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Integral identities for Bi-Laplacian problems

and their application to vibrating plates
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Abstract. In this paper we derive boundary integral identities for the bi-Laplacian
eigenvalue problems under Dirichlet, Navier and simply-supported boundary condi-
tions. By using these integral identities, we prove that the first eigenvalue of the
eigenvalue problem under the simply-supported boundary conditions strictly increases
with Poisson’s ratio. In addition, we establish the boundary integral expressions for
the strain energy calculation of the vibrating plates under the three types of boundary
conditions.
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1. Introduction

Resonance problems are a major concern in engineering analysis and
design. The natural frequencies of a solid structure are the dominant factor
which affects the structural dynamic behavior. When designing a structure
consisting of a thin plate or thin plate components, it is critical to avoid
having a driving frequency which is too close to a natural frequency of the
structure. In practice, it is common to assure that the system frequency is
much lower than the first natural frequency of the structure. Therefore, the
first resonance of a plate is often more important than other resonances.

The bi-Laplacian eigenvalue problems with Dirichlet, Navier and simply-
supported boundary conditions are classical problems in solid mechanics.
Mechanical behavior of vibrating thin plates with these boundary conditions
can be described by the three types of eigenvalue problems. In this paper
we first convert the traditional simply-supported boundary condition into a
simpler new expression, and then give the problem statements for the three
eigenvalue problems in Section 2.

F. Rellich introduced a new test function and applied it to the Laplace
operator in 1940 [1]. His idea has been used to establish the Rellich-type

2000 Mathematics Subject Classification : 35J40.



426 G.-T. Lei and G.-W. Pan

integral identities for polyharmonic equations in R™ [2], [3]. These integral
identities have been extended to study the acoustic and elastic Helmholtz
problems and the elliptic eigenvalue problem [4], [5], [6], [7], [8]. In addi-
tion, the integral identity was used to obtain boundary energy estimates for
electromagnetic problems [9]. Recently, a conjecture regarding the theory
of electromagnetic resonators has been resolved by means of the integral
identities for the Laplacian eigenvalue problems [10].

In Section II, we give three Bi-Laplace eigenvalue problems and show a
new form of the boundary condition for the third eigenvalue problem, which
greatly simplifies the associated problem. This new form is derived in the
appendix of the paper. Following Rellich’s idea, in Section 3, we first use
an elementary method to derive three boundary integral identities as a the-
orem for the Dirichlet, Navier and simply-supported bi-Laplacian problems.
We then apply the theorem and its corollaries to vibrating-plate problems
in Section 4. In the first part of this section we show the dependence of
the eigenvalue of the supported problem on Poisson’s ratio. In the second
part of this section we derive three boundary integral expressions for the
strain energies of the vibrating plates. Finally, we will finish this paper by
providing a brief conclusion and discussion.

2. Bi-Laplacian Eigenvalue Problems

2.1. Dirichlet and Navier Problems

Assume that Q C R", n > 2, is a bounded domain having a C*#
boundary 02 (0 < § < 1). Let A be an eigenvalue for which the Dirichlet
eigenvalue problem,

AAU = AU in Q,
U=|VU|=0 on0Q, (1)

has a nontrivial solution U, and let A be an eigenvalue for which the Navier
eigenvalue problem,

AAV = \V in 0,
V=AV =0 ondQ, (2)

has a nontrivial solution V, where AA = A? denotes the n-dimensional
bi-Laplacian.
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2.2. Simply-supported Boundary Conditions

A plate (short for an elastic homogeneous and isotropic thin plate) is
a particular two-dimensional representation of a three-dimensional solid oc-
cupying a two-dimensional region 2, which has a much smaller thickness
in comparison with the in-plane dimensions [11]. The supported boundary
conditions (short for simply-supported boundary conditions) are obtained
from their mechanical property and implementation. These conditions are
natural, based on physical grounds, and are used in bi-Laplacian eigenvalue
problems [11].

