %(g1), and denote by .J the
restriction of J to the interval [0, 1].

Lemma (1) (z,B) is in the kernel of (d®)(y ), if and only if J(1) = 0,

and
1
/<J, Cd7>dt:0, Ced.
0 dt

(2) If (2,B) is in the kernel of (d®), 4y, then J satisfies the following

equation:
1 2 1
- dJ
HA(J):/ dt+/ <J, A>dt:0.

Proof. Equation (b) can be rewritten as follows:

dJ

dt

dK [, dy]  1d
dat [‘]’ dt] ol

Since J(0) = K(0) = 0, it follows that
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K(1) = /01 [J, m dt + %[7(1)@(1)].

Hence we see that (z, B) is in the kernel of (d®),, 4), is and only if J(1) = 0,

and
1
[ [r]a=o
0 dt

1
/<J, cd7>dt:o, Ced,
o dt

proving the first assertion. Especially we have

1
/ <J,Bd7>dt = 0.
0 dt

Therefore it follows from equation (a) that
1 2 1
asJ dJ
J, — )dt = J, A— )dt.
o )= [0 45
Since J(0) = J(1) =0, and
2
d*J
+ <J7 Clt2>7

d J aJ\ |dJ
dt\"dt/ |dt
we have thus shown that H4(J) = 0, proving the second assertion.

or equivalently

We are now in a position to prove Proposition 4.3. For this purpose it
suffices to show that the notations being as above, (z, B) € 0 x &/ (z, A) or
(2,B) € |[Vi(z, A) X o/ (x, A), according as ||A| < 27 or ||A|| = 27. We first
consider the case where ||A|| < 27. Since H4(J) = 0 by the lemma above, it
follows from Proposition 4.0 that J = 0. Hence we have z = (dJ/dt)(0) = 0.
Furthermore we see from equation (a) that B(dy/dt) = 0, meaning that B €

o (x, A). Let us now consider the case where ||A|| = 27. Since Ha(J) = 0,
it follows from the proposition cited above that
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J=e?mhe ¢

where ¢ € V4 (A), and I1 = I;(A). Hence we have z = 27l ¢, implying that

e27rt11 -1

J=—"2
27’(’[1 ¥

By the lemma above we have

1
[ (5 420
0 dt

Since dy/dt = et x, it therefore follows that

1
/ (™) z,e*™ g1 (A))dt = 0.
0

As is easily verified, this means (z, z1(A)) = 0, that is, z € Vi(x, A).
Furthermore we have

2

dJ AdJ

a2~ T dt’
Consequently it follows from equation (a) that B(dvy/dt) = 0, meaning that
B € o/ (x,A). We have thus completed the proof of Proposition 4.3.

5. The singular points of g; X &/ and the cut locusoid

5.1. The singular points of g; X ./

Let V' be a (real) algebraic set of R™. Then the dimension of V' may
be defined to be the maximum of the dimensions of all submanifolds of R™
which are open sets of V', where V' as well as the submanifolds is equipped
with the relative topology. For the standard definition of the dimension, see
the book [1] of R. Benedetti and J. J. Risler. Let V/ be the complement of V'
in R™, and O a connected open subset of R”. Then it can be shown that if
codim V' > 2, the intersection on V' is a connected open dense subset of O.

Now, we denote by Z (resp.by .#) the set of all regular (resp. singular)
points of g1 x @/. Then we shall prove the following.

Theorem 5.1 . is an algebraic set of g1 X &7, and codim & > 2. Ac-
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cordingly if O is a connected open subset of g1 X &7, then the intersection
ONZ is a connected open dense subset of O.
The proof is preceded by several lemmas.

Lemma 1 .% is an algebraic set of g1 X <.

Proof. Set n = dimg;. By the Cayley-Hamilton theorem we know that
if A € of, A™ may be described as a linear combination of the n endo-
morphisms 1, 4, ..., A"~ Tt follows that if (z, A) € g1 x <7, the subspace
Y (z, A) of gy is spanned by the n vectors z, Az, ..., A" 'z. This being said,
for each (x, A) € g1 x &/ we define a linear mapping ¢, ) of & to g7, the
product of n copies of g1, by

@(z,4)(B) = (Bx, BAz, .. . BA" '2), Becu.
Then we see that (z,A4) € ., if and only if rank o, 4) < dim</, from

which follows immediately the lemma.

Lemma 2 If (x,A) € g1 x &, then ¥(z, A) is spanned by the 2k(A) + 1
vectors

2o(A), zi(A), L(A)zi(4) (1<i< k(A)).

Proof.  For simplicity we set k = k(A4), \; = X\i(A), I; = [;(A) and z; =
x;(A). Then we have

k
T =z + Z:Ui,
i=1
and
k
(1A = YN
i=1
A k
(17 A%z =" A
i=1

Since det (>’ )i<i,j<k 7 0, the lemma follows immediately from these equal-

ities.



Variational problem associated with differential systems 149

Now, let N be a submanifold of g; x & which is an open set of the
algebraic set .. We shall show that codim N > 1. For our purpose N may
be clearly replaced by its open submanifold.

First of all we may assume that A # 0 for any (z,A) € N. Indeed
suppose that dim.# = 1. Then we have .¥ = Vj(A4p) X &, where Ay is
a basis of &/ (see paragraph 5.3). Hence we have codim . > 2y(A4g) > 2.
Now, suppose that dime/ > 2 and A = 0 for any (z,A) € N. Then we
have codim N > codim(g; x 0) > 2. Clearly these considerations justify
our assumption.

Let us now denote by NV, the largest open set of N on which both the
functions (z,A) € N — y(A) € Z and (z,A) € N — k(A) € Z are locally
constant. Since these functions are lower semi-continuous, we know that
N, is a dense subset of N, implying that N, # ¢. Furthermore we know
that the functions (z, A) € N, — X\;(A4) (1 <1i < k(A)) are continuous, and
hence the functions (z,A) € N, — r;(A) € Z (1 < i < k(A)) are upper
semi-continuous. Since r(A) = > r;(A) for any (z, A) € N, it follows that
the functions (x, A) € N, — r;(A) are locally constant.

Therefore we may further assume that being restricted to N, the func-
tions (z,A) — r(A), (z,A) — k(A) and (2, A) — r;(A) are all constant.
Then we set

v=7(A), k=k(A) and ~; =~v;(4) for (z,A) € N.

Lemma 3 For any (x,A) € N at least one of the components x;(A)
(1 <i<k) of x vanishes.

Proof. Assume that there is (z, A) € N such that z;(A) # 0 for any
1 <i<k, (x,A) being a singular point, we can take a nonzero element B
of o/ (x,A). Since (z,A) and (x, A + tB) are equivalent for any ¢t € R, we
see that (z, A + tB) is a singular point: (z, A+ tB) € .. Since N is an
open set of .7, there is a positive number € such that (x, A+ ¢B) € N for
any |t| < e. Then we assert that A\;(A +tB) = X\;(A) for any 1 <i < k and
|t| < e. Indeed, we have Bx;(A) = BI;(A)z;(A) = 0 by Lemma 2. If we put

1

Ve

1
(A+tB)y Nt (A)y
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Since y; # 0 (1 < i < k), we see that A\;(A) (1 < i < k) are the positive
eigenvalues of A + tB for any |t| < &, proving our assertion.

Let us now consider the characteristic polynomials x4 and x(a4¢p) of
the skew-symmetric endomorphism A and A + tB. Then we have shown
that

X(A+tB) ()\) = XA(X)
=N LN (NN ] <,

where n = dimg; and A\; = A\;(A4). Since x(a4¢p)(A) is a polynomial of the
two variables t and A, this equality is valid for any ¢ € R. In particular it
follows that

A+ B[l = A (A) = [|A], teR.

Hence we obtain

Bl < |A+tB[| + [|All = 2[|A]l, teR,

which contradicts to the fact that || B|| # 0. We have thus proved the lemma.

We are now in a position to prove Theorem 5.1. Let w denote the
projection of N to «/: w(x, A) = A for any (z, A) € N. Now, we take any
point A of w(N), and set

Vi(A) =Y Vi(4), 1<j<k,

i€l

where I; = {i € Z | 0 <i <k, i # j}. Then we see from Lemma 2 that,
being regarded as a subspace of g, @ !(A) is contained in the algebraic
set V(A) of g;. Furthermore since w is smooth, we may assume that (i)
@ is of constant rank, and hence w~!(A) is a submanifold of N for each
A € w(N), (ii) @w(N) is a submanifold of <7, and (iii) @ 1(A) is connected
for each A € w(N). In particular it follows that for each A € w(N), w~1(A)
is contained in some V;(A). Since codim V;(A) = 2v; > 2, it is now clear
that codim N > 2, completing the proof Theorem 5.1.
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Finally we add the following

Proposition 5.2  Let (z, A) be a singular point of g1 x A. If ||A|| < 2,
there is A’ € o/ such that (x, A) and (x,A’) are equivalent, and ||A’|| = 2x.