We consider a plate under the supported boundary conditions

W|6Q - 07
My|8Q = Oa

where W is the deflection of the plate in the vertical direction, v is the
normal unit vector directed outward from 2 and M, is the bending moment
about the v direction. These boundary conditions in two dimensions are
expressed as (See [11, p.94] and [4]),

0*wW
M,|oa = pAW |aq + (1 — ) | cos® 0 527
2 2
+28in600s06W+sin298W =0,
oxdy Oy? 90

where p is Poisson’s ratio, (0 < p < 1), and 6 is the angle between the
normal v and z-axis (cos @ = cos(z,v) = v,). This traditional expression has
been used for decades. Payne reduced this supported condition to another
expression (See [12, p.112]). It is shown in the appendix that the factor in
the brackets of the above equality is equal to 9?W /0v? on 9S2. That is

0PwW PwW *wW  0*W

+ 2sinfcosé +sin? 6

Ox2 Oxdy oy2 o2 on 982.

cos? 0

Thus, we obtain

o*wW
V= lea
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Using the above definition and the relation AW |pq = (0?°W /0v?)|gq + (n —
1)k(0OW JOv)|aq, which is derived in the appendix, and setting n = 2, we
obtain

/iaiw
ov

ow

AWlaa = (1 — p) =Co5—
90 ov

(%)

897
where & is the curvature of 9Q and ¢y = (1 — p)k > 0 for convex domains.

2.3. The Supported Problem and Classical Identities

We now define the supported bi-Laplacian eigenvalue problem, which
is called the Steklov eigenvalue problem [3]. Let Q@ C R? be a convex do-
main defined in Subsection 2.1 and let v be an eigenvalue for which the
bi-Laplacian eigenvalue problem under the supported boundary conditions,

AAW =W in Q,
W =0 on 0f),

ow
AW = CO@ on 897 (3)

has a nontrivial solution W. Elliptic regularity theorems ensure that prob-
lems (1), (2) and (3) will have nontrivial solutions U, V and W € C4(€),
respectively [13]. Assuming that o and wu are the eigenvalue and the cor-
responding eigenfunction of problem (1) or (2) or (3), the Green’s identity
shows that

[ (@wnae = [ @auudo

Q
_ [ 92 s / VAU - VudS
o0 ov Q
A
[ 2% [ P auas + / (Auw)2dQ.  (4)
aq OV o0 oV Q

The conditions, U|gn = V]sga = Wlsa = 0, imply that the tangential deriva-
tives of U, V and W wvanish on 9Q2. By breaking down the gradient into
the normal and tangential components, we get |VU||apq = (OU/0v)|aq,
IVV]laa = (0V/0v)|aq and |VW||laq = (OW /0v)|sq. For problems (1)
and (2), both of the surface integrals of (4) vanish on 992. Therefore, the
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eigenvalues of the two problems can be expressed by the same formula

Jo(Au)2dQ

A =
or A fﬂu2dQ ,

(5)
where u can be either U or V. For problem (3), (4) leads to

Jo(AW)2d0 — [, co () ?dS

_ JO v
7= o, W2d0) ' (6)

The positiveness of the eigenvalues comes from the positivity of the energy
functionals and the variational theory of eigenvalues [4], [14].

3. Bi-Laplacian Boundary Integral Identities
Theorem 3.1 Let () be defined as in Section 2.1.

(i) Let U be a nontrivial solution of problem (1). Then,

A= faQ(x"’)(aug) s
1 U0

(ii) Let V be a nontrivial solution of problem (2). Then,

— ooz - VV)22Y4s

A= 2 [, V2dQ

(iii) Let Q C R? as defined and let W be a nontrivial solution of problem
(3). Then,

= Joa(z V) (CO v ) dS +2 [oq co Gy v (Zzzj LiVj a?:axj )ds
4 [, W2dQ)

2 fon(z- V) g, (o )ds
4 [, W2d0 '

Proof of Theorem 3.1.  Following Rellich [1], we first multiply both sides
of the bi-Laplacian eigenequation of problem (1), (2) and (3) by the Rellich
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test function (2 - Vu), and integrate over {2 to obtain

/ (AAu)(z - Vu)dQ = / au(x - Vu)dS. (7)
Q Q

Applying the Green’s identity to (7), the right-hand side of (7) becomes
- ou o - ou?
ou Y zp=—d = / T —dS)
_ —”0‘/ w20 + O‘/ (z-v)u2dS,  (8)
2 Ja 2 Joo

and the left-hand side of (7) becomes

0Au
o) 8V

/(AAu)(a:-Vu)dQ: —/ VAu-V(x-Vu)dQ+ (x-Vu)dS. (9)
Q Q

The volume integral term of the right-hand side of (9) can be written as

SN
/QVAu-V(x-Vu)dQ_/ > o, o, da

" OAu [ du - 0%u

where vj = cos(z;,v) and (z;,v) is the angle between the x;-axis and the
normal v. The volume integral term of the right-hand side of the above
equality can be further written as

"L 9% - 03u
/QAU(2§: 922 * Z,JZ,::I xi8$~8x§>d9

(2
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:/Q (2(Au)2 +;ixi8(§§:)2>d9

i=1

! /Q (w5 /Q (Au)2dQ+% / (Aw2(z-v)dS.  (10)

o0

From (4), we have

A
a/ u2dQ:/ 0 Y uds — %AudS—l—/(Au)QdQ.
Q o Ov an OV Q

Expressing fQ(Au)ZdQ in terms of the above equality, (10) becomes

n 0Au ou 1
2—— a/ u?dQ— udS + Aud5’>+/ Au)?(z-v)dS.
< 2>< Q o OV aq Ov 2 aQ( ' zll)

Substituting (11) into (9) and equating the result to (7), the following
identity results

2 — n a/ u2dQ — 8Auud$ + @Auds
2 Q o0 81/ o0 81/

1 9 ou = 0%u
+3 /m(x v)(Au)?dS — ” Au(ay + ]Z::l xzujama%)ds
0Au
z-Vu)dS
o OV ( )

no

=—— [ w?dQ+ a/ (z - v)udS,
2 Ja 2 Jan

where the relation
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is used. After cancellation, the above identity can be written as

1 ou 0%u
2dQ0) = —= ) (A2 / Aul 2= g
Qa/gu dQ 5 /asz(x v)(Au)*dS + - ul 5 +ij:1x l/]@a:i(?mj ds

)

0Au
o) aV

n 0Au ou

which is called Pohozaev’s or Rellich’s identity. Given this identity, we first
consider the Dirichlet boundary conditions of problem (1). Let u = U,
a= A and Ulpg = |VU||sq = 0, then (12) becomes

2 __1/ 2/ /
2A/QU = m(AU) (x-v)dS+ | AU Z””’Ja axj ds.

i,7=1

(- Vu)dS + 2 / (z - v)u?dS
2 Joaa

Solving for A using (8%u/0x;0x;)|sq = viv;(0*u/Ov?)|sq (See the appendix
for its derivation), then

Ao —fag TV (AU)zdS—{—QfaQ AU(E” | Tilj 6526mj)d5

4 [, U0
_fan V)( ) dS"‘QfaQa ((m-u)%ig)dS
4 [, U2d0)
_ Joa( - V)(azug) ds
1,00

Secondly, we impose the Navier boundary conditions of problem (2).
Let u=V,a=Xand V]pg = AV]pq = 0, then (12) becomes

2>\/ V20 = —/ 02V (. vV)ds.
Q o

Qal/

Solving for A\, we obtain
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— ooz VV) aAVdS — Joo(@ )2 22V 48

2 [, V2dQ 2 [, V2

where VV = (V' /Ov) - v on 0f is used. Thirdly, we impose the supported
boundary conditions of problem (3). Letting u = W, a = ~, and inserting
Wlaa = 0 and AW |gq = co(OW /0v)|sq into (12), we obtain

1 ow\?
o [ W20 = = . 7
PY/Q I 2 /(99(x V) <CO ov ) a5

Solving for -, we obtain

2
- fag(m : V)(CO v ) ds + 2fasz o v (ZZQJ Tilj ag o, )dS
4 [, W2dQ

2]89 € VW) (CU v )dS
4 [, W2dQ '

Corollary 3.2

(i) If U is a solution of problem (1) with A > 0 and if U, in addition,
satisfies (02U /0v?)|pq = 0, then U = 0. In other words, if U is a
nontrivial eigenfunction of problems (1) with A > 0, then 82U /0v?
cannot be identically zero on OS).