Proof.  (x,A) being a singular point, we can take a nonzero element B of
o/ (x, A). Let us consider the function f(t) = ||A 4 ¢tB|| on the straight line.
Since [t]||B||—||Al| < ||A+tB|| and ||B|| # 0, f(t) tends to +o0, as ¢ tends to
+o0o. Since f(t) is continuous, and f(0) = ||A|| < 2, it follows that there is
to € R such that f(tg) = 27. If we put A’ = A+toB, we have thus seen that
(z,A) and (x, A’) are equivalent, and ||A’|| = 2, proving the proposition.

5.2. The domain A and the cutlocusoid I’
Using the operator norm || || in the space 2/, we define an open neigh-
borhood of the origin of g1 x &/ by

V ={(z,A) e g1 x o | ||A]| <27},
and denote by 07 the boundary of ¥ in gy x &7:
0V ={(z,A) e g1 x & | ||A]| = 27}.

We then define subsets A and I' of G as follows:

A=d(¥NRK), T=3o0Y),

® being the exponential mapping of g1 x & to G.
By the use of most results above we shall prove the following.

Theorem 5.3 (1) ¥ NR is a (star-shaped) connected open dense subset
of V', A is an open set of G, and the exponential mapping ¢ gives a
diffeomorphism of ¥ NR onto A. Furthermore ® maps ¥ N.% into I.

(2) Ewery point of A can be connected to the identity element e of G by a
unique minimizing geodesic segment, and every point of I' by a mini-
mizing geodesic segment.

(3) T' coincides with the boundary OA of A in G.

It should be to be remarked that I' is an unbounded continuum through
the identity element e and hence A is not a neighborhood of e. (Since the
origin of g1 X & isin ¥V NS, e is in I'. To verify the unboundedness we
reduce the problem to the case where dimgs = 1, and use Proposition 5.4 in
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the next paragraph.)

We now proceed to the proof of Theorem 5.3. The first assertion of (1)
follows from the corollary to Proposition 4.2, the corollary to Proposition
4.3 and Theorem 5.1, and the second assertion from Proposition 5.2. (2)
follows immediately from Corollary 1 to Theorem 4.1. Let us now prove
(3). Since ¥ N9R is dense in ¥, and since ANT = () by the corollary to
Proposition 4.2, we see that I' C 0A. Conversely we assert that A C I
Indeed, take any point a of OA. Then there is a sequence {(zq, Aq)}a>1 of
points of ¥ N R such that

aan;O D(zq,An) = a.
Since d(e, ®(zq, An)) = || and since || Ay || < 27, we may assume that the
sequence converges to a point, say (z, A), of the closure 7 of ¥ in g1 x 7.
Then we have ®(x, A) = a. Furthermore we see from (1) that (z, A) is in
the union (¥ N.¥)UJY, and in turn a is in I', proving our assertion. We
have thus completed the proof of Theorem 5.3.

Corollary Let X be the complement of I' in G, being an open set of G.
Then A is a connected component of X whose boundary in G coincides with
T. Accordingly if X is connected, then the closure A(= AUT) of A in
G coincides with the whole of G, and hence any two points of G can be
connected by a minimizing geodesic segment.

By Theorem 5.3 we have known that I is something like the cut locus at
a point of a complete riemannian manifold. Accordingly it will be called the
cut locusoid of the standard riemannian differential system (G, D, g) (at the
identity element e).

5.3. Examples

In the present paragraph we shall treat with the domain A, the closed
domain A and the cut locusoid I in the special case where dim g, = 1 or .27
is abelian or dim gy = 3.