(ii) If V is a solution of problem (2) with A > 0 and if V, in addition,
satisfies (OV /Ov)|aq = 0, then V. = 0. In other words, if V is a
nontrivial eigenfunction of problem (2) with A > 0, then OAV /Ov or
OV /Ov cannot be identically zero on OS).

(iii) If W is a solution of problem (3) with v > 0 and if W, in addition,
satisfies (OW /Ov)|sq = 0, then W = 0. In other words, if W is
a nontrivial eigenfunction of problems (3) with v > 0, then OW /Ov
cannot be identically zero on 0.
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It is seen that a nontrivial eigenfunction of problems (2) or (3) demands
(OU JOv)|aa # 0, but a nontrivial eigenfunction of problems (1) requires
(OW /Ov)|aq = 0. Therefore, we obtain

Corollary 3.3 A nontrivial eigenfunction cannot simultaneously be an
eigenfunction of the Dirichlet and supported (or Navier) plate of the same
shape.

4. Application to Solid Mechanics

4.1. Effect of Poisson’s Ratio on the Eigenvalue

Theorem 4.1 Let Q@ C R? be a conver domain as defined and let
W(z, 1) € C1P(Q,(0,1)), ie., W(x,-) € CH(Q) and W (-, ) € C1(0,1), be
the first nontrivial eigenfunction of the supported eigenvalue problem with
the associated eigenvalue . Then,

Proof of Theorem 4.1. Since W is the first nontrivial eigenfunction of
problem (3), OW/Ou is continuously differentiable [15]. By using
AAW = ~W and differentiating the identity with respect to u, we obtain
(OAAW) /O = v(OW /Ou) + W (0y/0u) and (OAAW) /O = AA(OW /Ou)
= y(OW /Ou) + W(0v/0u). Multiplying both sides of the second equality
by W and integrating in €2 we have

/WAAdQ / NGALS VRO P1oY (13)
ou ou

Applying the Green’s identity, the left-hand side of the above identity be-
comes

/WAAdQ
o oW ow  ow o*wW
= WaVAa—MdS GQWAWCZS ., 8wyAWdS
—/ OAW awds /AAWaWdQ
oo Ov  Ou o
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Using AAW = W and (13), and imposing the supported boundary con-
ditions Wlgq = 0 and AW |sq = co(OW /Iv)|sq, where cg = (1 — p)k, we

obtain
ow ow PwW
/WAAdQ _/BQ ey <—/£8V +008V8u>ds

2
+/ W OW g+ /WdQ

" dv dvop

By using (13), the above identity can be written as

dS+/ W—dQ

/ ow |” s = /W287d9
v
Hence,

A e b e

= >0, 14
op Jo W2dQ - (14)
which shows that « is a non-decreasing function of pu. Since x > 0 on 052,
(14) implies that if 9y/dp = 0, then OW /Jv = 0 on 0N2. But, Corollary
3.2 (iii) implies W = 0 in Q. This contradicts the assumption that W is a
nontrivial solution of problem (3). Hence, 0v/du # 0. Therefore,

— > 0. ([

Corollary 4.2  The principal eigenvalue of problem (3) with k > 0 is
strictly monotonic with respect to Poisson’s ratio .

It is known that a natural frequency w of a plate is given by w =

v(D/m), where m denotes the mass per unit area of the plate, D =

(1/12)(ER3/(1 — p?)), E denotes the modulus of elasticity and h is the
thickness of the plate [11]. Therefore, we obtain

Corollary 4.3  The first natural frequency of a simply-supported plate with



436 G.-T. Lei and G.-W. Pan

Kk > 0 increases strictly with Poisson’s ratio.

4.2. Boundary Integral Expressions of the Strain Energies
Strain energies of mechanical structures provide a good measure for
exceeded stresses or strains in the structures. Their distributions are often
used, with certain failure criteria of materials, to evaluate if a structure
under certain loads is in a safe condition.
For the Dirichlet problem (1), applying Theorem 3.1 (i) and (5), we

have
avpdo =1 [ @ (2Y s, (15)
0 4 Joa ov

For the Navier problem (2), applying Theorem 3.1 (ii) and (5), we have

/Q (AV)2d0 = _% / (x-VV)aaAVVdS. (16)

o2

For the supported problem (3), applying Theorem 3.1 (iii) and (6), we have

o= [ oW\ i (OY
/Q(AW) dQ = 1 ag(x V)| co 5 dS+2 8Q(m V) 5 \ 3y dS

+/{m (%T) ds. (17)

The general expression for the strain energy of a bent thin plate is given

by (See [11, p.95])

o (G ) a5 (25 o

where u is the deflection of the plate in the vertical direction and the inte-
gration is over the entire surface of the plate. Here u can be the solutions of
problems (1) or (2) or (3). In the derivation of the strain energy expressions
the following identity is used (See [16, p.87])

92u 8%u 9%u \ 2 ou 02u ou\ > ou\ >
Q/Q{aac?ay?%axay) ]dﬁ‘/ [Qmas” (8) +“<6s> ]dS'
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Under the Dirichlet boundary conditions this identity reduces to
0%u 0%u 9%u \?
—— — dQ2 = 0. 19
/Q {W dy? (856811) ] 1)
Under the Navier or supported boundary conditions this identity reduces to
0%u 0%u 9u \° 1 ou
e dQ == d 2
/Q[W dy? (awaz) ] 2/ <3V> > (20)

For the Dirichlet problem, substituting (15) and (19) into (18) we obtain

1 0*U
EP—ZpD )
8 8Q($ V)<5V > a5

where EP is the strain energy of the vibrating plate under the Dirichlet
boundary conditions. For the Navier problem substituting (16) and (20)
into (18) we obtain

D 1 oV AV v\ 2
N _ = - _ -
Es - 2 le) |:2($ ) 81/ 81/ + (1 #)K:( 81/> :|dS’

where EY is the strain energy of the vibrating plate under the Navier bound-
ary conditions. For the supported problem, substituting (17) and (20) into
(18) we obtain

ps_ D (x'y)<COaW> S_/ aco<aw> "
8 Joa o0 v

(o [ ()

where EY is the strain energy of the vibrating plate under the supported
boundary conditions. Notice that EP, EN and E? hold only when Q C R?

Remark 4.4 It is straightforward to calculate the strain energies at res-
onance using the three formulas when boundary value data are available.
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5. Conclusion and Discussion

The Rellich test function used in this paper allows us to develop
boundary-integral representations for the eigenvalues of the three bi-
Laplacian operators. Based on these integral identities we have revealed
the property of the eigenfunctions of the bi-Laplacian operators, as stated
by Corollaries 3.2 or 3.3. Using Corollary 3.2 and the reduced expression (x)
of the supported boundary condition, we have proven that the first natural
frequency of a simply-supported plate with x > 0 increases strictly with
Poisson’s ratio. This result is of considerable significance in some practical
problems. We have also applied Theorem 3.1 to obtain the surface-integral
expressions of the strain energies of the vibrating plates. These expressions
provide simplified formulas for calculating the strain energies.

It is seen that problem (3) can be reduced to problem (2) if 92 consists of
straight sides (with the Lipshitz corners). It will be of practical significance
to show how the principal eigenvalue of problem (3) is affected by changing
1 when 0f is convex, but contains one or more Lipschitz corners.

Rayleigh’s conjecture of the clamped vibrating plate was posed more
than one hundred years ago and has been solved by Nadirashvili when n = 2
[17] and by Ashbaugh and Benguria when n = 3 [18]. Much of the efforts has
been devoted to prove this conjecture in R™ [19]. In a related vein, we pose
a conjecture for the simply-supported principal eigenvalue in terms of the
notation used in this paper: Rayleigh’s conjecture for the simply-supported
vibrating plate

() < ~(Q*) for Q C R?

where * is a disk having the same area as that of the domain 2. This
inequality holds strictly if and only if €2 is not a disk.

Acknowledgments The authors would like to thank Professor Hans F.
Weinberger of the University of Minnesota for his encouragement and many
helpful suggestions and the referees for their valuable comments.