(A) The case where dimgs = 1. Let Ay be a fixed basis of o/ with
|Aol| = 1. For simplicity we set k = k(Ap), 0 = Ni(Ag) (1 < i < k),
I = 1I;(Ap) (1 <i<k),and y; = y;(Ap) (0 <i < k) for any y € g1. Note
that 01 = ||Ao|| = 1, and hence 0 < 0; < 1 (2 < i < k). Furthermore we
identify g5 with .7 through the natural isomorphism of g5 onto /. First
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of all let (z, AAp) be any point of g; x &7, A being a real number. We set
pi = Ao; (1 <i <k). Then a direct calculation shows that the components
Oy (z, \Ap) and Po(x, AAp) of ®(z, AAp) may be described as follows:

k
1
Dy (2, \Ap) = x0 + Z —(sin p; - x; + (1 — cos p;) ;)

i=1 1
sin i
(P2(z, Ao), = o Z( i >\9Ci|2-

Now, we set

TZ‘(Ti — sinn)

C; = QSZSK‘,

8m(1 —cost;)’
where 7; = 2mo;. Clearly ¢; are positive numbers. Then we shall prove the

following.

Proposition 5.4 (1) The cut locusoid I" may be described as the semi-
algebraic set of G which consists of all (y,z) € G satisfying the following
equations:

k
y1=0, [(z Ao)| > cilyil?

(2) The closed domain A coincides with the whole of G.

Note that if K = 1, the semi-algebraic set is reduced to the linear sub-
space Vp(Ap) X g2 of G = g1 X go.
Now, let (x,AAp) be any point of 07. Since |\| = 27, we have

1
D (2, \Ap) = x0 + Z ;{sin wizi + (1 —cos ;) Lz },
i=2 I

k .
1 sin
(Pa(z,AAo), Ao) = 2/\{’%1’2 + (1 - M.ﬂ >$i‘2}'
i=2

(2

If we set y = @1 (z, A\Ag) and z = Py(x, \A), we easily see that
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To = Yo, Y1 :Oa

L .
i = iy — (1 — iy}, 2<i <k,
= s (1 cos) gk, 250
A 2 4 Mz i Slnﬂl) g2 0
(2 o) = 55 { ol Z ),

Since 7; = |u;|, we have

pui (i — sin pi;)

dme; = .
e 2(1 — cos ;)

Therefore it follows that
k
[z, Ao)| = cilyil®
1=2

Let us now denote by I'y the semi-algebraic set stated in Proposition 5.4.
Then we have shown that I' C T'g. Conversely we can easily verify that
I"' D Ty. Hence we obtain I' = I'y, proving the first assertion. If we set

k
Vi(Ao) = Vo(4Ao) + > Vi(A),

1=2

we have I' € Vi(Ag) X g2, and codim(Vi(go) X g2) = 271(Ag) > 2. It
follows immediately that the complement X of I is connected. Consequently
we know from Corollary to Theorem 5.3 that A = G, proving the second
assertion.

Now, we remark that the set .# of singular points of g; X & may be
described as follows:

S = ‘/O(AO) X M?
and the image ®(.7) of . by the exponential mapping ® as follows:
O(.) = Vo(4p) x 0(C T).

(Note that if (z, A) is a singular point, the corresponding (singular) geodesic
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w is of the following form: w(t) = (tx, 0), where x € V;(Ap).
Furthermore we add the following

Proposition 5.5 (cf. Proposition 4.2 and 4.3)

(1) Let (x,A) and (z', A”) be two points of OV . (a) Assume that (x,A) is
a reqular point. Then ®(x,A) = ®(2/, A"), if and only if |'| = |z|,
¥ —x € Vi(Agy), and A = A’. (b) Assume that (x,A) is a singular
point. Then ¢(x, A) = ®(z', A", if and only if x = .

(2) Let (x,A) be a point of 0V . (a) Assume that (z,A) is a regular point.
Then Ker(d®) ,, 4y = Vi(z, Ag) x0. (b) Assume that (z, A) is a singular
point. Then Ker(d®), 4y = Vi(Ao) x .

Here, Ker(d®),, 4y denotes the kernel of the differential (d®),, 4y of the
exponential mapping ®, and we also recall that Vi(x, Ag) = {z € V1(Ap) |
(z,21(Ap)) = 0}. The proof of this proposition is left to the readers as an
exercise.

Remark Let us consider the special case where k(A4p) = 1 and 2v(Ag) =
dim g1, which means that &/ admits a basis I giving a complex structure
on gi. Clearly the FGLA, g = g1 + g2, together with the complex structure
I gives a strongly pseudo-convex FGLA, and the inner product ( , ) on
g1 is naturally associated with it. Accordingly the inner product g of D
is likewise naturally associated with the standard strongly pseudo-convex
manifold (G, D, I), and D is a contact structure. Now, we have

F:Ong.

Let us identify the Lie group G(= g1 X g2) with a euclidean space in a natural
fashion, and each fibre of the contact structure D with a hyperplane of G.
Then we know that the fibre D, of D at any point a € I' is parallel to the
hyperplane D, = g1 x 0, and that every geodesic issuing from the identity
element e describes a spiral in G so that the projection of it to the euclidean
space gy describes a circle through the origin. This fact reminds us of the
navigation of an airplane. We mention that the variational problem in the
present case has been settled more than twenty years ago in our unpublished
paper, and our present study may be regarded as its generalization.

(B) The case where <7 is abelian. We denote by Vj the null space of <"
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Vo={xe€gi | Az =0 forany Ac &}

Then there are a positive integer k and k subspaces V; of g; equipped with
complex structures I;(1 < i < k) and k nonzero linear forms p; on V;(1 <
i < k) which satisfy the following conditions:

(i) g1 = Zf:o V; (direct sum),
(ii) Az =pi(A) iz, Ac o, x€V;, 1 <i<k,

(iii) The 2k linear forms +p; are distinct one another.

Note that the k + 1 subspaces V; of g; are mutually orthogonal, and the k
linear forms p; span the dual space &7* of «.

For any « € g; and 0 < ¢ < k let us denote by x; the V;-component of
x with respect to the decomposition g; = ), V;. Then we have

{sm pi(A)x; + (1 —cos p;(A)) iz}

Dy ( $0—|—Z

-1 1 sin p; (A) 9
QQ(x’A)_2;pi<A> (1= i

where (z,A) € g1 X o/, and B € &/, and g3 should be naturally identified
with o .

Here we shall prove the following proposition only. (The problem of
determining the cut locusoid I' seems to be rather complicated, which is
therefore left to the readers as an exercise.)

Proposition 5.6 The closed domain A coincides with the whole of G.

We set
Vi=> Vi, 1<j<k

iEIj

A~ k/\
:UV]

where I; = {i € Z| 0 <i <k, i # j}. We also define a subset I of G by

f‘:Vng.
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Since

|4 = max|p;(A)], A€,

it follows from the expression above for ®; (z, A) that I' € I'. Since dim V; >
2 (1 <1<k, I is an algebraic set of g1 X &, and codim [' > 2. Hence
we see that the complement of [ in G is a connected open dense subset
of G, from which follows that the complement X of I' in G is connected.
Therefore we have shown that A = G, proving Proposition 5.6.

(C1) The case where dimg; = dimgs = 3. Let € be a compact simple
Lie algebra of dimension 3. Hereafter the notations [ , ] and ad will be
exclusively used to denote the bracket operation in the Lie algebra £ and the
adjoint representation of the Lie algebra £ respectively, while the notation
[[, ]] to denote the bracket operation in the Lie algebra g. We denote by ( , )
the inner product on ¢ defined by the Killing form B of & (z,y) = —B(z,y)
for any z,y € &

Now, the adjoint algebra ad(t) of ¢ coincides with the space Skew(¥).
Since the given euclidean FGLA, g = g1 + go, is universal and dimg; = 3,
it follows that the euclidean FGLA may be regarded as associated with the
pair (¢,ad(t)) and hence we have the following:

(i) g1 = ¢ as euclidean vector spaces,
o/ = ad(t),
2 = %*7

g
([[z,v]], ad(z)) = (z, ad(2)y), =,y,z,€ L.

Remark We define an isomorphism ¢ of £ onto go by
(p(x),ad(2)) = =(x,2), w,z€t.
Then we have
[z,y] = oz, 9]), zyet

The spaces go and £ will be soon identified through the isomorphism .
First of all we shall give a concrete description of the exponential map-
ping .
Let z be a nonzero vector of . Then there are an orthonormal basis
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(eg, €1, e2) of € such that

[60761] = €2, [61,62] = €0, [62760] = €1,

z=MXeg with A\=]z|.

Hence we obtain

ad(z)eg =0, ad(z)e; = Xea, ad(z)es = —Aey.