6. Appendix

We shall prove that on 92 under the condition (Ju/dv)lan = 0,
cos? 0(0%u/0x?) + 2sin 6 cos 0(9%u/0xdy) + sin? 6(0%u/dy?) = 0%u/ov?,
Au = (9%u/0v?) + (n — 1)k(0u/dv) and under the Dirichlet conditions,
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(0?u/0z;0x;) = viv;(0*u/Ov?).
Let (s1,...,8,—1) be a local coordinates on 9€, i.e., 99 is locally rep-

resented by

X R = 9.
Let
V(S1y.vySn—1)
be its unit outer normal of 92 at X(sl, ...y 8n—1). We also define a local

coordinate system near 9€) by
X(81,.-+y8n-1,t) = X(sl, ceeySp—1) —t(S1y ..ty Sp1)-

For any u defined near 0f2, we have
0 Ou Z ou 0sy, 8uﬁ
dx; Oz ; 8xz Osy, 8$] ot Oz,
”Zl 0%u sy ”Zl 0% Ot \ Osy, Z du sy,
5,08, O1; P 0tdsy, Ox; 8% Osy, 0x;0x;

”Zl Pu s Pu ot o ou 9
Otds; Ox; 6t2 Ox; ) dx; Ot Ow;0xj’

On 99, we have Ou/ds;, = 0 and 0%u/ds;0s), = 0. Hence,

% L ooy <8t ds, Ot ask>

Jwidz; 2= 910s; \ Oz, 0x; | Oz, O,

0%u Ot Ot  Ou 0%t

guo o ou gt 1
T 9 0z, 02, 0t Oz,0a, (21)

We also have Vt = —v, Vs -Vt =0, 8%u/0v? = 0%u/0t?, Ou/Ov = —Ou /Ot
on 0. Using (21), we obtain
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_z”:’il Ou_ (Ot Dsy | Ot Dsy
< — 0tdsy \ Ox; Ox;  Ox; Ox;

+z": 9%u ot Ot +@ 0%t
— Ot2 Ox; Ox; = Ot Ox;0x;

0%u Ot 88k ot (‘3t
=2 ; ; Otdsy, Ox; Ox; 8t2 Z ox; 8:61
n—1
0u 0%u 5 Ou
0%u

where, from differential geometry, At =

Z 83328371

—(n—1)k is used. For the Dirichlet

conditions, since u|pq = (Ou/0v)|sq = 0 implies (0%u/0t0sy)|aq = 0, based

n (21),

32u s 82U 8Sk aSk
Ox;0z; kZ:l O0tosy, <_ Vi((??j a ij)a:i> * YiVigue T

du &t
87/ 8$i8$]‘

In a two dimensional case, for any u defined near 0f), we choose the

coordinate system (s,t), such that ¢ is the distance from a point = in €
to 002 and s is the arc-length parameter on 92 in the counter-clockwise
direction. We write v = (v,,1,) and have Vs = (-, v,). Hence, based on

(21), on 09
Pu_ Pu (0r0s onos\  ouonon
0x2 ~ Otds \ Ox Ox ' Or Ox 0t?2 Ox Ox
g P 0P
T ois T e T aa2 o

ou 9%t

Ot Oz
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Pu__,,, Pu 0% 0Pt Ou
a2 s T e T a2 ot
0u 5 oy O%u Ou 0%t Ou
oeay — Y T gias T em t puay (22)

Let cos 6 = cos(x,v) = v, sinf = cos(y,v) = v, and define

Pu 0? Pu . 4
Gu = 3 Cos 0+ . ycos@sm€+ " sin” 0

Substituting (22) into the above expression for G, then

0%u

3 3 3 3
= Dt (QI/xI/y — 20Uy + 2051, — 21/xuy)

Gu

0*u ou ( ,0% 0%t 0%t
+W(V§+2V§V§+V§)+< 2 4o, 2 >

ot \ "% 022 "oy T oy
_Pu Ouf 0%, O .0
T o T ot \"maxz T azay T v gy
0%u  Ou ?u  O%u
“ oz Tl T o e MO

where we have used the fact that

oL Pt _ 0 (0tdw 0ty
CO0t2 Ot\ox Ot Oy ot

(0N}, P onoy B0\ 0 or oy
- 0x2 \ Ot OxOy Ot Ot~ Oy? \ Ot Ox 0t2 Oy 0t2

0%t 9%t %t
2 2
= (I/z 922 + 2v, vy B2y + v, 8y2> = Gt on 09,

since (0%x/0t?)|sq = (0%y/0t?)|aq = 0.
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