<o/ being identified with ad(t), ad(z) gives an element of o/. If we put
A = ad(z), we therefore have the following : (i) k(A4) = 1, (ii) A1 (A4) = A,
(iii) Vp(A) is spanned by ey, and V;(A) is spanned by e; and es and (iv)
I (A) is defined by I;(A)e; = ez and I1(A)es = —e;. For simplicity we set
I = I1(A). Let us now take another vector x of ¢ and consider the point
(z,ad(z)) of g1 x «/. Then we set

x = oeg + &1e1 + E2e2,
o = &oeo, 1 = &1e1 + 60,
We have
Iz = —&ae1 + &ea, (21, 121) = (& + &)eo

[x0, 21] = —&oé2e1 + &oiea, |20, [11] = —Epérer — oéaen.

In the following we identify go with € through the isomorphism ¢. Hence we
have [[z,y]] = [z,y] for any x,y € ¢, and G = €x ¢. Then a direct calculation
proves the following:

in \ 1—cosA
®q(x,ad(z)) = zo + A+ o8 Ty,
A A
1/1 sinA 1/sin\  2(cosA—1
Oy (z,ad(z2)) = 2(}\ -z >[x1,1x1] + 2< \ + ( 2 )>[x0,x1]
1/1+cosA 2sinA
—5 3 - [0, [x1].

Now, we define polynomial functions f; and f_; on G as follows:
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e
fe(a) = |a1)?|az]? = (a1, a2)* — ;|a1|3<a17a2>7

where ¢ € {1,—1}, and a = (a1,a2) € G. We also define open sets Xg, X1
and X_4 of G as follows:

Xo={ae€ G| fi(a) >0, f_1(a) > 0},
X ={a e G| fe(a) < 0},

where € € {1, —1}. Then we shall prove the following.

Proposition 5.7 (1) The cut locusoid I' may be described as the algebraic
set of G defined by the equation f1 - f_1 = 0.

(2) The open sets Xo, X1 and X_1 are the connected components of the
complement X of I' in G.

(3) The domain A coincides with the component X.

Unlike the preceding two examples, this proposition indicates that the
subset A of G does not coincides with the whole of G.

Now, let (z,ad(z)) be any point of 9% ". Since | ad(z)|| = A = 27, we
have

@y (2, ad(2)) = &oeo,

2 | ¢2
_|_

_ G +&6 €0+ §oé1 o 4 §oé2 .
47 2 2T

Oy (z,ad(2))
If we set a1 = ®1(z,ad(z)) and as = $o(x,ad(z)), we easily see that
2112 2_ &, 13
|a1lPlaz|” — (a1, a2)” = —la1*{as, az),

where € is 1 or —1, and is determined by &, = €|a;|, provided a # 0. Let us
now denote by I'y the algebraic set stated in Proposition 5.7. Then we have
shown that I' C I'g. Conversely it can be easily verified that I' O I'g. Hence
we obtain I' = I'g proving the first assertion.

Let us now consider a moving point a = (a1, az) of G with a1 # 0 if
we put A = |ay|, by = a1/|a1| and by = as/|a1|?, f-(a) may be described as
follows:
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fo(a) = A° (w ~(buaba)? — <bl,b2>).

<
T
Furthermore A and b1 being fixed, bo may be described as follows:
bZ =+ yb17

where z € £, y € R, and (x,b;) = 0, and hence f-(a) as follows:

fela) =2 (Jof? = £9).

From this discussion we easily deduce the second assertion.

It is clear that X is a unique connected component of X whose bound-
ary in G coincides with I". Therefore we know from Corollary to Theorem
5.3 that A = X, proving the third assertion.

Remark We have calculated the kernel of the differential (d®),, 4y of the
exponential mapping ® at any point (z, A) of G. The result indicates that
the behavior in the large of the geodesics issuing from the identity element
e of G is, to a great extent, complicated.

Finally we remark that the set .# of singular points of g; X &/ consists
of all (z,ad(z)) € g1 X & such that z and z are linearly dependent, and that
the image ®(.%) of . by ® may be described as follows:

(7)) =gy x 0(CT).

(C3) The case where dimg; = 3 and dimgy = 2. Let ¢ be as in the
preceding example. The notations [ , ], ad and ( , ) will be used in the
same meaning as there. The notation [[, ]’ will used to denote the bracket
operation in the present euclidean FGLA.

Let m be a 2-dimensional subspace of €. Then ad(m) gives a 2-
dimensional subspace of Skew(t)(= ad(€)). Since the adjoint group of ¢
acts transitively on the Grassmann manifold of all 2-dimensional subspaces
of ¢, the euclidean FGLA, g = g1 + g2, may be regarded as associated with
the pair (¢, ad(m)). Hence we have the following

(i) g =t as euclidean vector spaces,

(i) o = ad(m),
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(iii) g2 = "
(iv) ([[z, 9]l ad(2)) = (z,2d(2)y), v,y €, z € m.

Let m* be the orthogonal complement of m in ¢&. For 2 € m we denote
by Zm the m-component of 2 with respect to the decomposition: £ = m+m™’.
We now define an isomorphism of m onto gs by

(¢ (v),ad(2)) = —(z,2), =z, z€em.
Then we have
[['T’y]]/ = @/([xay]m), T,y €m.

In the following we identify go with m through the isomorphism ¢. Hence
we have [[z,y]]" = [z, y]m for any z,y, € € and G = £ x m. Let us now denote
by d the exponential mapping “®” in the preceding paragraph, which maps
txad() to &x €. Asis clear from the definition of the exponential mapping,
we then have the following equalities:

Oy (z,ad(z)) = <i>1(x,ad(z)),
Oy(z,ad(2)) = (2(2,ad(2)))m,

where (z,ad(z)) € g x &7

Note that the reasoning above is essentially based on the universality
for the euclidean FGLA in the preceding example, which can be easily gen-
eralized to any euclidean FGLA, g and the associated universal euclidean
FGLA, g.

Now, we denote by f. the restriction to mxm of the polynomial functions
fe on & x ¢ defined in the preceding example. Then we shall prove the
following.

Proposition 5.8 (1) The cut locusoid I' may be described as the semi-
algebraic set of m x m which consists of all a € G such that f{(a) <0
or f/1(a) <0.

(2) The closed domain A coincides with the whole of G.

We fix a unit vector e; of mt. Let (z,ad(z)) be any point of g; x &7 (=
£ x ad(m)) with z # 0. Then there is a unique orthonormal basis (eg, e1) of
m such that
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[60,61] = €2, [61,62] = €0, [62760] = €1,

z=MAey with \=]|z|.
We set
x = oeg + &1e1 + E2e2.

Suppose that (x,ad(z)) is in 0¥. In view of the equalities above for
&4 (z,ad(z)) and P2(x,ad(z)) we then have the following:

@, (2, ad(2)) = Loeo,

2 | 42
_ & + &3 eo + 505161'

Dy (x,ad(z2)) i o

If we set a3 = ®y(x,ad(z)) and ay = Po(x,ad(z)), we easily see that
(a1,a2) € m x m, and

&
a1 ?laz|® — (a1, a2)® > ;|a1|3<a17a2>7

where e = 1 or —1, and is determined by &y = ¢|ay|, provided a; # 0. Let us
now denote by 'y the semi-algebraic set stated in the proposition. Then we
have shown that I' C I'g. Conversely it can be easily verified that I' O I'y.
Hence we obtain I' = I'y, proving the first assertion. Since I' is a proper
semi-algebraic set of mxm(= £xm) it is clear that the complement X of I" in
G is connected. Therefore we have shown that A = G proving Proposition
5.8.

Finally we remark that the set . of singular points of g; X o7 consists
of all (z,ad(z)) € g1 x & such that x € m, and x and z are linearly depen-
dent, and that the image ®(.#) of ® by the exponential mapping ® may be
described as follows:

() =m x 0(C I).

Notes Added by the Editors

Let us recall, for the convenience of the readers, the basic notions in the
theory of differential systems.
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Let M be a manifold. Then a subbundle D of the tangent bundle T'M
is called a differential systems on M. For the sheaf of sections D to D, and
for £ > 0, we define the (weak) derived system D of D by D' = D and

QZ — [Q’QZ—l] +Q£_1.

Set D' = U;D* (see Appendix of [5]).

For a differential system (M, D), the condition (Cp) introduced in the
sub-section 1.1 is compared with the following conditions (C') and (C”):

(C) any two points p and ¢ can be connected by a piece-wise smooth
integral curve of (M, D).

(C") Chow’s condition or the bracket generating condition: D' = T M,
the total sheaf of vector fields over M.

For related works on distances and geodesics in nilpotent groups, see
[8], [9] for instance. The general theory on sub-Riemann geometry can be
seen in [6], [13], [10], [11].

This paper has the origin in Tanaka’s original theory on differential
system. See for instance [12]. Moreover, to understand the works by Noboru
Tanaka we recommend to see also [7].
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